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Introduction

We consider simple, labelled and undirected graphs on n vertices

Notation: G ∈ Gn

We start by imposing compatible constraints on the structure of
the graphs

For example

Number of edges = T ∗1

(
n

2

)
Number of triangles = T ∗2

(
n

3

)
.

In general: a function T : Gn → Rm (graph parameter)
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Introduction

We study two probability measures (ensembles) on Gn

The uniform (microcanonical) probability measure

Pmic(G ) :=
1

|G∗n |
1{G∈G∗n } G∗n := {G ∈ Gn : T1(G ) = T ∗1 ,T2(G ) = T ∗2 }.

The exponential (canonical) probability measure

Pcan(G , θ1, θ2) :=
1

Zn(θ1, θ2)
exp

(
n2(θ1T1(G ) + θ2T2(G ))

)
.

We choose the unique parameters θ∗1, θ
∗
2 such that

〈T 〉can :=
∑
G∈Gn

T (G )Pcan(G , θ∗1, θ
∗
2) = T ∗.

E. T. Jaynes, ”Information Theory and Statistical Mechanics”,
(1957)
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Introduction

We compare these two ensembles using the relative entropy

Sn(Pmic|Pcan) :=
∑
G∈Gn

Pmic(G ) log
Pmic(G )

Pcan(G )
.

In the dense regime, if

s∞ := lim
n→∞

1

n2
Sn(Pmic|Pcan) = 0,

then the two ensembles are said to be equivalent.

H. Touchette, Equivalence and Nonequivalence of Ensembles:
Thermodynamic, Macrostate, and Measure levels (2015)
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Motivation

◦ Characterise the relative entropy s∞ in the limit

◦ Find a general rule of breaking of ensemble equivalence

I Determine those constraints that yield s∞ > 0

◦ If s∞ = 0 then determine the order of Sn as n→∞
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Canonical Ensemble

The canonical ensemble was defined as a family of probability
measures on Gn

Pcan(G ; θ1, θ2) =
1

Zn(θ1, θ2)
exp

(
n2(θ1T1(G ) + θ2T2(G ))

)
.

Theorem: (S. Bhamidi,G. Bresler and A. Sly (2011)) Suppose that
θ1 ∈ R and θ2 ≥ 0. If the function

φ(p; θ1, θ2) :=
exp

(
θ1 + 6θ2p

2
)

1 + exp (θ1 + 6θ2p2)
,

has a unique fixed point, call it p∗, then as n→∞ a graph drawn
from Pcan(·) is indistinguishable from an Erdős-Rényi random
graph with parameter p∗.

Studied Gaubler dynamics
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graph with parameter p∗.

Studied Gaubler dynamics



Canonical Ensemble

The canonical ensemble was defined as a family of probability
measures on Gn

Pcan(G ; θ1, θ2) =
1

Zn(θ1, θ2)
exp

(
n2(θ1T1(G ) + θ2T2(G ))

)
.

Theorem: (S. Bhamidi,G. Bresler and A. Sly (2011)) Suppose that
θ1 ∈ R and θ2 ≥ 0. If the function

φ(p; θ1, θ2) :=
exp

(
θ1 + 6θ2p

2
)

1 + exp (θ1 + 6θ2p2)
,

has a unique fixed point, call it p∗, then as n→∞ a graph drawn
from Pcan(·) is indistinguishable from an Erdős-Rényi random
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Canonical Ensemble

S. Chatterjee and P. Diaconis (2013) found an asymptotic
expression for the partition function Zn(θ1, θ2).

For the case θ1 ∈ R, θ2 ≥ 0 it reduces to

lim
n→∞

1

n2
logZn(θ1, θ2) = sup

0≤u≤1

(
θ1u + θ2u

3 − I (u)
)
,

where

I (u) :=
1

2
(u log u + (1− u) log(1− u)) .

Theorem: Let Gn be a graph drawn from the edge-triangle model.
Assume that θ2 ≥ 0.

◦ unique maximiser u∗ then Gn is indistinguishable from the
Erdös-Rényi graph with parameter u∗.

◦ maximiser is not unique then Gn behaves like a convex
combination of Erdős-Rényi graphs.
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Canonical Ensemble - Phase transition

S. Chatterjee and P. Diaconis (2013) indicated that such random
graph models exhibit phase transitions (was previously also
observed by Bolthausen, E., Comets, F. and Dembo, A. (2003) and
Chatterjee, S. and Dey, P. S. (2009)).

Define the function

`(θ1, θ2) := arg sup
0≤u≤1

(
θ1u + θ2u

3 − I (u)
)
.

For θ1 < 0 sufficiently small the function `(θ1, θ2) has a
discontinuity in θ2.

C. Radin and M. Yin (2013) studied the phase transition for the
edge-triangle model. M. Yin (2013) has also studied more general
cases.
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Intermezzo - Graphons

There is a natural way to write a graph G on n vertices as a
function on the unit square

hG (x , y) :=

{
1 if (dnxe, dnye) is an edge in G ,
0 otherwise.

We can embed all graphs in one space W which contains all
functions

◦ f : [0, 1]2 → [0, 1]

◦ symmetric, i.e., f (x , y) = f (y , x) for all (x , y) ∈ [0, 1]2
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Intermezzo - Graphons

On W we define convergence as follows

A sequence of graphs {Gn}{n≥1} is said to converge to a function
(graphon) h if for every finite simple graph H

lim
n→∞

t(H,Gn) = t(H, h),

where t(H,Gn) is the homomorphism density

t(H,Gn) :=
hom(H,Gn)

|V (Gn)||V (H)| .
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Intermezzo - Graphons

The notion of convergence in terms of subgraph densities can be
captured by an explicit metric on W

The cut-distance, defined by

d�(f , g) := sup
S ,T⊂[0,1]

∣∣∣∣∫
S×T

[f (x , y)− g(x , y)] dxdy

∣∣∣∣ .
Cut: Partition of the graph in two disjoint sets

Cut-set: The set of edges which have endpoints in the two sets of
the cut.
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We define for n ∈ N and p ∈ (0, 1) a probability measure Pn,p on
W

Consider the Erdős-Rényi probability measure Pn,p on Gn

For F ⊂W define

Pn,p(F ) := Pn,p

(
{G ∈ Gn : f G ∈ F}

)
,

where f G is the graphon corresponding to G .
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Intermezzo - Graphons

We work on the space of graphons W (up to measure preserving
transformations)

Theorem (S. Chatterjee and S. R. S. Varadhan (2011)): For every
p ∈ (0, 1), the sequence of probability distributions (P̃n,p)n∈N
satisfies the large deviation principle on (W̃ , δ�) with rate function
Ip, i.e.,

lim sup
n→∞

1

n2
log P̃n,p(C̃ ) ≤ − inf

h̃∈W̃
Ip(h̃) ∀ C̃ ⊂ W̃ closed,

lim inf
n→∞

1

n2
log P̃n,p(Õ) ≥ − inf

h̃∈Õ
Ip(h̃) ∀ Õ ⊂ W̃ open,

Ip(h̃) :=
1

2

∫ ∫
[0,1]2

h(x , y) log
h(x , y)

p
+(1−h(x , y)) log

1− h(x , y)

1− p
dxdy .
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Microcanonical Ensemble

We analyse the microcanonical ensemble using the large deviation
principle for the Erdős-Rényi probability measure

We consider a mapping T : Gn → Rm, for m ≥ 1 (graph
parameter).

We denote, for some given vector T∗ in Rm,

G∗n := {G ∈ Gn : T(G ) = T∗} and Pmic(G ∗) =
1

|G∗n |
.

If the function T is continuous then the large deviation principle
can be used to determine the logarithmic asymptotics of |G∗n |.

Various continuous graph parameters have been indentified in the
literature, C. Borgs, J. T. Chayes, L. Lovász, V. T. Sós and K.
Vesztergombi (2008).

Subgraph counts are continuous graph parameters.
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Analysis - Reminder

Constraint: number of edges T ∗1
(n
2

)
and number of triangles T ∗2

(n
3

)
.

Pmic(G ∗) =
1

|G∗n |

Pcan(G , θ∗1, θ
∗
2) =

1

Zn(θ∗1, θ
∗
2)

exp
(
n2(θ∗1T1(G ) + θ∗2T2(G ))

)
,

where θ∗1, θ
∗
2 are the unique parameters which yield

〈T1〉can
∣∣∣
(θ1,θ2)=(θ∗1 ,θ

∗
2 )

= T ∗1 , 〈T2〉can
∣∣∣
(θ1,θ2)=(θ∗1 ,θ

∗
2 )

= T ∗2 .
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Relative Entropy

Consider the relative entropy in the limit

s∞ := lim
n→∞

1

n2
Sn(Pmic|Pcan) = lim

n→∞

1

n2

∑
G∈Gn

Pmic(G ) log
Pmic(G )

Pcan(G )
.

In T. Squartini. J. de Mol, F. den Hollander and D. Garlaschelli
(2015) it was observed that

Sn(Pmic|Pcan) = log
Pmic(G ∗)

Pcan(G ∗)
.

In D. Garlaschelli, F. den Hollander and A. Roccaverde (2017)
cases have been identified where s∞ > 0.
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Contribution

Our starting point is some graph observable, for example the
number of edges and the number of triangles.

Given this observable, or constraint, (T ∗1 ,T
∗
2 ), we need to

determine the unique parameter (θ∗1, θ
∗
2).

In F. den Hollander, M. Mandjes, A. Roccaverde and N. J.
Starreveld (submitted) it was shown that

θ∗1 ≥ 0⇔ T ∗1 ≥
1

2
and θ∗2 ≥ 0⇔ T ∗2 ≥

1

8
.
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Results

Consider the relative entropy

Sn(Pmic|Pcan) = log
Pmic(G ∗)

Pcan(G ∗)

For the relative entropy in the limit, i.e. s∞, we have

Theorem:[F. deb Hollander, M. Mandjes, A. Roccaverde and N. J.
Starreveld.] Consider the microcanonical ensemble with constraint
T = T ∗, which is a continuous graph parameter, and the
canonical ensemble with parameter θ = θ∗. Then

s∞ = sup
h̃∈W̃

[
θ∗ · T (h̃)− I (h̃)

]
− sup

h̃∈W̃ ∗

[
θ∗ · T (h̃)− I (h̃)

]
,

where W̃ ∗ = {h̃ ∈ W̃ : T (h̃) = T ∗}.
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Results

Using this variational representation for the relative entropy s∞ we
managed to identify regions where breaking of ensemble
equivalence (with scaling n2) occurs
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between the blue curves (cf. C. Radin and L. Sadun (2015)).



Future work

◦ S. Chatterjee and P. Diaconis (2013) proved that if

m∑
i=2

|θ∗i |Ei (Ei − 1) < 2,

then exponential random graphs have an Erdős-Rényi
structure.

◦ Determine the relative entropy for sparse graphs.
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structure.

◦ Determine the relative entropy for sparse graphs.



Future work

Until now we have studied global constraints

T : Gn → Rm, for some m ≥ 1.

We are interested in local constraints

T : Gn → Rn.

For example the degree sequence

T(G ) = (dn
1 (G ), . . . , dn

n (G )),

or the triangle degree sequence

T(G ) = (tn1 (G ), . . . , tnn (G )).
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Future work

Global graph parameters were defined as mappings to Rm.

For local graph parameters we have to consider mappings to a
modified L1 space with an appropriate topology.

For the case the graph parameters is the degree sequence this
modified L1 space has been constructed in S. Chatterjee, P.
Diaconis and A. Sly (2011).

Consider the degree sequence as a graph parameter. Then the
Erdös- Gallai Theorem yields the right topology.

A given sequence dn = (dn
1 , . . . , d

n
n ) is a graphical degree sequence

if and only if
∑n

i=1 d
n
i is even and for every r = 1, . . . , n − 1,

r∑
i=1

dn
i ≤

r(r − 1)

2
+

n∑
i=r+1

min{dn
i , r}.
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Future work

Hence in a graphon setting, the appropriate limiting objects of
graphs with a given degree sequence are functions
f : [0, 1]→ [0, 1] which satisfy, for each x ∈ (0, 1],∫ x

0
f (y)dy < x2 +

∫ 1

x
min{f (y), x}dy .



Future work

Can we prove a similar condition for the case the graph parameter
is the triangle degree sequence?

If a given sequence tn = (tn1 , . . . , t
n
n ) is a graphical triangle degree

sequence then
∑n

i=1 t
n
i is a multiple of three and for for every

r = 1, . . . , n − 1,

r∑
i=1

tni ≤
r(r − 1)(r − 2)

3
+ 2

n∑
i=r+1

min{tni ,
r(r − 1)

2
}

+
1

2

n∑
i=r+1

min{tni , r(n − r − 1)}.

This is though not a sufficient condition.
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Thank you!
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