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Berry phase

We consider the adiabatic holonomic process,

How does the final state differ from
the initial state, if the parameters in
the Hamiltonian are carried
adiabatically around some closed
cycle.?



Berry phase

‘I’n(t): ei[en(t>+yn(t)]wn (t)

 Dynamical phase

 Geometric phase

Y,(T)=i$ (y,[V,y,)dR



Berry phase

* Berry phase depends only on the path
taken, not on the rate at which the
path Is traversed.

* Berry phase Is Invariant with respect
to the guage transformation. So It
cannot be ignored.



Berry phase

Berry connection Vector potential

A(R) A(r)
Berry curvature Magnetic field
F(R) B(r)

Berry phase Magnetic flux

y(C) ®(C)



Difference between topological quantum phase
transition and quantum phase transition

Topological quantum phase transition describes with the topologically mvariant number

while the quantum phase transition describes by order parameter. Topological number

changes by an mteger mmber during the topological quantum phase transition from topo-

lopical state fo the non-topological state, which 1s related to the appearance of Majorana

zero modes localized at the edge of the system. This detatled study based on exact caleula-

Landau's theory of Phase Transition provide the
phenomenological footing on which symmetry
broken states can be explained.



Properties of Topological Phases

¢ The bulk of the system is gapped, namely, there Is a finite energy gap between the
ground state and the excited states. Hence the bulk 1s an insulator at low temperatures

¢ The band structure of the bulk of the system is characterized by a topological
invariant which is a non-zero integer

¢ There are gapless states at the boundaries of the system; these contribute to
electronic transport

¢ Bulk-boundary correspondence:  The number of boundary states 1s equal to the
topological invaniant; it does not change if the parameters in the Hamiltonian are
changed a bit or if a small amount of disorder 15 present



Model Hamiltonian and geometric phase calculations

T T Z Z Z il
H=— E (poi™ + Aeoi 0i-170i+1” + A0 giv1).

This Hamiltonian transfer to the spinless fermion Hamiltonian through the Jordan-Wigner
transformation, 0," = (1 - 2¢;'¢;), 0% = [ji(1 = 2¢;¢;)(¢; + ;7).
After the Jordan-Wigner transtormation, the Hamiltonian is reduced to,

N N-1 N-1
H= —#E[l—ﬁﬂiiﬁ)—:’ll Z(f*iiﬂi-l-l+’3ﬁifi+1T+h-C}_}'lEz(fi—lTCi+1‘|'fi-|-1"3i—l'|‘h-':)- (4)

i=1 i=1 i=1

Finally, after the Fourier transtorm, the Hamiltonian become,
H= Z(Ep — 2\, cosk — 2y cos 2k)ci ¢
k
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Defination and Analytical Expression for Zak Phase

definition of Zak phase is the following. The Berry's phase picked up by a particle moving
across the Brillouin zone. Here, the Brillouin zone is in the one dimension as treated by the
Zak . and, therefore, the natural choice for the eyclic parameter is the erystal momentum
(k). The geometric phase in the momentum space is defined as

Tn = f dk < '15ﬂ1k|fﬂk|“n:k 2, (5)

m

where |u, . > is the Bloch states which are the eigenstates of the n'" band of the Hamiltonian.

The model Hamiltonian of the present problem is Z type topological invariant and the

system has an anti-unitary particle hole symmetry

¥y=Wn mod (2m).



Anderson Pseudo Spin Approach for the
Determination of Winding Number

The BdG equation for this Hamiltonian is

where,

\y(k) = 2\ sink + 2y sin 2k,
Y2(k) = —2); cosk — 2\, cos 2k + 2,

\/l ‘4 ‘w{ﬁl

Topological phase transition can be ascribed by the topological invariant quantity.

Hgac(k) = E (k) .,




Continuation

One can write the vector y(k) as,

(k) = cos thy 4 sin 2.

and 0}, = mn"[%).
o S Pk
W= o | =k
- é / —dif)dk mod (2r).

The winding number (W) presents the number of times y(k) rotates in the YZ plane



Analytical Expressions for Geometric (Zak) Phase

The general expression for the geometric phase (Zak phase) for this model Hamiltonian is

J—

_ /“ A(6Ay — 2pt) cosk + 2{)\12 T+ 2)\22 — 21ty cos 2k)
' (AN 40T 42 + 420 — 2p) cos k — 8y cos 2k)

dk mod (27).

Results:

Here, we study the quantization of geometric phase in the different regime of the parameter
space of the system , which are, (1) \y =0 and A, 20, (2) A, =0and Ay 20, (3) y =
W) dy=p+ A, (5) Ay == Ay, The last three lines are the quantum critical ines.



Integer Topological Characterization

, T _2\ucosk+ 2\ |
A = [ L 1 dk mod (27),

e (AN + 402 — 8\ pcos k)
where A; # 0 but A = 0.
[“ —2X pt cos2k + 2X°
Jor (4X" + 42 — 8 Ay pucos 2k)
where A # 0 but A; = 0.
@ _ [“ —8 Ay peosk +2(A% 4 2p% + 24 cos 2K)
. J_x (407 +8u2 =16 A pcosk + 8p2 cos 2k)

r}.-f,EJ -

dk mod (27),

dk mod (27),



Pictorial Representation of Non-Topological and
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Integer topological characterization
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Conclusions

(1). We have presented the behaviour of geometrical phase
for integer and fractional topological characterization.

(2). We have also explained the behaviour of geometric
phase in the auxiliary space.

(3). We have also present the behaviour of quantum critical
lines are different from the perspective of topological
characterization.

Thank You
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