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Universality



It is a common concept in statistical physics.
Universality
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Boltzmann weight of a gas  
of N pairwise repelling charges  
confined in an external harmonic  
potential 

Spectral statistics in RMT:
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Spectral Density:
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Tracy-Widom distribution is ubiquitous

“Equivalence Principle”,  
 M. Buchanan,  
 Nature Phys.  
 10, 543 (2014) 

“At the far ends of a new  
universal law”,  
N. Wolchover,  
Quanta Magazine  
(october, 2014)

• Ulam problem of longest increasing subsequence 

• Kardar-Parisi-Zhang equation in (1+1) dimension 

• Height fluctuations in stochastic growth models in KPZ class 

• Maximum displacement in non-intersecting Brownian bridges  

• Mesoscopic fluctuations of the spectrum in quantum dots 

• EVS in non-interacting fermions confined in a harmonic potential  

• Fluctuations in Financial performances 

• Observed in Liquid crystal experiments 

• and in coupled lasers
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It has been shown to be universal with respect to the shape of the confining potential,  
as long as the average density vanishes at the upper edge as a square root. 

TW

⇢(�) ⇠
p

h�
max

i � �

Another Universality:



Question:

Is the Tracy-Widom distribution for         ,  
robust with respect to the type of interaction  
between the charges? 

�
max



1d Coulomb gas:

P (�1,�2, ...,�N ) =

1

ZN
exp

2

4��

2

0

@N
NX

i=1

�2
i �

X

j 6=k

log |�j � �k|

1

A

3

5

P (x1, x2, ..., xN ) =

1

ZN
exp

2

4�

0

@N

2

2

NX

i=1

x

2
i � ↵N

X

i 6=j

|xi � xj |

1

A

3

5

Dyson’s Log gas:

Linear

Logarithmic

1d Coulomb gas 
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AD, AK, SNM, SS, GS, PRL 119, 060601, (2017)
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Average charge density:
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Limiting distribution             
f↵(x)

F0
αðxÞ ≈

!
exp½−jxj3=24αþOðx2Þ% as x → −∞
exp½−x2=2þOðxÞ% as x → ∞:
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We note that the leading x → −∞ behavior of F0
αðxÞ is

identical to that of the TW distributionF 0
β¼1=αðxÞ, while the

right tail of F0
αðxÞ decays faster than the TW right tail [47].

This is indeed our main result. In addition, we also compute
exactly the large deviation rate functions. For the left tail
we find

Φ−ðwÞ ¼

( ð2α−wÞ3
24α ; −2α ≤ w ≤ 2α

w2

2 þ 2
3 α

2; w ≤ −2α:
ð9Þ

For the right tail, we find

ΦþðwÞ ¼
ðw − 2αÞ2

2
; w > 2α: ð10Þ

It is easy to check, using the asymptotic behavior of F0
αðxÞ

for large jxj in Eq. (8), that the central part of the
distribution of xmax matches smoothly with the two large
deviation regimes flanking this central part. Indeed, as
discussed later, the vanishing of Φ−ðwÞ when w → 2α as a
cubic power is responsible for a third-order phase transition
at the critical point w ¼ 2α, in very much the same way as
in the log gas [30].
We start from the joint PDF of fxig’s in Eq. (4). We note

that Qðw;NÞ¼ Prob½xmax ≤w% ¼Probðx1 ≤w;…;xN ≤wÞ.
Hence it can be expressed as the ratio of two partition
functions
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with EðfxigÞ given in Eq. (3) and we have suppressed the α
dependence in ZNðwÞ for simplicity. Note that ZNðwÞ can be

interpreted as the partition function of the 1DOCP in the
presence of a hard wall at w. Below, we analyze Qðw;NÞ
in the central regime first, followed by the two large
deviation tails.
Central regime.—Noting that the energy function
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where ΘðxÞ is the Heaviside theta function. For an
ordered configuration ðx1 < x2 < ' ' ' < xNÞ, one can
eliminate the absolute values jxi − xjj and rewrite the
energy function EðfxigÞ in Eq. (3) as EðfxigÞ ¼
ðN2=2Þ
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This trick of eliminating the absolute values via ordering
has been used before for 1DOCP in numerous contexts
[41,43–45]. Performing a change of variables ξk ¼
½Nxk − 2αð2k − N − 1Þ% for all k ¼ 1; 2;…; N in Eq. (13),
we can rewrite ZNðwÞ ¼ N!DαðN½w − ð2α=NÞðN − 1Þ%; NÞ
where
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Therefore setting x ¼ N½w − ð2α=NÞðN − 1Þ%, Qðw;NÞ in
Eq. (11) can be written as

Qðw;NÞ ¼ Dαðx; NÞ
Dαð∞; NÞ

≡ Fαðx; NÞ: ð15Þ

Taking the derivative with respect to x in Eq. (15), and using
Eq. (14), we obtain
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To estimate the ratio Dαð∞; N − 1Þ=Dαð∞; NÞ for large N,
we note from Eq. (14) that Dαð∞; NÞ can be interpreted as
the partition function of an auxiliary gas of particles with
positions ξ1, ξ2, …; ξN confined in an external harmonic
potential and with the one-sided constraint ξk−1 < ξk þ 4α
for all k ¼ 2; 3;…; N. Indeed this constraint provides a short-
range interaction between the particles. Thus our original
problem of the 1DOCP which has long-range interaction is
mapped onto a problem of short-ranged interacting particles.
For such a short-ranged system, it is natural to expect that the
free energy is extensive inN. Thus onewould expect that, for
large N, the partition function must scale as Dαð∞; NÞ ∼
½AðαÞ%−N where lnAðαÞ is the free energy per particle. Thus

FIG. 2. (Left) Plot of AðαÞ and numerical verification of its
α → 0 and α → ∞ asymptotic. (Right) Comparison of the
theoretical F0

αðxÞ obtained by solving numerically Eq. (7) by a
shooting method and F0

αðxÞ obtained from direct Monte Carlo
simulation of the 1DOCP (with N ¼ 50) for two different values
of the coupling parameter, α ¼ 1 and α ¼ 0.5. Inset shows the
distribution in the normal scale.
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Large deviations of 1d Coulomb gas: 3rd order phase transition



Summary:

• With respect to changing the interaction among the particles the TW 
distribution is not  universal 

• Has similar large deviation tails in 1dC 

• The function          also describes other quantities. 

• Index: 

•  Gap: 

•  Evolution?  higher dimension? Connection to quantum systems?  
• General interactions ? 

dF↵(x)

d x

= A(↵) e�
x

2

2
F↵(x+ 4↵)

N+ =
Pn

i=1 ✓(xi)
<latexit sha1_base64="0sC/hWnN3ZtZ1/RsI8SpWCJ7p6s=">AAACBXicbVBNS8NAEN3Ur1q/oh5FCLZCRShJEdRDoeDFk1SwttDUsNlu26WbTdidiCX05MW/4sWDilf/gzf/jds2B219MPB4b4aZeX7EmQLb/jYyC4tLyyvZ1dza+sbmlrm9c6vCWBJaJyEPZdPHinImaB0YcNqMJMWBz2nDH1yM/cY9lYqF4gaGEW0HuCdYlxEMWvLM/cKVd1xxVRx4Cas4ozvhQp8CLj547KjgmXm7ZE9gzRMnJXmUouaZX24nJHFABRCOlWo5dgTtBEtghNNRzo0VjTAZ4B5taSpwQFU7mbwxsg610rG6odQlwJqovycSHCg1DHzdGWDoq1lvLP7ntWLonrUTJqIYqCDTRd2YWxBa40ysDpOUAB9qgolk+laL9LHEBHRyOR2CM/vyPKmXS+cl+7qcr56kaWTRHjpAReSgU1RFl6iG6oigR/SMXtGb8WS8GO/Gx7Q1Y6Qzu+gPjM8f2niXmw==</latexit><latexit sha1_base64="0sC/hWnN3ZtZ1/RsI8SpWCJ7p6s=">AAACBXicbVBNS8NAEN3Ur1q/oh5FCLZCRShJEdRDoeDFk1SwttDUsNlu26WbTdidiCX05MW/4sWDilf/gzf/jds2B219MPB4b4aZeX7EmQLb/jYyC4tLyyvZ1dza+sbmlrm9c6vCWBJaJyEPZdPHinImaB0YcNqMJMWBz2nDH1yM/cY9lYqF4gaGEW0HuCdYlxEMWvLM/cKVd1xxVRx4Cas4ozvhQp8CLj547KjgmXm7ZE9gzRMnJXmUouaZX24nJHFABRCOlWo5dgTtBEtghNNRzo0VjTAZ4B5taSpwQFU7mbwxsg610rG6odQlwJqovycSHCg1DHzdGWDoq1lvLP7ntWLonrUTJqIYqCDTRd2YWxBa40ysDpOUAB9qgolk+laL9LHEBHRyOR2CM/vyPKmXS+cl+7qcr56kaWTRHjpAReSgU1RFl6iG6oigR/SMXtGb8WS8GO/Gx7Q1Y6Qzu+gPjM8f2niXmw==</latexit><latexit sha1_base64="0sC/hWnN3ZtZ1/RsI8SpWCJ7p6s=">AAACBXicbVBNS8NAEN3Ur1q/oh5FCLZCRShJEdRDoeDFk1SwttDUsNlu26WbTdidiCX05MW/4sWDilf/gzf/jds2B219MPB4b4aZeX7EmQLb/jYyC4tLyyvZ1dza+sbmlrm9c6vCWBJaJyEPZdPHinImaB0YcNqMJMWBz2nDH1yM/cY9lYqF4gaGEW0HuCdYlxEMWvLM/cKVd1xxVRx4Cas4ozvhQp8CLj547KjgmXm7ZE9gzRMnJXmUouaZX24nJHFABRCOlWo5dgTtBEtghNNRzo0VjTAZ4B5taSpwQFU7mbwxsg610rG6odQlwJqovycSHCg1DHzdGWDoq1lvLP7ntWLonrUTJqIYqCDTRd2YWxBa40ysDpOUAB9qgolk+laL9LHEBHRyOR2CM/vyPKmXS+cl+7qcr56kaWTRHjpAReSgU1RFl6iG6oigR/SMXtGb8WS8GO/Gx7Q1Y6Qzu+gPjM8f2niXmw==</latexit>

g = xN � xN�1
<latexit sha1_base64="KOfgFfu69PXN3wk8U/yF7V/1FEo=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEVvLQkRVAPQsGLp1LB2EIbwma7bZduPtjdSGvoL/HiQcWrf8Wb/8Ztm4O2Phh4vDfDzDw/5kwqy/o2cmvrG5tb+e3Czu7eftE8OHyQUSIIdUjEI9H2saSchdRRTHHajgXFgc9pyx/dzPzWIxWSReG9msTUDfAgZH1GsNKSZxbLg+ux16iMvbRRsadlzyxZVWsOtErsjJQgQ9Mzv7q9iCQBDRXhWMqObcXKTbFQjHA6LXQTSWNMRnhAO5qGOKDSTeeHT9GpVnqoHwldoUJz9fdEigMpJ4GvOwOshnLZm4n/eZ1E9S/dlIVxomhIFov6CUcqQrMUUI8JShSfaIKJYPpWRIZYYKJ0VgUdgr388ipxatWrqnVXK9XPszTycAwncAY2XEAdbqEJDhBI4Ble4c14Ml6Md+Nj0Zozspkj+APj8wdckZG9</latexit><latexit sha1_base64="KOfgFfu69PXN3wk8U/yF7V/1FEo=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEVvLQkRVAPQsGLp1LB2EIbwma7bZduPtjdSGvoL/HiQcWrf8Wb/8Ztm4O2Phh4vDfDzDw/5kwqy/o2cmvrG5tb+e3Czu7eftE8OHyQUSIIdUjEI9H2saSchdRRTHHajgXFgc9pyx/dzPzWIxWSReG9msTUDfAgZH1GsNKSZxbLg+ux16iMvbRRsadlzyxZVWsOtErsjJQgQ9Mzv7q9iCQBDRXhWMqObcXKTbFQjHA6LXQTSWNMRnhAO5qGOKDSTeeHT9GpVnqoHwldoUJz9fdEigMpJ4GvOwOshnLZm4n/eZ1E9S/dlIVxomhIFov6CUcqQrMUUI8JShSfaIKJYPpWRIZYYKJ0VgUdgr388ipxatWrqnVXK9XPszTycAwncAY2XEAdbqEJDhBI4Ble4c14Ml6Md+Nj0Zozspkj+APj8wdckZG9</latexit><latexit sha1_base64="KOfgFfu69PXN3wk8U/yF7V/1FEo=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEVvLQkRVAPQsGLp1LB2EIbwma7bZduPtjdSGvoL/HiQcWrf8Wb/8Ztm4O2Phh4vDfDzDw/5kwqy/o2cmvrG5tb+e3Czu7eftE8OHyQUSIIdUjEI9H2saSchdRRTHHajgXFgc9pyx/dzPzWIxWSReG9msTUDfAgZH1GsNKSZxbLg+ux16iMvbRRsadlzyxZVWsOtErsjJQgQ9Mzv7q9iCQBDRXhWMqObcXKTbFQjHA6LXQTSWNMRnhAO5qGOKDSTeeHT9GpVnqoHwldoUJz9fdEigMpJ4GvOwOshnLZm4n/eZ1E9S/dlIVxomhIFov6CUcqQrMUUI8JShSfaIKJYPpWRIZYYKJ0VgUdgr388ipxatWrqnVXK9XPszTycAwncAY2XEAdbqEJDhBI4Ble4c14Ml6Md+Nj0Zozspkj+APj8wdckZG9</latexit>

Extreme statistics and index distribution in the classical 1d Coulomb gas 20

N=50
Theory

0 1 2 3 4
0.0

0.2

0.4

0.6

0.8

z

h_
α
(z
)

h
↵
(z

)

z

Figure 5. Comparison of the gap distribution (97) with simulation. Simulations
are performed for N = 50 particles with ↵ = 0.1.

where C
0

is a constant, i.e. independent of w. Using ⇢⇤w(x) = 1/(4↵) for x 2 [�2↵, 2↵]

and performing the integral in (84), we obtain

P (w,N) ⇡ e��Epulled ⇡ e�N2
�+(w) , (85)

where

�
+

(w) =
(w � 2↵)2

2
, w > 2↵ . (86)

Thus �E
pulled

in (85) corresponds to the energy in pulling out a single charge from the

equilibrium configuration of charges with a flat density.

5. Distribution of the gap g = xN � xN�1

In this section we study the PDF PG(g,N) of the gap g = xN � xN�1

between the

positions of the two rightmost charges with ordered positions xN and xN�1

< xN . We

show that the typical fluctuations of g, of order O(1/N) for large N , are described by

the scaling form,

PG(g,N) ⇡ N h↵(gN), with,

h↵(z) = A(↵) ⇥(z)

ˆ 1

�1
dy e�u2/2 d

du
F↵(u � z + 4↵) (87)

where F↵(y) is given by the solution of (46) with its associated eigenvalue A(↵). For

much larger values of g, i.e. g = O(1), PG(g,N) is described by the large deviation form

given in Eq. (100).

The distribution of the gap g = xN � xN�1

can be formally written as

PG(g,N) =
N !

ZN

ˆ
dx

1

. . . dxNe
��E[{x

i

}] �(xN � xN�1

� g)
NY

j=2

⇥(xj � xj�1

) , (88)

where �E[{xi}] is given in Eq. (27). In the ordered sector, rewriting the energy E[{xi}]
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Figure 7. Comparison of the limiting index distribution (130) with simulation.
Simulations are performed for N = 20 and 50 particles with ↵ = 0.1.

where the scaling function f↵(z) is given from (127) as

f↵(z) =
F↵(z + 2↵)F↵(�z + 2↵)´1

�1 dz F↵(z + 2↵)F↵(�z + 2↵)
. (130)

The function f↵(z) is manifestly symmetric around z = 0. In Fig. 7 we compare

this analytical result with numerical simulations and observe excellent agreement. The

asymptotic behavior of f↵(z) for large z can be easily derived using the asymptotic decay

of F↵(z ! �1) ⇠ exp[�|z|3/24↵] [see Eq. (50)] and the fact that F↵(z ! 1) = 1.

Plugging these asymptotics in (130) gives

f↵(z) ⇠ exp[� 1

24↵
|z|3] as |z| ! 1 . (131)

Thus the limiting distribution f↵(z) in Eq. (130) is obviously non-Gaussian. This is at

variance with the log-gas where the typical fluctuations of the index are known to be

Gaussian [see Eq. (10)]. Furthermore, as we will see below, this tail behavior from the

central regime matches smoothly with the large deviation behavior of N
+

.

6.2. Atypical large fluctuations of the index N
+

In this section we study large deviations regime of PI(N+

, N) in (101) where N
+

�N/2 =

O(N) in the large N limit. Our starting point is the exact expression for PI(N+

, N) in

(102) which we write as

PI(N+

, N) =
N ! I(N

+

, N)

ZN

,

I(N
+

, N) =

ˆ
dx

1

. . . dxNe
��E[{x

i

}]�

"
NX

i=1

⇥(xi) � N
+

#
,

(132)

with � E[{xi}] given in (14). Hence, I(N
+

, N) can be interpreted as the partition

function of the 1d jelllium under the external constraint that there are exactly N
+

f

↵

(x) = dF↵(x)
dx

F↵(x)
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