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Part I: an introduction to quantum quenches



A. Consider a many-particle system with Hamiltonian H.


B. Prepare the system in a (lowly entangled) state |ψ〉that has 
non-zero overlap with exponentially many eigenstates of H


C. Time evolution |ψ(t)〉= exp(-iHt) |ψ〉


D. Study time evolution of expectation values of local 
operators〈ψ(t)|ΟA|ψ(t)〉(in the thermodynamic limit).

I. “Quantum Quenches”

Simplest protocol for non-equilibrium dynamics:

N.B. a local operator acts as the identity outside a finite spatial 
region A in the infinite volume limit. In a spin model                  
where jk∈A

𝒪A = σα1
j1

…σαℓ
jℓ



This is an idealisation of what is done in cold-atom experiments.

Cartoon of experiments in the Schmiedmayer group:

Rb atoms on 

“atom chip”

split Bose

gases
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FIG. 6: The splitting of a Bose-Einstein condensate, as realized by a radial deformation of an initially harmonic potential into
a double well [46]. The two gases in the final picture are completely decoupled, with no more overlap between the respective
wave functions. Animations of the full dynamics are available online [33].

wherein

�1(0) = 0, �1(T ) = 1.

The control parameter � mimics the situation in exper-
iments, where the double well potential is controlled by
changing the RF field amplitude through an RF current
in a wire. For � = 0 we recover the static harmonic po-
tential, whereas � = 1 corresponds to a fully separated
double well with no wave function overlap between the
two halves of the system. Since the Rabi-frequency is
strictly positive in experiments we employ the same sat-
uration function � as in the previous example (cf. Fig. 4).

As the trapping potential is significantly changed dur-
ing the splitting the atoms are radially displaced from
their equilibrium position in the harmonic trap. Conse-
quently, strong dipole and breathing oscillations are usu-
ally observed in experiments. This poses a strong limi-
tation to the use of such systems as interferometers [56].
The minimization of such excitations is therefore one of
the main motivations for our optimization.

2. Numerical simulations: single-parameter control

We illustrate the splitting procedure for N = 2000
atoms and T = 6ms.

In a first step we again consider the case where the
Rabi-frequency is increased linearly (see Fig. 7a). This
procedure is identical to the one that is typically used in
experiments [49, 53]. At the final time t = T the infidelity
has only decreased slightly as can be seen from Fig. 7b.
Moreover, the infidelity shows the expected strong oscil-
lations for t > T . A snapshot of the density at time
t
⇤ = 22.5ms is illustrated in Figs. 7c-e, revealing that
there is large discrepancy between the computed state  
and the desired state  d.

Next, we consider the result of the optimal control al-
gorithm. We find that, irrespective of the specific choice
of �0, the algorithm always converges to approximately
the same minimizer of the cost functional. The corre-
sponding time-evolution of the Rabi-frequency is shown
in Fig. 7f. We observe that the Rabi-frequency remains
zero for the first few milliseconds. In fact, only about
three milliseconds of the optimization time T are used
for the transformation of the external potential. This be-
havior persists even if we increase the optimization time
T , with the Rabi-frequency vanishing for an even longer
initial period of time. The precise timescale depends on
the parameters of the trap, as the optimization algorithm
tries to find a compromise between longitudinal and ra-
dial directions.
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FIG. 6: The splitting of a Bose-Einstein condensate, as realized by a radial deformation of an initially harmonic potential into
a double well [46]. The two gases in the final picture are completely decoupled, with no more overlap between the respective
wave functions. Animations of the full dynamics are available online [33].
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HLL = −
ℏ2

2m ∑
j

∂2

∂x2
j

+ c∑
j<k

δ(xj − xk)

manipulate confining potential

H = HLL,1 + HLL,2

|Ψ(0)⟩initial state



Time evolve |Ψ(t)⟩ = e−iHt |Ψ(0)⟩
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FIG. 6: The splitting of a Bose-Einstein condensate, as realized by a radial deformation of an initially harmonic potential into
a double well [46]. The two gases in the final picture are completely decoupled, with no more overlap between the respective
wave functions. Animations of the full dynamics are available online [33].
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|Ψ(t)⟩time evolved state

t=t0: switch off confining potential

2 clouds expand in 3D and overlap

d



t=t1: measure the density of atoms

|Ψ(t + t0)⟩ = e−iHexpt |Ψ(t0)⟩3D expansion is 

approximately free:

Hexp ≈ ∑
j

−
ℏ2 ∇2

j

2m

SciPost Physics Submission

From our previous discussion we know that at t = t0 a basis of single-particle states (in the low-energy
sector of the Hilbert space) is obtained by having a boson at position x that is the ground state of
one of the transverse harmonic oscillators centred at ±~d/2 in the transverse directions. This implies
that the Bose field can be decomposed as

 ̂(x,~r, t0) =  ̂1(x, t0)g(~r + ~d/2) +  ̂2(x, t0)g(~r � ~d/2), (6)

where  ̂1,2(x, t0) creates a boson at position x in the ground state of the transverse harmonic oscillator

centred at ±~d/2 and g(~r ± ~d/2) denotes the corresponding ground state wave functions. The Bose

fields  ̂i(x, t0) have equal time commutation relations [ ̂i(x, t),  ̂
†
j
(z, t)] = �i,j�(x � z). Inserting the

decomposition (6) into (5), using g(~x) ⇠ e
�m!

2 ~x
2
and assuming that t1 � 1/! (where ! is the frequency

of the harmonic potential in the transverse direction) then gives

 ̂(x,~r, t1 + t0) = f(~r, t1)

Z
dy G(x� y, t1)


 ̂1(y, t0)e

i
m
2t1

(~r+~d/2)2
+  ̂2(y, t0)e

i
m
2t1

(~r�~d/2)2
�
, (7)

where the function f(~r, t1) is a Gaussian envelope, and G(x, t1) is a free, single-particle Green’s
function. The precise form of these functions, together with the details of the calculation, are given
in Appendix A.

Using (7) we can identify the observable that is ultimately measured in the time-of-flight experi-
ments as

⇢̂tof(x,~r, t1 + t0) = |f(~r, t1)|
2
ZZ

dy dz G
⇤(x� y, t1)G(x� z, t1)

h
 ̂
†
1(y, t0) ̂1(z, t0)

+  ̂
†
2(y) ̂2(z) +  ̂

†
1(y) ̂2(z)e

�i~d·~rm/t1 +  ̂
†
2(y) ̂1(z)e

i~d·~rm/t1

i
. (8)

Each measurement will select one of the eigenvalues of the above sum of operators. Importantly, the
various terms in (8) do not commute with one another. Hence at the level of the “full” Bose gases the
measured observable is not simple.

2.1 Simplification when the longitudinal expansion is frozen

Denoting by ⇢̂(t0) the density matrix of the system at the time of the trap release, the subsequent
evolution is given by

⇢̂(t) = U(t; t0)⇢̂(t0)U
†(t; t0) . (9)

In cases where ⇢̂(t0) and t1 are such that expansion in the longitudinal direction can be neglected, cf.
the discussion above, we have

⇢̂(t1 + t0) ⇡ eU(t1 + t0; t0)⇢̂(t0)eU †(t1 + t0; t0) , eU(t1 + t0; t0) = e
�it1 ~̂P

2
?/2m

. (10)

In this case (7) can be replaced by

 ̂(x,~r, t1 + t0) = f(~r, t1)


 ̂1(x, t0)e

i
m
2t1

(~r+~d/2)2
+  ̂2(x, t0)e

i
m
2t1

(~r�~d/2)2
�
. (11)

This then results in the following expression for the measured density

⇢̂tof(x,~r, t1 + t0) = |f(~r, t1)|
2
h
 ̂
†
1(x, t0) ̂1(x, t0) +  ̂

†
2(x, t0) ̂2(x, t0)

+  ̂
†
1(x, t0) ̂2(x, t0)e

�i~d·~rm/t1 +  ̂
†
2(x, t0) ̂1(x, t0)e

i~d·~rm/t1

i
. (12)
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Measured density related to operators at t=t0.



• very weak coupling to environment

• no other degrees of freedom around

(1) The cold atom systems are to a good approx isolated:

(2) Global quantum quenches deposit an extensive amount of 
energy in the system:

lim
L→∞

⟨Ψ(0) |H |Ψ(0)⟩
L

> lim
L→∞

⟨GS |H |GS⟩
L

Probe physics far away from the GS.



From now on focus on

A. Lattice models with finite local Hilbert spaces (e.g. lattice spins).


B. Hamiltonians invariant under translations (by n sites).


C. Initial states invariant under translations (by m sites).



Some terminology

•An operator is local if it acts as the identity outside a finite

subsystem in the thermodynamic limit

σx
j , σx

j σy
j+n n fixed

σx
j σy

j+L/2

are local

on a ring of L sites is not

•A local conservation law is an operator such that

[H, I] = 0 , I = ∑
m

Im

local operators



Can the system somehow relax at late times after the quench?

II. Local relaxation after quantum quenches

lim
t→∞

lim
L→∞

⟨Ψ(t) |𝒪 |Ψ(t)⟩

i.e. if we wait long enough, do measurements become time-
independent?

exists.⟺



 The system can never relax as a whole:

‹ψ(t)|O|ψ(t)› = A cos([E1-E2]t+φ)

Expand initial state in energy eigenstates:

|ψ(t)› = exp(-iHt) |ψ(0)› = ∑n exp(-iEnt) <n|ψ› |n>. 

Can always choose “observables” O that never relax, e.g.

O=O†= |1›‹2|+|2›‹1|

But this is a horribly non-local operator.



Local observables relax:

A

B

• Entire System: A∪B

• Take A infinite, B finite

• Ask questions only about B: 

Physical Picture: A acts like a bath for B.

lim
t→∞

lim
L→∞

⟨Ψ(t) |𝒪B |Ψ(t)⟩ exists∀ 𝒪B



Is there a description of 

in terms of a statistical ensemble ?

lim
t→∞

lim
L→∞

⟨Ψ(t) |𝒪B |Ψ(t)⟩

lim
t→∞

lim
L→∞

⟨Ψ(t) |𝒪B |Ψ(t)⟩ = lim
L→∞

Tr[ρSS 𝒪B]

Can we find a density matrix ρss such that ∀OB

N.B. ρss is not unique



Nonequilibrium Steady States

Local conservation laws (=those with local densities) are clearly 
important because

[H, I(n)] = 0 ⇒ ⟨Ψ(t) | I(n) |Ψ(t)⟩ time independent

lim
L→∞

1
L ∑

m

⟨Ψ(t) | I(n)
m |Ψ(t)⟩ = lim

L→∞
⟨Ψ(t) | I(n)

m |Ψ(t)⟩

By translational invariance

lim
L→∞

⟨Ψ(0) | I(n)
m |Ψ(0)⟩ = lim

t→∞
lim

L→∞
⟨Ψ(t) | I(n)

m |Ψ(t)⟩ = Tr[ρSSI(n)
m ]

This is independent of time I(n)
m local

ρss retains information about initial state !



N.B. Locality of the density of the conserved quantities is crucial 
for this argument

H |En⟩ = En |En⟩

[H, Pn] = 0 = [Pn, Pm] , Pn = |En⟩⟨En |

It does not apply to 1D projectors on energy eigenstates

Generalization to case where we translational invariance by

N sites is straightforward…



Isolated system → energy conserved

This is the minimal info on the initial state that gets retained;

if there are no other conserved quantities the system thermalizes

Deutsch ’91, Srednicki ’94,….

Define a Gibbs Ensemble:

fix effective temperature:

e0 = lim
L→∞

⟨Ψ(0) |H |Ψ(0)⟩
L

e0 = lim
L→∞

Tr[ρGEH]

lim
t→∞

lim
L→∞

⟨Ψ(t) |𝒪B |Ψ(t)⟩ = lim
L→∞

Tr[ρGE 𝒪B]

“Thermalization”



Could equally well use micro-canonical ensemble

Beugeling, Moessner & Haque ‘14
numerical evidence Rigol ‘08 Kim et al ’14

ρSS = ρMC = ∑
|En−Le|<ϵ

|En⟩⟨En |

Averaging over micro-canonical shell not required for local 
operators

⟨En |𝒪B |En⟩ − ⟨En+1 |𝒪B |En+1⟩ = 𝒪(e−αL)



Generalized Gibbs Ensembles

If we have additional conservation laws with local densities 

the system cannot thermalize as

lim
L→∞

⟨Ψ(0) | I(n)
m |Ψ(0)⟩ = Tr[ρSSI(n)

m ]

I(n)
m

What should the ensemble describing the steady state be?

Maximise the entropy under the constraints (*) ⇒ 

Generalized Gibbs Ensembles (GGE)

(*)

ρGGE =
1

ZGGE
e−∑m λmI(m)

lim
L→∞

⟨Ψ(0) | I(n) |Ψ(0)⟩
L

= lim
L→∞

Tr[ρGGE I(n)]
L

λm fixed by



III. An explicit example

H = − J∑
j

c†
j cj+1 + c†

j+1cjTight-binding model

H = ∑
p

[ − 2J cos(p)]
ϵ(p)

c†(p)c(p)

c(kn) =
1

L

L

∑
j=1

eikn jcj , kn =
2πn
L

.Diagonalized by going 

to mtm space

Initial state: |Ψ(0)⟩ =
L/2

∏
j=1

c†
2j |0⟩

Time evolution c(kn, t) = e−itϵ(kn)c(kn)



Green’s function

⟨Ψ(0) |c†(k, t)c(p, t) |Ψ(0)⟩ = eit[ϵ(k)−ϵ(p)]⟨Ψ(0) |c†(k)c(p) |Ψ(0)⟩

= eit[ϵ(k)−ϵ(p)] 1
L ∑

n,m

eipn−ikm ⟨Ψ(0) |c†
mcn |Ψ(0)⟩

δn,m if n even

= eit[ϵ(k)−ϵ(p)] 1
2 [δk,p + δk,p±π]

Oscillates in time indefinitely, does not relax.

OK, because it is not a local operator.



Green’s function

⟨Ψ(0) |c†(k, t)c(p, t) |Ψ(0)⟩ = eit[ϵ(k)−ϵ(p)]⟨Ψ(0) |c†(k)c(p) |Ψ(0)⟩

= eit[ϵ(k)−ϵ(p)] 1
L ∑

n,m

eipn−ikm ⟨Ψ(0) |c†
mcn |Ψ(0)⟩

δn,m if n even

= eit[ϵ(k)−ϵ(p)] 1
2 [δk,p + δk,p±π]

⟨Ψ(0) |c†
j (t)ck(t) |Ψ(0)⟩ =

1
2

δj,k +
(−1) j

2
1
L ∑

p

e−ip(k−j)+4iJt cos(p)

=
δj,k

2
+

(−1) j

2
i|j−k|J|j−k|(4Jt) for L→∞



Green’s function

gj,k(t) = ⟨Ψ(0) |c†
j (t)ck(t) |Ψ(0)⟩ =

δj,k

2
+

(−1) j

2
i|j−k|J|j−k|(4Jt)

At late times and fixed j,k

gj,k(t) =
δj,k

2
+

(−1) j

2
i|j−k| 1

2πJt
cos(4Jt − | j − k |

π
2

−
π
4 ) + 𝒪(t−1)

Power-law relaxation to stationary value δj,k/4

Wick’s theorem ⇒ power-law relaxation of all local operators, e.g.

⟨Ψ(t) |c†
j c†

k clcm |Ψ(t)⟩ = gj,m(t)gk,l(t) − gj,l(t)gk,m(t)



What is the ensemble describing the stationary state?

lim
t→∞

gj,k(t) =
δj,k

2
= Tr[ρSS c†

j ck]

Infinite temperature state!

1
2L

Tr[c†
j ck] = δj,k

1
2

Trj[c†
j cj] =

δj,k

2

ρ∞ =
1
2L

1

By Wick’s thm this gets lifted to all local operators.



Density

⟨Ψ(0) |nj(t) |Ψ(0)⟩ =
1
2

+
(−1) j

2
J0(4Jt)

� �� �� �� ��
���

���

���

���

���

���

�

��(�)

translational invariance

recovered at large t

→“CDW order melts”

even

odd


