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Weight of the elementary jump!
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Weight of the elementary jump!

w(�, z) = e���(a,b) z�(a,t)



Coprimality matrix !

�(a, b) =

⇢
0 if gcd(a, b) 6= 1
1 if gcd(a, b) = 1
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Path Integral!
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Where#are#the#zeros#of#these#polynomials?#
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The$Prime$Polynomial$

P (z) = 1 + p1 z +
p2
2!

z2 +
p3
3!

z3 + · · · pn
n!

zn

Where#are#the#zeros#of#this#polynomial?#

pn = 2, 3, 5, 7, 11, 13, 17, 19, 23, 31, 37, 41, 43, 47, 53, 59, . . .
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Topics of the seminar!

•   Yang-Lee theory of  phase transitions  !

•   Playing with polynomials!

•   Circle Theorem and Edge Singularities !

•   Partition function of integrable quantum field theories!

•   The Yang-Lee model!

•   How to experimentally measure the Yang-Lee zeros!



Historically but also conceptually   
 

Statistical Physics  
 

has two different faces 









Physics encoded  
 
in  
 

the Ensembles 



Grand-Canonical Partition Function and its Zeros!

⌦N (z) =
NX

k=0

1

k!
Zk(V, T )z

k

This is a real polynomial!

•  Positive coefficients, for classical statistical physics!

•  Alternaning sign coefficients, for quantum fermionic systems!



Grand-Canonical Partition Function and its Zeros!

⌦N (z) =
NX

k=0

1

k!
Zk(V, T )z

k =
NY

l=1

✓
1� z

zl

◆

This is a real polynomial!

Its zeros are either (negative) real numbers or complex conjugated!



Playing with Polynomials!

⌦N = 1 + �1z + �2 z
2 + . . .+ �k z

k

| {z }
ŝk=s�k

+ . . .+

+ �N�l z
N�l + �N�l+1 z

N�l+1 + . . .+ �N zN| {z }
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•  Moments of zeros! sk =
NX

l=1

zkl
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ŝk=s�k

+ . . .+

+ �N�l z
N�l + �N�l+1 z

N�l+1 + . . .+ �N zN| {z }
sl

.

•  Moments of zeros! sk =
NX

l=1

zkl











NX

i=1

1

zi

N 



N 

NX

i=1

1

z2i



N 

NX

i=1

1

z3i



Playing with Polynomials!

•  Moments of zeros! sk =
NX

l=1

zkl

⌦N =
NY
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1� z

zl

◆



Playing with Polynomials!

sk =
NX

l=1

zkl

FN (z) = log⌦N (z) =
NX

l=1

log

✓
1� z

zl

◆
=

�
NX

l=1

1X

m=1

1

m

✓
z

zl

◆m

⌘
1X

m=1

bmzm

•  Moments of zeros!

bm = � 1

m

NX

l=1

1

zml
= � 1

m
s�m



Playing with Polynomials!

sk =
NX

l=1

zkl•  Moments of zeros!

b1 = �1

2!b2 = 2 �2 � �1

3!b3 = 3! �3 � 6 �2�1 + 2 �3
1

b1 = �1

2! b2 = 2!�2 � a21

3! b3 = 3! �3 � 6�2�1 + 2�3
1

...

b1 = �1

2! b2 = 2!�2 � a21

3! b3 = 3! �3 � 6�2�1 + 2�3
1

...



Playing with Polynomials!
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Playing with Polynomials!

•  Moments of zeros! sk =
NX

l=1

zkl

•  Bounds on the module of the zeros!

Rd  |zi|  Ru

Rd = min

⇢
�k

�k+1

�
, Ru = max

⇢
�k

�k+1

�
For instance, Enestrom-Kakeya!









Can any distribution of complex conjugate zeros !
!

be eligible !
!

for defining a possible physical statistical system?!





Grand-Canonical Partition Function and its Zeros 

⌦N (z) =
NX

k=0

1

k!
Zk(V, T )z

k =
NY

l=1

✓
1� z

zl

◆

p(z)

kT
⌘ ˆf(z) =

1

V

NX

l=1

log

✓
1� z

zl

◆

⇢(z) ⌘ zf̂ 0(z) =
1

V

NX

l=1

z

z � zl







Yang-Lee Zeros and two-dimensional Electrostatics  

Imagine the zeros condensate in an area A or a curve C  
in the complex plane with a local positive density η(z) 

p(z)

kT
=

Z

A
d⇠ ⌘(⇠) log

✓
1� z

⇠

◆

= '(z) + i (z) ,



Yang-Lee Zeros and two-dimensional Electrostatics  

Imagine the zeros condensate in an area A or a curve C  
in the complex plane with a local positive density η(z) 

'(z) =

Z

A
d⇠ ⌘(⇠) log

����1�
z

⇠

����

Green function of two-dimensional electrostatics 



Yang-Lee Zeros and two-dimensional Electrostatics  

Imagine the zeros condensate in an area A or a curve C  
in the complex plane with a local positive density η(z) 

�'(z) = 2⇡ ⌘(z)

Wherever η(z) =0, the pressure should be a harmonic function 



z 





Equation of State and Yang-Lee Zeros 

p(z)

kT
⌘ f(z)=

Z

C
⌘(⇠) log

✓
1� z

⇠

◆

= z

Z

C

⌘(⇠)

z � ⇠
⇢(z) = z

df(z)

dz

Is it possible to determine  ⌘(⇠) ? 



Equation of State and Yang-Lee Zeros 

p(z)

kT
⌘ f(z) ⇢(z) = z

df(z)

dz

Is it possible to determine  ⌘(⇠) ? 

=

Z

C
⌘(⇠) log

✓
1� z

⇠

◆
p(z)

kT
⌘ f(z)

; 



In general, this is an extremely difficult task  

1. Eliminate z between the two expressions and find  
      the explicit equation of state p(⇢, T )

2. Use the previous parameterizations to find a  
    non-linear first order diff. eq. for the function f(z) 

3. By integration, we have a functional equation 

F(f, z) = 0

whose solution in general is not unique and   
it may have also several Riemann surfaces 

4. The branching points belong to the contour  C



Example. YL zeros for van der Waals gases 

p(z)

kT
= f(z) =

⇢

1� ⇢
� ⌫⇢2

⇢(z) = z
df(z)

dz

(Hemmer and Hauge) 

⌫ =
a

kT
depends on temperature 



Example. YL zeros for van der Waals gases 

p(z)

kT
= f(z) =

⇢

1� ⇢
� ⌫⇢2

⇢(z) = z
df(z)

dz

z

✓
dz

d⇢

◆
= z

⇥
(1� ⇢)�2 � 2⌫⇢

⇤

(Hemmer and Hauge) 



Example. YL zeros for van der Waals gases 

z =

⇢

1� ⇢
exp


⇢

1� ⇢
� 2⌫⇢

�

⇢ is multivalued and so the function  f(z)The inverse function 

f(z) = f [⇢(z)] =
⇢(z)

1� ⇢(z)
� ⌫⇢2(z)



Example. YL zeros for van der Waals gases 

z

✓
dz

d⇢

◆
= z

⇥
(1� ⇢)�2 � 2⌫⇢

⇤

z =

⇢

1� ⇢
exp


⇢

1� ⇢
� 2⌫⇢

�

Singularities 

= 02⌫⇢(1� ⇢)2 = 1



z 

⇢ is negative at 
this value of z 

T � Tc



How these branch points move with temperature? 
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 Yang-Lee zeros are associated to positive  
charge distribution of electrostatics  



But, is any (positive) charge distribution of electrostatics  
 

good 
 

for a statistical physics interpretation?  





P (z)



⇢(z)



Find which are the distributions of zeros !
which lead to physical statistical models!

“Yang-Lee Inverse Problem”!

So far, the only case where we can pin down !
such distributions of zeros is when the zeros !
are located!

on a CIRCLE!



Yang-Lee Zeros of the Ising model  



Yang-Lee Zeros of the Ising model  



H = �J
X

i,j

�i�j +B
X

i

�i⌦N (�, B) =
X

{�i}

e��H

NX

k=0

Pk z
k=

z = e�2�B

Yang-Lee Zeros of the Ising model  



Palindrome polynomial!

Pk = PN�k

⌦N (z) = 1 + P1 z + P2z
2 + · · ·+ P2 z

N�2 + P1 z
N�1 + zN

If za is a root, also 1/za  is also a root ! !



T > Tc 

+✓0

�✓0

Lee-Yang Zeros of the Ising model  



T > Tc 

Lee-Yang Zeros of the Ising model  



Lee-Yang Zeros of the Ising model  



Lee-Yang Zeros of the Ising model  



T ≈ Tc 

Lee-Yang Zeros of the Ising model  



Yang-Lee Zeros of the Ising model  

T ≈ Tc 



T < Tc 

Lee-Yang Zeros of the Ising model  



General features!
•  This pattern emerges only for ferromagnetic couplings!

•  The spreading of the zeros is due to interaction!
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General features!
•  This pattern emerges only for ferromagnetic couplings!

•  The spreading of the zeros is due to interaction!

•  The only known analytic distribution of zeros: in 1-d!!

⌘(✓) =
1

2⇡

sin ✓
2q

sin2 ✓
2 � sin2 ✓0

2

✓0 = arccos

�
1� 2e�2�J

�



General features!
•  This pattern emerges only for ferromagnetic couplings!

•  The spreading of the zeros is due to interaction!

•  The only known analytic distribution of zeros: in 1-d!!

•  Knowing η(θ), we will get the magnetization at !
    finite temperature and in a magnetic field!

M = 1� 4z

Z ⇡

0
⌘(✓)

z � cos ✓

z2 � 2z cos ✓ + 1

d✓



General features!

•  It is possible to prove that any η(θ), with η’(θ) >0, !
     may lead to a new physical statistical system! !

d⇢

dz
=

Z ⇡

0

⇠ ⌘0(2 arctan ⇠)

(1 + ⇠)2((z + 1)2⇠2 + (z � 1)2
d⇠ > 0

•  Edge singularities and Yang-Lee model!



Edge Singularities  

T > Tc 

The density of zeros is anomalous nearby the edge singularities 

⌘(✓) ' |✓ � ✓0|�



Edge Singularities  

For all purposes, this anomalous behaviour  

⌘(✓) ' |✓ � ✓0|�

can be seen as a critical phenomena   

What is then the Landau-Ginzburg theory which describes it? 

P.J. Kortman and R.B. Griffiths, Phys. Rev. Lett. 27, 1439 (1971).  
 



Yang-Lee Model  
M. E. Fisher, Phys. Rev. Lett. 40, 1610 (1978).  

A =

Z
d

d
x


1

2
(@�)2 + i(h� h0)�+ ig �

3

�

•  Such a QFT is NOT hermitian!

•  However it is a CP invariant theory !

(CP )� (CP ) = �� (CP )A (CP ) = A†•  The spectrum is then real !

•  Upper critical dimension d = 6 !



Yang-Lee Model  

Exact solution in d=2!
•  At criticality ( h = h0 ), it is described by the simplest CFT !

J.Cardy, Phys. Rev. Lett. 54, 1354 (1985).  

1 Φ Φ 1 0 -⅕ -⅕ 0 

� ⇤ � = 1 + � C = �22

5



Yang-Lee Model  

Exact solution in d=2!
•  At criticality ( h = h0 ), it is described by the simplest CFT !

•  Away from criticality, the simplest integrable QFT !

G. Mussardo, J.Cardy, Phys. Lett. 225, 275 (1989).  



Integrable QFT: infinite conserved charges 

@µT
µ⌫⇢··· = 0 Q

s =

Z
dxT

0⌫⇢···

[H,Qs] = 0

Qs |p1, p2, · · · pN >=
NX

k=1

psk |p1, p2, · · · pN >

Since these charges are conserved, we have infinite constraints X

in

ps
i

=
X

out

ps
l

(A.B. Zamololodchikov) 



Integrable vs NonIntegrable QFT 

S 

Elastic process 

S 

Production processes 



Factorization and Yang-Baxter Equations 

= 



 Two-body S-matrix 

S 

a a 

a a 

s-channel 

t-channel 

Ea = ma cosh ✓a

pa = ma sinh ✓a



 Two-body S-matrix 

S 

a a 

a a 

s-channel 

t-channel 

|A(✓1)A(✓2)i =

S(✓1 � ✓2) |A(✓2)A(✓1)i

S(✓)S(�✓) = 1

S(✓) = S(i⇡ � ✓)



Exact S-matrix of the Yang-Lee model 

S 

G. Mussardo, J.Cardy, Phys. Lett. 225, 275 (1989).  

SY L(✓) =
tanh 1

2

�
✓ + 2⇡i

3

�

tanh 1
2

�
✓ � 2⇡i

3

�



The particle A is bound state of itself 

a 

a 

a a 

a 

S(✓) = i
�2

✓ � i 2⇡3

�2 = (ih)2 < 0

�

�

m2
b = s

✓
2⇡i

3

◆
= 4m2

cos

2
⇣⇡
3

⌘
= m2

a



So, we would like to compute and study the pattern 
of Yang-Lee zeros in an integrable QFT such as  

the Yang-Lee model  

(YL)2 problem 



Important Remark for QFT 

The Grand Canonical Partition Function is a “weighted” counting 

⌦(z) =
1X

N=0

1

N !
ZN zN

But, for this reason, the variable N must have a “definite” meaning! 

Example:  
       N= Number of particles or solitons (which must be conserved) 

The corresponding operator must commute with the Hamiltonian 



Important Remark for QFT 

The Grand Canonical Partition Function is a “weighted” counting 

⌦(z) =
1X

N=0

1

N !
ZN zN

In the context of QFT, this remarks essentially points to  

Integrable QFT 



Let’s go back to the problem of computing and studying  

the pattern of Yang-Lee zeros 

Yang-Lee model 

in the simplest integrable QFT given by the  
 



How to do it? 



Exact Partition Function !

This is given by Thermodynamics Bethe Ansatz!

⌦(z) = exp


mL

Z +1

�1
cosh ✓ log

⇣
1 + z e�✏(✓,z)

⌘ d✓

2⇡

�

✏(✓, z) = m� cosh ✓ �
Z 1

�1

d✓0

2⇡
'(✓ � ✓0) log

⇣
1 + z e�✏(✓0,z)

⌘

'(✓) = �i
1

S

dS

d✓

(Yang-Yang; Al.B. Zamolodchikov)!



Exact Partition Function !

This is given by Thermodynamics Bethe Ansatz!

⌦(z) = exp


mL

Z +1

�1
cosh ✓ log

⇣
1 + z e�✏(✓,z)

⌘ d✓

2⇡

�

✏(✓, z) = m� cosh ✓ �
Z 1

�1

d✓0

2⇡
'(✓ � ✓0) log

⇣
1 + z e�✏(✓0,z)

⌘

'(✓) = �i
1

S

dS

d✓

(Al.B. Zamolodchikov)!



Free Theories !

⌦(z) = e±
P

p log(1±z e��✏p) ⌘ eF±(z,�)

F±(z,�) = ±
Z

d✏ g(✏) log
�
1± z e��✏

�

=
V

�d
T

1X

k=1

(⌥1)k+1 zk

k
d
2+1

Poly-logarithm !



Free Theories !

⌦(z) = e±
P

p log(1±z e��✏p) ⌘ eF±(z,�)

= 1 + ↵1z + ↵2z
2 + ↵3z

3 + · · ·+ ↵NzN + · · ·

Let’s truncate it at level N and compute the zeros 
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✓
�T

V

◆
log⌦ =

1X

n=1

bnz
n

bn = � 1

n

NX

l=1

✓
1

zl

◆n

= � 1

n

Z ⇡

�⇡
⌘(✓) cos(n✓) d✓

⌘(✓) =

1

2⇡
� 1

⇡

1X

n=1

n bn cos(n✓)

A nice proof based on Fourier Series !



We can resum the series! !

1X

n=1

(�1)

n+1

n2
cosn✓ =

1

4

✓
⇡2

3

� ✓2
◆

1X

n=1

1

n2
cosn✓ =

1

4

(⇡� | ✓ |)2 � ⇡2

12

· · · · · ·
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⌦(z) =
Y

p

�
1 + z e��✏p

�

zp = �e�✏p

Another set of zeros??!

�

�
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⌘(z) = g(✏)

����
d✏

dz

����

�z

⌘(z)
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Where are the Yang-Lee zeros!
of the Yang-Lee model? !



Series Solution of the TBA eqs.!

Threefold way!

✏(�, z) ! ⌦(�, z)! F (�, z)



Series Solution of the TBA eqs.!

✏(✓, z) = m� cosh ✓ �
Z 1

�1

d✓0

2⇡
'(✓ � ✓0) log

⇣
1 + z e�✏(✓0,z)

⌘

✏(✓, z) =
1X

n=0

✏n(✓) z
n

✏0(✓) = � cosh(✓)

✏1(✓) = �
Z 1

�1
d✓0'(✓ � ✓0)e�✏0(✓

0)

✏2(✓) =
1

2!

Z 1

�1
d✓0'(✓ � ✓0)[2✏1e

�✏0(✓
0) + e�2✏0(✓

0)]



Series Solution of the TBA eqs.!

F (z) = mL

Z +1

�1
cosh ✓ log

⇣
1 + z e�✏(✓,z)

⌘ d✓

2⇡

F (z) =
1X

n=0

fn z
n

f1(�) =
L

�

Z 1

�1

d✓

2⇡
cosh(✓)e�✏0(✓)

f0(�) = 0

f2(�) = � L

2!�

Z 1

�1

d✓

2⇡
cosh(✓)[2✏1e

�✏0(✓
0)
+ e�2✏0(✓

0)
]



Series Solution of the TBA eqs.!

⌦N (�, z) = 1 +
NX

k=1

�k z
k

= 1 + �1 z
1 + �2 z

2 + · · · �N zN

⌦(�, z) = eF (�,z)
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•  Large β !

⌦(z) = exp

" 1X

n=1

1

n
K1(n�m)zn

#

' exp

" 1X

n=1

1

n
e�n�mzn

#

µ e�  |zi|  ⌫ e�



•  Small β !

⌦(z) ' exp


1

�
f(z)

�
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Alternative method !
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Alternative method !
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Experimental Observation of Yang-Lee zeros !

This can be done measuring decoherence of a probe 
spin coupled to a spin bath !

Wei-Liu Phys. Rev. Lett. 109, 185701 (2012)!
Peng et al. Phys. Rev. Lett. 114, 010601 (2015)!



Yang-Lee zeros of Ising Model!
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Yang-Lee zeros of Ising Model!
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Yang-Lee zeros of Ising Model!
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Yang-Lee zeros of Ising Model!

Decoherence of the probe spin coupled to !
the spin bath !

=
⌦(�, h� 2i�t)

⌦(�, h)
=

QN
n=1

�
e�2�h+4i�t � zn

�

(e�2�t � zn)

= Tr
h
e��H0 e2i�

P
k �k t

i
/⌦(�, h)

<  (t) |S | (t) >=< E |e�i(H+�H�)t |E >x 



N=10, β=0.5 

L(t) 



L(t) 

N=16, β=8 









Conclusions !

•  Pattern of Yang-Lee zeros for integrable QFT !

•   Easy to extend to other integrable models, !
    such as, for instance, the Lieb-Liniger model  !

•   Realistic possibility to measure the YL zeros !
    in cold atom experiments of decoherence  !

•  Interesting avenue to discover new physical    
statistical systems through appropr iate 
distributions of the zeros in the complex plane !


