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Abstract

To understand the distribution of the Yang-1.ee Zeros
field theones we analyse the simplest of these systems
Lee model. The gmnd{anonica! partiion function of this

these zeros are distnbute:
ase of the zeros for purely free theories.
interactive theory and the
intheinteractive theory g0es continuously
orature limit § — 0 while in the froe theornes it remains
ofﬂ.jumpinngonly apf=0.
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(Some figures may appear in colour oaly in the online journal)

1. Introduction

Many physical quantities reveal their deeper structure by going 1© the complex plane. This 15
the case, for instance, of the analytic properties of the scattening amplitudes where the angular

momentum 15 not longer restrictad to be an integer but all plex value giving
rise in this wWay to the famous chgepolcsll].Andhér famous 1
of ilibn llB]basedmtbewoSOfmegmnd-cmmnic

plex plane acity: in 2 putshell, the main observation of Yan

was that the zeros of the grmd-canonical partition functions in the thermodynamic Jimit usy




On-going research with Federico Balducci

Danylo Radchenko



Possible states of a fluctuating “spin”



Brattelli diagram




Weight of the elementary jump
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Weight of the elementary jump
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Coprimality matrix

(GM, Giudici, Viti, Zagier 2017)

0 if ged(a,b) # 1
1 if ged(a,b) =1
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Weight of the elementary jump

/

t )

a -

B e

@Z) _ —B(ab) 5(a,t)




Path Integral




Path Integral




Where are the zeros of these polynomials?
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The Prime Polynomial

pn = 2,3,5,7,11,13,17,19,23, 31, 37,41,43,47, 53,59, . ..

Where are the zeros of this polynomial?
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*  How to experimentally measure the Yanpg-{ee zeros



Historically but also conceptually

Statistical Physics

has two different faces













Physics encoded
n

the Ensembles



Grand-Canonical Partition Function and its Zeros

This is a real polynomial

* Positive coefficients, for classical statistical physics

* Alternaning sign coefficients, for quantum fermionic systems



Grand-Canonical Partition Function and its Zeros

This is a real polynomial

Its zeros are either (negative) real numbers or complex conjugated



Playing with Polynomials
N
* Moments of zeros Sk — Z sz
=1
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Playing with Polynomials
N
* Moments of zeros Sk — Z Zf
=1

On =14+v1z4+v 22+ . +v2°+.. .+
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Playing with Polynomials
N

k
 Moments of zeros - E <]
h==Al|
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Playing with Polynomials

N
 Moments of zeros - sz
h==Al|
d Z
() = logn(z) = > log (1 7
N B Ses 1 i . m e
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Playing with Polynomials
N

k
* Moments of zeros Bl E <]
h==Al|

b1 =7
21b0 =292 — 7
3lb3 = 3193 — 69271 + 273



Playing with Polynomials
N
 Moments of zeros - Z Zf
=
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Playing with Polynomials
N
 Moments of zeros - Z Zf
=

« Bounds on the module of the zeros

For instance, Enestrom-Kakeya
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Can any distribution of complex conjugate zeros
be eligible

for defining a possible physical statistical system?
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Grand-Canonical Partition Function and its Zeros




P(z)

* Zeros of 2 (2, V)

- Z

P()




P(z)




Yang-Lee Zeros and two-dimensional Electrostatics

Imagine the zeros condensate in an area A or a curve C
in the complex plane with a local positive density n(z)

z% _ /Adén(f) log (1 9

p(z) +i(z)



Yang-Lee Zeros and two-dimensional Electrostatics

Imagine the zeros condensate in an area A or a curve C
in the complex plane with a local positive density n(z)

p(z) = /Adfn(f) log |1 o
/

Green function of two-dimensional electrostatics



Yang-Lee Zeros and two-dimensional Electrostatics

Imagine the zeros condensate in an area A or a curve C
in the complex plane with a local positive density n(z)

Ap(z) = 2mn(z)

Wherever n(z) =0, the pressure should be a harmonic function
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Equation of State and Yang-Lee Zeros

B = 1= [ 0 tog (1 - g)

p(z) = z d{l(j) =z /C :(_g)g

Is it possible to determine 77(5) ?




Equation of State and Yang-Lee Zeros

RE

=) ple) =

Is it possible to determine 77(5) ?




In general, this is an extremely difficult task

1. Eliminate z between the two expressions and find
the explicit equation of state p(p, T)

2. Use the previous parameterizations to find a
non-linear first order diff. eq. for the function f(z)

3. By integration, we have a functional equation
F(f,z) =0

whose solution in general is not unique and
it may have also several Riemann surfaces

4. The branching points belong to the contour C



Example. YL zeros for van der Waals gases

(Hemmer and Hauge)




Example. YL zeros for van der Waals gases

(Hemmer and Hauge)




Example. YL zeros for van der Waals gases




Example. YL zeros for van der Waals gases




Is negative at
this value of z



How these branch points move with temperature?
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Yang-Lee zeros are associated to positive
charge distribution of electrostatics



But, is any (positive) charge distribution of electrostatics
good

for a statistical physics interpretation?
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“Yang-Lee Inverse Problem”

Find which are the distributions of zeros
which lead to physical statistical models

So far, the only case where we can pin down
such distributions of zeros is when the zeros

are located

on a CIRCLE



Yang-Lee Zeros of the Ising model




Yang-Lee Zeros of the Ising model




Yang-Lee Zeros of the Ising model

mﬁz(@,ﬁ O'Z ¢ o;




Palindrome polynomial

N

QN(Z) — 1—|—P12—|—P222—|—'°°—|—PQZN_2—|—P12N_1—|—ZN

If z,is a root, also 1/z, is also a root !



Lee-Yang Zeros of the Ising model




Lee-Yang Zeros of the Ising model

T>T

C



Lee-Yang Zeros of the Ising model




Lee-Yang Zeros of the Ising model




Lee-Yang Zeros of the Ising model

T=T

C



Yang-Lee Zeros of the Ising model

T=T

C



Lee-Yang Zeros of the Ising model

T<T

C



General features

* This pattern emerges only for ferromagnetic couplings

» The spreading of the zeros is due to interaction



- PSP S LGS { 34
General features =
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* This pattern emerges._on,l_y,__s;fo_-r‘_-‘g*fe.rgoma%n,e’r;lg: couplings
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* The spreading oF "?
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General features

* This pattern emerges only for ferromagnetic couplings

» The spreading of the zeros is due to interaction

 The only known analytic distribution of zeros: in 1-d!

1 sin ¢

n(0) = ;
27 \/ sin? g g L

D

0y = arccos (1 — 26_25‘])



General features

This pattern emerges only for ferromagnetic couplings

The spreading of the zeros is due fo interaction

The only known analytic distribution of zeros: in 1-d!

Knowing n(0), we will get the magnetization at
finite femperature and in a magnetic field

2z — cos 0

M =1 0 do
Z/O ( )z2—2zcosé’+1




General features

« It is possible to prove that any n(6), with n(0) >0,
may lead to a new physical statistical system!

dp < /7T ¢En'(2arctan &)
dz  Jo (1 +&)sle T IEEmaREE ] )<

ag

Edge singularities and Yang-Lee model

)



Edge Sinqgularities

O T>TC

The density of zeros is anomalous nearby the edge singularities

n() ~ |0 —6|°



Edge Singularities

For all purposes, this anomalous behaviour

n() ~ |0 —6|°

can be seen as a critical phenomena

P.J. Kortman and R.B. Griffiths, Phys. Rev. Lett. 27, 1439 (1971).

What is then the Landau-Ginzburg theory which describes it?



Yang-Lee Model

M. E. Fisher, Phys. Rev. Lett. 40, 1610 (1978).

A= [t (00)? +i(h — ho)o +ig &

Such a QFT is NOT hermitian

However it is a CP invariant theory
the Bppcirtin B jhen redd (C'P) A(CP) = A

Upper critical dimension d = 6



Yang-Lee Model

Exact solution in d=2

* At criticality ( h = hy), it is described by the simplest CFT

J.Cardy, Phys. Rev. Lett. 54, 1354 (1985).

0|-% 95 0
22

(I)*(I):1—|—(I) C:—E



Yang-Lee Model

Exact solution in d=2

* At criticality ( h = hy), it is described by the simplest CFT

* Away from criticality, the simplest integrable QFT

G. Mussardo, J.Cardy, Phys. Lett. 225, 275 (1989).



Integrable QF T: infinite conserved Char_qés
(A.B. Zamololodchikov)

0T G WG | o T
P01 = ()
N
Q° |p1,p2, DN > = ZPZ P1,P2, PN >
=1

Since these charges are conserved, we have infinite constraints

DTy
%)

out



Integrable vs Nonlntegrable QFT

/@ @\ g %
ot

Elastic process Production processes



Factorization and Yang-Baxier EquatiOns
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Exact S-matrix of the Yang-Lee model

G. Mussardo, J.Cardy, Phys. Lett. 225, 275 (1989).

‘\@ @/
N % tanﬁn.% (9 | 2§7’)
Syr(0) = Rl o7
allll 5 (9 3 )
v ~
7 (7



The particle A is bound state of itself

g iliesa
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S0, we would like to.compute and's'tUdy 'fhe pattern
of Yang-Lee zerosiin an; lntegrable QFEEsuch as

)

the Yang Lee model

(YL)? problem



Important Remark for QFT

The Grand Canonical Partition Function is a “weighted” counting

O

1 ,
Q2R 1 2N 5N

N=0
But, for this reason, the variable N must have a “definite” meaning!

The corresponding operator must commute with the Hamiltonian

Example:
N= Number of particles or solitons (which must be conserved)



Important Remark for QFT

The Grand Canonical Partition Function is a “weighted” counting

O

1 .
Q2R 7 2N By

N=0

In the context of QFT, this remarks essentially points to

@tegrable QFD




Let’s go back to the problem oficomputing and stuaying

the patterh of Yang-Lee zeros

In the simplest integrable QF IF given by the

Yang-Lee model






Exact Partition Function

This is given by Thermodynamics. Bethe Ansatz
(Yang-Yang; Al.B. Zamolodchikov)

+ 00
(U(z) = exp {mL / cosh 6 log (1 et Z))

— OO

do
P4

do’

€(f,z) = mpB coshf — / 55

p(6 —¢') log (1 L yeel? z>)

1 ds

w(f) = T




Exact Partition Function

This is given by Thermodynamics. Bethe Ansatz
(Al.B. Zamolodchikov)

+ 00
(U(z) = exp {mL / cosh 6 log (1 et Z))

— OO

do
P4

do’

€(f,z) = mpB coshf — / 55

p(6 —¢') log (1 L yeel? z>)

1 ds

w(f) = T




Free Theories

Q(Z) — ot Zp 10g(1:

G e_Bep) — 6Fi(2’75)

SR ::/deg(e) log (14 2z e ")

P ;i
VERRT & Sk k+1

% T

/

Poly-logarithm




Free Theories

Q(Z) — T Zp log(l::ze_?ep) - 6F;|;(Z,5)

:1+&1Z—|—(X222—|—04323—|—"'—|—OKNZN‘|“"

Let's truncate it at level N and compute the zeros
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A nice proof based on Fourier Series




We can resum the series!

1)n—|—1

Z ( > cosnfl = — (77 «92>
g o n 4\ 3
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1 1 e
Zﬁcosné’ B Oy
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Another set of zeros??




z-plane

TSA zeros

IPA zeros

‘




Where are the Yang-Lee zeros
of the Yang-Lee model?




Series Solution of the TBA egs.

Threefold way ’




Series Solution of the TBA egs.

A ,
e(f,z) = mpB cosh — / — (0 = 6") log (1 ey ’Z))
27

— OO

8% e , ,
e2(0) = 5/ d9/80(9 R 9/)[2616_60(9 LidioFReals )]
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Series Solution of the TBA egs.
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» Large P

(z) = exp Z%Kl(nﬁm)z"
n=1 -




Y




Small B

Q(z) ~ exp | = f(2)




Small B

Q(z) ~ exp | = f(2)
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Alternative method
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Alternative method
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Experimental Observation of Yang-Lee zeros

This can be done measurmg ‘decoherence of a probe
spin coupled to a st bath
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Yang-Lee zeros of Ising Model
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Yang-Lee zeros of Ising Model




Yang-Lee zeros of Ising Model
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Yang-Lee zeros of Ising Model .'

Decoherence of the probe spin coupled to
the spin bath ;
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Experimental Observation of Lee-Yang Zeros
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Lee-Yang zeros are points on the complex plane of physical parameters where the partition function of a
system vanishes and hence the free energy diverges. Lee-Yang zeros are ubiquitous in many-body systems
and fully characterize their thermodynamics. Notwithstanding their fundamental importance, Lee- Yang
zeros have never been observed in experiments, due to the intrinsic difficulty that they would occur only at
complex values of physical parameters, which are generally regarded as unphysical. Here we report the first
observation of Lee-Yang zeros, by measuring quantum coherence of a probe spin coupled to an Ising-type
spin bath. The quantum evolution of the probe spin introduces a complex phase factor and therefore
effectively realizes an imaginary magnetic field. From the measured Lee-Yang zeros, we reconstructed the
free energy of the spin bath and determined its phase transition temperature. This experiment opens up new
opportunities of studying thermodynamics in the complex plane.

DOL 10.1103/PhysRevLett. 114010601

After the pioneering works by van der Waals [1,2], Mayer
[3.4], and van Hove [5], it has been known that different
phases (e.g., liquid and gas phases) of a thermodynamic
system have the same microscopic interactions but the free
energy of the system encounters a singularity (nonanalytic)
point in the physical parameter space where the phase
transition occurs. A rigorous relation between the analytic
properties of free energies and thermodynamics (in particu-
lar, phase transitions) was established by Yang and Lee in a
seminal paper published in 1952 through continuation of the
free energy to the complex plane of physical parameters [6].
Lee and Yang considered a general Ising model with the
ferromagnetic interaction J;; > 0 under a magnetic field i
with the Hamiltonian H(h) = =3, Jysisj—h3 ;s
where the spins s, take values £1/2. The partition function
of N spins at temperature 7 (or inverse temperature
B=1/T) Z(B.h) =31 que ©Xp(—pH) can be written
into an Nth order polynomial of exp(—ph) as
= = exp(BNh/2) YN _ pad”, where exp(—pH) is the
Bolzmann factor (the probability in a state with energy
H, up to a nomalization factor) and the coefficients p, can
be interpreted as the partition function in a zero magnetic
field under the constraint that n spins are at state —1/2. The
free energy F is related to the partition function by
F = —T In(Z). Obviously, the zeros of the partition function
(where = = 0) are the singularity points of the free energy
and hence fully determine the analytic properties of the free
energy. If the Lee-Yang zeros are determined, the partition
function can be readily reconstructed as == pyexp(SNh/2)
IT¥_,(z—2za). Since the Boltzmann factor is always positive
for real interaction parameters and real temperature, zeros of
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the partition function would occur only on the complex plane
of the physical parameters. Lee and Yang proved that for the
ferromagnetic Ising model the N zeros of the partition
function all lie within an arc on the unit circle in the complex
plane of z (comresponding to pure imaginary values of the
external field) [7]. At sufficienty low temperatre (T < T'¢),
the end points of the arc, i.e., the Yang-Lee singularity edges
[8,9] approach the real axis of 4 at the thermodynamic limit
(N = o). Thus the free energy encounters a singularity
point on the real axis of the magnetic field, which means the
onset of a phase transition.

The Lee-Yang zeros exist universally in many-body
systems. These include a broad range of physical systems
described by the Ising models, such as anisotropic
magnets, alloys, and lattice gases. The Lee-Yang theorem,
first proved for ferromagnetic Ising models of spin-1/2,
was later generalized to general ferromagnetic Ising
models of arbitrarily high spin [10-12] and to other
interesting types of interactions [13-16]. For general
many-body systems, the Lee-Yang zeros may not be
distributed along a unit circle but otherwise present
similar features as in ferromagnetic Ising models.
Lee-Yang zeros have also been generalized to zeros of
partition functions in the complex plane of other physical
parameters (such as Fisher zeros in the complex plane of
temperature [17]). The Lee-Yang zeros (or their general-
izations) fully characterize the analytic properties of free
energies and hence thermodynamics of the systems.
Therefore, determining the Lee-Yang zeros is not only
fundamentally important for a complete picture of thermo-
dynamics and statistical physics (by continuation to the
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Conclusions

 Pattern of Yang-Lee zeros for integrable QFT

« Easy to extend to other integrable models,
such as, for instance, the Lieb-Liniger model

* Realistic possibility to measure the YL zeros
in cold atom experiments of decoherence

- Inferesting avenue fto discover new physical
statistical systems through appropriate
distributions of the zeros in the complex plane



