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A subject driven by examples (e.g. “integrable” cases)
Models are often built from a minimal toolkit
Macroscopic features: the thermodynamic limit

Information on particle interactions out of global data



> A subject driven by examples (e.g. “integrable” cases)
> Models are often built from a minimal toolkit
» Macroscopic features: the thermodynamic limit

>> Information on particle interactions out of global data

Another case-study with explicit results, from gauge theory.
Particle interactions are built in geometrically.
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Gauged sigma-models
and the vortex equations



Gauged sigma-models

Ingredients:

» (X, /5, wy) Kahler structure on an oriented surface (base)

v

(X, jx,wx) another Kahler manifold (target)

» G compact Lie group with invariant metric
g := Lie(G)

» #:g" — g ‘musical’ isomorphism

v

G-action on X: holomorphic, Hamiltonian

ut X LN g* L g moment map

v



Gauged sigma-model: energy

Fields: (A,¢) € A(P)x (T, PX)

» A connection in principal G-bundle P — ¥
» ¢ section of associated bundle PX := P xg X — X

Topological charge:

[0]S = ((F x ¢)/G).[Z] € HS(X;Z) for P=f*EG
Yang—Mills—Higgs functional and Bogomol'nyi’s trick:

EA6) = ;5 [(IFaP+1d%P +noop)

= (lwx — ulg, [4]5) +;/z <

2 —
xFa+ pto ¢) + 2\3A</5|2>



Vortex moduli spaces

The (symplectic) vortex equations:

(V1) 8% =0

(V2) *FA—G-MﬁO(;S:O

NB: Same can be done for “antivortices’ s.t. 9*¢ = 0 etc.
But they don't live with vortices in BPS configurations.

We'll see in a moment how to implement coexistence of vortices
and antivortices in another sense.

Fix h € H$(X;Z). Moduli spaces defined:

(V1),(V2)

and [6]¢ = }/ 9P

M(T) = {(Amb) ‘



The L2 metric
on vortex moduli spaces



The L%-metric
Can recast this quotient in terms of Kahler reduction:
» (V1) is invariant under complexification G(P)C.
» RHS of (V2) interpreted as G(P)-moment map.

Thus (the smooth part of) M{X(X) receives a Kahler structure.
Tangent spaces:

TaA(P) = QNP xadg)
TsM(Z, PX) = T(Z,¢"TX/G)
Complex structure:
(A,9) = (xA, (¢%j5)9)
L2-metric:

(A1, 1) - (Az, ¢2) == /

>

(<A1 N xAg) + (67" gx)(¢1, éz)wz)



Protoptypical example: vortices in line bundles

Take X = C with usual action of G = U(1),

i) = —5(xP ~7)

Suppose ¥ is closed and deg(P) = k.
Then (V2) has solutions only if 7Vol(X) > 4rk.

THEOREM (..., Bradlow,...): Assume 7Vol(X) > 4rk; then
ME(T) = Symk(%).

This is a complex manifold with obvious complex structure J=.
But describing g;2 (or w;2) is very hard.



Protoptypical example: vortices in line bundles




Moduli spaces: geodesic motion
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Moduli spaces: geodesic motion
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Moduli spaces: geodesic motion
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Vortices with
toric targets



Toric targets
An interesting setting:
» X Kahler toric manifold,
» G=T cC T® C X its (real) torus
Then for X, X compact we have a good description of /\/th(Z):

THEOREM (M Bokstedt + NR):
Suppose X is constructed as Fana for a Delzant polytope A,
h € TBPSY with a5 o h([ws]") € int A and

k, = (c{ (D,), h) for p € Fana(1).
Then M(X) is the smooth manifold

M) = Divi(Z(08))c J] Sym*(%)
pEFanna (1)

¢
=: {d Ao, A # (94)Y = () supp(dy,) = @}

i=0



Gauged P!-model: BPS vortices and antivortices

» For today's talk we focuson X =P = §2 T =U(1) = St
(Schroers)

» In this situation, M]F,; ki)(Z) was already well understood as
a complex manifold: (Mundet, Sibner-Sibner-Yang, Baptista)

M i) (E) = Sym* () x Sym* (£) \ A, )

These spaces have a boundary even if ¥ is compact.



Gauged P!-model: BPS vortices and antivortices




Gauged P!-model: BPS vortices and antivortices

» Target: Riemann sphere P! of unit radius.

» Moment map: (minus) height function, possibly translated:

1—|x)?

H(X) = _1+ ‘X|2

+ 7

» For X compact, have “Bradlow bounds”
—(1+7)Vol(X) < 27(ky — k) < (1 —7)Vol(X)

obtained from integrating (V2). Here, (ky — k_) = deg P.
» Energy bound: E(A,¢) > 27(1 — 1)k +27(1 + 7)k—

We will later focus on example with ky = k_ =1, and
more specifically at L2-geometry close to ‘pair annihilation’.



Asymptotic geometry
of L? metrics



The case ¥ = R?

» Topology is different for ¥ = R?: P trivial, 0¥ = S1,
¢ maps S1 to equator of P!
» THEOREM (Y Yang): (7 =0):
M, o y(R?) = Sym*+C x Sym*C\ A, 4

» (V1)+(V2) =  Taubes' equation for h := log|¢|?:

b ke K
2 _
Vh—2tanh§—47r Z_;ézf_z_;ézr

AIM: Extract L2-metric from this elliptic PDE.



The case ¥ = R?

> b= log|o|?
» Taubes' equation: (ky, ko) =1(1,1)

V2h — 2tanhg =47 (5Z+ — (527)



The case ¥ = R?

> h:=log|g|?

> Taubes' equation: Zp =—z_=¢

h
V2h — 2tanh 5= 4r (6 — d_¢)



The case ¥ = R?

> b= log|¢|?
» Taubes' equation:

h
V2h — 2tanh 5 =4r (6. — 0_¢)

2 .
> Regularize: h(z) = log|Z:=| + h(2)




The case ¥ = R?

> b= log|¢[?
» Taubes' equation:

2 .
> Regularize: h(z) = log|Z=2| + h(2)

L lz—efeh — |z +ef?

Vv2h -
|z —el2eh + |z + |2




The case ¥ = R?

v

h := log |¢|?
Taubes' equation:

v

2 ~
% + h(z)

v

Regularize: h(z) = log

2 h 2

~ z—cle" —|z+¢€

VI L bl ER A GO
|z —el?eh + |z +¢]?

~

Rescale: z =: ew, h(w) = h(ew)

v



The case ¥ = R?

> = log|¢|?
» Taubes' equation:
2 .
> Regularize: h(z) = log|Z:2| + h(2)
» Rescale: z =: ew
. -1 2 h _ 1 2
Vzh_252|W | lw +1 _0

w

lw — 12eh + |w + 12



The case ¥ = R?

> = log|¢|?
» Taubes' equation:
2 .
> Regularize: h(z) = log|Z:2| + h(2)
» Rescale: z =: ew
N -1 2.h _ 1 2
vzh_252|W | lw + 1] _0

w

lw — 12eh + |w + 12

|w|—o00
—

v

Solve with boundary condition h(w) 0.



The case ¥ = R?

& &
_1 1
—vortex +vortex
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Calculation of the metric: Strachan—Samols localisation

A0 = 5 [ (14~ + 16P)



The case ¥ = R?

Calculation of the metric: Strachan—Samols localisation

A0 = 5 [ (14~ + 16P)

» Assume all vortex positions remain distinct

> qu solution of linearised Taubes' equation at ¢
Impose Coulomb gauge
1 := g provides l-current in X x M%D;+,k_)(R2)
It evaluates at v = (z*,z%) € TMI(P;%,L)(]R% to yield
O-current 7, singular over {(z,(¢)) : z € supp(¢) }



The case ¥ = R?

Calculation of the metric: Strachan—Samols localisation

. 1 . .
A& =5 [ (147 +16P)
X
» Assume all vortex positions remain distinct

> qu solution of linearised Taubes' equation at ¢
Impose Coulomb gauge

1 := g provides l-current in X x M(k o )(]R2)
It evaluates at v = (z*,z%) € T/\/lI(P)k+ k,)(R2) to yield
O-current 7, singular over {(z (¢)):z € supp(gb)}

(v sech2h>77v_47r Zz 0,40, — Zz 0,0,



The case ¥ = R?

Calculation of the metric: Strachan—Samols localisation

. 1 . .
A& =5 [ (147 +16P)
X
» Assume all vortex positions remain distinct

> qu solution of linearised Taubes' equation at ¢
Impose Coulomb gauge

1 := g provides l-current in X x /\/lllgp/i+,k_)(R2)
It evaluates at v = (z*,z%) € T/\/lI(P)k+ k,)(R2) to yield
O-current 7, singular over {(z,(¢)) : z € supp(¢) }

h
<v2 - SeCh22> Ny = 4m Z Z.;i_azf(szfr a Zz‘s_az; 625

ks k_

h h
= 9= Zz'+ 0 + Zz’ Oh is (unique) solution
r=1 s=1




The case ¥ = R?

Calculation of the metric: Strachan—Samols localisation

Aok = 5 [ (17 +19F)

1 h
= = / (4 07,0z, + sechzﬁvnv>
2 ]RQ 2



The case ¥ = R?

Calculation of the metric: Strachan—Samols localisation
R 1 - 1
IANIE = 5 [ (AP +19P)
C

1 h
= — |im / <4 8277v8277v + SeChzﬁvnv>
2 e—0 C\Ur.sBe(2,) 2



The case ¥ = R?

Calculation of the metric: Strachan—Samols localisation
o 1 5 o
IANIE = 5 [ (AP +19P)
C

1 h
= — lim / (4 az 'F]v8277v - Vz - SeCh27 ’F]VUV)
2 e—0 (C\Ur,sBe(Zri,s) ( ) ( 2)



The case ¥ = R?

Calculation of the metric: Strachan—Samols localisation

IAaNE = 5 [ (1AF+1op)

ki k_

— i, O
= il >0

r,s=1 B(Z'S



The case ¥ = R?

Calculation of the metric: Strachan—Samols localisation

Aok = 5 [ (1AF+10p)

ki ok
= —ilim 7{ 1, On
e—0 rszl 9B, (er v v
q:
Ny = ri+0() as z — 77,

Z—Zrs



The case ¥ = R?

Calculation of the metric: Strachan—Samols localisation

1

IAaNE = 5 [ (1A +1oP)

k+,k_ + or —

ob

2y

= 7 E ‘er‘ E 7quzq
P

r,s=1 P,q



The case ¥ = R?

Calculation of the metric: Strachan—Samols localisation

1

IAaNE = 5 [ (1A +1oP)

k+,k_ + or —

_ 2, Obg |
= 7 E ‘Zr S+ E 72132(1
r,s=1 P,q P

Asymptotics near vortex cores, z = z,:

; PR +12 +
(Z Zy )+7(Z_Zr )+O(|Z_Zr | ) as z— 2z,

b;
+h=log|z—z|*+a +—= 5

2



The case ¥ = R?

Calculation of the metric: Strachan—Samols localisation

IAaNE = 5 [ (1A +1oP)

k+,k_ + or —
_ 1252 4 %ZZ
= 7 r,s Oz, Pca
r,s=1 P,q P

Asymptotics near vortex cores, z = z,:

b; b
—h=log|z—z; |*+a; +—= > = (z— zs_)+75(2—25_)+0(\z—zs_|2) as z — z,



The case ¥ = R?

M(ll( ) = Cem x C*

Aim: understand metric for centred (4, —)-pairs (i.e. on C*)
7z, = —z =ege
gD = F(e)(de® + 2dv?)

where:

> F(e) =21 (2 + L d(eh(e)))
> b(e) := bf (g, —¢)

> cb(e) = 73(32‘”) Ve 1



— R?

The case >

14

) = "= = -
= = =

(o1+"mhreuy



The case ¥ = R?

Self-similarity conjecture: consider ¢ << 1.

> Results suggest

he(w) = efi(ew) for £, fixed 17

» To test this: study

- 35



The case ¥ = R?

f ()

_ I
e ““%%%% X £=0.09
141 ® 0:e=0.07
& “"*ﬂ-%
P w%%& +:¢=0.05
- o, £=0.03
el %‘n%&‘
iy,
asl ’G dwt
06
0:1-6x
0z
| | | | | 1 1 | 1
05 1 15 Z 25 3 35 4 45




The case ¥ = R?

v

Results suggest

~

he(w) = ef,(ew) for f, fixed 1?

v

To test this: study

f-(z) = %/3 (g) ~  f(2)

» Now plug this into Taubes' equation to obtain PDE for f,

v

Take formal limit as ¢ — 0;
obtain screened Poisson equation with a simple source.

Solve equation to obtain asymptotics of metric g{S).

v



The case ¥ = R?

f.00




The case ¥ = R?

Asymptotics of conformal factor:

» Ase — 0T
Fi(e) =2m(2 + 4Ko(e) — 2eKi(e)) ~ —8mloge

» As ¢ — oo (different argument, cf. Manton & Speight):

2
Foole) =27 (2 + 7C:2Ko(2e)> , g~ —7.1388



The case ¥ = R?

Fi2n




The case ¥ = R?

Our formula for F, implies incompleteness with unbounded positive
GauB curvature as € — 0.




The case ¥ = S3
Regularised Taubes equation for (ki, k_) = (1,1):

. R2:2 _ 12 ' 112
V2 h_ 82622|W |eA lw + 1] _0
(1+ e[ wl?)? |w — 1]2eh + |w + 1|2

THEOREM (NR + M Speight): The conjectural volume formula
holds for 7 =0, i.e.

Vol (M?jvl)(s,%)) = (21)2(47R?)>.

Ingredients in the proof:
» Strachan—Samols localisation (again)
» Use of SO(3) x Zy isometry

» Elliptic estimates (and various tricks) to establish

||OW1/A7||CO(BU2(1)) < ”8W1i7||H2(l§1/2(1)) < C(R)Ve



The case ¥ = S% (numerics)

eb(e) :"“ [

R =8,4,2,1 (top to bottom)

NB: (eb(e)) bounded as ¢ = 0 = M(l 1)(S ) incomplete



The case ¥ = 53 (incompleteness)

THEOREM (NR + M Speight): MI(PII 1)(5,2;,) is incomplete.

Extra ingredients in the proof:

» Aim (rather) at weaker, but already sufficient estimate

d—g(ab(a)) < —=—= ase—0.

Ve

» Control the Sobolev norms of e-derivatives:
C(R)
\/g 9

. C(R)
H8€2hHH2(Bl/2(1)) < N

d ‘ - CR)

10l (s2) <




Gibbs' partition functions
and thermodynamics



Geometry of Mf, , |(¥) from GLSMs

» Consider a gauged sigma-model with ¥ compact,
X =C? T2 =U(1)% = van x U(1)2

» Vortex equations (for certain weights QQE and )
— - 2 .
)y, = | §— iz Q’iAJ(.O’l) or =0
j=1

2
e: . .
wFay=—piop =~ (Qi|w+|2 + Qe |? —Tj) j=1.2
» Gauged P!-model is formal limit as e? = e? — o0, €3 = 1,
ie. g =e 2d6? + do3.

Take e.g. Q+ =(1,1),Q- = (1,0), (71, m2) = (4,2 — 27).



Matching of charges: k. = ki + ko, k- =k

Bradlow bounds: —(1+7) + 22\7/:{(*:) < 2”8;*1(215 <17

PROPOSITION: (NR + M Speight):
For the strict inequalities and ki > k_ > max{2g — 2,0}, the
moduli space of the GLSM (for any e) is

MG 1 )(F) = Sy (5) x Symé (),
Note the inclusion ¢ : M]f);+7k7)(>:) — M((C;;kf)(z)-

CONJECTURE: (NR + M Spelght)
The family of metrics 1" g, on M(k o )(Z) converges
uniformly to g;2 as e — 0.



Symplectic volume of MI(PZ%,(?)(Z)

A little work leads to the result

. 2 2ZJkG jo-KJU*e
v () = 3 e IS )

(g —Jo)! (ke = Jo)"
for certain Ji, K1 (depending on e), as well as to the

CONJECTURE (NR + M Speight) :

Vol <M(k+k (%)) = lim Vol (MG:%, (%))
gl(g (2m)*e +fff[ (1—o7)V —2m(ks — k_o)]*" 77
-3 I S e

=0 o== j,=¢

From these formulae, one can compute Gibbs' partition function
and study the thermodynamics of vortex-antivortex gas mixtures.



Statistical mechanics on T*MI(PL’,( (2

Phase space:
(T*M?;+,k,)(z)vwcan) ,  Wean = —d¥
Classical Hamiltonian:
1
H= §|19|§L2 + 27'['(1 — 7')[(+ + 27T(1 + T)k,

Thermodynamic limit:
k:t — 00,

V = Vol(X) — oo,

with vy = kVi finite.



Gibbs' partition function

W2k tko)

1 Can
z - - e KT __—n
(2mh)2(ke ko) /T*Ml*"1 e (2(ky + k)

ky+k_ ky+k_
KT \"™ / o B (=i (147 ) w2
27Th2 MP1 . (Z) (k+ -+ k_)l

(kg

KT\ o, .
= (27rh2> o & (A=m)ke +(14+7)k-) 0] (M(k o )(Z)>

_ g!( (2 [(1—0’7’)\/ 21 (kg — k_g)]ko—I>
= Z.Z_ Z )%' Ul_‘[ijg_:g )(k _Ja) (g JO)-

with

k+
Zy = (g) o~k (IFT)ks



Helmholtz free energy

F = —KTlogZz
KT
= fKT(k++k_)Iog?+27TZ(1fUT)kU

£ glg
Z (-1 2@

£=0

—KT log

rYo[(1 = o7)V = 2m(ky — k_g )] I~
8 UHth_:e J 76) (ka 71.0)!(3(7].0)!

Asymptotics:
kol Vo=t ; 1
et io(= V =
(ka 7jrr - f)' 7 - v ° ,
log(ks!) = ks log ks — ks (Stirling)

| IS



Helmholtz free energy and entropy

eKT
F or 21 ) (1—or)k, — KT Y ko log 5 —
o=+ o=+ 7

—KT Y kolog[l — o7 — 21(vy — V)]
o=+

1—72427[(1 — 7)vy + (14 7)v_]

—KTgl .
%81 2 drr(vy —v-) — (2m)2(vy —v-)?

2
=
&
o
o
e}
=
\'

+K Z(k” —g)log[l — o7 —27(vy — v_5)]
o=+

+Kglog [1 — 7+ 2r[(1 — Ty + (L+ 7)v_]] .



Pressure and equation of state

_oF
B1%

g 27(Ve — V—_y)
KT;V‘T + KT; (VJ B V) 1—or—21(vy —V_0)

gKT 2r[(1 —7)vy + (1 + 1)v]
V 1-m242r[(l—7)vy + (1 +7)v_]

Q

Further asymptotics: note that

% — 0 in the thermodynamic limit.

This leads to a genus-independent equation of state:

KT Z vy + KT Z - _27”"’ Yo ~ Vo)

oT = 27m(Ve — V_q)

P

Q

B Z KT(1-— O'T)l/g
N l—or—21(ve —v_y)’

o=%




Virial expansion

n=0o0
n n 2 2 2r 5 A7
= vp4uv_ v Vi — Viv_
+ 1-7+t 147~ 1-721F
4r? 4w 5 167°(147°), , 2
+(1 _T)2I/+Jr (1+T)2V— - (1-72)2 (viv— +vyvZ)
+...

Convergence of this series is implied by the Bradlow bounds.



Entropy of mixing

In the thermodynamic limit:

KTV (ks — k_,
S%KZ;:kalogW—i—KZkalog |:1—O'7'—(\/)

o=+
Thought experiment: separate ¢ = £ gas species so that
V=V,+V_ and P, =P_.
Vi AnT K

2

k_

Find: V. = .

¥, provided 2l > ﬁ +

Entropy of mixing:

AS™* = KZk log

1+

> 1—or—27(ve —v_y)

l—or —2nv, + (i;g: o]

> 0.
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