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The sine–Gordon equation is a semilinearwave equation used tomodelmany physical phe-
nomenon like seismic events that includes earthquakes, slow slip and after-slip processes,
dislocation in solids etc. Solution of homogeneous sine–Gordon equation exhibit soliton
like structure that propagates without change in its shape and structure. The question
whether solution of sine–Gordon equation still exhibit soliton like behavior under an
external forcing has been challenging as it is extremely difficult to obtain an exact solution
even under simple forcing like constant. In this study solution to an inhomogeneous sine–
Gordon equation with Heaviside forcing function is analyzed. Various one-dimensional
test cases like kink and breather with no flux and non-reflecting boundary conditions are
studied.
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1. Introduction

The sine–Gordon (sG) equation is a nonlinear hyperbolic partial differential equation which was first introduced in the
theory of differential geometry. There are various physical processes governed by sG equation. In [1] it is found that the
process of propagation of dislocation in crystal is governed by sG equation whose periodicity is given by the term ‘sin u’. sG
equation governs propagation of magnetic flux in a Josephson junction transmission line where ‘sin u’ represents Josephson
current across an insulator between two superconductors [2]. This equation also governs themodulation of weekly unstable
baroclinic wave packet in a moving medium like two-layer fluid [3]. Many more applications of this equation can be found
in [4]. The one-dimensional sG equation is exactly integrable and hence one can obtain an exact solution. Another important
feature of sG equation is that its solution exhibits soliton like behavior. Various methods are developed which gives exact
solution of such nonlinear equation especially which exhibit soliton like solution, for example, Bäcklund transformation
[5–7], inverse scattering transform [8,9], Lie group methods [10], Painlevé method [9], tangent hyperbolic method [11–13]
etc. Solitons progress through a medium without any change in shape and structure. Essentially they are non-dissipative
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Motivation: Mathematical Models for Earthquakes
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Dynamics of a one-dimensional crack with variable 
friction 

J .  A.  Landoni and L. Knopoff Instirute of  Geophysicsand 
Planetary Physics, University of Gzlifornia, Los Angeles, California 90024, USA 

Received 1980 August 2 2  

Summary. For a one-dimensional model for which the stress drop is a 
function of the relative displacement, the absence of an initial instantaneous 
stress drop from the static level inhibits the formation of a spontaneous, 
growing crack. 

1 Introduction 

A realistic model of the onset of fracture of material near the edge of an advancing crack 
should involve the gradual reduction of the stress level from the critical stress necessary 
for the onset of fracture to the dynamical shear stress (Andrews 1976a, b). This is in con- 
trast with the usual model of stick-slip fracture in which the frictional shear stress drops 
abruptly with the onset of fracture and may have a more complicated dependence on 
relative velocity or displacement between the crack faces thereafter ( e g  Burridge & Knopoff 
1967). Both of these models are special cases of a generalized frictional force which is a 
function of two variables f (G ,  u), in which a function of the first, f ( G )  is much used to 
describe viscous drag. Minorsky (1 947) gives a number of examples of oscillators under the 
influence of forces of this type. 

Since the early stage of rupture involves small relative displacements, it should be possible 
to solve analytically the non-linear partial differential equations of relative motion of the 
walls of the crack. Thus the early stages of some crack histories should be amenable to 
description from an algebraic rather than from a numerical point of view. For frictional 
models such as Andrews’s, or those with cohesion, for example, the proposal to attack the 
early history algebraically is often an unfulfilled ambition because of complexities of a 
mathematical rather than of a physical nature. Knopoff, Mouton & Burridge (1973) 
proposed that an analysis of problems of rupture in one-dimensional configurations could 
better lay bare the physics of fracture than two or three-dimensional problems. The 
mathematics of these more-dimensional problems rapidly overwhelms the physical con- 
siderations at an early stage of the treatment. This difference in the mathematics is partly 
due to the simplicity of the one-dimensional Green’s function in comparison with the 
two-dimensional Green’s function. Also it is partly due to the scalar nature of the one- 
dimensional problem, although cases of two-dimensional anti-plane strain fractures are also 
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scalar in nature. The penalty that is paid for study of one-dimensional models is that seismic 
radiation from such systems is at best introduced parametrically (Burridge & Knopoff 1967; 
Knopoff et al. 1973). A comparison between one- and two-dimensional models has been 
given by Israel & Nur (1979). In the interests of mathematical simplicity and, as we hope, to 
expose the underlying physics, we propose to study the early history of rupture on one- 
dimensional cracks; we attack the mathematically more intricate problems of two- 
dimensional anti-plane strain shear cracks elsewhere. 

We restrict our attention to the early history of a one-dimensional unilateral crack with 
friction properties involving a transition from the static value of frictional stress to the 
steady-state dynamical value. We let the friction be a function of displacement only and use 
as our example a generalization of the two above models as shown in Fig. 1. We allow the 
friction to drop linearly from the static value to the dynamical value over a displacement 
interval uo. Our modification of Andrews’ model is to allow the frictional stress to drop 
initially by a fraction E of the total stress drop; the friction then decreases linearly to a final 
steady value, achieved after the walls of the crack have undergone relative motion of at least 
uo. In the later stages, the stress drop is fo ,  which we take to be constant over the subsequent 
rupture history of the crack. While this model represents an arbitrary assumption regarding 
the transition between the static and dynamic states of friction, we have adopted this model 
as representing a combination of two models: the condition e = 0 is the model suggested by 
Andrews, while the case uo = 0 represents the sudden transition suggested by the stick-slip 
model. Other parameterizations are possible; this one is as simple as any. We have focused on 
the one-dimensional unilateral crack for reasons of simplicity as well as ease of comparison 
with the known solution to the case uo=O or, what is equivalent, e = l .  

J. A. Landoni and L. Knopoff 

2 Linear stress-drop model 

We consider a uniform stress distribution prior to the onset of faulting. The differential 
equation for the relative displacement u on a one-dimensional fault is 

where c is the velocity of sound, p is the elastic modulus and f ( x ,  t )  is the dynamical stress 
drop (Knopoff et al. 1973). We use conventional subscript notation to denote partial 
differentiation. For the case illustrated in Fig. 1 

over the linear part of the curve in Fig. 1,  u < uo (H is the Heaviside function). We do not 
discuss the solution to the part of this problem involving a constant stress drop in the region 
u > u,,. The boundary conditions for the function u(x, t )  are 

u(0,  t )  = 0,  

u(ct, t )  = 0. 

If we transpose the homogeneous term on the right hand side we get the inhomogeneous 
Klein-Gordon equation 
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Dynamics of a one-dimensional crack 153 
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Figure 1. Modification of Andrew? model for stress drop. 

We introduce the characteristic coordinates 

.g = t - x/c, 

q = t  t x l c .  

The equation of motion becomes 

1 f o  1 f o  
U t r l  - - - (1 - E)U = - -€H(,g), 

4 UoP 4 P  

with p the density and c2=p/p.  Written in this form, the dependence of the stress drop on 
the displacement is displayed in its true role of a homogeneous term in a partial differential 
equation. The boundary conditions on u($, q)  are 

( r l ,  71) = 0,  

U(0, q)  = 0. 

The solution to the problem is 

(7) 

with 

where I,(z) is the modified Bessel function of the first kind of order iz and argument z .  
The terms before the summation form a particular solution to the differential equation. 

Functions such as ( ( / ~ ) ~ l ~ ~ ( z )  satisfy the homogeneous differential equation as can be 
verified by direct substitution. The two boundary conditions have been satisfied by direct 
substitution and taking advantage of the identity 

m 

I&) - 2 1 (- 1)"12"(Z) = 1 
n = I  
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ORIGINAL ARTICLE

Sine-Gordon equation and its application to tectonic stress
transfer

Victor G. Bykov

Received: 5 September 2013 /Accepted: 3 February 2014 /Published online: 27 February 2014
# Springer Science+Business Media Dordrecht 2014

Abstract An overview is given on remarkable progress
that has been made in theoretical studies of solitons and
other nonlinear wave patterns, excited during the defor-
mation of fault block (fragmented) geological media.
The models that are compliant with the classical and
perturbed sine-Gordon equations have only been cho-
sen. In these mathematical models, the rotation angle of
blocks (fragments) and their translatory displacement of
the medium are used as dynamic variables. A brief
description of the known models and their geophysical
and geodynamic applications is given. These models
reproduce the kinematic and dynamic features of the
traveling deformation front (kink, soliton) generated in
the fragmented media. It is demonstrated that the sine-
Gordon equation is applicable to the description of
series of the observed seismic data, modeling of strain
waves, as well as the features related to fault dynamics
and the subduction slab, including slow earthquakes,
periodicity of episodic tremor and slow slip (ETS)
events, and migration pattern of tremors. The study
shows that simple heuristic models and analytical and
numerical computations can explain triggering of seis-
micity by transient processes, such as stress changes
associated with solitary strain waves in crustal faults.
The need to develop the above-mentioned new
(nonlinear) mathematical models of the deformed fault

and fragmentedmedia was caused by the reason that it is
impossible to explain a lot of the observed effects,
particularly, slow redistribution and migration of stress-
es in the lithosphere, within the framework of the linear
elasticity theory.

Keywords Nonlinear dynamics . Sine-Gordon
equation . Solitary waves . Tectonic stress transfer .

Earthquake rupture

1 Introduction

During the recent decade, the sine-Gordon equation has
been successfully applied for mathematical modeling of
fault dynamics, mechanisms of rotation and slippage of
the crustal blocks generating strain waves and earth-
quakes, and, also, for interpretation of the observed seis-
mic and deformation effects (Nikolaevskii 1995;
Nikolaevskiy 1996; Garagash 1996; Wu and Chen
1998; Mikhailov and Nikolaevskiy 2000; Bykov 2001a,
2006, 2008; Majewski 2006; Vikulin 2008; Gershenzon
et al. 2009, 2011). Development of these models was
motivated, in the first place, by an intention to obtain
equation solutions in the shape of slow solitary inertial
strain waves recorded in fault block geological media.

The sine-Gordon equation applied for the fault block
(fragmented) geological medium is, eventually, heuris-
tic. In the overviewed models, the sine-Gordon equation
was postulated, and physical interpretation of the equa-
tion summands was given and the elements used from
the known theories were clarified. Validity of applying

J Seismol (2014) 18:497–510
DOI 10.1007/s10950-014-9422-7

V. G. Bykov (*)
Institute of Tectonics and Geophysics, Far Eastern Branch,
Russian Academy of Sciences,
Khabarovsk, Russia
e-mail: bykov@itig.as.khb.ru
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Inspired us to replace u by sin(u) and consider
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Fig. 1. Solution of wave equation with zero initial conditions and with constant forcing A = 10 (left) and Heaviside forcing AH(t � x) with A = 10 (right).

Fig. 2. L2 and L1 error norm with constant forcing A = 10 (left) and Heaviside forcing AH(t � x) with A = 10 (right).

3. sG equation with Heaviside forcing

We now consider the sG equation with Heaviside forcing

utt � uxx + sin u = F (x, t), (x, t) 2 R ⇥ R+ (1)

where F (x, t) = AH(t � x). The fully discretized sine–Gordon equation with Heaviside forcing is

u
n+1
j

= �u
n�1
j

+ 1t
2

1x2
(un

j+1 + u
n

j�1) + 2
✓
1 � 1t

2

1x2

◆
u
n

j
� 1t

2[sin(un

j
) � F (x, t)].

Time step is restricted by CFL condition. In [18] simple oscillatory forcing function F = A cos!t was used to study Eq. (1).
These results are reproduced here to see the accuracy of the scheme as shown in Fig. 3 which is in good agreement with
those produced in [18].

In order to study the effect of discontinuous forcing term on sG equation two test cases are considered which are kink
and breather. Initial conditions for kink are

u(x, 0) = 4 arctan
✓
exp


xp

1 � c2

�◆

ut (x, 0) = �2
cp

1 � c2
sech

✓
xp

1 � c2

◆

and initial conditions for breather are

u(x, 0) = 0

ut (x, 0) = 4
p
1 � c2sech

⇣
x

p
1 � c2

⌘
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localized packets of energy. Moreover, no deformation occurs when two solitons collide with each other, i.e., their shape,
energies and velocities remains unchanged after collision. But these colliding solitons suffer a phase shift. This is a surprising
phenomenon occurring in the solution of nonlinear differential equation where the principle of superposition is not valid.
There are various physical applicationswhere solitonwave emerges like, shallowwaterwaves, Josephson junction oscillator,
mechanical transmission lines, relativistic field theory, earthquakes, defects in solids, optical fibers etc. Formore details about
soliton refer [14–17] and references there in.

While one-dimensional sG equation is exactly integrable, various physicalmodels originating from this equation includes
additional forcing terms which makes the equation difficult to integrate exactly. Thus, it is challenging and interesting
to know whether sG equation with forcing function still exhibit soliton like solution. Jiang [18] uses simple oscillatory
forcing function to study the inhomogeneous sG equation whereas in [19] he uses constant forcing term. In this paper we
consider the discontinuous Heaviside function as a forcing function. The motivation for this comes from modeling a mono-
dimensional crack propagation where there is a dynamical stress drop. This has been studied in [20] for the linear wave and
Klein–Gordon equations. Various test cases are available in the literature for sG equation. In this paper, kink (topological
soliton) and breathers (dynamical solitons) are studied with Heaviside forcing using different boundary conditions.

This paper is arranged as follows. After introduction in Section 1, Section 2 compares numerical solutions with exact
solutions of linear one-dimensional wave equation with different forcing terms. In Section 3, solution of sG equation with
Heaviside forcing term is investigated numerically with kink and breathers as test cases. Two types of boundary conditions
are used viz., no flux and non-reflecting. Section 4 is devoted to conclusions.

2. Inhomogeneous wave equation

In this section exact solution of inhomogeneous wave equation with constant and Heaviside forcing are compared with
the numerical solution.

One dimensional wave equation with forcing F (x, t) is given as

utt � uxx = F (x, t), (x, t) 2 R+ ⇥ R+

with initial conditions

u(x, 0) = u0(x), ut (x, 0) = u1(x)

and boundary conditions

u(0, t) = 0, lim
x!1

ux(x, t) = 0.

With F (x, t) = A a constant, the exact solution is given by

u = 1
2
[u0(x + t) + u0(x � t)] + 1

2

Z
x+t

x�t

u1(⌧ ) d⌧ + A

2
[t2 � H(t � x)(t � x)2]

where H(t � x) is the Heaviside function defined as

H(x) =
⇢
1 x > 0
0 x  0.

Next we take F (x, t) = AH(t � x). The exact solution is

u = 1
2
[u0(x + t) + u0(x � t)] + 1

2

Z
x+t

x�t

u1(⌧ ) d⌧ + A
x

2
H(t � x)(t � x).

We refer to the Appendix for a detailed derivation.
As discussed earlier, the additional terms involved in sG equation break the exact integrability of this equation.

Consequently one resort to numerical methods or perturbation methods for the solution. Various numerical methods are
available in the literature which accurately solves sG equation, see for example [21–25]. Here we use a simple second order
central difference scheme in space and time. For more details about finite difference scheme, see [26–30]. Both second order
time and space derivatives are discretized using the standard second order central difference scheme on uniform mesh

utt ⇡
u
n+1
j

� 2un

j
+ u

n�1
j

1t2
+ O(1t

2)

uxx ⇡
u
n

j+1 � 2un

j
+ u

n

j�1

1x2
+ O(1x

2)

where j, n are spatial, temporal indices respectively and 1x = xj � xj�1, 1t = t
n+1 � t

n. Fig. 1 shows the comparison of
exact solution of one dimensional inhomogeneouswave equation (with constant aswell as Heaviside forcing) and numerical
solution. In both cases domain is [0, l = 2], final time is 0.6 and number of grid points are 200. By further increase in l,
solution does not change. Fig. 2 gives comparison of L2 and L1 error norm for both cases. Presence of Heaviside forcing
results in slight decrement is convergence rate. Above two examples validates the accuracy of the numerical scheme used to
solve inhomogeneous wave equation. In the next section we shall discuss the solution of inhomogeneous sG equation with
discontinuous forcing term.



Inhomogeneous Wave Equation

One dimensional wave equation with forcing F (x , t) is given as

utt � uxx = F (x , t), (x , t) 2 R+ ⇥ R+

with following initial conditions

u(x , 0) = u0(x), ut(x , 0) = u1(x)

and boundary conditions

u(0, t) = 0, lim
x!1

ux(x , t) = 0
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Inhomogeneous Wave Equation

Taking F (x , t) = A (a constant). The exact solution is

u =
1

2
[u0(x + t) + u0(x � t)]

+
1

2

Z x+t

x�t
u1(⌧) d⌧ +

A

2
[t2 � H(t � x)(t � x)2]

where H(t � x) is a Heaviside function.

Next we take F (x , t) = AH(t � x). The exact solution is

u =
1

2
[u0(x+t)+u0(x�t)]+

1

2

Z x+t

x�t
u1(⌧) d⌧+A

x

2
H(t�x)(t�x)
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Inhomogeneous Wave Equation

Both second order time and space derivatives are discretized using
second order central di↵erence scheme. Figure 1 shows the
comparison of exact solution of 1D Wave Equation with Heaviside
forcing and numerical solution. In both cases final time is 0.6 and
number of grid points are 200.
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Figure: Solution of wave equation with zero initial conditions and with
constant forcing A = 10 (left) and Heaviside forcing AH(t-x) with A =
10 (right).
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sG Equation with Heaviside forcing

utt � uxx + sin u = F (x , t), (x , t) 2 R⇥ R+

where F (x , t) = AH(t � x). The fully discretized sine-Gordon
equation with Heaviside forcing is

u
n+1
j = �u

n�1
j +

�t
2

�x2
(unj+1 + u

n
j�1)

+ 2

✓
1� �t

2

�x2

◆
u
n
j ��t

2[sin(unj )� F (x , t)]

Time step is restricted by CFL condition.
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On the Dynamics of Sine-Gordon Solitons under External Forcings.

In 1981 Fernandez et al. found that the acceleration of
the sG solitons by a constant force increases as t2 only
for small times whereas for larger times it behaves like
tanh(t). Proceeding with the same theme Reinisch &
Fernandez studied a soliton kink solution and found
that they too do not behave like a Newtonian particle.
Summarizing these studies, Kaup in 1984, argued that
soliton or kink is not a rigid point particle and it needs
to be qualified upto what extent one is referring to a
“Newtonian” or a “Non-Newtonian” particle.

As pointed out by Bykov in 2014, waves generated
by earthquakes have been studied using the sG equa-
tion. The sG can be used as a simple heuristic model
to study seismic data and modelling of strain waves.
In particular analytical and numerical computations
can explain triggering of seismicity by transient pro-
cesses, such as stress changes associated with solitary
strain waves in crustal faults. The sG soliton may stop
and move again providing the possibility of modelling
faults. Motivated by this mechanism Jagtap et al in
2017 (hereafter JEGV), studied the sG equation with
F replaced by FH(x� t) where H(.) is the Heaviside
function defined as

H(s) =
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Before considering sG equation they pointed out that
for the constantly forced one-dimensional linear wave
equation F
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with initial conditions
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u(x, t) =
A
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[t2 �H(t� x)(t� x)2].

One notes that this solution does not lead to a quadratic
growth in time as for t � x the second term cancels
out the t

2 term and the solution reduces to 2tx� x
2
.

JEGV use this solution to verify their numerical so-
lution procedure. This is shown in Figure 1 including
the case for AH(t� x) whose exact solution reads

u = A
x

2
H(t� x)(t� x).

Thus providing another check on the validity of their
numerical scheme.
Next the sin(u) term is included so as to solve the

sG equation. This is shown in Figure 2 for different
times. One can see that, for small times the sG solution
behaves like the solution of linear wave equation for
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Figure 1: Solution for F = 10 (top) and F = 10H(t� x) at
t = 0.6 (below).
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Figure 2: Solution of inhomogeneous sG equation with con-
stant and Heaviside forcing for different times.

both constant and Heaviside forcing. also studied kinks
for the sG equation. Kinks are spatially localized forma-
tion which moves freely in both directions. Kinks with
same sign interacts with each other elastically, whereas
kinks with opposite sign can cross each other without
changing their shapes. Under certain conditions, kinks
can form a stable configuration known as breathers. A
breather is a nonlinear wave whose energy is concen-
trated in a spatially localized region but oscillating in
time. It represents a wave with periodic oscillations
in time but spatially decaying exponentially from its
center. For some initial conditions breathers can also
propagate. Both kinks and breathers can move with-
out dissipating their energy just like dislocations in a
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sG Equation with Heaviside forcing

Simple oscillatory forcing function F = Acos!t was used to study
equation 1. These results are reproduced here.
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Figure: Solution of sine-Gordon equation for forcing function with A =
0.5 and ! = 0

1Jiang S., Motion of a single kink in an applied field, Chines Phys. Lett.
Vol. 3 No. 11, 1986.
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sG Equation with Heaviside forcing: Test Cases

In order to study the e↵ect of discontinuous forcing term on sG
equation two test cases are considered which are kink and breather.
Initial conditions for kink are

u(x , 0) = 4 arctan

✓
exp


xp

1� c2

�◆

ut(x , 0) = �2
cp

1� c2
sech

✓
xp

1� c2

◆

and initial conditions for breather are

u(x , 0) = 0

ut(x , 0) = 4
p
1� c2sech

⇣
x

p
1� c2

⌘

for c = 0.2. Domain size in both test cases is [�L, L]. Both no
flux ux |±L = 0 and non-reflecting ux |±L = ⌥ut boundary
conditions are used.
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Numerical Experiments - Kink

Kink with No Flux Boundary Conditions:

Figure: Solution of sine-Gordon equation using no flux boundary
conditions with A = 0, 0.001, 0.003.
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Numerical Experiments - Kink

Kink with No Flux Boundary Conditions:

Figure: Solution of sine-Gordon equation using no flux boundary
conditions with A = 0.005, 0.007, 0.01.
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Numerical Experiments - Kink

1 Numerical solution of kink without any forcing term i.e. A=0
exhibits soliton like behavior which does not change in shape
and size. This wave moves with constant velocity and reflects
back from the right boundary.

2 For A=0.001 solution still exhibits soliton behavior. But there
is a slight change in velocity of the profile due to deceleration.

3 For A = 0.003 the deceleration increases which in turn
increases the curvature of trajectory of the wave.

4 For higher values of A which are 0.005, 0.007 and 0.01 the
wave moves in the backward direction towards the left
boundary.
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Numerical Experiments - Kink

Kink with No Flux Boundary Conditions:

Figure: Solution of sine-Gordon equation using no flux boundary
conditions with A = 0.05, 0.1
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Numerical Experiments - Kink

1 Further increasing the value of A results in backward
movement of the initial profile. A = 0.05, 0.1.

2 This changes the shape of the wave due to space-time
oscillations even before reflecting from the left boundary.
Hence, after particular value of A solution does not exhibit
soliton like behavior. This value is called as critical value of A
denoted by Acritical.
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Numerical Experiments - Kink

Kink with Non-reflecting Boundary Conditions: In this case all the
observation made in the previous case are same except that the
boundary conditions are non-reflecting. Also Acritical value is same
as before.

Figure: Solution of sine-Gordon equation using non-reflecting boundary
conditions with A = 0.05, 0.1
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Numerical Experiments - Kink

Acritical vs c Variation over di↵erent domain size:
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Figure: Variation of Acritical vs c values over di↵erent domain size
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Numerical Experiments - Breather

Breather with Non-Reflecting Boundary Conditions:

Figure: Solution of sine-Gordon equation with A = 0.
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Numerical Experiments - Breather

Breather with Non-Reflecting Boundary Conditions:

Figure: Breather solution of sine-Gordon equation using non-reflecting
boundary conditions with A = 0.001, 0.005, 0.007, 0.0076
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Numerical Experiments - Breather

1 For A = 0.001, there is a little change in the solution
compared with A = 0.

2 For A = 0.005, the oscillating frequency of the breather
decreases which can be seen form the contour plot where
white region becomes larger than black region. This trend
continues for larger values of A.

3 For A = 0.0076 the breather solution completely destroys.
This makes 0.0076 as the critical value of A.
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Numerical Experiments - Breather

Breather with No Flux Boundary Conditions: Breather solution
with non-zero A values follow similar trend as discussed previously
even for no flux boundary conditions. In case of A = 0.0076 which
is the critical value of A one can see reflection from boundary due
to no flux boundary condition.

Figure: Breather solution of sine-Gordon equation using no flux boundary
conditions with A = 0.0076
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Numerical Experiments - Breather

Variation of Acritical with c :
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Numerical Experiments - Breather

One more interesting feature observed in the solution of breather.
By increasing the value of c temporal frequency of oscillation
increases but at the same time if value of A increases (but remains
below Acritical), these oscillations shift towards left boundary

Figure: Breather solution of sine-Gordon equation with c = 0.8, A =0
(left) and 0.25 (right)
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In this work numerical solution of inhomogeneous sG equation is 
investigated with discontinuous forcing term AH(t x).  

Such discontinuous forcing in sG equation can represent, for  

example, a dynamical stress drop in one-dimensional crack  

propagation problem.  

Kink and breather test cases are solved using no flux as well  

as non-reflecting boundary conditions.  

In kink test case, for small amplitude of A the solution still  

exhibit soliton like behaviour but changes the direction of  

propagation as well as velocity. Higher values of A completely  

destroys the soliton behaviour.  

Conclusions
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resulting in the initial-boundary value problem

ut = uxx + f(x, t), for x ∈ (0, 1), t > 0 (1.2a)

u(0, t) = b(t), for t > 0, (1.2b)

ux(1, t) +Gu(1, t) = g(t), for t > 0, (1.2c)

u(x, 0) = v(x), for x ∈ (0, 1), (1.2d)

with g(t) = 0, where Gu may be thought of as a fractional derivative of order 1
2 of u, cf. [8], or

Gu(t) = Jut(t), where Jw(t) =
1√
π

∫ t

0

w(s)√
t− s

ds. (1.3)

The function g(t) will be included below for the purpose of our analysis.
To derive this abc at x = 1, we set b1(t) = u(1, t), with u the solution of (1.1), and note

that u also solves

ut = uxx, for x ≥ 1, t > 0,

u(1, t) = b1(t), for t > 0, and u(x, 0) = 0, for x ≥ 1.

Using Laplace transformation one shows that the solution of this problem is

u(x, t) =
x− 1

2
√
π

∫ t

0
(t− s)−3/2b1(s)e

−(x−1)2/(4(t−s)) ds, for x > 1, t > 0.

From this one finds, after some calculation, that

ux(1, t) = −
1√
π

∫ t

0
(t− s)−1/2b′1(s) ds = −Jut(1, t), for t > 0,

and hence that the boundary condition at x = 1 in (1.2) holds. Although [3] does not conatin
any error analysis, the authors demonstrated the effectiveness of this abc by numerical com-
putation. Recently Wu and Sun [7] have analyzed this abc for a slightly more complicated
difference scheme than the Crank-Nicolson one, and Zheng [8] employs the same condition for
the time discretized heat equation using the Z transform. For a technique that does not trun-
cate the domain, see Li and Greengard [4]. Tsynkov [6] contains a survey of numerical solution
on infinite domains.

Our purpose here is to analyze the solution of the truncated problem (1.2) by finite differ-
ences, using the θ-method, for 0 ≤ θ ≤ 1. For θ = 0 this reduces to the explicit forward Euler
method, and for θ > 0 the method is implicit, with the backward Euler method corresponding
to θ = 1, and the Crank-Nicolson method to θ = 1

2 .
We use the spatial grid xm = mh,m = 0, 1, . . .M +1, with h = 1/M ′, where M is a positive

integer and M ′ = M + 1
2 , thus also using the grid point xM+1 = 1 + 1

2h to the right of the
right hand boundary, but with no gridpoint at x = 1. The step size in time is denoted by k,
with the corresponding time levels tn = nk. We denote by Un

m the difference approximation of
u(xm, tn) and introduce the forward and backward difference quotients in space and time by

∂xU
n
m =

Un
m+1 − Un

m

h
, ∂̄xU

n
m =

Un
m − Un

m−1

h
,

∂tU
n
m =

Un+1
m − Un

m

k
, ∂̄tU

n
m =

Un
m − Un−1

m

k
.
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Abstract

We consider the numerical solution by finite difference methods of the heat equation

in one space dimension, with a nonlocal integral boundary condition, resulting from the

truncation to a finite interval of the problem on a semi-infinite interval. We first analyze

the forward Euler method, and then the θ−method for 0 < θ ≤ 1, in both cases in

maximum-norm, showing O(h2 + k) error bounds, where h is the mesh-width and k the

time step. We then give an alternative analysis for the case θ = 1/2, the Crank-Nicolson

method, using energy arguments, yielding a O(h2 + k3/2) error bound. Special attention

is given the approximation of the boundary integral operator. Our results are illustrated

by numerical examples.

Mathematics subject classification: 65M06, 65M12, 65M15

Key words: Heat equation, Artificial boundary conditions, unbounded domains, product

quadrature.

1. Introduction

We are concerned with the numerical solution of the parabolic problem on a semi-infinite
interval,

ut = uxx + f(x, t), for x ≥ 0, t > 0, (1.1a)

u(0, t) = b(t), for t > 0, (1.1b)

u(x, 0) = v(x), for x ≥ 0, (1.1c)

u → 0, for x → +∞, (1.1d)

where f(x, t) and v(x) vanish outside a finite interval in x, which in the sequel we normalize
to be [0, 1). To be able to use finite difference or finite element methods for this problem, it
is useful to truncate it to this finite spatial interval. This necessitates setting up a boundary
condition at the right hand endpoint of the interval, x = 1, usually referred to as an artificial
boundary condition (abc). Han and Huang [3] have recently proposed such an abc for (1.1)

* Received October 17, 2013 / Revised version received May 19, 2014 / Accepted June 26, 2014 /
Published online December 1, 2014 /
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We consider first, in Section 3 below, the forward Euler approximation

∂tU
n
m − ∂x∂xU

n
m = fn

m, for m = 1, . . . ,M, n ≥ 0, fn
m = f(xm, tn), (1.4)

with the left side boundary values and initial values given by

Un
0 = bn, for n ≥ 1, bn = b(tn), (1.5)

U0
m = vm, for m = 0. . . . ,M + 1, vm = v(xm).

To approximate the boundary condition at x = 1 in (1.2) we use a second order symmetric
finite difference approximation to the spatial derivative at x = 1, and then need to find a
suitable approximation to the integral operator

Gw(t) = Jwt(t) =

∫ t

0
β(t− s)wt(s) ds, where β(t) = (πt)−1/2. (1.6)
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w(tj) and Ij = (tj−1, tj), for j = 1, . . . , n,

Jw(tn) ≈ Jkw
n =

n∑

j=1

∫

Ij

β(tn − s) dswj = k1/2
n∑

j=1

ωn−jw
j , n ≥ 1, (1.7)

where

√
πωj = k−1/2

∫ tj+1

tj

y−1/2 dy = 2(
√
j + 1−

√
j) =

2√
j + 1 +

√
j
, j ≥ 0.

We now set

GkU
n = Jk∂̄tU

n = k−1/2
n∑

j=1

ωn−j(U
j − U j−1), for n ≥ 1. (1.8)

This operator will be discussed in detail in Section 2 below.
For the boundary condition at x = 1 we then apply this quadrature rule to the average of

the values at m = M,M + 1, thus prescribing

∂xU
n
M +GkU

n
M ′ = gn, for n ≥ 1, where Un

M ′ = 1
2 (U

n
M + Un

M+1). (1.9)

We begin our analysis with an abstract stability result which we use to show the maximum-
norm stability of the forward Euler scheme, in the case b(t) = 0, setting

∥v∥ = max
0≤m≤M+1

|vm| and ∥v∥0 = max
1≤m≤M

|vm|.

We demonstrate that, provided the standard mesh-ratio condition λ = k/h2 ≤ 1/2 is satisfied,
and in addition a bound for λ from below, λ ≥ λ0 > 1/π, then, for the solutions of (1.4), (1.5),
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(
∥U0∥+ k

n−1∑

j=0

∥f j∥0 +max
j≤n

|gj |
)
, for n ≥ 1. (1.10)

Together with estimates for the truncation errors, based on an analysis of the quadrature error
in (1.8), this will show an error bound of the form

∥Un − u(tn)∥ ≤ C(u, tn)h
2, for n ≥ 1. (1.11)
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Table 1: Computed smallest eigenvalues of B̃N .

N λN

10 2.0094 × 10−2

102 2.3066 × 10−4

103 2.3390 × 10−6

104 2.3423 × 10−8

3. The Forward Euler Method

We begin this section with an abstract stability lemma which will be used for the maximum-
norm estimates in this and the next section.

Lemma 3.1. Let {Bn}n≥1, and {Fn}n≥0 be given sequences of nonnegative real numbers, and

assume that the nonnegative sequence {ϕn}n≥0 satisfies

ϕn+1 ≤ (1 + νk)αn max
j≤n

ϕj + (1 − αn)Bn+1 + kFn, for n ≥ 0,

with ν ≥ 0 and 0 ≤ αn ≤ 1. Then

ϕn ≤ max
(
eνtnϕ0,max

j≤n
(eνtn−jBj)

)
+ k

n−1∑

j=0

eνtn−1−jFj , for n ≥ 0.

Proof. The proof is by induction over n. The result clearly holds for n = 0. Assume it holds
for some n ≥ 0. Then

ϕn+1 ≤ eνk
(
αn max

(
eνtnϕ0,max

j≤n
(eνtn−jBj)

)
+ k

n−1∑

j=0

eνtn−1−jFj

)
+ (1− αn)Bn+1 + kFn

≤ max
(
eνtn+1ϕ0, max

j≤n+1
(eνtn+1−jBj)

)
+ k

n∑

j=0

eνtn−jFj .

We now use this lemma to show the following stability result for the forward Euler method.

Theorem 3.1. Let Un be the solution of (1.4), (1.5), (1.9), with bn = 0, for n ≥ 1. Assume

that 1/π < λ0 ≤ λ ≤ 1/2 and ν > 1. Then we have, with C = C(λ0),

∥Un∥ ≤ Ceνtn∥U0∥+ Ck
n−1∑

j=0

eνtn−1−j∥f j∥0 + Cmax
j≤n

(eνtn−j |gj |).

Proof. Given Un we set Un+1
0 = 0 and for the interior mesh-points

Un+1
m = λUn

m−1 + (1− 2λ)Un
m + λUn

m+1 + kfn
m, 1 ≤ m ≤ M.

At the right hand boundary the definition (1.9) leads to

Un+1
M+1 = Un+1

M − hGkU
n+1
M ′ + hgn+1. (3.1)

We now note that the approximate integral operator may be written as

GkU
n+1 = k−1/2

(
ω0U

n+1 −
n∑

j=1

dn+1−jU
j − ωnU

0
)
, (3.2)
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Need to do the same for the sine-Gordon equation.
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Abstract. Numerical simulation of the solution to the sine-Gordon equation on the whole real
axis is considered in this paper. Based on nonlinear spectral analysis, exact nonreflecting boundary
conditions are derived at two artificially introduced boundary points. Then a numerical scheme of
second order is proposed to approximate the solution. In the end, some numerical examples are
provided to demonstrate the effectiveness of the proposed scheme.
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1. Introduction. In this paper, we consider the numerical simulation of the
solution to the sine-Gordon equation

qtt − qxx + sin q = 0, x ∈ R, 0 < t ≤ T,(1)

q(x, 0) = q0(x), qt(x, 0) = q1(x), x ∈ R.(2)

The sine-Gordon equation has applications in various research areas, such as differ-
ential geometry and relativistic field theory, and it also appears in a number of other
physical applications, including the propagation of fluxons in Josephson junctions,
the motion of rigid pendula attached to a stretched wire, and dislocations in crystals
[4, 5].

When numerically solving problems formulated on unbounded domains, such as
the considered problem (1)–(2), the unboundedness of definition domains usually
presents a great numerical difficulty. This is simply because most of the well-developed
methods, such as finite element and finite difference, are domain-based and capable
only of handling problems with finite domains. Thus, a natural resolution for these
problems is to limit the computational domains by introducing artificial boundaries
where suitable artificial boundary conditions (ABCs) can be imposed. As repeatedly
shown by different authors both theoretically and experimentally, the overall accuracy
and performance of numerical schemes strongly depend on the choice of ABCs. For
more details, the readers are referred to the review papers by Givoli [8], Hagstrom
[10, 11], and Tsynkov [18].

The ideal ABCs, which are usually referred to as the exact nonreflecting boundary
conditions (NRBCs) for wave-like equations in the literature, make the solution to the
“truncated” problem exactly the same as that of the untruncated one restricted to
the computational domain. For some linear time-dependent problems, these ABCs

∗Received by the editors September 19, 2005; accepted for publication (in revised form) April 12,
2007; published electronically October 17, 2007. This work was supported by the National Natural
Science Foundation of China under grant 10401020, the Alexander von Humboldt Foundation, and
the Key Project of China High Performance Scientific Computation Research.

http://www.siam.org/journals/sisc/29-6/64064.html
†Department of Mathematical Sciences, Tsinghua University, Beijing 100084, People’s Republic

of China, and Institute of Applied and Numerical Mathematics, University of Münster, D-48149
Münster, Germany (czheng@math.tsinghua.edu.cn).

2494



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

SIAM J. SCI. COMPUT. c⃝ 2007 Society for Industrial and Applied Mathematics
Vol. 29, No. 6, pp. 2494–2506

NUMERICAL SOLUTION TO THE SINE-GORDON EQUATION
DEFINED ON THE WHOLE REAL AXIS∗

CHUNXIONG ZHENG†

Abstract. Numerical simulation of the solution to the sine-Gordon equation on the whole real
axis is considered in this paper. Based on nonlinear spectral analysis, exact nonreflecting boundary
conditions are derived at two artificially introduced boundary points. Then a numerical scheme of
second order is proposed to approximate the solution. In the end, some numerical examples are
provided to demonstrate the effectiveness of the proposed scheme.

Key words. sine-Gordon equation, unbounded domains, nonreflecting boundary conditions,
inverse scattering

AMS subject classifications. 35P25, 65M06

DOI. 10.1137/050640643

1. Introduction. In this paper, we consider the numerical simulation of the
solution to the sine-Gordon equation

qtt − qxx + sin q = 0, x ∈ R, 0 < t ≤ T,(1)

q(x, 0) = q0(x), qt(x, 0) = q1(x), x ∈ R.(2)

The sine-Gordon equation has applications in various research areas, such as differ-
ential geometry and relativistic field theory, and it also appears in a number of other
physical applications, including the propagation of fluxons in Josephson junctions,
the motion of rigid pendula attached to a stretched wire, and dislocations in crystals
[4, 5].

When numerically solving problems formulated on unbounded domains, such as
the considered problem (1)–(2), the unboundedness of definition domains usually
presents a great numerical difficulty. This is simply because most of the well-developed
methods, such as finite element and finite difference, are domain-based and capable
only of handling problems with finite domains. Thus, a natural resolution for these
problems is to limit the computational domains by introducing artificial boundaries
where suitable artificial boundary conditions (ABCs) can be imposed. As repeatedly
shown by different authors both theoretically and experimentally, the overall accuracy
and performance of numerical schemes strongly depend on the choice of ABCs. For
more details, the readers are referred to the review papers by Givoli [8], Hagstrom
[10, 11], and Tsynkov [18].

The ideal ABCs, which are usually referred to as the exact nonreflecting boundary
conditions (NRBCs) for wave-like equations in the literature, make the solution to the
“truncated” problem exactly the same as that of the untruncated one restricted to
the computational domain. For some linear time-dependent problems, these ABCs

∗Received by the editors September 19, 2005; accepted for publication (in revised form) April 12,
2007; published electronically October 17, 2007. This work was supported by the National Natural
Science Foundation of China under grant 10401020, the Alexander von Humboldt Foundation, and
the Key Project of China High Performance Scientific Computation Research.

http://www.siam.org/journals/sisc/29-6/64064.html
†Department of Mathematical Sciences, Tsinghua University, Beijing 100084, People’s Republic

of China, and Institute of Applied and Numerical Mathematics, University of Münster, D-48149
Münster, Germany (czheng@math.tsinghua.edu.cn).

2494



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

NUMERICAL SOLUTION TO THE SINE-GORDON EQUATION 2499

0 2 4 6 8 10 12 14 16
−2

−1.5

−1

−0.5

0

0.5

t

Z

Fig. 1. Plot of function Z(t).

Given g0(t) and g1(t), {Lj ,Mj}j=1,2 can be determined from (12)–(16). Thus,
the right-hand side of (19) defines a mapping from g0(t) and g1(t). We designate this
mapping as K and rewrite (19) as

(20) g1(t) = K(t; g0(·), g1(·)).

This equation reveals clearly how the Dirichlet datum g0(t) and the Neumann datum
g1(t) are related to each other: given g0(t), g1(t) is just the fixed point function of
mapping K. In this sense, (19) or (20) can be taken as a generalized DtN mapping. We
remark that this mapping is different from that given in [7]. A function transformation
has been made to avoid the singularity of tangent function tan(·), which appears in
the generalized DtN mapping given in [7, pp. 649–650].

Now imposing the mapping (20) at x = b as a boundary condition, and similarly
at x = a, we can derive a new “truncated” problem, which is defined only on the
finite interval Ω = (a, b):

qtt − qxx + sin q = 0, x ∈ Ω, t > 0,(21)

qν(a, t) = K(t; q(a, ·), qν(a, ·)), qν(b, t) = K(t; q(b, ·), qν(b, ·)), t > 0,(22)

q(x, 0) = q0(x), qt(x, 0) = q1(x), x ∈ Ω.(23)

Here, ν denotes the outer normal direction. Based on our analysis, the solution to
this problem is exactly the same as that of problem (1)–(2) restricted to Ω.

3. Numerical scheme. Let ∆t be the time step size, and let h = (b− a)/M be
the spatial step size with M being the number of the grid points. Let

tn = n∆t, xj = a + jh, qnj ∼ q(xj , tn).

We note that owing to the requirement of numerical stability, ∆t must be less than h.
We start with numerically approximating the generalized DtN mapping K in (20)

if g0(t) and g1(t) are prescribed at discrete time points tn. We take two steps: seek the
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Since Ψ(t, k) = µ(b, t, k)e−if2(k)tσ3 , and µ2 and Φ are the second column of µ and Ψ,
respectively, one has

(17) eif2(k)tΦ = e2if2(k)tµ2.

Let D denote the upper-half complex plane with oriented boundary ∂D, which
originates from −∞ to −1 on the real axis, then to 1 on the upper-half unit circle, and
finally to +∞ on the real axis. Multiplying (17) by

(
1− 1

k2

)
e−2if2(k)t′ with 0 < t′ < t

and performing integration along ∂D, the first element of the right-hand side vanishes
owing to Jordan’s lemma. Thus,

(18)

∫

∂D

(
1 − 1

k2

)
e−2if2(k)t′eif2(k)tΦ1dk = 0.

Here, Φ1 is the first element of vector Φ. From the expression of Φ (11), one has

Φ1=

∫ t

−t

(
iL1(t, s) −

1

2k

[
cos

[
g0(t)

2

]
M1(t, s) + sin

[
g0(t)

2

]
M2(t, s)

])
eif2(k)sds

= 2

∫ t

0

(
iL1(t, 2τ − t) − 1

2k

[
cos

[
g0(t)

2

]
M1(t, 2τ − t)

+ sin

[
g0(t)

2

]
M2(t, 2τ − t)

])
eif2(k)(2τ−t)dτ.

Substituting the above expression of Φ1 into (18), using the identity

∫

∂D

(
1 − 1

k2

)[∫ t

0
e2if2(τ−t′)K(τ, t)dτ

]
dk = 4πK(t′, t),

taking the limit t′ → t, and finally using boundary condition (12), one derives

g1(t) = −ġ0(t) −
1

iπ

∫

∂D

1

k

(
1 − 1

k2

)

[∫ t

0
e−

i
2 (k+ 1

k )(t−τ)

(
cos

[
g0(t)

2

]
M1(t, 2τ − t) + sin

[
g0(t)

2

]
M2(t, 2τ − t)

)
dτ

]
dk.

Exchanging the integrating order of the double integral gives

g1(t) = −ġ0(t) −
∫ t

0
Z(t− τ)

(
cos

[
g0(t)

2

]
M1(t, 2τ − t)(19)

+ sin

[
g0(t)

2

]
M2(t, 2τ − t)

)
dτ,

with

Z(t)
def
=

1

iπ

∫

∂D

1

k

(
1 − 1

k2

)
e−

i
2 (k+ 1

k )tdk

= − 4

π

∫ +∞

1
(x−

√
x2− 1) sin(xt)dx− 2J1(t)

t
+

4

π

t cos t− sin t

t2
.

At any fixed time point t, Z(t) can be evaluated by a numerical quadrature scheme.
We depict this function in Figure 1.
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Since Ψ(t, k) = µ(b, t, k)e−if2(k)tσ3 , and µ2 and Φ are the second column of µ and Ψ,
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2

]
M2(t, s)

])
eif2(k)sds

= 2
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Fig. 1. Plot of function Z(t).

Given g0(t) and g1(t), {Lj ,Mj}j=1,2 can be determined from (12)–(16). Thus,
the right-hand side of (19) defines a mapping from g0(t) and g1(t). We designate this
mapping as K and rewrite (19) as

(20) g1(t) = K(t; g0(·), g1(·)).

This equation reveals clearly how the Dirichlet datum g0(t) and the Neumann datum
g1(t) are related to each other: given g0(t), g1(t) is just the fixed point function of
mapping K. In this sense, (19) or (20) can be taken as a generalized DtN mapping. We
remark that this mapping is different from that given in [7]. A function transformation
has been made to avoid the singularity of tangent function tan(·), which appears in
the generalized DtN mapping given in [7, pp. 649–650].

Now imposing the mapping (20) at x = b as a boundary condition, and similarly
at x = a, we can derive a new “truncated” problem, which is defined only on the
finite interval Ω = (a, b):

qtt − qxx + sin q = 0, x ∈ Ω, t > 0,(21)

qν(a, t) = K(t; q(a, ·), qν(a, ·)), qν(b, t) = K(t; q(b, ·), qν(b, ·)), t > 0,(22)

q(x, 0) = q0(x), qt(x, 0) = q1(x), x ∈ Ω.(23)

Here, ν denotes the outer normal direction. Based on our analysis, the solution to
this problem is exactly the same as that of problem (1)–(2) restricted to Ω.

3. Numerical scheme. Let ∆t be the time step size, and let h = (b− a)/M be
the spatial step size with M being the number of the grid points. Let

tn = n∆t, xj = a + jh, qnj ∼ q(xj , tn).

We note that owing to the requirement of numerical stability, ∆t must be less than h.
We start with numerically approximating the generalized DtN mapping K in (20)

if g0(t) and g1(t) are prescribed at discrete time points tn. We take two steps: seek the
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domain with ℑf1 (k) ≥ 0, i.e., ℑk ≥ 0 except |k| = 0. Also, one can show that µ2 is
bounded and continuous and behaves like (0, 1)T +O(1/k) as k → ∞ on this domain.
µ2 is also analytic on the upper-half complex domain. On the other hand, µ1 , the
first column of µ, is at least well defined, bounded, and continuous on the complex
domain with ℑk ≤ 0 except |k| = 0. It is also analytic on the lower-half complex
plane, behaving like (1, 0)T + O(1/k) as k → ∞. More detailed results can be found
in [7].

We next study µ(b, t, k), the value of µ(x, t, k) on the line x = b. We let the
integrating path go straight from (+∞, 0) to (b, 0) first, and then straight to (b, t).
Since Q(x, 0, k) = Q̃(x, 0, k) = 0, we have µ(x, 0, k) = I from integral equation (10).
Thus, µ(b, t, k) satisfies the integral equation

eif2(k)tσ̂3µ(b, t, k) = I +

∫ t

0
eif2(k)τσ̂3Q̃(b, τ, k)µ(b, τ, k)dτ.

Setting Ψ(t, k) = µ(b, t, k)e−if2(k)tσ3 and recalling the identity (3), one knows that Ψ
satisfies

eif2(k)tσ3Ψ(t, k) = I +

∫ t

0
eif2(k)τσ3Q̃(b, τ, k)Ψ(τ, k)dτ

or, equivalently,

Ψt(t, k) + if2 (k)σ3Ψ(t, k) = Q̃(b, t, k)Ψ(t, k), Ψ(0, k) = I.

Setting g0 (t) = q(b, t) and g1 (t) = qx(b, t), from the definition (8) of Q̃, one has

Q̃(b, t, k) = −i

4
(ġ0 + g1 )σ1 +

i

4k
(sin g0 )σ2 −

i

4k
(cos g0 −1)σ3 .

It can be verified directly that the second column of function Ψ(t, k), denoted by
Φ(t, k), can be expressed as

(11) Φ(t, k) =

(
0

eif2t

)

+

∫ t

−t

⎛

⎝
iL1 (t, s) − 1

2k

[
cos

[
g0(t)

2

]
M1 (t, s) + sin

[
g0(t)

2

]
M2 (t, s)

]

iL2 (t, s) + i
2k

[
−cos

[
g0(t)

2

]
M2 (t, s) + sin

[
g0(t)

2

]
M1 (t, s)

]

⎞

⎠ eif2sds

with {Lj ,Mj}j=1 ,2 defined by the following equations:

L1 (t, t) = −g1 (t) + ġ0 (t)

8
, M1 (t, t) = −1

2
sin

[
g0 (t)

2

]
,(12)

L2 (t,−t) = M2 (t,−t) = 0,

L1 t −L1s = −g1 (t) + ġ0 (t)

4
L2 +

1

4
sin

[
g0 (t)

2

]
M2 ,(13)

L2 t + L2s =
g1 (t) + ġ0 (t)

4
L1 −

1

4
sin

[
g0 (t)

2

]
M1 ,(14)

M1 t −M1s = −sin

[
g0 (t)

2

]
L2 +

g1 (t) −ġ0 (t)

4
M2 ,(15)

M2 t + M2s = sin

[
g0 (t)

2

]
L1 −

g1 (t) −ġ0 (t)

4
M1 .(16)
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Let q(x, t) satisfy a nonlinear integrable evolution PDE whose highest spatial

derivative is of order n. An initial boundary value problem on the half-line for

such a PDE is at least linearly well-posed if one prescribes initial conditions, as

well as N boundary conditions at x = 0, where for n even N equals n
2 and for
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2 . For example, for the nonlinear Schrödinger (NLS) and the sine-Gordon

(sG), N = 1, while for the modified Korteweg-deVries (mKdV) N = 1 or

N = 2 depending on the sign of the third derivative. Constructing the gener-

alized Dirichlet-to-Neumann map means determining those boundary values at

x = 0 that are not prescribed as boundary conditions in terms of the given initial

and boundary conditions. A general methodology is presented that constructs

this map in terms of the solution of a system of two nonlinear ODEs. This for-

mulation implies that for the focusing NLS, for the sG, and for the two focusing

versions of the mKdV, this map is global in time. It appears that this is the first

time in the literature that such a characterization for nonlinear PDEs is explic-

itly described. It is also shown here that for particular choices of the boundary

conditions the above map can be linearized. c⃝ 2005 Wiley Periodicals, Inc.

1 Introduction

A nonlinear evolution PDE is called integrable if and only if it admits a Lax
pair formulation [21], i.e., if and only if it can be expressed as the compatibility
condition of two linear eigenvalue equations. The best-known such PDEs are the
Korteweg-deVries (KdV), the nonlinear Schrödinger (NLS), the sine-Gordon (sG),
and the modified KdV (mKdV). The latter three equations are

i∂q

∂t
+

∂2q

∂x2
− 2ρ|q|2q = 0, ρ = ± 1,(1.1)

∂2q

∂t2
−

∂2q

∂x2
+ sin q = 0, q real,(1.2)

∂q
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Soliton solutions of the sine-Gordon equation on the half line⇤
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Abstract

We provide a direct method for constructing soliton solutions of the sine-Gordon equation in the
laboratory coordinates on the half line in the presence of integrable boundary conditions derived in
Sklyanin’s classical work [1]. Explicit examples, including boundary bound states, are presented.

MSC 2000: 34A34, 34B15, 37K40
Keywords: solitons, boundary-value problems, sine-Gordon equation, boundary bound states, Dar-
boux transformation

1 Introduction

As an integrable PDE, the sine-Gordon (sG) equation can be solved by means of the inverse scattering
transform [2, 3], and also be transformed to integrable Hamiltonian systems following the r-matrix
approach [4, 5]. The equation has a rich soliton dynamics, possessing single solitons (kinks and anti-
kinks which are of topological nature) and breathers (double solitons).

We consider the sG equation in the laboratory coordinates ✓tt � ✓xx + sin ✓ = 0 , restricted to the
half line, i.e. x � 0, in the presence of the boundary conditions (BCs)

(✓x � ↵ sin
✓

2
)|x=0 = 0 , ↵ 2 R . (1)

The Dirichlet BC sin ✓|x=0 = 0 and the Neumann BC ✓x|x=0 = 0 appear as subcases of (1) as ↵ ! 1
and ↵ = 0 respectively.

Recently, integrable PDEs on the half line, or more generally on an interval with generic BCs, have
been extensively studied, mainly following Fokas’ unified transform method [6]. This method has the
advantage that initial-boundary data are simultaneously encoded into functional constraints in the
direct scattering process. However, the notion of integrability with BCs is, in general, not clarified,
and exact solutions cannot be systematically constructed. As to the sG model, the BCs (1) appeared
as the linearizable BCs (obtained using a symmetric reduction of the scattering data) in the unified
transform method, cf. [7], and only asymptotic solutions were derived.

The notion of integrable BCs were introduced by Sklyanin [1] in an algebraic fashion based on the
r-matrix approach. He showed the BCs (1) for the sG equation were integrable. Note that the BCs (1)
were also obtained in [8] using a Bäcklund transformation ✓(x, t) 7! ✓(�x, t). The aim of this letter
is to systematically compute sG solitons on the half line subject to the BCs (1). To this purpose,
Darboux transformations (DTs) (see, for instance, the monograph [9]), as an e↵ective approach to
generating exact solutions of soliton equations, are used. In Section 2, we briefly recall DTs and
Sklyanin’s results. Then, we provide a direct method for constructing half-line sG solitons, including
single solitons, breather and static breather cases. The latter corresponds to boundary bound (BB)
states.

2 DTs and integrable BCs for the sG equation

⇤
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†
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Can we have simpler bc’s? 

Do solutions converge to the infinite domain problem? 

The proof of Prop. 2 is similar to that of Prop. 1. Prop. 3 is a limiting case of Prop. 2 when |�j | = 1.
It is straightforward to verifying that the paired fixed solutions leads dressed V satisfying (10).

Static breathers stated in Prop. 3 correspond to BB states. The condition fj > 0 implies Dirichlet
BCs are excluded. Note that BB states were also considered for the nonlinear Schrödinger equation
(NLS) on the half line [10].

One can easily combine the three cases together using appropriate pairings in the DT process. In
Fig. 3, one single soliton interacting with a BB breather is depicted (↵ = 1

3). The single soliton is
strongly coupled to the BB state with switches between kink and anti-kink following the BB state.

Remark 3 In contrast to the mirror image technique [11, 12] (used for solving the NLS equation on
the half line) which requires an extension of the space domain to the whole line, we construct half-line
solitons without any extension of the space domain, since the fixed solutions (6) are defined, a priori,
on x � 0. Our method fits into the half-line nature of the model.
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