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2 Linear stress-drop model

We consider a uniform stress distribution prior to the onset of faulting. The differential
equation for the relative displacement u on a one-dimensional fault is

Upy f(x, 1)
Ty T HUxx T 5 (1)
4 M

where ¢ is the velocity of sound, u is the elastic modulus and f(x, ) is the dynamical stress
drop (Knopoff et al 1973). We use conventional subscript notation to denote partial
differentiation. For the case illustrated in Fig. 1

f(xr t) :fO
M M

€H(t — x/e) + (1 — e)ufuo} (2)
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Figure 1. Modification of Andrews’ model for stress drop.
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Sine-Gordon equation and its application to tectonic stress
transfer
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Inspired us to replace u by sin(u) and consider

Uy — Uy +SINU = F(Xx, t), (x,t) e R x R

F(x, t) = AH(t — x).



One dimensional wave equation with forcing F(x, t) is given as
Use — Uy = F(x,t), (x,t) € Ry xRy
with following initial conditions
u(x,0) = ug(x), ut(x,0)= ui(x)

and boundary conditions

u(0,t) =0, lim ux(x,t) =0

X—> 00



e Taking F(x,t) = A (a constant). The exact solution is

= 2 uox + ) + uo(x — 1)

X+t
%/X () dr + 5[ — H(t = x)(t — x)’

—t

Is a Heaviside function.
t) = AH(t — x). The exact solution is

where H(t — x
@ Next we take F

)
(x;

= - luo(x+t) o (x— )] 5 /X: () dr+ A H(t—x) ()



Both second order time and space derivatives are discretized using
second order central difference scheme. Figure 1 shows the
comparison of exact solution of 1D Wave Equation with Heaviside
forcing and numerical solution. In both cases final time is 0.6 and
number of grid points are 200.
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Figure: Solution of wave equation with zero initial conditions and with
constant forcing A = 10 (left) and Heaviside forcing AH(t-x) with A =
10 (right).



Usr — Uxx +sinu = F(x,t), (x,t) e R xRy

where F(x,t) = AH(t — x). The fully discretized sine-Gordon
equation with Heaviside forcing is

2

n+1 n— n n
o 'sz(”1+1+”1—1)

42 <1 At2> u" — A[sin(u”) — F(x, t)]

Time step is restricted by CFL condition.
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Solution of inhomogeneous sG equation with con-

Figure 2

stant and Heaviside forcing for different times.



Simple oscillatory forcing function F = Acoswt was used to study
equation 1. These results are reproduced here.
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Figure: Solution of sine-Gordon equation for forcing function with A =
0.5and w =0

!Jiang S., Motion of a single kink in an applied field, Chines Phys. Lett.
Vol. 3 No. 11, 1986.



In order to study the effect of discontinuous forcing term on sG
equation two test cases are considered which are kink and breather.
Initial conditions for kink are

u(x,0) = 4 arctan (exp { ¢1i c2D

C X
us(x,0) = —2 sech
(% 0) V1-—c? <\/1—c2)

and initial conditions for breather are

u(x,0) =0
ur(x,0) = 4v/1 — c2sech (X\/]_ — C2)

for c = 0.2. Domain size in both test cases is [—L, L]. Both no
flux uy|,, = 0 and non-reflecting uy|,, = Fu; boundary
conditions are used.




Kink with No Flux Boundary Conditions:

Figure: Solution of sine-Gordon equation using no flux boundary
conditions with A = 0, 0.001, 0.003.



Kink with No Flux Boundary Conditions:

Figure: Solution of sine-Gordon equation using no flux boundary
conditions with A = 0.005, 0.007, 0.01.



Numerical solution of kink without any forcing term i.e. A=0
exhibits soliton like behavior which does not change in shape
and size. This wave moves with constant velocity and reflects
back from the right boundary.

For A=0.001 solution still exhibits soliton behavior. But there
is a slight change in velocity of the profile due to deceleration.

For A = 0.003 the deceleration increases which in turn
increases the curvature of trajectory of the wave.

For higher values of A which are 0.005, 0.007 and 0.01 the
wave moves In the backward direction towards the left
boundary.



Kink with No Flux Boundary Conditions:

Figure: Solution of sine-Gordon equation using no flux boundary
conditions with A = 0.05, 0.1



© Further increasing the value of A results in backward
movement of the initial profile. A = 0.05, 0.1.

@ This changes the shape of the wave due to space-time
oscillations even before reflecting from the left boundary.
Hence, after particular value of A solution does not exhibit
soliton like behavior. This value is called as critical value of A

denoted by Acritical-




Kink with Non-reflecting Boundary Conditions: In this case all the
observation made in the previous case are same except that the
boundary conditions are non-reflecting. Also Acyitical Value is same

as before.

Figure: Solution of sine-Gordon equation using non-reflecting boundary
conditions with A = 0.05, 0.1



Acritical VS € Variation over different domain size:
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Figure: Variation of Acitical VS € values over different domain size



Breather with Non-Reflecting Boundary Conditions:

100
90
80
70
60
50
40
30
20
10

-20

Figure: Solution of sine-Gordon equation with A = 0.



Breather with Non-Reflecting Boundary Conditions:
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Figure: Breather solution of sine-Gordon equation using non-reflecting
boundary conditions with A = 0.001, 0.005, 0.007, 0.0076



© For A = 0.001, there is a little change in the solution
compared with A = 0.

@ For A = 0.005, the oscillating frequency of the breather
decreases which can be seen form the contour plot where
white region becomes larger than black region. This trend
continues for larger values of A.

© For A =0.0076 the breather solution completely destroys.
This makes 0.0076 as the critical value of A.



Breather with No Flux Boundary Conditions: Breather solution
with non-zero A values follow similar trend as discussed previously
even for no flux boundary conditions. In case of A = 0.0076 which
Is the critical value of A one can see reflection from boundary due
to no flux boundary condition.
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Figure: Breather solution of sine-Gordon equation using no flux boundary
conditions with A = 0.0076
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Figure: Variation of Acpitical With C



One more interesting feature observed in the solution of breather.
By increasing the value of ¢ temporal frequency of oscillation
increases but at the same time if value of A increases (but remains
below Acritical), these oscillations shift towards left boundary
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Figure: Breather solution of sine-Gordon equation with ¢ = 0.8, A =0
(left) and 0.25 (right)



Conclusions

In this work numerical solution of inhomogeneous sG equation is
investigated with discontinuous forcing term AH(t x).

Such discontinuous forcing in sG equation can represent, for
example, a dynamical stress drop in one-dimensional crack
propagation problem.

Kink and breather test cases are solved using no flux as well
as non-reflecting boundary conditions.

In kink test case, for small amplitude of A the solution still
exhibit soliton like behaviour but changes the direction of
propagation as well as velocity. Higher values of A completely

destroys the soliton behaviour.



Future?

Numerical solution of PDE’s on
unbounded domains.

Heat Equation?



2
@:au - f(x,t), x>0,t>0.

ot  Ox2
u(x,0) = ug(x),
u(O, t) — g(t),

u(x — oo, t) = 0.



Up = Uze + f(2,1), for x € (0,1),

u(0,t) = b(t), for ¢ > 0,

uz(1,t) + Gu(l,t) = g(t), for ¢ > 0,

u(z,0) = v(x), for x € (0,1),
t

Gu(t) = Jus(t), where Jw(t) = : wis) ds.

VT o VE—s

t >0
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We consider first, in Section 3 below, the forward Euler approximation

OU" —0,0,U" =, form=1,....,M, n>0, f" = f(zm,tn), (1.4)

m?

with the left side boundary values and initial values given by

Uulr=0o", formn>1, b"=>b(t,), (1.5)

U =vp, form=0.....M+1, v, =u0v(xm)

0.Urr + GeUY = g", forn>1, where Uy, = 3(Uny + Upyiq)- (1.9)
A= k/h2

Theorem 3.1. Let U™ be the solution of (1.4), (1.5), (1.9), with b™ = 0, for n > 1. Assume
that 1/m < X < A< 1/2 and v > 1. Then we have, with C = C(\g),

n—1
U™ < Ce”™||U°|| + Ck Y e'm=2=7]| 7o + C max(e”*"=7|g7)).
J<n

7=0
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Need to do the same for the sine-Gordon equation.
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NUMERICAL SOLUTION TO THE SINE-GORDON EQUATION
DEFINED ON THE WHOLE REAL AXIS*

CHUNXIONG ZHENGT

Abstract. Numerical simulation of the solution to the sine-Gordon equation on the whole real
axis is considered in this paper. Based on nonlinear spectral analysis, exact nonreflecting boundary
conditions are derived at two artificially introduced boundary points. Then a numerical scheme of
second order is proposed to approximate the solution. In the end, some numerical examples are
provided to demonstrate the effectiveness of the proposed scheme.



Qtt_Qxaj+Sinq:O7 ZE‘ER, O<t§T,
Q(Q?,O) — QO(aj)? Qt(mvo) — Q1($)7 r € R.



qu(a,t)

qu(b,t) =

K(i; Q(a7 °)7 QV(av ))

]C(tv Q(bv °)7 QV(b7 ))



g = —g Z 7) | cos T
1 (t) .O (t) /O (t ( _

| Ms(t, 21 — t)) dr,
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Li(t,t) =

g1(t) + go(t)

| _
3 ] Ml(t,t):—§Siﬂ

Lo(t, —t) = My(t, —t) = 0,

Ly, — L,

g1(t) + go(t) 1

A L2—|—ZSin_ 5 _
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The Generalized Dirichlet-to-Neumann Map
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Can we have simpler be’s?

Do solutions converge to the infinite domain problem?

E xample
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Sklyanin, Boundary conditions for integrable equations, Funct. Anal. Appli., 21:2 (1987)






