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PERSONAL HISTORY

É 1987: Does the energy of fermionic system in 2D increase or decrease with magnetic
field?

If it decreases, then can a synthetic magnetic field be spontaneously generated through
interaction?

É Landau diamagnetism tells that a small field increases↗ the energy as

E(B)− E(0) =
χ

2
B2

É However, if Landau levels are completely filled

Magnetic flux= integer N

then the energy does not depend on magnetic field→

In 1988 the paper with T. Rice and P. Lederer we showed that on a lattice the energy
goes down↘

É Magnetic field is good for electrons!
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BLOCH ELECTRONS IN MAGNETIC FIELD

Lattice electrons in magnetic field

H =
∑

nm

tnmc†
ncm, |tnm|= 1

∏

plaquette

tnm = eiΦ = q2

É Magnetic translation TnTm = q−n×mTn+m

H = Tx + T−1
x + Ty + T−1

y

É In Landau gauge: Tx|n〉= |n+ 1x〉, Ty = q2, ψn = eiknyψnx
(k)

Schroedinger eq (Harper eq, Almost Mathieu eq, quasicrystal, etc)

ψn+1 +ψn−1 + 2cos (k+ 2πΦ)ψn = Eψn

É One of the most celebrated problem of spectral theory, with applications to localization
theory, chaos, quantum Hall effect, etc.
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ψn+1 +ψn−1 + 2cos (k+ 2πΦ) ψn = Eψn

É If the flux is a rational number Φ= P/Q , the spectrum consists of Q bands - metal

É If Φ= irrational, the spectrum is a peculiar Cantor set - singular continuous (a set
without isolated points but with zero measure). The total bandwidth is zero

É incomplete list of works before 1990:

Zak 1964, Azbel 1964, Hofstadter 1976, Wannier 1978, Aubry-Andre 1980, Zak-Avron
1985, Bellissard-Simon 1980-1990, Thouless-Kohmoto 1982, Wilkinson 1987
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HALL CONDUCTANCE=FIRST CHERN CLASS

Hall conductance or the First Chern class is the topological characteristic of the spectrum.

The Hall conductance σk of the kth gap is the solution of the Diophantine equation

Pσk = k (mod Q)

Example: P
Q =

4
15 ,

σk = 4,−7,−3,1, 5,−6,−2,2, 6,−5,−1,3, 7,4
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HOFSTADTER PROBLEM IS INTEGRABLE!

É Empirical observations of Hofstadter (also Azbel): the spectrum is structured, not
erratic

Ø In 1994 together with Anton Zabrodin we had shown that the problem is integrable
and solved by the Bethe Ansatz

É In 1995-97 M. Kohmoto and Y. Hatsugai and K. Fujikawa extended the solution

É In 1995 Fadeev and Kashaev generalized the solution to the entire spectrum

É in 1997 together with Alexander Abanov and J. Talstra we determined the hierarchical
structure of the spectrum

6 / 22



HOFSTADTER PROBLEM IS INTEGRABLE!

É Empirical observations of Hofstadter (also Azbel): the spectrum is structured, not
erratic

Ø In 1994 together with Anton Zabrodin we had shown that the problem is integrable
and solved by the Bethe Ansatz

É In 1995-97 M. Kohmoto and Y. Hatsugai and K. Fujikawa extended the solution

É In 1995 Fadeev and Kashaev generalized the solution to the entire spectrum

É in 1997 together with Alexander Abanov and J. Talstra we determined the hierarchical
structure of the spectrum

6 / 22



HOFSTADTER PROBLEM IS INTEGRABLE!

É Empirical observations of Hofstadter (also Azbel): the spectrum is structured, not
erratic

Ø In 1994 together with Anton Zabrodin we had shown that the problem is integrable
and solved by the Bethe Ansatz

É In 1995-97 M. Kohmoto and Y. Hatsugai and K. Fujikawa extended the solution

É In 1995 Fadeev and Kashaev generalized the solution to the entire spectrum

É in 1997 together with Alexander Abanov and J. Talstra we determined the hierarchical
structure of the spectrum

6 / 22



HOFSTADTER PROBLEM IS INTEGRABLE!

É Empirical observations of Hofstadter (also Azbel): the spectrum is structured, not
erratic

Ø In 1994 together with Anton Zabrodin we had shown that the problem is integrable
and solved by the Bethe Ansatz

É In 1995-97 M. Kohmoto and Y. Hatsugai and K. Fujikawa extended the solution

É In 1995 Fadeev and Kashaev generalized the solution to the entire spectrum

É in 1997 together with Alexander Abanov and J. Talstra we determined the hierarchical
structure of the spectrum

6 / 22



HOFSTADTER PROBLEM IS INTEGRABLE!

É Empirical observations of Hofstadter (also Azbel): the spectrum is structured, not
erratic

Ø In 1994 together with Anton Zabrodin we had shown that the problem is integrable
and solved by the Bethe Ansatz

É In 1995-97 M. Kohmoto and Y. Hatsugai and K. Fujikawa extended the solution

É In 1995 Fadeev and Kashaev generalized the solution to the entire spectrum

É in 1997 together with Alexander Abanov and J. Talstra we determined the hierarchical
structure of the spectrum

6 / 22



HOFSTADTER PROBLEM IS INTEGRABLE! SPECTRUM

ψn+1 +ψn−1 + 2cos (k+ 2πΦ) ψn = Eψn

Equations for the middle of the bands k= 0,

q= eiπΦ, Φ=
P
Q

E = 2 (−1)P sin (πΦ)
Q−1
∑

l=1

zl

Roots z1, . . . zQ−1 obeys the Bethe Ansatz equations

z2
l +q

q z2
l +1
= (−1)P

∏Q−1
m6=l

q zl−zm
zl−qzm
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HOFSTADTER PROBLEM IS INTEGRABLE! WAVE FUNCTIONS

Polynomials

Ψ(z) =
Q−1
∏

l=1

(z− zl)

play a special role. Some of them have names: ΨE=0(z) - is q-Legendre polynomial.

The wave function

ψn =
Q−1
∑

m=1

cnmΨ(z)
�

�

�

z=qm

The coefficients are quantum di-logarithm

cnm = q2nm+ m
2

m−1
∏

j=0

1+ q−j− 1
2

1− qj+ 1
2
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É The Bethe Ansatz is equivalent to a Heisenberg spin chain on only two sites but with
large spin equal to the number of bands Q− 1

z2
l + q

qz2
l + 1

= (−1)P
Q−1
∏

m6=l

qzl − zm

zl − qzm

Ø How to obtain these equations?

É How to solve them? We are interested in Q→∞, P→∞, Φ= P/Q - fixed

É What does the limit mean in such complicated spectrum?
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CHIRAL GAUGE

É Chiral gauge tn,n+1x
= e−i Φ2 n+ , tn,n+1y

= e+i Φ2 (n++1), n+ = nx + ny, Ψn = eipnΨn+

iq−1/2(1+ q2n+1)Ψn+1 − iq1/2(1+ q−2n+1)Ψn−1 = EΨn, p= (
π

2
,
π

2
)

É What is the advantage this gauge?

Consider a difference equation, such that Ψn = Ψ(z)
�

�

�

z=qn

i(z−1 + qz)Ψ(qz)− i(z−1 + q−1z)Ψ(q−1z) = EΨ(z)

É All solutions of the difference equation are polynomials

Ψ(z) =
Q−1
∏

l=1

(z− zl)

É Equation for the roots
z2

l + q

qz2
l + 1

= (−1)P
Q−1
∏

m6=l

qzl − zm

zl − qzm
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SPECTRAL ALGEBRAIZATION AND REPRESENTATION THEORY

É Q: When all solutions of the second order ODE are polynomials?

HΨ =
�

a(z)
d2

dz2
+ b(z)

d
dz
+ c(z)

�

Ψ(z) = EΨ(z)

A: If the operator is equivalent to the Euler top

H =
∑

i,j=1,2,3

αijSiSj +
∑

i=1,2,3

βiSi

where

S3 = z
d
dz
− j, S+ = z

�

2j− z
d
dz

�

, S− =
d
dz

are finite dimension representation of SU(2)
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HOFSTADER PROBLEM AND REPRESENTATION THEORY

É When all solutions of the difference equation

a(z)Ψ(q2z) + d(z)Ψ(q−2z) + v(z)Ψ(z) = EΨ(z)

are polynomials Ψ(z) =
∏

l(z− zl)?

Setting z= qn we obtain solvable discrete equation

anψn+1 + dnψn−1 + vnψn = Eψn

É Lie group→ quantum group SL(2)→ SLq(2)

{1, Sx, Sy, Sz} → {A, B, C, D}

[Sa, Sb] = iεabcSc

AB= qBA, BD= qDB,

DC = qCD, CA= qAC,

AD= 1, [B, C] =
A2 −D2

q− q−1
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SLq(2) QUANTUM VERSION OF SL(2)

É Universal R-matrix, obeying Yang-Baxter equation

R(u) =

�

uA−u−1D
q−q−1 C

B uD−u−1A
q−q−1

�
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MAGNETIC TRANSLATIONS EMBEDDED INTO SLq(2)

É Hamiltonian happens to be equal

H =
∑

nm

tnmc†
ncm = Tr [σ1R] = B+ C

É How did we find this?

É Embedding TnTm = q−n×mTn+m

T−x + T−y = B, Tx + Ty = C,

T−yTx = q−1A2, T−xTy = qD2 (1)
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STRINGS

É How to solve the Bethe Ansatz equations?

z2
l + q

qz2
l + 1

= (−1)P
Q−1
∏

m6=l

qzl − zm

zl − qzm

É At large Q solutions consist of collections of strings

A string of spin l centered at xl is a set roots of unity z(l) = xl × {eiπk/l}, k= 1, . . . , l

-1.5

-1

-0.5

0

0.5

1

1.5

-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5

2 x 1-string
2 x 5-string

2 x 21-string
34/55 ansatz
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STRING AND HALL CONDUCTANCE

É The length of the longest string of a given band is the Hall conductance of the band:

(2l+ 1)max = |Hall conductance|
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É Each solution is labeled by a content of strings {lj, lj−1, . . .}

É The length of the longest string of a given band is the Hall conductance of the band:

(2l+ 1)max = |Hall conductance|

É The remaining roots of the state is a solution of the Bethe equation for the parent state

Ψdaugther(z)≈
l
∏

m=−l

(z− xlq
m
l )Ψ

parent(z)
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Fibonacci Tree: Example

É Golden mean Φ=
p

5−1
2

É The sequence of rational approximants is given by ratios of subsequent Fibonacci
numbers

Φi =
Fi−1

Fi
: Fi = Fi−2 + Fi−1 = 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, · · ·

É The set of Hall conductances (lengths of strings) are again Fibonacci numbers: Fk−1.
The wave function of this state is

Ψ

�

z|Φk =
F3k−1

F3k

�

≈
k−1
∏

n=0

1
2 (F3n−1)
∏

j=− 1
2 (F3n−1)

�

z− eiπ
F3n−1

F3n
j
�2
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SCALING HYPOTHESIS (ABANOV, TALSTRA, P.W.)
Ø A gap width scales along generations as Q−2 (proven)

É Mid band energy scales along generations

|Edaughter band − Eparent band| ∼ Q−2+∆band

∆band − scaling dimension - function of flux and chemical potential

Applying the same procedure to the parent generation we obtain another set of values
of Hall conductances of bands. The entire set of Hall conductances generated by the flux
P/Q are numbers less than Q of the form

{Qi−2 + mQi−1 | m = 1, . . . , ni, i = 1, 2, . . . , r}. (10)

This set consists of numbers (denominators of intermediate fractions) known in integrable
models related to Uq(SL2) as Takahashi-Suzuki numbers [17]. They are allowed lengths of
strings in solutions, say for the XXZ model. These numbers are also the set of possible
dimensions of irreducible highest weight representations of Uq(SL2) with definite parity
[27]. We might have expected these numbers to play a role, considering that the intimate
connection between Uq(Sl2) and the AH-problem has already been outlined in previous
publications [15].

Each path of the tree may also be characterized by a sequence of fractional numbers
of bands: ν

(j)
k = k/Q(j), lying on the path and converging to a given irrational fraction

ν. According to eq.(5) the parent fraction is determined by the daughter one as ν(j−1) =
1

Q(j−1)

([
Q(j−1)(ν(j) − 1

2Q(j) )
]
+ 1

)
with Q(j−1) = Q(j) − |σ(k)|. The sequence ν(j) converges

to the irrational ν faster than (Q(j))−1, |ν(j) − ν| < c(Q(j))−1. In terms of the fractions one
may reformulate the scaling hypothesis as |Ej − E| < c|ν(j) − ν|α(J ), defining the scaling
exponent α(J ).

To illustrate the construction of the hierarchical tree described above, let us consider
some particular flux, say, η = P/Q = 4/15 = [3, 1, 3]. The spectrum of AH problem for
this flux consists of 15 bands and 14 gaps. The ancestral generations of the tree are given
by the sequence is 0

1
, 1

2
, 1

3
, 1

4
, 2

7
, 3

11
, 4

15
. Notice, that the truncated continuum fractions

are different. They are 0
1
, 1

3
, 1

4
, 4

15
—just a subset of generations. The Hall conductances of

bands and gaps (ordered according to their energy) for each generation are:

η =
4

15
:

{
σ(k) = 4, −11, 4, 4, 4, −11, 4, 4, 4, −11, 4, 4, 4, −11, 4
σk = 4, −7, −3, 1, 5, −6, −2, 2, 6, −5, −1, 3, 7, 4

η6 =
3

11
:

{
σ(k) = 4, −7, 4, 4, −7, 4, −7, 4, 4, −7, 4,
σk = 4, −3, 1, 5, −2, 2, −5, −1, 3, −4

η5 =
2

7
:

{
σ(k) = −3, 4, −3, 4, −3, 4, −3
σk = −3, 1, −2, 2, −1, 3

η4 =
1

4
:

{
σ(k) = 1, 1, −3, 1
σk = 1, 2, −1

η3 =
1

3
:

{
σ(k) = 1, −2, 1
σk = 1, −1

η2 =
1

2
:

{
σ(k) = 1, −1
σk = 1

One should notice the asymmetry of σ(k) for η4. This asymmetry is related to the degeneracy
present for the fluxes with even denominators (two bands touch each other at energy E = 0).
The two possible choices σ2 = ±2 for the Hall conductance in the “gap” at E = 0 (actually
there is no gap) restore the symmetry of the tree with respect to E → −E. This tree,

6
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FIG. 1. The lower half of the hierarchical tree for the flux η = 4/15 is shown. Nodes which lie

on a vertical slice of the tree are bands of a generation ordered with respect to their energies. The

numbers in the figure are Hall conductances of bands and gaps. The Hall conductances in gaps are

shown as encircled numbers. “Top” and “bottom” are the edges of a band. For all states shown

µ = +1. Root patterns of the highlighted branch J7 of the tree are shown in Fig. 2.
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GUIDED TOURS INSIDE THE BUTTERFLY
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SCALING DIMENSIONS

É Once we know the dimensions, we know physics of singular continuum state of matter
e.g., a.c. conductance, specific heat, etc. of

É The main problem: what are the anomalous dimensions remains unsolved!

21 / 22



V. NABOKOV "GIFT" CHAPTER 4

Truth bends her head to fingers curved cupwise;
And with a smile and care
Examines something she is holding there
Concealed by her from our eyes.
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