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Cauchy integrals



Basic theory

Let I C C be a contour. Define the Cauchy integral of f : T'— C by

¢ fio)=| L, as=%. ec\r

I‘S_Z 27'[,'1

whenever the integral exists.

A big component of the theory is determining for which classes of contours I' and classes
of functions f the integral 6} f (2) exists.

For T, locally rectifiable, equip it with arclength measure |ds|. Assume there exists a €

C\ T such that

1
f |ds| < oo.
r|s—al

Then the Cauchy integral exists for all € L*(T).



Boundary values

An equally important question is about the existence of boundary values for 6 f (2).

[ I is absolutely continuous, we have a tangent at |ds|-almost every s € T.

Let y(s) be the positively-oriented unit normal vector at s € I' (when 1t exists).

Define

G f(s) = lim G (s £ ex(s),

€|0

when this limit exists.

For f € L*(T), it can be shown:

1. This limit exists for a.e. s when I =R, and 6" € L*(T) (elementary)

2. This limit exists for a.e. s when T is a Lipschitz graph, and 6/ € L*(T) (involved)
)
3. This limit exists for a.e. s and 6" € L*(T) if and only if T is a Carleson curve. {ﬁ

f——t



Carleson curves

All of the imposed conditions are nicely captured, and generalized, by the definition of a
Carleson curve.

Assume I' = u;?;lr]. is the finite union of contours T]-:
[={p,(t):t€l, CR}, p;of bounded variation,

that can only intersect at their endpoints. T is a Carleson curve it

I'NB(s,
sup sup | G, 7)l = c(I') < o0.
sel’ r>0 r

The L*(T) operator norm of 6/ depends continuously on ¢(T).

Albrecht Bottcher and Yuri I. Karlovich. Carleson Curves, Muckenhoupt Weights, and Toeplitz Operators
Birkhiuser Basel, Basel, 1997
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Hardy spaces

The L?-based Hardy space of the upper-half plane £%(C") consists of functions f analytic
in C* such that

supf |f (s +1ir)[°ds < oo.
R

r>0

Define £=(R) to be the space of all functions f : C\ R — C such that
(o), f(=o) € *(CY).

For a general contour, we assume that
C\I'=Q,UQ_where)_NO, =@
and 2, (Q0_) lies to the left (right)

of I'.

Q, The space £=(T') can be defined in an
analogous way, requiring that £ € §%(D)
for each connected component of €, .

{L}:




Additional properties

CHf—6 =f feIXI)
Cre6 f=67f felX)
6. 6. f=—6f feLI)
€.LAT) = &X(T)

Each function f in §=(T) has boundary values on I and £ is given by the Cauchy
integral of its boundary function.

It 6f—6.f=0then f =0

Note: In the lectures I used the notation &*(I') = £=(T)



Computing Cauchy integrals

As a prototype for computing a Cauchy integral, consider two approaches to computing

1
1 (x)dx.
—1
1. Quadrature nodes and weights: Approximate

)~ > f (), 8 (x—x;)

2. Basis approximation: Approximate

1

f(x)%Zc]gb](x) where f ¢;(x)dx is known
j

—1



Computing Cauchy integrals

Case 1 is easy to extend to computing Cauchy integrals (I =[—1, 1]):

TGOS fz(?:,j 3
] J

Case 2 i1s more difficult:

€1/ (2) ~ ZC]‘ (511?5]'(2)-

An additional method to compute 6;¢ is needed.

> 5 Cs GP ]-(z) may have well-defined boundary values on I.

Z f(xj)wj

] z—x;

does not.



A controlled basis

We choose the basis {¢;} so that:
e sup;[|¢l], < oo

o sup,, ||l

Then the (uniform) convergence of
Zc]- ¢, to Gf
j

is ettectively at the same rate as

Zc]-gb]- to f.

Let T, be the jth-order Chebyshev polynomual of the first kind. We use

BV =Ty (0~ Ty o(x), 22

with ¢, = T} and ¢, = T,. The coefficients can be computed with the DCT. {L%



Define the auxiliary functions

2
——, &o(2z) = —arctanhz,
27 —1 17T

b n(z)=2" <¢O(z)_ % {/l—m—l(Z) m < o>.

Un(l/z)  m>0

Then

GTy(0) == (T )+ §ilT7 ()

and taking limits,

G T (x) ———(sbk ")+ (T (2))
[kH T .
2 _ 1 'S Te2j1(x) (1 F—2j4+1=0
S hT™! — ! ’ ’
17T {63 l (x)_l_in ; 27 —1 {Z,Otherwise,
G Til(x ———(sbk ')+ $_p (77 (x))
[kH T .
2 _ 1 'S Te2ja(x) (1 F—2j4+1=0
———T7 h7 ! — ! ’ ’
17T k(xJarctan f (x)_l_in ; 27 —1 {2,otherwise.

L5 1.8
S Olver. A general framework for solving Riemann-Hilbert problems numerically. Numer. {L’,
Math., 122(2):305-340, 2012



Define the auxiliary functions

7211 2
——, &o(2z) = —arctanhz,
27 —1 17T

b n(z)=2" <¢O(z)_ % {/l—m—l(Z) m < o>.

Un(l/z)  m>0

Then

G To(x) = — (TN + b (TX),

See also:

J. A. C. Weideman and L. N. Trefethen. The kink phenomenon in Fejér and Clenshaw-
Curtis quadrature. Numer. Math., 107(4):707-727, 2007

1

— Z Ty (arctanhT () + = S

=271\

27 —1 {2, otherwise,

R=—2Z] + 1=V,

17T l 17T 5
G Til(x ———(sbk ')+ $_p (77 (x))
Lk+1 T .
2 _ 1 'S Te2ja(x) (1 F—2j4+1=0
=—_T h7! — / ’ ’
17T k(xJarctan f (x)_l_in; 27 —1 {2,otherwise.

Math., 122(2):305-340, 2012

L5 18
S Olver. A general framework for solving Riemann-Hilbert problems numerically. Numer. {L’,



(Generalizing the contours

The previous discussion can be used to treat

I=urT, T,=M(I),

where M ; 1s a Mobius transformation.

So, I can be a finite union of arcs and lines of possibly infinite extent.




Riemann-Hilbert
problems



A definition and a singular integral

equation
Definition 1. A function ® is a &*(T) solution of an RH problem [G;T] if it satisfies the

jump condition
() =@ (s)G(s), G:I - C>
and ® —I € ().
If® € &*(T) then we call ® a vanishing solution.
From this definition, it follows that

®(z) =1+ 6ru(z), forsome uecL*T).



Sobolev spaces

Use a decomposition I' =17 U--- UL, (I’; smooth) to define Sobolev spaces:

HYT) = D HA(T,),
=1
HY*L)={f e L’T)): fY e L’T)), i=1,...,k}.

In these spaces, different smooth components of I' are independent. We need some re-
striction.

Definition 2. A function [ is said to satisfy the kth-order zero-sum condition at a point s* if

> o;limfU(s)=0, j=0,...,k,
i=1 T,

wherel,...,I  isan ordering of components of I that contain s*. Furthermore, 0. = +1(—1)

if I, 1s oriented away(towards) s*.
L5 18
<



Z.ero-sum space

Definition 3. The zero-sum space H*(T) is the closed subspace of H*(T') consisting of func-
tions that satisfy the (k — 1)th-order zero-sum condition at all self-intersection points of T.

The Cauchy operators behave nicely on these spaces:

Theorem 1 (TT). 6" are bounded linear operators on HF(T).



Regularity of the jump matrix

Definition 4. A function G satisfies the kth-order product condition at a point s* if using
1aylor expansions we have

m

1_[ <G<S)|Seri>0i =1+ O(|s — 5*|k_1/2)

1=1

where 1y,...,T  isa counter-clockwise ordering of components of I that contain s*. Further-
more, 0, = +1(—1) if L, is oriented away(towards) s*.

Definition 5. A RH problem [G;T] is k-regular if G —I € H*(T) and G satisfies the kth-

order product condition at all self-intersection points of T



Associated operators

Theorem 2 (TT). If an RH problem is k-regular there exists an operator M , invertible on
HF* (), such that

o M o 6[G;T'] is bounded on H*(T),

o M o 6[G;T]is Fredholm on H*(T') with

ind A/ o 6[G;I'| =codimrng .4 o 6| G;I'] —dimker 4 o 6€[G;T']

= J dlogdet G.
T

This relies on:

X Zhou. The Riemann-Hilbert problem and inverse scattering. SIAM ]. Math. Anal.,
20(4):966-986, 1989

K F Clancey and I Gohberg. Factorization of matrix functions and singular integral operators,
volume 3 of Operator Theory: Advances and Applications. Birkhduser Verlag, Basel, 1981 .

i




Smoothness

Theorem 3 (TT and Olver). If an RH problem is k-regular and M o 6| G;T'] is invertible
on HE(T) then 6[G;T u = G —I implies

[#llga ) < F(GLGTL, C[GIT, G, G, G, G — 1|y,

If G and I depend on a (large) parameter, and we can bound

e the Carleson constant ¢(I),
o the L?*(T) norms of G—1,..., G® and
e (most difficult) || €[ G;TT"| 12

uniformly with respect to this parameter, we obtain a uniform bound on ||#|| g -

J{L:l-



Some notes on numerical solutions

A discretization C [ G;I'] of 6[G;1'] can be computed using Chebyshev collocation. Let
G, — I denote the discretized right-hand side.

Theorem 4 (Olver). If G satisfies the first-order product condition, if there is a solution u,

of
ClGT)u, =G, —1I

then u, must satisfy the first-order zero-sum condition and therefore
B, (2) =1 + %o, (1)

is bounded.



The numerical solution of Riemann-
Hilbert problems

The convergence rate is closely tied to the smoothness of the solution.

References:

T T and S Olver. Riemann-Hilbert Problems, Their Numerical Solution and
the Computation of Nonlinear Special Functions. STAM, Philadelphia, PA, 2016.

S Olver. RHPackage.
http://www.maths.usyd.edu.au/u/olver/projects/RHPackage.html, 2010.

T T. ISTPackage. https://bitbucket.org/trogdon/istpackage, 2013



The defocusing nonlinear
Schrédinger equation

w/ Sheehan Olver



The initial value problem

Consider the numerical evaluation of the solution g(x, t) ot

—1q, + G, _Zq|7|2 =0, q(x,1)=¢y(x), (x,t)€RxX(0,00).
The associated inverse scattering transtorm gives a nonlinear mapping:

R=(q,), R:Rx[0,00)— C.

The function R(s, £) = R(s,0)e*s’* is the so-called reflection coefficient.

Riemann-Hilbert Problem 1. The RH problem for the defocusing nonlinear Schrodinger
equation 1s

(I)‘|'<S> — (I)_(S) |:1 — R(s,0)R(s,0) —R(s, t)e—Zixz] |

R(s, t)e?*? 1
and the corresponding solution to the defocusing nonlinear Schrédinger equation is

q(x,t)=—21 lim z®,,(z).

zZ—>0Q



The initial value problem

Consider the numerical evaluation of the solution g(x, t) ot

—1q, + G, _Zq|7|2 =0, q(x,1)=¢y(x), (x,t)€RxX(0,00).
The associated inverse scattering transtorm gives a nonlinear mapping:

See:

V E Zakharov and A B Shabat. Exact theory of two-dimensional self-focusing and one-
dimensional selt-modulation of waves in nonlinear media. Sov. Phys. JETP, 34:62-69,

1972

NICINAIIT=IIIDCIU T'TODICIIL 1. 1/7C I\NI1 prooLlcrrt JOT LrC acjoCustrig rtorLliricar scrnroatriger
eqmztzon [A)

(I)‘|‘<5> — (I)_(g) |:1 _szgf,tgiéig, O) —R(S, i)e—Zixz] |

and the corresponding solution to the defocusing nonlinear Schrédinger equation is

q(x,t)=—21 lim z®,,(z).

zZ—>0Q



An important calculation

Assume a RH problem [G;T'] is k-regular. Assume further that G—1 € L'(T). Then if

C(Glu=G—1,
u—6.u-(G—I)=G—1.

If u is an H*(T') solution, then the solution ® is given by

[

¢ =1+ 6pu,

u=%6.u-(G—I)+G—1,

1y < Cr zmll#ll2ml|G — 1|2y + |G — 1|1 ry-

Thus # € L'(R) and

lim
z—00, d(z,[)>48

z(®(z)—1)

_ Jr%(s)ds



Steepest descent

To illustrate the complications that arise in solving this RH problem for all x and ¢, con-
sider solving the linearlized equation

. 1 1sx+isZt A
—iq,+q,, =0, ¢q(x,0)=gy(x), q(x,t)zz—Je T Go(s)ds.
T JR

e15x—|—1s t fOI’ = R ZO e el? X fOI' S EF

I
| lH)




A deformation

Assume that
g, € L'(R,eFldx), y>0.
Then R(s) has an analytic extension to a strip of width 2y that contains the real axis.
Now, assume that
G(s)=M(s)P(s)

where M, P, det M = det P = 1, are analytic within this strip, continuous on the closure.

Define

(&(2)P7'(z) 0<Imz<y,
®,(z) =L P(2)M(z) —y<Imz<0,
| @(2) otherwise.

With appropriate decay assumptions, ®,(z) satisfies the RH problem

P(s) Ims=y,

<I>1+(S)=<I>1_(S){M(S) Ims = —y. %1::1-
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Solution 1s not smooth at z,




B, = A"

) -
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o FONG /N D Lo R TR R TV
A o SvAaauT DT
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‘ 4 1'— A Ll“ V —1 AM .’l_l V

_ \-"'_'L\./.A_'\“".‘
@, = ‘I)IA_[ N / | 4.

The radius of the circle is ~ t—1/2

Theorem 5 (TT & Olver). Assuming that the numerical method used to discretize and
solve the RH problem for the NLS equation satisfies 4 common conditions, the convergence is
uniform in x and t:

lg(x,t)—q,(x,2)| < Con ™, Vk>0,

where n is the degree of approximation (i.e., # of collocation points).

problems. Commun. Pure Appl. Math., 67(8):1353-1389, aug 2014 -

S Olver and T T. Nonlinear steepest descent and numerical solution of Riemann-Hilbert {E
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The KdV equation

Now, consider the numerical solution of the KdV equation

q,+6q9q,.+q... =0, q(x,0)=¢qy(x), (x,£)€Rx(0,00).

We will assume that g, decays rapidly. There exists an analogous RH problem for the
KdV equation (ignoring solitons):

OF(s) = (s) [1 —p(s)e(—s) —/O(—s)e_ZixS—Sis3t:|

/O(S)GZixs+8is3t 1
and

q(x,t)=21lim z3d, (®1,(2) +25(2)).

Z—>0Q

(ignoring a number of technical issues)



The KdV equation with decaying data

Using simple Fourier methods
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The KdV equation with decaying data

Using simple Fourier methods
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The KdV equation with decaying data

Using simple Fourier methods
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The KdV equation with decaying data

w/ Sheehan Olver and Bernard Deconinck

£ = (.LXX)




The KdV equation with decaying data

w/ Sheehan Olver and Bernard Deconinck

£ = (.LXX)




Contours at a fixed time
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Contours at a fixed time
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Nonlinear superposition
w/ Bernard Deconinck

1—[pl* —p
p 1

.................................. »...................................
—L L
0 -1 0 —1 0 -1 0 1
1 0 1 0 1 0 1 0
o——o o———+—Po o o——Po
—b - —by - ax b1 b
0 -1 0 —1 1|2 —p 0 —1 0 -1
1 0 1 0 . 1 1 0 1 0
- G- - - - - - - - —— Jmo- - - o—po- - - - - - - - - ——o
~by  —as —by a1 —L L b 2 b
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With some solitons

t = 0

_1;

60 _40 ~20 | | | 0 | | | 20 40 60
t = 1

0}

_1;

60 _40 ~20 | | | 0 | | | 20 40 60
t = 5 ‘ ‘

2

|

60 _40 ~20 | | | 0 | | | 20 40 ﬁo



Dispersive shock wave
solutions of the KdV

equation

w/ Deniz Bilman



The KdV equation

Consider solving the KdV equation
9 +649: + G =0, (x,7) ER X (0, 00),
with initial data

1 x>0,

(6,0 = gu(x) = () — PH(x),  H(x)= {O .

Assume that #4(x) has its only discontinuity at x = 0 and decays rapidly as |x| — oo.

For uy = 0, we have the so-called dispersive Riemann problem tor the KdV equation.

General data can be treated using the Galilean boost.



Other work

e Schrodinger scattering theory for such potentials:

A Cohen and T Kappeler. Scattering and inverse scattering for steplike potentials
in the Schrodinger equation. Indiana Univ. Math. J., 34:127-180, 1985

e Existence of solutions using GLM:

A Cohen. Solutions of the Korteweg-de Vries equation with steplike initial profile.
Commun. Partial Differ. Equations, 9(8):751-806, jan 1984

T Kappeler. Solutions of the Korteweg-deVries equation with steplike initial data.
J. Differ. Equ., 63(3):306-331, jul 1986

e Riemann-Hilbert approach to rarefaction:

K Andreiev, I Egorova, T L Lange, and G Teschl. Rarefaction waves of the Ko-

rteweg—de Vries equation via nonlinear steepest descent. J. Differ. Equ.,261(10):5371-
5410, 2016

K. Andreiev and I. Egorova. On the Long-Time Asymptotics for the Korteweg-de
Vries Equation with Steplike Initial Data Associated with Rarefaction Waves. J.
Math. Physics, Anal. Geom., 13(4):325-343, dec 2017

e DSWs and long-time asymptotics:

M J Ablowitz and D E Baldwin. Dispersive shock wave interactions and asymp-
totics. Phys. Rev. E, 87(2):022906, teb 2013

e Riemann-Hilbert approach to dispersive shock waves:

[ Egorova, Z Gladka, V Kotlyarov, and G Teschl. Long-time asymptotics for the
Korteweg-de Vries equation with step-like initial data. Nonlinearity, 26(7):1839-
1864, jul 2013



Riemann-Hilbert Problem 1. The function ®, : C\ R — C™%, &,(z) = ®,(z;x,t),

satisfies
_ 1— |R (5>|2 _F(S>62isx+8is3t
S _ ] ]
(I)l (S> o (I)l <S) _Rl(5>e—2i5x—8is3t 1 , SE R)
X T 1 0-
(1)1 (S> — (1)1 <5> _C<Z;‘)e—2iz]-x—8iz]3t 11 s € Z]-,
- T ]
B 1 — c(z;) —2iz]-x—8iz]3 t]
5 (5)=07(5)| | T se-s,
0 1

d (z)= [1 1] +0(z7"), zeC\R,
with the symmetry condition

®,(—z)=®(z)0;, z€C\I, T=RU| JZ,U-%)).
].



Riemann-Hil]

5 (s) =2, (5)

bert Problem 2. The function ®, : C\R — C'*%,®,(z) = ®,(z; x, t ) satisfies

1—|R(s)[*
Rr<5 >62i/1(s)x—l—8igo(s)t

—Rr(—S )e—Zi/l(s)x—Sigo(s)t

2 2
. sT> 7,
1 ]

1 —R (—s)e 24 ()x=8ip=(s)r 1 0
0 ( ) 1 U4 Rr<s)62i/1+(s)x—|—8ig0+(s)t 11 —C<s=c,
1 0]
_C(Z]-)ezi/l(zl,>x—|—8igp(zj)t 1 ’ S & Z]-a
§—7 il
B | _ C(z;) eZi/l(zj)x—l—Sigo(zj)t ]
S-|—Z]- ) S E _Z])
0 1 I

<I>2(z):[1 1]—|—O(z_1), z—00, o(s)=A(s)+3/2c*A(s),

with the symmetry condition

d,(—z)=P,(2)0;, ze€C\R.



Riemann-Hil]

5 (s) =2, (5)

bert Problem 2. The function ®, : C\R — C'*%,®,(z) = ®,(z; x, t ) satisfies

1—|R(s)[*
Rr<5 >62i/1(s)x—l—8igo(s)t

—Rr(—S )e—Zi/l(s)x—Sigo(s)t

2 2
. sT> 7,
1 ]

1 _Rr _ e—2i/1_(s)x—8igp_(s)t 1 0
0 < ) 1 7 Rr<5)62i/1+(s)x—|—8igp+(s)t 11’ —c<s<g,
1 on
_C(Zj)ezu(z].>x+8i<p(zj)t T € Z].,
57 ] ) i
I C(z) 2iA(z;)x+8ip(z;)t ] o |
1 _5-|—Z]]-e J @ J , SE—Z., g‘|—_'
0 1 ] / 1 0]

<I>2(z):[1 1]—|—O(z_1), z—00, o(s)=A(s)+3/2c*A(s),

with the symmetry condition

d,(—z)=P,(2)0;, ze€C\R.



Deformations

We have not implemented all the deformations that are required to compute g(x, t) for

all (x, ).
Two deformations allow us to compute the solution for all x and small time, 0 < ¢ < 2.

More to come, including ¢t — oo!

All deformations are performed assuming #, € L'(R,e°*ldx) for some & > 0.
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go(x) = 3(1+erf(x))
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