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To whom it may concern: 

Recommendation letter supporting the postdoc application of Shasvath J Kapadia 

Dear colleagues, 

I am writing to express my strongest support for the postdoc application of Shasvath J Kapadia. 
Shasvath is a highly motivated, ambitious and hardworking young researcher, and is one of the 
strongest candidates in his peer group in gravitational-wave (GW) physics and astronomy. 

I have known Shasvath for the last three years. I met him in 2012 at a conference in KITP Santa 
Barbara where he was presenting an interesting poster on floating orbits in extreme-mass-ratio 
inspirals. He asked whether he could with me on a project related to LIGO’s science. Although, I 
tried to brush him aside citing the difficulty of long-distance collaboration (I was moving to 
India at that time), he persisted. After a year or so we actually started working together which 
turned out to be a very fruitful collaboration. I will be basing my letter on the aspect of his work 
that I know the best. However, his PhD work is quite diverse, covering problems related to the 
computation of orbits of extreme-mass-ratio inspirals, use of machine learning algorithms to 
distinguish between real GW triggers and spurious noise-generated triggers in the search for 
GWs from compact binaries using LIGO, etc. I hope that his other referees will elaborate on these 
aspects. 

The project (arXiv:1509.06366) that Shasvath worked with myself and Nathan Johnson-McDaniel 
was on computing the effective higher order terms in the post-Newtonian (PN) expansions of the 
gravitational binding energy and GW energy flux from inspiralling compact binaries. In the 
adiabatic PN approximation, the phase evolution of GWs from inspiralling compact binaries is 
computed by equating the change in binding energy with the GW flux. This energy balance 
equation can be solved in different ways, which result in multiple “approximants” of the PN 
waveforms. Due to the poor convergence of the PN expansion, these approximants tend to differ 
from each other during the late inspiral. Which of these approximants should be chosen as 
templates for GW detection and parameter estimation is not obvious. We computed some 
effective higher order (beyond the currently available 4PN and 3.5PN) non-spinning terms in the 
PN expansion of the energy and the flux that minimize the difference of multiple PN 
approximants (TaylorT1, TaylorT2, TaylorT4, TaylorF2) with effective one body waveforms 
calibrated to numerical relativity (EOBNR). We showed that PN approximants constructed using 
the effective higher order terms show significantly better agreement (as compared to 3.5PN) with 
the inspiral part of the EOBNR. For non-spinning binaries with component masses 1.4 -- 15 M⊙, 
most of the approximants have a match (faithfulness) of better than 99% with both EOBNR and 
each other. Although these effective terms are not the same as actual higher order terms, they find 
immediate practical use in GW searches. PN waveforms employing these effective higher order 
terms can be used in LIGO/Virgo searches for compact binaries as computationally inexpensive 
surrogates of EOBNR waveforms in the “low-mass” region of the parameter space. We are in the 
process of extending this computation to the case of spinning binaries, where this work is of 
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Several binary black hole detections by LIGO/Virgo
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Several binary black hole detections by LIGO/Virgo

• First detections of  merging binary black holes.  

• First observations of  stellar-mass black holes with mass ≳ 30 M⊙  

• First tests of  General Relativity in the highly relativistic regime.
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BHs from GW

BHs from EM

 [LIGO-Virgo/Frank Elavsky/Northwestern]
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GW170817: Multimessenger observation of a neutron star merger

The 90% credible intervals(Veitch et al. 2015; Abbott et al.
2017e) for the component masses (in the m m1 2. convention)
are m M1.36, 2.261 Î :( ) and m M0.86, 1.362 Î :( ) , with total
mass M2.82 0.09

0.47
-
+

:, when considering dimensionless spins with

magnitudes up to 0.89 (high-spin prior, hereafter). When the
dimensionless spin prior is restricted to 0.05- (low-spin prior,
hereafter), the measured component masses are m 1.36,1 Î (

M1.60 :) and m M1.17, 1.362 Î :( ) , and the total mass is

Figure 2. Joint, multi-messenger detection of GW170817 and GRB170817A. Top: the summed GBM lightcurve for sodium iodide (NaI) detectors 1, 2, and 5 for
GRB170817A between 10 and 50 keV, matching the 100 ms time bins of the SPI-ACS data. The background estimate from Goldstein et al. (2016) is overlaid in red.
Second: the same as the top panel but in the 50–300 keV energy range. Third: the SPI-ACS lightcurve with the energy range starting approximately at 100 keV and
with a high energy limit of least 80 MeV. Bottom: the time-frequency map of GW170817 was obtained by coherently combining LIGO-Hanford and LIGO-
Livingston data. All times here are referenced to the GW170817 trigger time T0

GW.
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The Astrophysical Journal Letters, 848:L13 (27pp), 2017 October 20 Abbott et al.

[ApJ 848:L13, 27 (2017)]

m1 = 1.36 � 1.60M�
m2 = 1.17 � 1.36M�

m1 = 1.36 � 2.26M�
m2 = 0.86 � 1.36M�

Assuming 
Low spin priors

Assuming 
High spin priors



Spin measurements from binary black holes 

• Individual spins are not well measured. 
Constraints can be placed on the 
‘effective spin’. 

So far, observations are consistent 
with weak/modest spins. 
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Implications on astrophysical 
formation models. 

III PARAMETER INFERENCE

FIG. 3. A Mollweide projection of the posterior probability
density for the location of the source in equatorial coordinates
(right ascension is measured in hours and declination is mea-
sured in degrees). The location broadly follows an annulus
corresponding to a time delay of ⇠ 3.0+0.4

�0.5 ms between the
Hanford and Livingston observatories. We estimate that the
area of the 90% credible region is ⇠ 1200 deg2.

FIG. 4. Posterior probability density for the source luminos-
ity distance DL and the binary inclination ✓JN . The one-
dimensional distributions include the posteriors for the two
waveform models, and their average (black). The dashed lines
mark the 90% credible interval for the average posterior. The
two-dimensional plot shows the 50% and 90% credible regions
plotted over the posterior density function.

values because of the greater preference for spins with
components antialigned with the orbital angular momen-
tum.

The final calibration uncertainty is su�ciently small
to not significantly a↵ect results. To check the impact
of calibration uncertainty, we repeated the analysis using
the e↵ective-precession waveform without marginalising

FIG. 5. Posterior probability densities for the e↵ective in-
spiral spin �e↵ for GW170104, GW150914, LVT151012 and
GW151226 [13], together with the prior probability distri-
bution for GW170104. The distribution for GW170104 uses
both precessing waveform models, but, for ease of compari-
son, the others use only the e↵ective-precession model. The
prior distributions vary between events, as a consequence of
di↵erent mass ranges, but the di↵erence is negligible on the
scale plotted.

FIG. 6. Posterior probability density for the final black hole
mass Mf and spin magnitude af . The one-dimensional dis-
tributions include the posteriors for the two waveform mod-
els, and their average (black). The dashed lines mark the
90% credible interval for the average posterior. The two-
dimensional plot shows the 50% and 90% credible regions
plotted over the posterior density function.
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PRL  118, 221101 (2017) Supl. Material

�e↵ = (m1�1 + m2�2) · L/M

BBH events

http://arxiv.org/abs/1602.03840


Mass and spin of remnant black holes 

• Mass & spin of  the remnant BH 
accurately inferred making use of  
numerical relativity simulations.

6

[LVC+, PRL  118, 221101 (2017) Supl. Material]

Some of the best BH spin 
estimates in astronomy. 



Astrophysical formation channels of BBHs: Not well understood
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Astrophysical formation channels of BBHs: Not well understood

• Possible more exotic scenarios:  

Primordial black holes.  
Remnants of  Population-III stars. 
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Distributions of source parameters 
(masses, spins, eccentricity, distance) 
should enable us to uncover the leading 

formation channels. 



Merger rates and stochastic GW background 

• Merger rates 

BNS 320 －3200 / Gpc3 / yr 

BBH 12－213 / Gpc3 / yr 
Consistent with the inferred rate from 
galactic BNS systems & from pop 
synthesis models. Expect hundreds of 
detections with Adv detectors.  

• Stochastic GW background from BNS & 
BBH mergers potentially detectable by 
Adv detectors. 

9
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FIG. 1. The left panel shows the predicted median background for the BNS (red) and BBH (green) models described in the
text, the total (combined) background (blue), and the Poisson error bars (grey shaded region) for the total background. We also
show expected PI curves for observing runs O2, O3, and design sensitivity (see the main text for details about the assumptions
made for these observing runs). Virgo is included in O3 and beyond. The PI curves for O3 and beyond cross the Poisson error
region, indicating the possibility of detecting this background or placing interesting upper limits on the evolution of the binary
merger rates with redshift. In the right panel, we plot the signal-to-noise ratio as a function of observing time for the median
total background (blue curve) and associated uncertainty (shaded region). The median of the predicted total background can
be detected with SNR = 3 after 40 months of observation time, with LIGO-Virgo operating at design sensitivity (2022 – 2024).
The markers indicate the transition between observing runs. We only show 12 months of the Design phase here, although for
the calculation of the PI curves it is assumed to be 24 months long (see [45]).

The BBH background is di↵erent in nature even
though the resulting energy density spectrum is simi-
lar. BBH events create a highly non-stationary and non-
Gaussian background (sometimes referred to as a pop-
corn background in the literature), i.e. individual events
are well separated in time, on top of the continuous back-
ground from contributed BNS inspirals. The duration of
the waveform is much smaller for these massive sources
(14 s on average in the band above 10 Hz, considering
both the power law mass distribution and the distribu-
tion in redshift [46]) and much less than the time interval
between events (223+352

�115 s on average) resulting in rare
overlaps.

Table I shows the estimated energy density at 25 Hz
for each of the BNS, BBH and Total backgrounds. We
also show the average time between events ⌧ for each
of these backgrounds as well as the average number of
overlapping sources at any time �, and the associated
Poisson error bounds. The inverse of ⌧ gives the rate of
events in Universe in s�1.

Conclusion — The first gravitational wave detection of
a binary neutron star system implies a significant contri-
bution to the stochastic gravitational wave background
from BNS mergers. Assuming the median merger rates,
the background may be detected with SNR = 3 after 40
months of accumulated observation time, during the De-
sign phase (2022+)[45]. In the most optimistic case, an
astrophysical background may be observed at a level of

3� after only 18 months of observation, during O3, the
next observing run.
There are additional factors which may lead to an

even earlier detection. First, the presence of additional
sources, for example black hole-neutron star systems, will
further add to the total background. Even small contri-
butions to the background can decrease the time to detec-
tion significantly. Second, the analysis we have presented
here assumes the standard cross-correlation search. Spe-
cialized non-Gaussian searches may be more sensitive,
particularly to the BBH background [47, 48]. Unlike a
standard matched filter search, non-Gaussian pipelines
do not attempt to find individual events, but rather to
measure the rate of sub-threshold events independently
of their distribution.
A detection of the astrophysical background allows for

a rich set of follow-up studies to fully understand its com-
position. The di↵erence in the time-domain structure of
the BBH and BNS signals may allow the BNS and BBH
backgrounds to be measured independently. After de-
tecting the background, stochastic analyses can address
whether the background is isotropic [49–51], unpolarized
[52], and consistent with general relativity [53]. Finally,
understanding the astrophysical background is crucial to
subtract it and enable searches for a background of cos-
mological origin [46].

Acknowledgments — The authors gratefully acknowledge
the support of the United States National Science Foun-

[LVC+, arXiv:1710.05837 [gr-qc]]



Equation of state of neutron stars 

• Details of  the internal structure of  the objects 
becomes important at close separations.  

Tidal deformability Λ: Ratio of  the induced 
quadruple moment to the external tidal field. 
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Extracting science: Measuring equations of state 

• BNS/NSBH inspiral signals contain imprint of  the 
NS EoS (through tidal deformation of  the NS). 

25

2

deformability between polytropes and “realistic” EOS.
In this paper, we calculate the deformability for realistic
EOS, and show that a tidal signature is actually only
marginally detectable with Advanced LIGO.

In Sec. II we describe how the Love number and tidal
deformability can be calculated for tabulated EOS. We
use the equations for k

2

developed in [15], which arise
from a linear perturbation of the Oppenheimer-Volko↵
(OV) equations of hydrostatic equilibrium. In Sec. III we
then calculate k

2

and � as a function of mass for several
EOS commonly found in the literature. We find that,
in contrast to the Love number, the tidal deformability
has a wide range of values, spanning roughly an order of
magnitude over the observed mass range of neutron stars
in binary systems.

As discussed above, the direct practical importance of
the stars’ tidal deformability for gravitational wave ob-
servations of NS binary inspirals is that it encodes the
EOS influence on the waveform’s phase evolution during
the early portion of the signal, where it is accurately mod-
eled by post-Newtonian (PN) methods. In this regime,
the influence of tidal e↵ects is only a small correction to
the point-mass dynamics. However, when the signal is
integrated against a theoretical waveform template over
many cycles, even a small contribution to the phase evo-
lution can be detected and could give information about
the NS structure.

Following [11], we calculate in Sec. IV the measurabil-
ity of the tidal deformability for a wide range of equal-
and unequal- mass binaries, covering the entire expected
range of NS masses and EOS, and with proposed detector
sensitivity curves for second- and third- generation detec-
tors. We show that the measurability of � is quite sensi-
tive to the total mass of the system, with very low-mass
neutron stars contributing significant phase corrections
that are optimistically detectable in Advanced LIGO,
while larger-mass neutron stars are more di�cult to dis-
tinguish from the k

2

= 0 case of black holes [16, 17]. In
third-generation detectors, however, the tenfold increase
in sensitivity allows a finer discrimination between equa-
tions of state leading to potential measurability of a large
portion of proposed EOSs over most of the expected neu-
tron star mass range.

We conclude by briefly considering how the errors
could be improved with a more careful analysis of the
detectors and extension of the understanding of EOS ef-
fects to higher frequencies.

Finally, in the Appendix we compute the leading or-
der EOS-dependent corrections to our model of the tidal
e↵ect and derive explicit expressions for the resulting cor-
rections to the waveform’s phase evolution, extending the
analysis of Ref. [11]. Estimates of the size of the phase
corrections show that the main source of error are post-
1 Newtonian corrections to the Newtonian tidal e↵ect
itself, which are approximately twice as large as other,
EOS-dependent corrections at a frequency of 450 Hz.
Since these point-particle corrections do not depend on
unknown NS physics, they can easily be incorporated into

the analysis. A derivation of the explicit post-Newtonian
correction terms is the subject of Ref. [18].

Conventions: We set G = c = 1.

II. CALCULATION OF THE LOVE NUMBER
AND TIDAL DEFORMABILITY

As in [11] and [15], we consider a static, spherically
symmetric star, placed in a static external quadrupolar
tidal field Eij . To linear order, we define the tidal de-
formability � relating the star’s induced quadrupole mo-
ment Qij to the external tidal field,

Qij = ��Eij . (1)

The coe�cient � is related to the l = 2 dimensionless
tidal Love number k

2

by

k
2

=
3
2
�R�5. (2)

The star’s quadrupole moment Qij and the external
tidal field Eij are defined to be coe�cients in an asymp-
totic expansion of the total metric at large distances r
from the star. This expansion includes, for the met-
ric component gtt in asymptotically Cartesian, mass-
centered coordinates, the standard gravitational poten-
tial m/r, plus two leading order terms arising from the
perturbation, one describing an external tidal field grow-
ing with r2 and one describing the resulting tidal distor-
tion decaying with r�3:

� (1 + gtt)
2

= �m

r
� 3Qij

2r3

ninj + . . . +
Eij

2
r2ninj + . . . ,

(3)

where ni = xi/r and Qij and Eij are both symmetric and
traceless. The relative size of these multipole components
of the perturbed spacetime gives the constant � relating
the quadrupole deformation to the external tidal field as
in Eq. (1).

To compute the metric (3), we use the method dis-
cussed in [15]. We consider the problem of a linear static
perturbation expanded in spherical harmonics following
[19]. Without loss of generality we can set the azimuthal
number m = 0, as the tidal deformation will be axisym-
metric around the line connecting the two stars which
we take as the axis for the spherical harmonic decompo-
sition. Since we will be interested in applications to the
early stage of binary inspirals, we will also specialize to
the leading order for tidal e↵ects, l = 2.

Introducing a linear l = 2 perturbation onto the spher-
ically symmetric star results in a static (zero-frequency),
even-parity perturbation of the metric, which in the
Regge-Wheeler gauge [20] can be simplified [15] to give

ds2 = �e2�(r) [1 + H(r)Y
20

(✓,')] dt2

+e2⇤(r) [1�H(r)Y
20

(✓,')] dr2

+r2 [1�K(r)Y
20

(✓,')]
�

d✓2 + sin2 ✓d'2

�

,

(4)

induced quadrupole 
moment of the star

external tidal 
field

tidal 
deformabilityLISA

 

Tidal deformation during inspiral

§ Part of the signal in detector band is mostly 
inspiral 

§ Angular motion (phase of GW signal):

   Point particle contribution    Tidal contribution 

§ Tidal effects enter phase through            
tidal deformability

                                            

                                

     

                                

     

Tidal field of companion star

                                

     

Quadrupolar deformation

                                

     

 Tidal deformability function

                                

     

[Talk by B. Sathyaprakash]

Qi j = �⇤ Ei j



Equation of state of neutron stars 

• Details of  the internal structure of  the objects 
becomes important at close separations.  

Tidal deformability Λ: Ratio of  the induced 
quadruple moment to the external tidal field.  

• Constraints on Λ disfavor EoSs that predict 
less compact stars. 
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low-spin case and (1.0, 0.7) in the high-spin case. Further
analysis is required to establish the uncertainties of these
tighter bounds, and a detailed studyof systematics is a subject
of ongoing work.
Preliminary comparisons with waveform models under

development [171,173–177] also suggest the post-
Newtonian model used will systematically overestimate
the value of the tidal deformabilities. Therefore, based on
our current understanding of the physics of neutron stars,
we consider the post-Newtonian results presented in this
Letter to be conservative upper limits on tidal deform-
ability. Refinements should be possible as our knowledge
and models improve.

V. IMPLICATIONS

A. Astrophysical rate

Our analyses identified GW170817 as the only BNS-
mass signal detected in O2 with a false alarm rate below
1=100 yr. Using a method derived from [27,178,179], and
assuming that the mass distribution of the components of
BNS systems is flat between 1 and 2 M⊙ and their
dimensionless spins are below 0.4, we are able to infer
the local coalescence rate density R of BNS systems.
Incorporating the upper limit of 12600 Gpc−3 yr−1 from O1
as a prior, R ¼ 1540þ3200

−1220 Gpc−3 yr−1. Our findings are

consistent with the rate inferred from observations of
galactic BNS systems [19,20,155,180].
From this inferred rate, the stochastic background of

gravitational wave s produced by unresolved BNS mergers
throughout the history of the Universe should be compa-
rable in magnitude to the stochastic background produced
by BBH mergers [181,182]. As the advanced detector
network improves in sensitivity in the coming years, the
total stochastic background from BNS and BBH mergers
should be detectable [183].

B. Remnant

Binary neutron star mergers may result in a short- or long-
lived neutron star remnant that could emit gravitational
waves following the merger [184–190]. The ringdown of
a black hole formed after the coalescence could also produce
gravitational waves, at frequencies around 6 kHz, but the
reduced interferometer response at high frequencies makes
their observation unfeasible. Consequently, searches have
been made for short (tens of ms) and intermediate duration
(≤ 500 s) gravitational-wave signals from a neutron star
remnant at frequencies up to 4 kHz [75,191,192]. For the
latter, the data examined start at the time of the coalescence
and extend to the end of the observing run on August 25,
2017. With the time scales and methods considered so far
[193], there is no evidence of a postmerger signal of

FIG. 5. Probability density for the tidal deformability parameters of the high and low mass components inferred from the detected
signals using the post-Newtonian model. Contours enclosing 90% and 50% of the probability density are overlaid (dashed lines). The
diagonal dashed line indicates the Λ1 ¼ Λ2 boundary. The Λ1 and Λ2 parameters characterize the size of the tidally induced mass
deformations of each star and are proportional to k2ðR=mÞ5. Constraints are shown for the high-spin scenario jχj ≤ 0.89 (left panel) and
for the low-spin jχj ≤ 0.05 (right panel). As a comparison, we plot predictions for tidal deformability given by a set of representative
equations of state [156–160] (shaded filled regions), with labels following [161], all of which support stars of 2.01M⊙. Under the
assumption that both components are neutron stars, we apply the function ΛðmÞ prescribed by that equation of state to the 90% most
probable region of the component mass posterior distributions shown in Fig. 4. EOS that produce less compact stars, such as MS1 and
MS1b, predict Λ values outside our 90% contour.
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Independent measurement of the Hubble constant 

• Compact binaries are self  calibrated 
‘standard candles’.  

GW observations provide an absolute 
measurement of  the luminosity 
distance (without relying on the 
distance ladder).  

EM observations provide the 
cosmological redshift. 
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by a viewing angle defined as min(ι, 180° − ι), with ι in the range 
[0°, 180°]. By contrast, gravitational-wave measurements can identify 
the sense of the rotation, and so ι ranges from 0° (anticlockwise) to 
180° (clockwise). Previous gravitational-wave detections by the Laser 
Interferometer Gravitational-wave Observatory (LIGO) had large 
uncertainties in luminosity distance and inclination23 because the two 
LIGO detectors that were involved are nearly co-aligned, preventing 
a precise polarization measurement. In the present case, owing to 
the addition of the Virgo detector, the cosine of the inclination can 
be constrained at 68.3% (1σ) confidence to the range [−1.00, −0.81], 
corresponding to inclination angles in the range [144°, 180°]. This incli-
nation range implies that the plane of the binary orbit is almost, but not 
quite, perpendicular to our line of sight to the source (ι ≈ 180°), which 
is consistent with the observation of a coincident γ-ray burst4–6. We 
report inferences on cosι because our prior for it is flat, so the posterior 
is proportional to the marginal likelihood for it from the gravitation-
al-wave observations.

Electromagnetic follow-up observations of the gravitational-wave 
sky-localization region7 discovered an optical transient8–13 in close 
proximity to the galaxy NGC 4993. The location of the transient was 
previously observed by the Distance Less Than 40 Mpc (DLT40) survey 
on 27.99 July 2017 universal time (ut) and no sources were found10. 
We estimate the probability of a random chance association between 
the optical counterpart and NGC 4993 to be 0.004% (Methods). In 
what follows we assume that the optical counterpart is associated with 
GW170817, and that this source resides in NGC 4993.

To compute H0 we need to estimate the background Hubble flow 
velocity at the position of NGC 4993. In the traditional electro-
magnetic calibration of the cosmic ‘distance ladder’19, this step is 
commonly carried out using secondary distance indicator informa-
tion, such as the Tully–Fisher relation25, which enables the back-
ground Hubble flow velocity in the local Universe to be inferred by 
scaling back from more distant secondary indicators calibrated in 
quiet Hubble flow. We do not adopt this approach here, however, 
to preserve more fully the independence of our results from the  
electromagnetic distance ladder. Instead we estimate the Hubble flow 
velocity at the position of NGC 4993 by correcting for local peculiar 
motions.

NGC 4993 is part of a collection of galaxies, ESO 508, which has a 
center-of-mass recession velocity relative to the frame of the cosmic 
microwave background (CMB)26 of27 3,327 ± 72 km s−1. We correct 

the group velocity by 310 km s−1 owing to the coherent bulk flow28,29 
towards the Great Attractor (Methods). The standard error on our 
estimate of the peculiar velocity is 69 km s−1, but recognizing that 
this value may be sensitive to details of the bulk flow motion that 
have been imperfectly modelled, in our subsequent analysis we adopt 
a more conservative estimate29 of 150 km s−1 for the uncertainty on 
the peculiar velocity at the location of NGC 4993 and fold this into 
our estimate of the uncertainty on vH. From this, we obtain a Hubble 
velocity vH = 3,017 ± 166 km s−1.

Once the distance and Hubble-velocity distributions have been 
determined from the gravitational-wave and electromagnetic data, 
respectively, we can constrain the value of the Hubble constant. The 
measurement of the distance is strongly correlated with the measure-
ment of the inclination of the orbital plane of the binary. The analy-
sis of the gravitational-wave data also depends on other parameters 
describing the source, such as the masses of the components23. Here 
we treat the uncertainty in these other variables by marginalizing over 
the posterior distribution on system parameters3, with the exception of 
the position of the system on the sky, which is taken to be fixed at the 
location of the optical counterpart.

We carry out a Bayesian analysis to infer a posterior distribution on 
H0 and inclination, marginalized over uncertainties in the recessional 
and peculiar velocities (Methods). In Fig. 1 we show the marginal pos-
terior for H0. The maximum a posteriori value with the minimal 68.3% 
credible interval is = . − .

+ . − −H 70 0 km s Mpc0 8 0
12 0 1 1. Our estimate agrees 

well with state-of-the-art determinations of this quantity, including 
CMB measurements from Planck20 (67.74 ± 0.46 km s−1 Mpc−1; 
‘TT, TE, EE + lowP + lensing + ext’) and type Ia supernova measure-
ments from SHoES21 (73.24 ± 1.74 km s−1 Mpc−1), and with baryon 
acoustic oscillations measurements from SDSS30, strong lensing  
measurements from H0LiCOW31, high-angular-multipole CMB  
measurements from SPT32 and Cepheid measurements from the 
Hubble Space Telescope key project19. Our measurement is an inde-
pendent determination of H0. The close agreement indicates that, 
although each method may be affected by different systematic uncer-
tainties, we see no evidence at present for a systematic difference 
between gravitational-wave-based estimates and established electro-
magnetic-based estimates. As has been much remarked on, the Planck 
and SHoES results are inconsistent at a level greater than about 3σ.  
Our measurement does not resolve this inconsistency, being broadly 
consistent with both.
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Figure 1 | GW170817 measurement of H0. The marginalized posterior 
density for H0, p(H0 | GW170817), is shown by the blue curve. Constraints 
at 1σ (darker shading) and 2σ (lighter shading) from Planck20 and 
SHoES21 are shown in green and orange, respectively. The maximum a 
posteriori value and minimal 68.3% credible interval from this posterior 
density function is = . − .

+ . − −H 70 0 km s Mpc0 8 0
12 0 1 1. The 68.3% (1σ) and 95.4% 

(2σ) minimal credible intervals are indicated by dashed and dotted lines, 
respectively.
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Figure 2 | Inference on H0 and inclination. The posterior density of H0 
and cosι from the joint gravitational-wave–electromagnetic analysis are 
shown as blue contours. Shading levels are drawn at every 5% credible 
level, with the 68.3% (1σ; solid) and 95.4% (2σ; dashed) contours in black. 
Values of H0 and 1σ and 2σ error bands are also displayed from Planck20 
and SHoES21. Inclination angles near 180° (cosι = −1) indicate that the 
orbital angular momentum is antiparallel to the direction from the source 
to the detector.
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Astrophysical tests of GR: The landscape 
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Testing post-Newtonian gravity from the inspiral signal 

• Measure the deviations from the known PN 
coefficients of  the GW phase by treating each 
coefficient as a free parameter.  

Analogous to the tests of  GR using binary pulsars
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FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full band-
width of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical-relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Kep-
lerian effective black hole separation in units of Schwarzschild
radii (R

S

= 2GM/c2) and the effective relative velocity given
by the post-Newtonian parameter v/c = (GM⇡f/c3)1/3, where
f is the gravitational-wave frequency calculated with numerical
relativity and M is the total mass (value from Table I).

At the lower frequencies, such evolution is characterized
by the chirp mass [46]

M =
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�3/5

,

where f and ḟ are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and ḟ from the data in Fig. 1
we obtain a chirp mass of M ' 30M�, implying that the
total mass M = m1 + m2 is >⇠ 70M� in the detector
frame. This bounds the sum of the Schwarzschild radii of
the binary components to 2GM/c2 >⇠ 210 km. To reach
an orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this fre-
quency would be only ' 350 km apart. A pair of neutron
stars, while compact, would not have the required mass,
while a black hole-neutron star binary with the deduced
chirp mass would have a very large total mass, and would
thus merge at much lower frequency. This leaves black
holes as the only known objects compact enough to reach

an orbital frequency of 75 Hz without contact. Further-
more, the decay of the waveform after it peaks is consis-
tent with the damped oscillations of a black hole relaxing
to a final stationary Kerr configuration. Below, we present
a general-relativistic analysis of GW150914; Fig. 2 shows
the calculated waveform using the resulting source param-
eters.

Detectors — Gravitational-wave astronomy exploits multi-
ple, widely separated detectors to distinguish gravitational
waves from local instrumental and environmental noise, to
provide source sky localization from relative arrival times,
and to measure wave polarizations. The LIGO sites each
operate a single Advanced LIGO detector [32], a modi-
fied Michelson interferometer (see Fig. 3) that measures
gravitational-wave strain as a difference in length of its or-
thogonal arms. Each arm is formed by two mirrors, act-
ing as test masses, separated by L

x

= L
y

= L = 4 km.
A passing gravitational wave effectively alters the arm
lengths such that the measured difference is �L(t) =
�L

x

� �L
y

= h(t)L, where h is the gravitational-wave
strain amplitude projected onto the detector. This differ-
ential length variation alters the phase difference between
the two light fields returning to the beamsplitter, transmit-
ting an optical signal proportional to the gravitational-wave
strain to the output photodetector.

To achieve sufficient sensitivity to measure gravitational
waves the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains
a resonant optical cavity, formed by its two test mass mir-
rors, that multiplies the effect of a gravitational wave on
the light phase by a factor of 300 [48]. Second, a partially
transmissive power-recycling mirror at the input provides
additional resonant buildup of the laser light in the interfer-
ometer as a whole [49, 50]: 20 W of laser input is increased
to 700 W incident on the beamsplitter, which is further in-
creased to 100 kW circulating in each arm cavity. Third,
a partially transmissive signal-recycling mirror at the out-
put optimizes the gravitational-wave signal extraction by
broadening the bandwidth of the arm cavities [51, 52].
The interferometer is illuminated with a 1064-nm wave-
length Nd:YAG laser, stabilized in amplitude, frequency,
and beam geometry [53, 54]. The gravitational-wave sig-
nal is extracted at the output port using homodyne read-
out [55].

These interferometry techniques are designed to maxi-
mize the conversion of strain to optical signal, thereby min-
imizing the impact of photon shot noise (the principal noise
at high frequencies). High strain sensitivity also requires
that the test masses have low displacement noise, which
is achieved by isolating them from seismic noise (low fre-
quencies) and designing them to have low thermal noise
(mid frequencies). Each test mass is suspended as the final
stage of a quadruple pendulum system [56], supported by
an active seismic isolation platform [57]. These systems
collectively provide more than 10 orders of magnitude of
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FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full band-
width of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical-relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Kep-
lerian effective black hole separation in units of Schwarzschild
radii (R

S

= 2GM/c2) and the effective relative velocity given
by the post-Newtonian parameter v/c = (GM⇡f/c3)1/3, where
f is the gravitational-wave frequency calculated with numerical
relativity and M is the total mass (value from Table I).
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by the chirp mass [46]
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where f and ḟ are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and ḟ from the data in Fig. 1
we obtain a chirp mass of M ' 30M�, implying that the
total mass M = m1 + m2 is >⇠ 70M� in the detector
frame. This bounds the sum of the Schwarzschild radii of
the binary components to 2GM/c2 >⇠ 210 km. To reach
an orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this fre-
quency would be only ' 350 km apart. A pair of neutron
stars, while compact, would not have the required mass,
while a black hole-neutron star binary with the deduced
chirp mass would have a very large total mass, and would
thus merge at much lower frequency. This leaves black
holes as the only known objects compact enough to reach

an orbital frequency of 75 Hz without contact. Further-
more, the decay of the waveform after it peaks is consis-
tent with the damped oscillations of a black hole relaxing
to a final stationary Kerr configuration. Below, we present
a general-relativistic analysis of GW150914; Fig. 2 shows
the calculated waveform using the resulting source param-
eters.

Detectors — Gravitational-wave astronomy exploits multi-
ple, widely separated detectors to distinguish gravitational
waves from local instrumental and environmental noise, to
provide source sky localization from relative arrival times,
and to measure wave polarizations. The LIGO sites each
operate a single Advanced LIGO detector [32], a modi-
fied Michelson interferometer (see Fig. 3) that measures
gravitational-wave strain as a difference in length of its or-
thogonal arms. Each arm is formed by two mirrors, act-
ing as test masses, separated by L

x

= L
y

= L = 4 km.
A passing gravitational wave effectively alters the arm
lengths such that the measured difference is �L(t) =
�L

x

� �L
y

= h(t)L, where h is the gravitational-wave
strain amplitude projected onto the detector. This differ-
ential length variation alters the phase difference between
the two light fields returning to the beamsplitter, transmit-
ting an optical signal proportional to the gravitational-wave
strain to the output photodetector.

To achieve sufficient sensitivity to measure gravitational
waves the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains
a resonant optical cavity, formed by its two test mass mir-
rors, that multiplies the effect of a gravitational wave on
the light phase by a factor of 300 [48]. Second, a partially
transmissive power-recycling mirror at the input provides
additional resonant buildup of the laser light in the interfer-
ometer as a whole [49, 50]: 20 W of laser input is increased
to 700 W incident on the beamsplitter, which is further in-
creased to 100 kW circulating in each arm cavity. Third,
a partially transmissive signal-recycling mirror at the out-
put optimizes the gravitational-wave signal extraction by
broadening the bandwidth of the arm cavities [51, 52].
The interferometer is illuminated with a 1064-nm wave-
length Nd:YAG laser, stabilized in amplitude, frequency,
and beam geometry [53, 54]. The gravitational-wave sig-
nal is extracted at the output port using homodyne read-
out [55].

These interferometry techniques are designed to maxi-
mize the conversion of strain to optical signal, thereby min-
imizing the impact of photon shot noise (the principal noise
at high frequencies). High strain sensitivity also requires
that the test masses have low displacement noise, which
is achieved by isolating them from seismic noise (low fre-
quencies) and designing them to have low thermal noise
(mid frequencies). Each test mass is suspended as the final
stage of a quadruple pendulum system [56], supported by
an active seismic isolation platform [57]. These systems
collectively provide more than 10 orders of magnitude of

3

[LVC+ PRL 116, 061102 (2016)]



Testing post-Newtonian gravity from the inspiral signal 

• Measure the deviations from the known PN 
coefficients of  the GW phase by treating each 
coefficient as a free parameter.  

Analogous to the tests of  GR using binary pulsars

15

LIGO-P150914-v12

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full band-
width of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical-relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Kep-
lerian effective black hole separation in units of Schwarzschild
radii (R

S

= 2GM/c2) and the effective relative velocity given
by the post-Newtonian parameter v/c = (GM⇡f/c3)1/3, where
f is the gravitational-wave frequency calculated with numerical
relativity and M is the total mass (value from Table I).

At the lower frequencies, such evolution is characterized
by the chirp mass [46]
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where f and ḟ are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and ḟ from the data in Fig. 1
we obtain a chirp mass of M ' 30M�, implying that the
total mass M = m1 + m2 is >⇠ 70M� in the detector
frame. This bounds the sum of the Schwarzschild radii of
the binary components to 2GM/c2 >⇠ 210 km. To reach
an orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this fre-
quency would be only ' 350 km apart. A pair of neutron
stars, while compact, would not have the required mass,
while a black hole-neutron star binary with the deduced
chirp mass would have a very large total mass, and would
thus merge at much lower frequency. This leaves black
holes as the only known objects compact enough to reach

an orbital frequency of 75 Hz without contact. Further-
more, the decay of the waveform after it peaks is consis-
tent with the damped oscillations of a black hole relaxing
to a final stationary Kerr configuration. Below, we present
a general-relativistic analysis of GW150914; Fig. 2 shows
the calculated waveform using the resulting source param-
eters.

Detectors — Gravitational-wave astronomy exploits multi-
ple, widely separated detectors to distinguish gravitational
waves from local instrumental and environmental noise, to
provide source sky localization from relative arrival times,
and to measure wave polarizations. The LIGO sites each
operate a single Advanced LIGO detector [32], a modi-
fied Michelson interferometer (see Fig. 3) that measures
gravitational-wave strain as a difference in length of its or-
thogonal arms. Each arm is formed by two mirrors, act-
ing as test masses, separated by L

x

= L
y

= L = 4 km.
A passing gravitational wave effectively alters the arm
lengths such that the measured difference is �L(t) =
�L

x

� �L
y

= h(t)L, where h is the gravitational-wave
strain amplitude projected onto the detector. This differ-
ential length variation alters the phase difference between
the two light fields returning to the beamsplitter, transmit-
ting an optical signal proportional to the gravitational-wave
strain to the output photodetector.

To achieve sufficient sensitivity to measure gravitational
waves the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains
a resonant optical cavity, formed by its two test mass mir-
rors, that multiplies the effect of a gravitational wave on
the light phase by a factor of 300 [48]. Second, a partially
transmissive power-recycling mirror at the input provides
additional resonant buildup of the laser light in the interfer-
ometer as a whole [49, 50]: 20 W of laser input is increased
to 700 W incident on the beamsplitter, which is further in-
creased to 100 kW circulating in each arm cavity. Third,
a partially transmissive signal-recycling mirror at the out-
put optimizes the gravitational-wave signal extraction by
broadening the bandwidth of the arm cavities [51, 52].
The interferometer is illuminated with a 1064-nm wave-
length Nd:YAG laser, stabilized in amplitude, frequency,
and beam geometry [53, 54]. The gravitational-wave sig-
nal is extracted at the output port using homodyne read-
out [55].

These interferometry techniques are designed to maxi-
mize the conversion of strain to optical signal, thereby min-
imizing the impact of photon shot noise (the principal noise
at high frequencies). High strain sensitivity also requires
that the test masses have low displacement noise, which
is achieved by isolating them from seismic noise (low fre-
quencies) and designing them to have low thermal noise
(mid frequencies). Each test mass is suspended as the final
stage of a quadruple pendulum system [56], supported by
an active seismic isolation platform [57]. These systems
collectively provide more than 10 orders of magnitude of
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= 2GM/c2) and the effective relative velocity given
by the post-Newtonian parameter v/c = (GM⇡f/c3)1/3, where
f is the gravitational-wave frequency calculated with numerical
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At the lower frequencies, such evolution is characterized
by the chirp mass [46]

M =
(m1m2)3/5

(m1 +m2)1/5
=

c3

G


5

96
⇡�8/3f�11/3ḟ
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where f and ḟ are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and ḟ from the data in Fig. 1
we obtain a chirp mass of M ' 30M�, implying that the
total mass M = m1 + m2 is >⇠ 70M� in the detector
frame. This bounds the sum of the Schwarzschild radii of
the binary components to 2GM/c2 >⇠ 210 km. To reach
an orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this fre-
quency would be only ' 350 km apart. A pair of neutron
stars, while compact, would not have the required mass,
while a black hole-neutron star binary with the deduced
chirp mass would have a very large total mass, and would
thus merge at much lower frequency. This leaves black
holes as the only known objects compact enough to reach

an orbital frequency of 75 Hz without contact. Further-
more, the decay of the waveform after it peaks is consis-
tent with the damped oscillations of a black hole relaxing
to a final stationary Kerr configuration. Below, we present
a general-relativistic analysis of GW150914; Fig. 2 shows
the calculated waveform using the resulting source param-
eters.

Detectors — Gravitational-wave astronomy exploits multi-
ple, widely separated detectors to distinguish gravitational
waves from local instrumental and environmental noise, to
provide source sky localization from relative arrival times,
and to measure wave polarizations. The LIGO sites each
operate a single Advanced LIGO detector [32], a modi-
fied Michelson interferometer (see Fig. 3) that measures
gravitational-wave strain as a difference in length of its or-
thogonal arms. Each arm is formed by two mirrors, act-
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= h(t)L, where h is the gravitational-wave
strain amplitude projected onto the detector. This differ-
ential length variation alters the phase difference between
the two light fields returning to the beamsplitter, transmit-
ting an optical signal proportional to the gravitational-wave
strain to the output photodetector.

To achieve sufficient sensitivity to measure gravitational
waves the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains
a resonant optical cavity, formed by its two test mass mir-
rors, that multiplies the effect of a gravitational wave on
the light phase by a factor of 300 [48]. Second, a partially
transmissive power-recycling mirror at the input provides
additional resonant buildup of the laser light in the interfer-
ometer as a whole [49, 50]: 20 W of laser input is increased
to 700 W incident on the beamsplitter, which is further in-
creased to 100 kW circulating in each arm cavity. Third,
a partially transmissive signal-recycling mirror at the out-
put optimizes the gravitational-wave signal extraction by
broadening the bandwidth of the arm cavities [51, 52].
The interferometer is illuminated with a 1064-nm wave-
length Nd:YAG laser, stabilized in amplitude, frequency,
and beam geometry [53, 54]. The gravitational-wave sig-
nal is extracted at the output port using homodyne read-
out [55].

These interferometry techniques are designed to maxi-
mize the conversion of strain to optical signal, thereby min-
imizing the impact of photon shot noise (the principal noise
at high frequencies). High strain sensitivity also requires
that the test masses have low displacement noise, which
is achieved by isolating them from seismic noise (low fre-
quencies) and designing them to have low thermal noise
(mid frequencies). Each test mass is suspended as the final
stage of a quadruple pendulum system [56], supported by
an active seismic isolation platform [57]. These systems
collectively provide more than 10 orders of magnitude of
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•Post-Newtonian coefficients estimated from the 
data consistent with the theory prediction. C Inspiral–merger–ringdown consistency test V TESTS OF GENERAL RELATIVITY

FIG. 9. Violin plots for the parametrized test, combining posteriors for GW170104 with the two confident detections made in
the first observing run, GW150914 and GW151226 [13].

low-frequency, inspiral-dominated portion of the wave-
form is consistent with the high-frequency, merger–
ringdown portion. The two frequency ranges are analysed
separately, and the inferred parameters are compared.
The test uses the estimated final black hole mass and spin
(calculated from the component masses and spins using
numerical-relativity fits as detailed in Sec. III) [58, 88].
If the waveform is compatible with the predictions of
GR, we expect that the parameters inferred from the
two pieces will be consistent with each other, although
the di↵erence will not, in general, be zero because of
detector noise. In Fig. 10, we show the posteriors on
the fractional di↵erence in the two estimates of the final
mass and spin for GW170104 and GW150914, as well
as the combined posterior. The di↵erence in the esti-

mates are divided by the mean of the two estimates to
produce the fractional parameters that describe poten-
tial departures from the GR predictions: �a

f

/ā
f

for the
spin and �M

f

/M̄
f

for the mass [89]. These definitions
are slightly di↵erent from the ones used in our earlier
papers [58, 88], but serve the same qualitative role [89].
Each of the distributions is consistent with the GR value.
The posterior for GW170104 is broader, consistent with
this event being quieter, and having a lower total mass,
which makes it harder to measure the post-inspiral pa-
rameters. The width of the 90% credible intervals for the
combined posteriors of �M

f

/M̄
f

are smaller than those
computed from GW170104 (GW150914) by a factor of
⇠ 1.6 (1.3), and the intervals for �a

f

/ā
f

are improved by
a factor of ⇠ 1.4 (1.2).
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•Post-Newtonian coefficients estimated from the 
data consistent with the theory prediction.  

•First constraints on higher order PN 
coefficients. 
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FIG. 6. 90% upper bounds on the fractional variations for the
known PN coe�cients compared to their known value in GR.
The orange squares are the 90% upper bounds obtained from the
single-parameter analysis of GW150914. As a comparison, the
blue triangles show the 90% upper bounds extrapolated exclusively
from the orbital-period derivative, Ṗorb, of the double pulsar J0737-
3039 [12, 84]. The GW phase deduced from an almost constant Ṗorb
cannot provide significant information as the PN order is increased.
As an illustration of the di↵erent dynamical regimes between the
double pulsar and GW150914, we show the bounds for the former
only up to 1PN order. We do not report on the 2.5PN coe�cient be-
cause, being degenerate with the reference phase, it is unmeasurable.
We also do not report on the logarithmic terms in the PN series at
2.5PN and 3PN order, which can be found in Table I and in Fig. 7.

cients ↵ j, j = 1, 2, 3. Due to the procedure through which
the model is constructed, which involves fitting a waveform
phasing ansatz to a calibration set of EOB joined to NR wave-
forms [39], there is an intrinsic uncertainty in the values of
the phenomenological parameters of the IMRPhenom model.
For the intermediate and merger-ringdown regime, we veri-
fied that these intrinsic uncertainties are much smaller than
the corresponding statistical uncertainties for GW150914 and
thus do not a↵ect our conclusions. In the late-inspiral case, the
uncertainties associated with the calibration of the � j param-
eters are very large and almost comparable with our results.
Therefore, we do not report results for the � j parameters.

As said, we construct the gIMR model by introducing
(fractional) deformations, � p̂i, for each of the IMRPhenom
phase parameters pi, which appear in the di↵erent stages
of the coalescence discussed above. At each point in pa-
rameter space, the coe�cients pi are evaluated for the local
physical parameters (masses, spins) and multiplied by factors
(1 + � p̂i). In this parameterization, GR is uniquely defined
as the locus in the parameter space where each of the phe-
nomenological parameters, {�p̂i}, assumes exactly the value of
zero. In summary, our battery of testing parameters consists
of: (i) early-inspiral stage: {�'̂0, �'̂1, �'̂2, �'̂3, �'̂4, �'̂5l, �'̂6,

�'̂6l, �'̂7} 5, (ii) late-inspiral stage: {��̂2, ��̂3, ��̂4}, (iii) inter-
mediate regime: {��̂2, ��̂3}, and (iv) merger-ringdown regime:
{�↵̂2, �↵̂3, �↵̂4}. We do not consider parameters that are de-
generate with either the reference time or the reference phase.
For our analysis, we explore two scenarios: single-parameter
analysis, in which only one of the parameters is allowed to
vary while the remaining ones are fixed to their GR value,
that is zero, and multiple-parameter analysis in which all pa-
rameters in each stage are allowed to vary simultaneously.

The rationale behind our choices of single- and multiple-
parameter analyses comes from the following considerations.
In most known alternative theories of gravity [13, 14, 85], the
corrections to GR extend to all PN orders even if in most cases
they have been computed only at leading PN order. Consider-
ing that GW150914 is an inspiral, merger and ringdown sig-
nal, sweeping through the detector between 20 Hz and 300
Hz, we expect to see the signal deviations from GR at all PN
orders. The single-parameter analysis corresponds to mini-
mally extended models, that can capture deviations from GR
that predominantly, but not only, occur at a specific PN order.
Due to their covariance, we find that in the multiple-parameter
analysis the correlations among the parameters is very signif-
icant. In other words, a shift in one of the testing parameters
can always be compensated by an opposite sign change of an-
other parameter and still return the same overall GW phase.
Thus, it is not surprising that the multiple-parameter case pro-
vides a much more conservative statement on the agreement
between GW150914 and GR.

For each set of testing parameters, we perform a separate
LALInference analysis, where in concert with the full set of
GR parameters [3], we also explore the posterior distributions
for the specified set of testing parameters. Since our testing
parameters are purely phenomenological (except the ones of
the PN early-inspiral stage), we choose their prior probabil-
ity distributions to be uniform and wide enough to encompass
the full posterior probability density function in the single-
parameter case. In particular we employ: �'̂i 2 [�20, 20];
��̂i 2 [�30, 30]; ��̂i 2 [�3, 3]; �↵̂i 2 [�5, 5]. In all the anal-
yses that we performed we obtain estimates of the physical
parameters — e.g., masses and spins – that are in agreement
with the ones reported in Ref. [3].

We show in Fig. 6 the 90% upper bounds on the values of
the (known) PN parameters �'̂i with i = 0, . . . , 7 (except for
i = 5, which is degenerate with the reference phase), when
varying the testing parameters one at the time, keeping the
other parameters fixed to the GR value. As an illustration, fol-
lowing Ref. [84], we also show in Fig. 6 the bounds obtained
from the orbital-period derivative Ṗorb of the double pulsar
J0737-3039 [12]. Not surprisingly, since in binary pulsars the
orbital period changes at essentially a constant rate, the cor-
responding bounds quickly become rather loose as the PN or-

5 Unlike Ref. [39], we explicitly include the logarithmic terms �'̂5l and �'̂6l.
We also include the 0.5PN parameter that is zero in GR, thus �'̂1 is an
absolute shift rather than relative.
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• During the late stages of  the ringdown of  the final black 
hole, waveform is described by a spectrum of  quasi-
normal modes. 

18

[Buonanno, Cook, Pretorius, 2006]
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FIG. 15: Comparison of numerical and QNM −2C22 ring-down waveforms for d = 16 and 19. All plots show the numerical
ring-down waveform as a thin solid (black) line. The thick solid (red) line displays the fit of the ring-down signal using the
first N ℓ = 2, m = 2 overtones beyond the fundamental. For plots containing N > 0 overtones, we also include the fit residual
from the previous value of N . This is displayed as a dashed (blue) line. The coefficients for the displayed fits are found in
Tables VIII and IX.

preceding the point where |−2C22| reaches its peak. For each case beyond the fit to the fundamental n = 0 mode, we
include the residual of the previous fit. To be explicit, the residual displayed for N = 1 is defined as the difference
between the numerical signal and the fit obtained using the fundamental mode. The residual displayed for N = 2
is the difference between the numerical signal and the n = 0, 1 modes used in the N = 1 fit. This residual gives an
estimate of the remaining signal that is being fit. However, it is important to remember that for each value of N ,
the entire signal is actually being fit, including a redetermination of a/Mf and Mf/M for all the modes. The most
important point to notice from the residuals is that for each value of N there is a clear signal that is being fit.

A close examination of Tables VII–IX reveals a significant level of consistency to the fits. For each separation d,
the spin and mass ratios remain very consistent and the C22n and φ22n coefficients remain quite consistent, as we
increase the number of overtones included in the fits. This is true individually within the separate fits of the real and
imaginary parts of −2C22, and consistency is also seen between the fits of the real and imaginary parts. While the
ℓ = 2, m = 2 QNMs seem to dominate the ring down signal in −2C22, the ℓ = 2, m = −2 modes and the modes with
ℓ > 2 should be present. However, the remaining residual after the N = 3 fit (not shown in any figure) has very low
amplitude at times after the peak in |−2C22|. While there are some hints to structure, there is insufficient signal and
the simple approach we have used for fitting does not yield consistent fits when additional modes are included.

However, if we fix the values for a/Mf and Mf/M to the values obtained from the ℓ = 2, m = 2 fits, we can fit
for the Cℓ±2n and φℓ±2n coefficients for a range of modes. Doing so, we find that the fundamental QNM with ℓ = 3,
m = −2 has the most significant contribution, followed by the ℓ = 4, m = −2 and ℓ = 3, m = 2 fundamental modes
at roughly comparable levels. Unlike the case of fitting only the ℓ = 2, m = 2 modes, adding in higher overtones
when an increased spectrum of modes was considered did not lead to consistent fits. Part of the difficulty in finding
consistent fits to the subdominant modes is likely due to the fact that the signal associated with these modes is close
to the level of numerical precision in the waveform. However, it is also likely that more sophisticated fitting methods
are needed. In particular, it would be useful to fit the real and imaginary parts of the waveform simultaneously. It
may also be helpful to fit several −2Cℓm modes simultaneously.

While fitting multiple modes is problematic in some cases, it is essential in others. For the case of −2C32(t), the
dominant QNMs include both ℓ = 2 and ℓ = 3, both with m = 2. In fact, it was not possible to fit the ring-down
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FIG. 15: Comparison of numerical and QNM −2C22 ring-down waveforms for d = 16 and 19. All plots show the numerical
ring-down waveform as a thin solid (black) line. The thick solid (red) line displays the fit of the ring-down signal using the
first N ℓ = 2, m = 2 overtones beyond the fundamental. For plots containing N > 0 overtones, we also include the fit residual
from the previous value of N . This is displayed as a dashed (blue) line. The coefficients for the displayed fits are found in
Tables VIII and IX.

preceding the point where |−2C22| reaches its peak. For each case beyond the fit to the fundamental n = 0 mode, we
include the residual of the previous fit. To be explicit, the residual displayed for N = 1 is defined as the difference
between the numerical signal and the fit obtained using the fundamental mode. The residual displayed for N = 2
is the difference between the numerical signal and the n = 0, 1 modes used in the N = 1 fit. This residual gives an
estimate of the remaining signal that is being fit. However, it is important to remember that for each value of N ,
the entire signal is actually being fit, including a redetermination of a/Mf and Mf/M for all the modes. The most
important point to notice from the residuals is that for each value of N there is a clear signal that is being fit.

A close examination of Tables VII–IX reveals a significant level of consistency to the fits. For each separation d,
the spin and mass ratios remain very consistent and the C22n and φ22n coefficients remain quite consistent, as we
increase the number of overtones included in the fits. This is true individually within the separate fits of the real and
imaginary parts of −2C22, and consistency is also seen between the fits of the real and imaginary parts. While the
ℓ = 2, m = 2 QNMs seem to dominate the ring down signal in −2C22, the ℓ = 2, m = −2 modes and the modes with
ℓ > 2 should be present. However, the remaining residual after the N = 3 fit (not shown in any figure) has very low
amplitude at times after the peak in |−2C22|. While there are some hints to structure, there is insufficient signal and
the simple approach we have used for fitting does not yield consistent fits when additional modes are included.

However, if we fix the values for a/Mf and Mf/M to the values obtained from the ℓ = 2, m = 2 fits, we can fit
for the Cℓ±2n and φℓ±2n coefficients for a range of modes. Doing so, we find that the fundamental QNM with ℓ = 3,
m = −2 has the most significant contribution, followed by the ℓ = 4, m = −2 and ℓ = 3, m = 2 fundamental modes
at roughly comparable levels. Unlike the case of fitting only the ℓ = 2, m = 2 modes, adding in higher overtones
when an increased spectrum of modes was considered did not lead to consistent fits. Part of the difficulty in finding
consistent fits to the subdominant modes is likely due to the fact that the signal associated with these modes is close
to the level of numerical precision in the waveform. However, it is also likely that more sophisticated fitting methods
are needed. In particular, it would be useful to fit the real and imaginary parts of the waveform simultaneously. It
may also be helpful to fit several −2Cℓm modes simultaneously.

While fitting multiple modes is problematic in some cases, it is essential in others. For the case of −2C32(t), the
dominant QNMs include both ℓ = 2 and ℓ = 3, both with m = 2. In fact, it was not possible to fit the ring-down
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FIG. 4. We show the posterior 90% confidence regions from
Bayesian parameter estimation for a damped-sinusoid model, assum-
ing di↵erent start-times t0 = tM + 1, 3, 5, 7 ms, labeled by o↵set from
the merger time tM of the most-probable waveform from GW150914.
The black solid line shows contours of 90% confidence region for the
frequency f0 and decay time ⌧ of the ` = 2, m = 2 and n = 0 (i.e.,
the least damped) QNM obtained from the inspiral-merger-ringdown
waveform for the entire detector’s bandwidth.

ringdown signal. It confirms the expected behavior: the in-
tersection of the inspiral and post-inspiral 90% confidence re-
gions (defined by the isoprobability contours that enclose 90%
of the posterior) contain the inspiral-merger-ringdown 90%
confidence region. We have verified that these conclusions
are not a↵ected by the specific formula [38, 57, 60] used to
predict Mf and a f , nor by the choice of f end insp

GW within a few
cycles of the waveform’s peak.

To assess the significance of our findings more quantita-
tively, we define parameters �Mf /Mf and �a f /a f that de-
scribe the fractional di↵erence in the two estimates of the final
mass and spin [58]. In the bottom panel of Fig. 3 we show
their joint posterior distribution; the solid line marks the iso-
probability contour that contains 90% of the posterior. The
plus symbol indicates the null (0, 0) result expected in GR,
which lies on the isoprobability contour that encloses 28% of
the posterior. We have checked that when performing anal-
yses of NR signals added to LIGO instrumental noise, the
null (0, 0) result expected in GR lies within isoprobability con-
tours that encloses 68% of the posterior, roughly 68% of the
time, as expected from random-noise fluctuations. By con-
trast, our test can rule out the null hypothesis (with high statis-
tical significance) when analyzing a simulated signal that re-
flects a significant GR violation in the frequency dependence
of the energy and angular-momentum loss [58], even when we
choose violations which would be too small to be noticeable
in double-pulsar observations [12]. Thus, our inspiral-merger-
ringdown test shows no evidence of discrepancies with the
predictions of GR.

The mass and dimensionless spin of the final black hole im-
plied by formulae obtained from NR simulations together with
the component mass and spin posteriors [3] are 67+4

�4 M� (in

the source frame 62+4
�4 M�) and 0.67+0.05

�0.07 at 90% confidence.
From the posterior distributions of the mass and spin of the
final black hole, we can predict the frequency and decay time
of the least-damped QNM (i.e., the ` = 2,m = 2, n = 0 over-
tone) [61]. We find f QNM

220 = 251+8
�8 Hz and ⌧QNM

220 = 4.0+0.3
�0.3 ms

at 90% confidence.
Testing for the least-damped QNM in the data. We per-

form a test to check the consistency of the data with the pre-
dicted least-damped QNM of the remnant black hole. For
this purpose we compute the Bayes factor between a damped-
sinusoid waveform model and Gaussian noise, and estimate
the corresponding parameter posteriors. The signal model
used is h(t � t0) = A e�(t�t0)/⌧ cos

⇥
2⇡ f0 (t � t0) + �0

⇤
, h(t <

t0) = 0, with fixed starting time t0, and uniform priors over
the unknown frequency f0 2 [200, 300] Hz and damping time
⌧ 2 [0.5, 20] ms. The prior on amplitude A and phase �0 is
chosen as a two-dimensional Gaussian isotropic prior in {As ⌘
�A sin �0, Ac ⌘ A cos �0} with a characteristic scale H, which
is in turn marginalized over the range H 2 [2, 10]⇥10�22 with
a prior / 1/H. This is a practical choice that encodes relative
ignorance about the detectable damped-sinusoid amplitude in
this range.

We compute the Bayes factor and posterior estimates of
{ f0, ⌧} as a function of the unknown QNM start-time t0, which
we parameterize as an o↵set from a fiducial GPS merger time3

tM = 1126259462.423 (referring to the GPS arrival time at the
LIGO Hanford site). Figure 4 shows various di↵erent poste-
rior 90% credible contours in { f0, ⌧} as a function of the start-
time o↵set t0�tM from merger, in addition to the least-damped
QNM prediction from GR derived in the previous section.

The 90% posterior contour starts to overlap the GR predic-
tion from the IMR waveform at t0 = tM + 3 ms, or ⇠ 10 M
after merger. The corresponding Bayes factor at this point is
log10 B ⇠ 17 with an SNR in the MAP waveform { f0, ⌧} of
SNR ⇠ 9. At t0 = tM + 5 ms the MAP waveform actually falls
within the (much smaller) IMR prediction uncertainty, and the
Bayes factor is log10 B ⇠ 9 and SNR ⇠ 7. At t0 = tM + 7 ms,
or about 20 M after merger, the posterior uncertainty becomes
quite large, and the Bayes factor drops to log10 B ⇠ 2.6 with
SNR ⇠ 4.4. The signal becomes undetectable shortly there-
after, t0 � tM + 8 ms or so, where B ⇠ 1.

Measuring only the frequency and decay time of one
damped sinusoid in the data does not allow us to conclude
that we have observed the least-damped QNM of the final
black hole. The measured quality factor can be obtained from
several QNMs that have di↵erent black-hole’s spin, harmon-
ics and overtones (see, e.g., Ref. [61] and references therein).
However, the overlap between the 90% posterior contour of
the damped-sinusoid waveform model and the 90% confi-
dence region estimated from the IMR waveform indicates that

3 The merger time is obtained by taking the EOBNR MAP waveform and
lining this waveform up with the data such that the largest SNR is obtained.
The merger time is then defined as the point at which the quadrature sum
of the h+ and h⇥ polarizations is maximum.

expectation from 
the estimated 

values of the final 
mass/spin

estimated by 
fitting the 

QNMs

•Post-merger part is consistent with the 
presence of  the least damped QNM as 
predicted by GR.

[LVC+ PRL 116, 221101 (2016)]



Evidence of quasi-normal modes in GW150914

20

9

200 220 240 260 280 300
QNM frequency (Hz)

0

2

4

6

8

10

12

14

Q
N

M
de

ca
y

tim
e

(m
s)

1.
0

m
s

3.0 ms
5.0 ms

7.0 ms

7.0
ms

IMR (l = 2,m = 2,n = 0)

FIG. 4. We show the posterior 90% confidence regions from
Bayesian parameter estimation for a damped-sinusoid model, assum-
ing di↵erent start-times t0 = tM + 1, 3, 5, 7 ms, labeled by o↵set from
the merger time tM of the most-probable waveform from GW150914.
The black solid line shows contours of 90% confidence region for the
frequency f0 and decay time ⌧ of the ` = 2, m = 2 and n = 0 (i.e.,
the least damped) QNM obtained from the inspiral-merger-ringdown
waveform for the entire detector’s bandwidth.

ringdown signal. It confirms the expected behavior: the in-
tersection of the inspiral and post-inspiral 90% confidence re-
gions (defined by the isoprobability contours that enclose 90%
of the posterior) contain the inspiral-merger-ringdown 90%
confidence region. We have verified that these conclusions
are not a↵ected by the specific formula [38, 57, 60] used to
predict Mf and a f , nor by the choice of f end insp

GW within a few
cycles of the waveform’s peak.

To assess the significance of our findings more quantita-
tively, we define parameters �Mf /Mf and �a f /a f that de-
scribe the fractional di↵erence in the two estimates of the final
mass and spin [58]. In the bottom panel of Fig. 3 we show
their joint posterior distribution; the solid line marks the iso-
probability contour that contains 90% of the posterior. The
plus symbol indicates the null (0, 0) result expected in GR,
which lies on the isoprobability contour that encloses 28% of
the posterior. We have checked that when performing anal-
yses of NR signals added to LIGO instrumental noise, the
null (0, 0) result expected in GR lies within isoprobability con-
tours that encloses 68% of the posterior, roughly 68% of the
time, as expected from random-noise fluctuations. By con-
trast, our test can rule out the null hypothesis (with high statis-
tical significance) when analyzing a simulated signal that re-
flects a significant GR violation in the frequency dependence
of the energy and angular-momentum loss [58], even when we
choose violations which would be too small to be noticeable
in double-pulsar observations [12]. Thus, our inspiral-merger-
ringdown test shows no evidence of discrepancies with the
predictions of GR.

The mass and dimensionless spin of the final black hole im-
plied by formulae obtained from NR simulations together with
the component mass and spin posteriors [3] are 67+4

�4 M� (in

the source frame 62+4
�4 M�) and 0.67+0.05

�0.07 at 90% confidence.
From the posterior distributions of the mass and spin of the
final black hole, we can predict the frequency and decay time
of the least-damped QNM (i.e., the ` = 2,m = 2, n = 0 over-
tone) [61]. We find f QNM

220 = 251+8
�8 Hz and ⌧QNM

220 = 4.0+0.3
�0.3 ms

at 90% confidence.
Testing for the least-damped QNM in the data. We per-

form a test to check the consistency of the data with the pre-
dicted least-damped QNM of the remnant black hole. For
this purpose we compute the Bayes factor between a damped-
sinusoid waveform model and Gaussian noise, and estimate
the corresponding parameter posteriors. The signal model
used is h(t � t0) = A e�(t�t0)/⌧ cos

⇥
2⇡ f0 (t � t0) + �0

⇤
, h(t <

t0) = 0, with fixed starting time t0, and uniform priors over
the unknown frequency f0 2 [200, 300] Hz and damping time
⌧ 2 [0.5, 20] ms. The prior on amplitude A and phase �0 is
chosen as a two-dimensional Gaussian isotropic prior in {As ⌘
�A sin �0, Ac ⌘ A cos �0} with a characteristic scale H, which
is in turn marginalized over the range H 2 [2, 10]⇥10�22 with
a prior / 1/H. This is a practical choice that encodes relative
ignorance about the detectable damped-sinusoid amplitude in
this range.

We compute the Bayes factor and posterior estimates of
{ f0, ⌧} as a function of the unknown QNM start-time t0, which
we parameterize as an o↵set from a fiducial GPS merger time3

tM = 1126259462.423 (referring to the GPS arrival time at the
LIGO Hanford site). Figure 4 shows various di↵erent poste-
rior 90% credible contours in { f0, ⌧} as a function of the start-
time o↵set t0�tM from merger, in addition to the least-damped
QNM prediction from GR derived in the previous section.

The 90% posterior contour starts to overlap the GR predic-
tion from the IMR waveform at t0 = tM + 3 ms, or ⇠ 10 M
after merger. The corresponding Bayes factor at this point is
log10 B ⇠ 17 with an SNR in the MAP waveform { f0, ⌧} of
SNR ⇠ 9. At t0 = tM + 5 ms the MAP waveform actually falls
within the (much smaller) IMR prediction uncertainty, and the
Bayes factor is log10 B ⇠ 9 and SNR ⇠ 7. At t0 = tM + 7 ms,
or about 20 M after merger, the posterior uncertainty becomes
quite large, and the Bayes factor drops to log10 B ⇠ 2.6 with
SNR ⇠ 4.4. The signal becomes undetectable shortly there-
after, t0 � tM + 8 ms or so, where B ⇠ 1.

Measuring only the frequency and decay time of one
damped sinusoid in the data does not allow us to conclude
that we have observed the least-damped QNM of the final
black hole. The measured quality factor can be obtained from
several QNMs that have di↵erent black-hole’s spin, harmon-
ics and overtones (see, e.g., Ref. [61] and references therein).
However, the overlap between the 90% posterior contour of
the damped-sinusoid waveform model and the 90% confi-
dence region estimated from the IMR waveform indicates that

3 The merger time is obtained by taking the EOBNR MAP waveform and
lining this waveform up with the data such that the largest SNR is obtained.
The merger time is then defined as the point at which the quadrature sum
of the h+ and h⇥ polarizations is maximum.

expectation from 
the estimated 

values of the final 
mass/spin

estimated by 
fitting the 

QNMs

•Post-merger part is consistent with the 
presence of  the least damped QNM as 
predicted by GR.

Future observations should allow 
us to fit multiple QNMs, and 

hence to test the “no-
hair”theorem. 
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Consistency between the inspiral, merger and ringdown

• Mass and spin of  the final BH estimated from the inspiral 
and post-inspiral parts are consistent with each other. 
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FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full band-
width of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical-relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Kep-
lerian effective black hole separation in units of Schwarzschild
radii (R

S

= 2GM/c2) and the effective relative velocity given
by the post-Newtonian parameter v/c = (GM⇡f/c3)1/3, where
f is the gravitational-wave frequency calculated with numerical
relativity and M is the total mass (value from Table I).

At the lower frequencies, such evolution is characterized
by the chirp mass [46]

M =
(m1m2)3/5

(m1 +m2)1/5
=

c3

G


5

96
⇡�8/3f�11/3ḟ

�3/5

,

where f and ḟ are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and ḟ from the data in Fig. 1
we obtain a chirp mass of M ' 30M�, implying that the
total mass M = m1 + m2 is >⇠ 70M� in the detector
frame. This bounds the sum of the Schwarzschild radii of
the binary components to 2GM/c2 >⇠ 210 km. To reach
an orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this fre-
quency would be only ' 350 km apart. A pair of neutron
stars, while compact, would not have the required mass,
while a black hole-neutron star binary with the deduced
chirp mass would have a very large total mass, and would
thus merge at much lower frequency. This leaves black
holes as the only known objects compact enough to reach

an orbital frequency of 75 Hz without contact. Further-
more, the decay of the waveform after it peaks is consis-
tent with the damped oscillations of a black hole relaxing
to a final stationary Kerr configuration. Below, we present
a general-relativistic analysis of GW150914; Fig. 2 shows
the calculated waveform using the resulting source param-
eters.

Detectors — Gravitational-wave astronomy exploits multi-
ple, widely separated detectors to distinguish gravitational
waves from local instrumental and environmental noise, to
provide source sky localization from relative arrival times,
and to measure wave polarizations. The LIGO sites each
operate a single Advanced LIGO detector [32], a modi-
fied Michelson interferometer (see Fig. 3) that measures
gravitational-wave strain as a difference in length of its or-
thogonal arms. Each arm is formed by two mirrors, act-
ing as test masses, separated by L

x

= L
y

= L = 4 km.
A passing gravitational wave effectively alters the arm
lengths such that the measured difference is �L(t) =
�L

x

� �L
y

= h(t)L, where h is the gravitational-wave
strain amplitude projected onto the detector. This differ-
ential length variation alters the phase difference between
the two light fields returning to the beamsplitter, transmit-
ting an optical signal proportional to the gravitational-wave
strain to the output photodetector.

To achieve sufficient sensitivity to measure gravitational
waves the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains
a resonant optical cavity, formed by its two test mass mir-
rors, that multiplies the effect of a gravitational wave on
the light phase by a factor of 300 [48]. Second, a partially
transmissive power-recycling mirror at the input provides
additional resonant buildup of the laser light in the interfer-
ometer as a whole [49, 50]: 20 W of laser input is increased
to 700 W incident on the beamsplitter, which is further in-
creased to 100 kW circulating in each arm cavity. Third,
a partially transmissive signal-recycling mirror at the out-
put optimizes the gravitational-wave signal extraction by
broadening the bandwidth of the arm cavities [51, 52].
The interferometer is illuminated with a 1064-nm wave-
length Nd:YAG laser, stabilized in amplitude, frequency,
and beam geometry [53, 54]. The gravitational-wave sig-
nal is extracted at the output port using homodyne read-
out [55].

These interferometry techniques are designed to maxi-
mize the conversion of strain to optical signal, thereby min-
imizing the impact of photon shot noise (the principal noise
at high frequencies). High strain sensitivity also requires
that the test masses have low displacement noise, which
is achieved by isolating them from seismic noise (low fre-
quencies) and designing them to have low thermal noise
(mid frequencies). Each test mass is suspended as the final
stage of a quadruple pendulum system [56], supported by
an active seismic isolation platform [57]. These systems
collectively provide more than 10 orders of magnitude of

3

inspiral post-inspiral

8

GW150914, our waveform models have much higher FFs
against numerical GR waveforms, we conclude that the noise-
weighted correlation between the observed strain signal and
the true GR waveform is � 96%. This statement can be read
as implying that the GR prediction for GW150914 is veri-
fied to better than 4%, in a precise sense related to noise-
weighted signal correlation; and conversely, that e↵ects due to
GR-violations in GW150914 are limited to less than 4% (for
e↵ects that cannot be reabsorbed in a redefinition of physical
parameters).

Inspiral, merger and ringdown consistency test. We now
perform a test to show that the inspiral and merger/ringdown
parts of GW150914 do not deviate from the predictions of a
binary black-hole coalescence in GR. One way to do that is
to compare the estimates of the mass and spin of the remnant
obtained from di↵erent parts of the waveform, using the rela-
tions between the binary’s components and final masses and
spins provided by NR [57].

We first explore the posterior distributions of the bi-
nary’s component masses and spins from the “inspiral” (low-
frequency) part of the observed signal, using the nested sam-
pling algorithm from the LALInference software library [50],
and then use formulae obtained from NR simulations to get
posterior distributions of the remnant’s mass and spin. The
inspiral part of the signal is defined as follows. We fix the
frequency at which the inspiral phase ends to f end insp

GW = 132
Hz, close to the MAP waveform’s merger frequency [3] (see
Figs. 2 and 5 below), and restrict the waveform model in the
frequency domain from 20 Hz to f end insp

GW . Next, we estimate
posterior distributions on the mass and spin of the final com-
pact object from the “post-inspiral” (high-frequency) signal
that is dominated by the contribution from merger and ring-
down stages (i.e., from the waveform model that extends from
f end insp
GW up to 1024 Hz), again using formulae obtained from

NR simulations. We notice that the expectation value of the
SNRdet from the MAP waveform whose support is only from
20 Hz to 132 Hz is ⇠ 19.5, while when the support is from
132 Hz to 1024 Hz it is ⇠ 16. Finally, we compare these
two estimates of the final Mf and dimensionless spin a f , and
compare them also against the estimate performed using the
full inspiral–merger–ringdown waveform GW150914. In all
cases, we average the posteriors obtained with the EOBNR
and IMRPhenom waveform models, following the procedure
outlined in Ref. [3]. Technical details about the implementa-
tion of this test can be found in Ref. [58].

This test is similar in spirit to the �2 GW-search veto [2, 59]
that penalizes event candidates if their (noise-weighted) resid-
ual with respect to theoretical templates is too uneven across
frequency segments—a warning that some parts of the wave-
form are fit much worse than others, and thus the candidates
may be due to instrument glitches that are very loud, but
do not resemble binary-inspiral signals. However, �2 tests
are performed by comparing the data with a single theoret-
ical waveform, while in this case we allow the inspiral and
merger/ringdown partial waveforms to select di↵erent physi-
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FIG. 3. Top panel: 90% confidence regions on the joint posterior
distributions for the mass Mf and dimensionless spin af of the final
compact object predicted from the inspiral (dark violet, dashed) and
measured from the post-inspiral (violet, dot-dashed), as well as the
result from a full inspiral-merger-ringdown (IMR) analysis (black).
Bottom panel: Posterior distributions for the parameters �Mf /Mf
and �af /af that describe the fractional di↵erence in the estimates
of the final mass and spin from inspiral and post-inspiral parts. The
contour shows the 90% confidence region. The plus symbol indicates
the expected value (0, 0) in GR.

cal parameters. Thus, this test should be sensitive to subtler
deviations from the predictions of GR.

In Fig. 2 we show the EOBNR MAP waveform [3] with its
instantaneous GW frequency; the shaded areas correspond to
the 90% credible regions. The vertical line marks f end insp

GW =
132 Hz; see also Fig. 5 below, where we plot the MAP
frequency-domain amplitude and indicate the inspiral, inter-
mediate, and merger-ringdown regimes. In Fig. 3 we sum-
marize our findings. The top panel of Fig. 3 shows the poste-
rior distributions of Mf and a f estimated from the inspiral and
post-inspiral parts, as well as from the entire inspiral–merger–
ringdown signal. It confirms the expected behavior: the in-

GW150914
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Consistency between the inspiral, merger and ringdown

• Posteriors on parameters describing 
deviations from GR consistent with (0,0).  

Tighter constraints on deviations from GR 
predictions by combining multiple events

22[LVC+ PRL  118, 221101 (2017) Supl. Material]

C Inspiral–merger–ringdown consistency test V TESTS OF GENERAL RELATIVITY

FIG. 10. Posterior probability distributions for the fractional
di↵erences in the remnant black hole mass �Mf/M̄f and spin
�af/āf calculated using the low-frequency (inspiral) and high-
frequency (merger–ringdown) parts of the waveform. The GR
solution is at (0, 0), shown in the two-dimensional plot as a
black + marker. The contours show the 90% credible region,
the lines in the one-dimensional histograms mark the 90%
credible interval. We show the posteriors for GW170104 and
GW150914, as well as the combined posterior using both.
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Phys. Rev. D 89, 084006 (2014), arXiv:1307.6232 [gr-qc].

[24] A. Taracchini et al., Phys. Rev. D 89, 061502 (2014),
arXiv:1311.2544 [gr-qc].

[25] S. Babak, A. Taracchini, and A. Buonanno, Phys. Rev.
D 95, 024010 (2017), arXiv:1607.05661 [gr-qc].

[26] T. A. Apostolatos, C. Cutler, G. J. Sussman, and K. S.
Thorne, Phys. Rev. D 49, 6274 (1994).

[27] B. Farr, E. Ochsner, W. M. Farr, and R. O’Shaughnessy,
Phys. Rev. D 90, 024018 (2014), arXiv:1404.7070 [gr-qc].

[28] B. F. Schutz, Classical Quantum Gravity 28, 125023
(2011), arXiv:1102.5421 [astro-ph.IM].

[29] S. Nissanke, M. Kasliwal, and A. Georgieva, Astrophys.
J. 767, 124 (2013), arXiv:1210.6362 [astro-ph.HE].

[30] S. Vitale, R. Lynch, J. Veitch, V. Raymond, and
R. Sturani, Phys. Rev. Lett. 112, 251101 (2014),
arXiv:1403.0129 [gr-qc].

[31] S. Kullback and R. A. Leibler, Ann. Math. Statist. 22,
79 (1951).

[32] D. J. C. MacKay, Information Theory, Inference and
Learning Algorithms (Cambridge University Press, Cam-
bridge, 2003).

[33] I. Mandel and R. O’Shaughnessy, Classical Quantum
Gravity 27, 114007 (2010), arXiv:0912.1074 [astro-
ph.HE].

[34] S. Vitale, R. Lynch, R. Sturani, and P. Gra↵, Classical
Quantum Gravity 34, 03LT01 (2017), arXiv:1503.04307
[gr-qc].

[35] S. Stevenson, C. P. L. Berry, and I. Mandel, (2017),
arXiv:1703.06873 [astro-ph.HE].

[36] C. Talbot and E. Thrane, (2017), arXiv:1704.08370
[astro-ph.HE].

[37] W. M. Farr, S. Stevenson, M. C. Miller, A. Vecchio,
and I. Mandel, Distinguishing Spin-Aligned and Isotropic
Black Hole Populations With Gravitational Waves, Tech.
Rep. LIGO-P1700067 (2017).
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Constraining dispersion and the graviton mass 

•Constrain a modified dispersion relation 

•Different frequency components will travel with 
different velocities ⇒ characteristic deformation in 
the observed waveform.  

•Special case; massive graviton: 

23

E2 = p2c2 + A p↵c↵, ↵ � 0

Energy & momentum 
of GWs

Amplitude of dispersion 
(A = 0 in GR)

A > 0,↵ = 0
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Constraining dispersion and the graviton mass 
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90% credible upper bounds on parameters describing 
the modified dispersion relation
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evolution provided that the positive orbit-aligned spin is
small (whether due to low spins or misalignment) [129,150–
152]. Current gravitational-wave measurements cluster
around χeff ∼ 0 (jχeff j < 0.35 at the 90% credible level for
all events; see Fig. 5 of the Supplemental Material [11]) [5].
Assuming that binary black hole spins are not typically small
(≲0.2), our observations hint towards the astrophysical
population favoring a distribution of misaligned spins rather
than near orbit-aligned spins [153]; further detections will
test if this is the case, and enable us to distinguish different
spin magnitude and orientation distributions [154–159].

VIII. TESTS OF GENERAL RELATIVITY

To check the consistency of the observed signals with the
predictions of GR for binary black holes in quasicircular
orbit, we employ a phenomenological approach that probes
how gravitational-wave generation or propagation could be
modified in an alternative theory of gravity. Testing for these
characteristicmodifications in thewaveform can quantify the
degree to which departures from GR can be tolerated given
the data. First, we consider the possibility of a modified
gravitational-wave dispersion relation, and place bounds on
the magnitude of potential deviations from GR. Second, we
perform null tests to quantify generic deviations from GR:
without assuming a specific alternative theory of gravity, we
verify if the detected signal is compatible with GR. For these
tests we use the three confident detections (GW150914,
GW151226, and GW170104); we do not use the marginal
event LVT151012, as its low SNR means that it contributes
insignificantly to all the tests [5].

A. Modified dispersion

InGR, gravitationalwaves are nondispersive.We consider
a modified dispersion relation of the form E2 ¼
p2c2 þ Apαcα, α ≥ 0, that leads to dephasing of the waves
relative to the phase evolution in GR. Here E and p are the
energy andmomentumof gravitational radiation, andA is the
amplitude of the dispersion [160,161]. Modifications to the
dispersion relation can arise in theories that include viola-
tions of local Lorentz invariance [162]. Lorentz invariance is
a cornerstone of modern physics but its violation is expected
in certain quantum gravity frameworks [162,163]. Several
modified theories of gravity predict specific values of α,
including massive-graviton theories (α ¼ 0, A > 0) [163],
multifractal spacetime [164] (α ¼ 2.5), doubly special rel-
ativity [165] (α ¼ 3), and Hořava-Lifshitz [166] and extra-
dimensional [167] theories (α ¼ 4). For our analysis, we
assume that the only effect of these alternative theories is to
modify the dispersion relation.
To leading order in AEα−2, the group velocity of gravi-

tational waves is modified as vg=c ¼ 1þ ðα − 1ÞAEα−2=2
[161]; both superluminal and subluminal propagation veloc-
ities are possible, depending on the sign ofA and the value of
α. A change in the dispersion relation leads to an extra term

δΨðA; αÞ in the evolution of the gravitational-wave phase
[160]. We introduce such a term in the effective-precession
waveform model [38] to constrain dispersion for various
values of α. To this end, we assume flat priors on A. In Fig. 5
we show 90% credible upper bounds on jAj derived from the
three confident detections. We do not show results for α ¼ 2
since in this case the modification of the gravitational-wave
phase is degenerate with the arrival time of the signal.
There exist constraints on Lorentz invariance violating

dispersion relations from other observational sectors (e.g.,
photon or neutrino observations) for certain values of α, and
our results are weaker by several orders of magnitude.
However, there are frameworks in which Lorentz invari-
ance is only broken in one sector [168,169], implying that
each sector provides complementary information on poten-
tial modifications to GR. Our results are the first bounds
derived from gravitational-wave observations, and the first
tests of superluminal propagation in the gravitational sector.
The result for A > 0 and α ¼ 0 can be reparametrized to

derive a lower bound on the graviton Compton wavelength
λg, assuming that gravitons disperse in vacuum in the same
way as massive particles [5,7,170]. In this case, no violation
of Lorentz invariance is assumed. Using a flat prior for the
gravitonmass, we obtain λg>1.5×1013km, which improves
on the bound of 1.0 × 1013 km from previous gravitational-
wave observations [5,7]. The combined bound using the
three confident detections is λg > 1.6 × 1013 km, or for the
graviton mass mg ≤ 7.7 × 10−23 eV=c2.

B. Null tests

In the post-Newtonian approximation, the gravitational-
wave phase in the Fourier domain is a series expansion in

FIG. 5. 90% credible upper bounds on jAj, the magnitude
of dispersion, obtained combining the posteriors of GW170104
with those of GW150914 and GW151226. We use picoelectron-
volts as a convenient unit because the corresponding frequency
scale is around where GW170104 has greatest amplitude
(1 peV≃ h × 250 Hz, where h is the Planck constant). General
relativity corresponds to A ¼ 0. Markers filled at the top (bottom)
correspond to values of jAj and α for which gravitational waves
travel with superluminal (subluminal) speed.

PRL 118, 221101 (2017) P HY S I CA L R EV I EW LE T T ER S
week ending
2 JUNE 2017

221101-7

GW170104

evolution provided that the positive orbit-aligned spin is
small (whether due to low spins or misalignment) [129,150–
152]. Current gravitational-wave measurements cluster
around χeff ∼ 0 (jχeff j < 0.35 at the 90% credible level for
all events; see Fig. 5 of the Supplemental Material [11]) [5].
Assuming that binary black hole spins are not typically small
(≲0.2), our observations hint towards the astrophysical
population favoring a distribution of misaligned spins rather
than near orbit-aligned spins [153]; further detections will
test if this is the case, and enable us to distinguish different
spin magnitude and orientation distributions [154–159].

VIII. TESTS OF GENERAL RELATIVITY

To check the consistency of the observed signals with the
predictions of GR for binary black holes in quasicircular
orbit, we employ a phenomenological approach that probes
how gravitational-wave generation or propagation could be
modified in an alternative theory of gravity. Testing for these
characteristicmodifications in thewaveform can quantify the
degree to which departures from GR can be tolerated given
the data. First, we consider the possibility of a modified
gravitational-wave dispersion relation, and place bounds on
the magnitude of potential deviations from GR. Second, we
perform null tests to quantify generic deviations from GR:
without assuming a specific alternative theory of gravity, we
verify if the detected signal is compatible with GR. For these
tests we use the three confident detections (GW150914,
GW151226, and GW170104); we do not use the marginal
event LVT151012, as its low SNR means that it contributes
insignificantly to all the tests [5].

A. Modified dispersion

InGR, gravitationalwaves are nondispersive.We consider
a modified dispersion relation of the form E2 ¼
p2c2 þ Apαcα, α ≥ 0, that leads to dephasing of the waves
relative to the phase evolution in GR. Here E and p are the
energy andmomentumof gravitational radiation, andA is the
amplitude of the dispersion [160,161]. Modifications to the
dispersion relation can arise in theories that include viola-
tions of local Lorentz invariance [162]. Lorentz invariance is
a cornerstone of modern physics but its violation is expected
in certain quantum gravity frameworks [162,163]. Several
modified theories of gravity predict specific values of α,
including massive-graviton theories (α ¼ 0, A > 0) [163],
multifractal spacetime [164] (α ¼ 2.5), doubly special rel-
ativity [165] (α ¼ 3), and Hořava-Lifshitz [166] and extra-
dimensional [167] theories (α ¼ 4). For our analysis, we
assume that the only effect of these alternative theories is to
modify the dispersion relation.
To leading order in AEα−2, the group velocity of gravi-

tational waves is modified as vg=c ¼ 1þ ðα − 1ÞAEα−2=2
[161]; both superluminal and subluminal propagation veloc-
ities are possible, depending on the sign ofA and the value of
α. A change in the dispersion relation leads to an extra term

δΨðA; αÞ in the evolution of the gravitational-wave phase
[160]. We introduce such a term in the effective-precession
waveform model [38] to constrain dispersion for various
values of α. To this end, we assume flat priors on A. In Fig. 5
we show 90% credible upper bounds on jAj derived from the
three confident detections. We do not show results for α ¼ 2
since in this case the modification of the gravitational-wave
phase is degenerate with the arrival time of the signal.
There exist constraints on Lorentz invariance violating

dispersion relations from other observational sectors (e.g.,
photon or neutrino observations) for certain values of α, and
our results are weaker by several orders of magnitude.
However, there are frameworks in which Lorentz invari-
ance is only broken in one sector [168,169], implying that
each sector provides complementary information on poten-
tial modifications to GR. Our results are the first bounds
derived from gravitational-wave observations, and the first
tests of superluminal propagation in the gravitational sector.
The result for A > 0 and α ¼ 0 can be reparametrized to

derive a lower bound on the graviton Compton wavelength
λg, assuming that gravitons disperse in vacuum in the same
way as massive particles [5,7,170]. In this case, no violation
of Lorentz invariance is assumed. Using a flat prior for the
gravitonmass, we obtain λg>1.5×1013km, which improves
on the bound of 1.0 × 1013 km from previous gravitational-
wave observations [5,7]. The combined bound using the
three confident detections is λg > 1.6 × 1013 km, or for the
graviton mass mg ≤ 7.7 × 10−23 eV=c2.

B. Null tests

In the post-Newtonian approximation, the gravitational-
wave phase in the Fourier domain is a series expansion in

FIG. 5. 90% credible upper bounds on jAj, the magnitude
of dispersion, obtained combining the posteriors of GW170104
with those of GW150914 and GW151226. We use picoelectron-
volts as a convenient unit because the corresponding frequency
scale is around where GW170104 has greatest amplitude
(1 peV≃ h × 250 Hz, where h is the Planck constant). General
relativity corresponds to A ¼ 0. Markers filled at the top (bottom)
correspond to values of jAj and α for which gravitational waves
travel with superluminal (subluminal) speed.
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of 5.3s. This unambiguous association confirms that BNS
mergers are progenitors of (at least some) SGRBs.

4. Implications for Fundamental Physics

Little or no arrival delay between photons and GWs over
cosmological distances is expected as the intrinsic emission
times are similar and the propagation speeds of EM and GWs
are thought to be identical. In this Section we discuss the
implications on fundamental physics of the temporal offset of

1.74 0.05 s+ o( ) measured between GW170817 and
GRB170817A.

Standard EM theory minimally coupled to general relativity
predicts that GWs and light propagate with identical speeds.
The refractive index of vacuum is expected to be unity, and
both waves are expected to be affected by background
gravitational potentials in the same way. The arrival delay of
only a few seconds across a distance greater than one hundred
million light years places stringent constraints on deviations
from fundamental principles. We use the observed temporal
offset, the distance to the source, and the expected emission-
time difference to place constraints on the deviation of the
speed of gravity from the speed of light, and on violations of
Lorentz invariance and the equivalence principle.

4.1. Speed of Gravity

Assuming a small difference in travel time tD between
photons and GWs, and the known travel distance D, the
fractional speed difference during the trip can be written

v v v t DEM EMD » D , where v v vGW EMD = - is the differ-
ence between the speed of gravity vGW and the speed of light
vEM. This relation is less constraining for small distances, hence
we conservatively use here D 26 Mpc= , the lower bound of
the 90% credible interval on luminosity distance derived from
the GW signal (Abbott et al. 2017e). If we conservatively
assume that the peak of the GW signal and the first photons
were emitted simultaneously, attributing the entire

1.74 0.05 s+ o( ) lag to faster travel by the GW signal, this
time difference provides an upper bound on vD . To obtain a
lower bound on vD , one can assume that the two signals were
emitted at times differing by more than 1.74 0.05 s+ o( ) with
the faster EM signal making up some of the difference. As a
conservative bound relative to the few second delays discussed
in Section 2.1, we assume the SGRB signal was emitted 10 s
after the GW signal. The resulting constraint on the fractional
speed difference is

v
v

3 10 7 10 . 115

EM

16- -- ´
D

+ ´- - ( )

The intergalactic medium dispersion has negligible impact on
the gamma-ray photon speed, with an expected propagation
delay many orders of magnitude smaller than our errors
on vGW.

Lags much longer than 10 s are proposed in alternative
models (e.g., Ciolfi & Siegel 2015; Rezzolla & Kumar 2015),
and emission of photons before the merger is also possible
(Tsang et al. 2012). Hence, certain exotic scenarios can extend
this time difference window to (−100 s, 1000 s), yielding a 2
orders of magnitude broadening of the allowed velocity range
on either side. While the emission times of the two messengers
are inherently model dependent, conservative assumptions
yield dramatic improvements over existing indirect (Kostelecky

& Russell 2017) and direct (Cornish et al. 2017) constraints,
which allow for time differences of more than 1000 years.
Future joint GW–GRB detection should allow disentangling
the emission time difference from the relative propagation time,
as only the latter is expected to depend on distance.

4.2. Lorentz Invariance Violation Limits

Within a comprehensive effective field theory description of
Lorentz violation (Colladay & Kostelecký 1997, 1998;
Kostelecký 2004; Tasson 2014), the relative group velocity
of GWs and EM waves, is controlled by differences in
coefficients for Lorentz violation in the gravitational sector and
the photon sector at each mass dimension d (Kostelecký &
Mewes 2016, 2009, 2008; Wei et al. 2017). We focus here on
the non-birefringent, non-dispersive limit at mass dimension
d=4, as it yields by far the most impressive results. In this
case, the difference in group velocities for the two sectors takes
the form

v Y n s c
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The result is presented in a spherical harmonic, Yℓm, basis, sℓm
4( )

and c I ℓm
4

( )
( ) being spherical-basis coefficients for Lorentz violation

in the gravitational and EM sectors, respectively. The direction n̂
refers to the sky position (provided in Coulter et al. 2017a,
2017b).
For ease of comparison with the many existing sensitivities

(Shao 2014a, 2014b; Shao et al. 2017; Kostelecký & Tasson
2015; Bourgoin et al. 2016; Le Poncin-Lafitte et al. 2016;
Kostelecky & Russell 2017) to the d=4 gravity-sector
coefficients (Bailey & Kostelecký 2006; Hees et al. 2016), an
analysis in which the coefficients are constrained one at a time
is useful (Flowers et al. 2016), with all other coefficients,
including the EM sector ones, set to zero. These results are
presented in Table 1 along with the best constraints for each
coefficient prior to this work. These results can be compared
with the isotropic A, LVa Lorentz violation parametrization
(Mirshekari et al. 2012) used by Abbott et al. (2017c) in
dispersive GW tests. The 2LVa = limit of this parametrization
is equivalent to the isotropic limit of the framework discussed
above, with s A400

4 pl( ) . Constraints on A for 2LVa = can
be obtained from the first line of Table 1; these cannot be
established within the analysis carried out in Abbott et al.
(2017c).

4.3. Test of the Equivalence Principle

Probing whether EM radiation and GWs are affected by
background gravitational potentials in the same way is a test of
the equivalence principle (Will 2014). One way to achieve this
is to use the Shapiro effect (Shapiro 1964), which predicts that
the propagation time of massless particles in curved spacetime,
i.e., through gravitational fields, is slightly increased with
respect to the flat spacetime case. We will consider the
following simple parametrized form of the Shapiro delay
(Krauss & Tremaine 1988; Longo 1988; Gao et al. 2015;
Kahya & Desai 2016):
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FIG. 1. Schematic classification of dark compact objects. Their compactness is expressed as the di↵erence between the object
radius r0 and the Schwarzschild radius rg. Objects in the same category have similar dynamical properties on a timescale
⌧ ⇠ rg

c | log ✏|. The upper axis refers to the time, as measured by distant observers, that light from the photosphere takes to
reach the surface r0. Numbers refer to an object of 60M� and scale linearly with it mass.
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FIG. 2. Ringdown waveforms from black holes (black line)
and ClePhOs (red line). We consider objects of 60M�. For
ClePhOs, there is a reflective surface at r0 = rg(1 + ✏), ✏ =
10�11. The amplitude of the GW signal (proportional to the
relative strain of the interferometer’s arm induced by the GW)
is normalized to its peak value. The initial data describes a
quadrupolar Gaussian wavepacket of axial GWs. The inset
shows a zoom-in version of the waveform at late times. Note
that each subsequent echo has a smaller frequency content.

These are the (quasi)normal modes of the system. The
structure of GW signals at late times is therefore ex-
pected to be relatively simple. This is shown in Fig. 2,
which refers to the scattering of a Gaussian pulse o↵ a

BH. The pulse crosses the photosphere, and excites its
modes. The ringdown signal, a fraction of which trav-
els to outside observers, is to a very good level described
by its lowest modes, Eq. (4). The fraction of the GWs
that leaks from the barrier inwards travels down to the
horizon and that’s the last one hears of it.
Contrast the previous description with the dynamical

response of a ClePhO. The initial evolution of the pho-
tosphere modes still holds, by causality. Thus, up to
timescales of the order ⇠ rg

c | log ✏| (the roundtrip time of
radiation between the photosphere and the surface) the
signal is identical to that of BHs [10, 11]. At later times,
however, the pulse traveling inwards is bound to interact
with the object. This pulse is semi-trapped between the
object and the photosphere. Upon each interaction, a
fraction exits to outside observers, giving rise to a series
of echoes of ever-decreasing amplitude. Repeated reflec-
tions occur in a characteristic echo delay time [10, 11],

⌧
echo

⇠ 2rg
c

| log ✏| . (5)

This logarithmic dependence is crucial to make echoes
observable even with only Planckian corrections near the
horizon, when ✏ ⇠ 10�40. Although, at very late times,
the fundamental modes of a ClePhO have low frequen-
cies, the main burst is typically generated at the pho-
tosphere and has therefore a frequency content of the
same order as the BH modes (4). The initial signal is
of high frequency and a substantial component is able to
cross the potential barrier. Thus, observers see a series
of echoes whose amplitude is getting smaller and whose
frequency content is also going down (see Fig. 2).

[Cardoso & Pani (2017)]
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Constraining "black hole mimickers”

• Tidal effects During the late inspiral, the 
object will get tidally deformed, producing an 
imprint in the observed signal.  

Constraints on the tidal deformation constraints 
the properties of  BH mimickers. 
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[Johnson-M
cDaniel et al, In prep]

Qi j = �⇤ Ei j

Expected constraints for compact objects described 
by polytropic EoS from a GW150914 like observation
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FIG. 1: Errors in measuring s as a function of the binary’s total mass for three di↵erent mass ratio cases (top panel) and for di↵erent spin
configurations (bottom panel) for advanced LIGO. The values of dimensionless spin parameters (�1, �2) are fixed at 0.9 and 0.8 for the top panel
plots, whereas mass ratio (q) is fixed to be 1.2 for the plots in the bottom panel. Both panels assume a fixed inclination angle of the binary, ◆ = ⇡3 .
The binary’s location and other angular parameters are chosen in a way that produces an observed signal-to-noise ratio of 10.

leads to prolateness of the object instead of oblateness.)

In the PN model of compact binaries, the spin-induced quadrupole moment terms appear at the same order where the leading
order quadratic-in-spin terms appear (note, Q / �2), which is second PN order [30]. The parameter  that characterizes the
magnitude of the spin-induced quadrupole moment (given the nature of the object) for each binary component can be tagged as 1
and 2 following the notation of Ref. [31] (throughout the paper, su�x 1 refers to the heavier compact binary component and 2
the lighter one). If we rewrite the waveforms in terms of the symmetric and antisymmetric combinations of 1 and 2 given by
s = (1 + 2)/2 and a = (1 � 2)/2, respectively, then a BBH system is specified by s = 1, a = 0. This suggests, if we can
accurately measure s and a to be 1 and 0, respectively, we have established that the detected compact binary is a BBH.

However, note that s and a are highly degenerate parameters whose simultaneous extraction turns out to yield almost no
constraint on them (this will have to be revisited using Bayesian methods in a future work). Hence, we resort to a method where
we fix a to be 0, as expected for a Kerr BBH, and then calculate the error bars associated with the measurement of s from GW
observations. The aim here is to see how well can we estimate s around the true value of 1 (for a BBH) and, hence, confirm that
the observed system is indeed a BBH. These error bars can be interpreted as upper bounds on the value of s allowed for exotic
compact objects. In this sense, the proposed test is a “null test” of the BBH nature, where, observations would constrain the
allowed range of deviations of s from the BBH value. Moreover, since the spirit of the test relies on the fact that quadrupole
moments of BHs in a BBH system would depend only on the mass and the spin, the proposed test can be regarded as the no hair
theorem test for the BBHs.

We wish to clarify that the error bars here refer to the width of the measured distribution of s at a fixed confidence level (in our
case, 1 � �). Depending on the masses and spins of the system, this width may be much larger than 1, in which case, this may be
better interpreted as an upper bound on the allowed value of s for the given system. In most cases we have studied (in context of
advanced LIGO), it is less than ⇠ 20 (see Figs. 1 and 2). Since s for interesting BH mimickers such as boson stars can be as
high as 150, the proposed method will be able to put stringent, model-independent constraints on the parameter space of BH
mimickers. It should also be noted that though we have posed this as a null test, the proposed test can detect the signatures of
exotic compact objects through a shift in the peak of the measured distribution away from 1, as is expected for BH mimickers.

In general, if we parametrize the deviation of  by  = 1 + ↵ (where ↵ is the deformation parameter, which is 0 for BHs) and
assume that the constituents of the binary are of identical types (↵1 = ↵2), then, again, showing s = 1 is equivalent to showing the
BBH nature of the compact binary system. This is because we again have a ⌘ 0, which is consistent with our original assumption
for BBHs. Note that even if the detected compact binary constitutes two stars which have  , 1, the proposed method will be
sensitive in detecting them as they will add to the systematic o↵set in the measured value of s from 1. Hence, our proposal to
measure only s should work for compact binaries with any combination of compact objects when applied to the real data.

Waveform model. Because of the recent progresses in the post-Newtonian modeling of spinning compact binaries [31–35],
we now have access to the higher order spin corrections to the GW phasing and amplitude. Here we use a waveform which
is 2PN in amplitude and 4PN (note that the phasing formula at the 4PN only includes spin-orbit tail terms and hence is
only partial. See a related discussion in Ref. [35]) in phase and spins of the two compact objects are considered to be

[Krishnendu et al, PRL 119, 091101 (2017)]

Testing the Binary Black Hole Nature of a Compact Binary Coalescence
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We propose a novel method to test the binary black hole nature of compact binaries detectable by gravitational
wave (GW) interferometers and, hence, constrain the parameter space of other exotic compact objects. The
spirit of the test lies in the “no-hair” conjecture for black holes where all properties of a Kerr black hole are
characterized by its mass and spin. The method relies on observationally measuring the quadrupole moments of
the compact binary constituents induced due to their spins. If the compact object is a Kerr black hole (BH), its
quadrupole moment is expressible solely in terms of its mass and spin. Otherwise, the quadrupole moment can
depend on additional parameters (such as the equation of state of the object). The higher order spin e↵ects in
phase and amplitude of a gravitational waveform, which explicitly contains the spin-induced quadrupole moments
of compact objects, hence uniquely encode the nature of the compact binary. Thus, we argue that an independent
measurement of the spin-induced quadrupole moment of the compact binaries from GW observations can provide
a unique way to distinguish binary BH systems from binaries consisting of exotic compact objects.

PACS numbers: 04.30.Db, 04.25.Nx, 04.80.Nn, 95.55.Ym

Introduction: With the twin detections of binary black hole mergers by advanced LIGO interferometers [1], black holes (BHs)
are no longer just elegant mathematical entities but a physical reality [2–4]. Now we know that BHs do exist in nature, and
they can form a binary BH system and merge emitting gravitational waves (GWs) to form a single BH. Analytical frameworks
of post-Newtonian theory (PN) [5] and BH perturbation theory [6] together with numerical relativity [7] have provided us a
theoretical platform to study and interpret the GW observations of compact binary mergers. Both the observed events, GW150914
and GW151226, were found to be consistent with a binary black hole merger with approximate total masses of 65M� and 22M�,
respectively. The strong evidence for their binary black hole (BBH) nature comes from the following facts [8]: 1) Keplerian
estimates of the orbital size are naturally explained by invoking a binary BH system, 2) the observed ringdown waveform is
consistent with the least-damped quasinormal mode of a Kerr BH [9] (with the inferred final mass and spin), and finally, 3) the
reconstructed signal matches excellently with the numerical relativity waveforms of a BBH merger.

With planned upgrades towards operating advanced LIGO detectors at respective design sensitivities and more detectors (such
as advanced Virgo [10], KAGRA and LIGO-India [11]) joining the worldwide network of GW interferometers, many more such
detections are likely to happen in the future observation runs [12]. One of the important questions from a fundamental physics
viewpoint, is whether we can confidently distinguish the mergers of BBHs from that of binaries comprised of exotic compact
objects such as gravastars [13] and boson stars [14], which may mimic many features of a BBH merger (see, also Ref.[15] for a
recent review on possible BH mimickers and their GW signatures).

The definition of a Kerr BH is very closely tied with the the “no-hair” conjecture which says that all the properties of
a Kerr BH are completely described by its mass and spin. The quasinormal mode spectrum of a Kerr BH that is formed,
say, by the merger of two compact objects would, hence, be completely characterized by the mass and spin of the remnant
BH. This is a topic that has been studied in great detail over the past two decades. References [16, 17] studied the abilities
of GW detectors to carry out spectroscopy of a remnant compact object thereby testing its BH nature. The possibility
of constraining specific BH mimicker models such as boson stars using quasinormal mode spectrum observations has
been discussed in [18, 19]. If we have a stellar mass BH orbiting a supermassive BH or an intermediate mass BH the
dynamics of the stellar mass BH (treated as a test particle) would encode information about the multipole structure of
the central BH, and, therefore constrain any possible deviations from the BH nature [20–22]. While these methods are
restricted to studying the BH nature of the central compact object, the recent proposals in Refs. [23–25] showed how the mea-
surement of the tidal Love number of a compact binary may be used to detect exotic compact objects constituting a compact binary.

In this Letter, we propose a new method to test the binary black hole nature of the detected GW event by measuring the
spin-induced quadrupole moments of the binary’s constituents, whose values are unique for Kerr BHs in GR due to the no-hair
conjecture. For an isolated Kerr BH, it is wellknown that the quadrupole moment scalar is given by Q = �m3 �2, where m is
the mass of the BH and � is the magnitude of the dimensionless spin parameter defined as ~� = ~S

m2 (where ~S is the spin angular
momentum vector of the BH). For a non-BH compact object, this may be generalized to Q = � m3 �2, with  = 1 as the BH limit.
Depending on the equation of state, studies have shown that for neutron stars (NSs),  may range between ⇠2 and 14 [26, 27]), for
boson stars between ⇠10 and 150 [28], and for (thin shell) gravastars,  may even take negative values [29] (which means the spin
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Summary 

• Recent GW observations by LIGO & Virgo have opened up a 
new branch of  observational astronomy. 

First detections of  binary BHs, first tests of  GR in the highly 
relativistic regime, possible new BH populations.  

Multi-messenger detection of  a binary neutron star merger, 
tentative evidence for the BNS engine of  short GRBs, constraints on 
the nuclear EoS, independent measurement of  the Hubble constant.  

• Hundreds of  detections anticipated in the next few years, 
potential detection of  an astrophysical stochastic GW 
background. 
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Summary Thank you!


