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The spacetime can now be written in the standard ADM form;

ds2 = �↵2dt2 + �ij

�

dxi + �idt
� �

dxj + �jdt
�

(18.5)

where the (induced) metric on the hypersurface is

�µ⌫ = gµ⌫ + NµN⌫ (18.6)

We note that �µ
⌫ provides the projection orthogonal to Nµ and that �µ⌫ and its inverse

can be used to raise and lower indices of purely spatial tensors. For example, we have
�µ = �µ⌫�⌫ .

We see that the lapse determines how much proper time advances from one time
slice to the next, along the normal vector, and the shift vector determines how the
coordinates are shifted on the next slice, cf. Figure 18.2. These two functions encode
the coordinate freedom of general relativity. They do not influence the physics.

t+dt

t

normal coordinates
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Fig. 18.2 A schematic illustration of the 3+1 decomposition of spacetime used in the ADM

formalism for numerical relativity.

Reading o↵ the metric from the line element, we have

gµ⌫ =

✓

�↵2 + �i�i �i

�i �ij

◆

(18.7)

with inverse

gµ⌫ =

✓

�1/↵2 �i/↵2

�i/↵2 �ij � �i�j/↵2

◆

(18.8)

Now we want to write down the equations of general relativity in this new frame-
work. In doing this it is clearly natural to work with derivatives within each hypersur-
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Fig. 19.1 Snapshots from a nonlinear evolution showing the development of typical bar–

mode. Model U11 from... The di↵erent columns refer to the three models and show isodensity

contours for ⇢ = 0.9, 0.8, 0.7, 0.6, 0.5�2j ⇥ ⇢max, where j = 1, . . . , 6 and ⇢max is the maximum

value of ⇢ in each panel. The above models were evolved on a 193⇥ 193⇥ 68 grid with grid

coordinate resolution of 0.5 M� (0.74km) and imposing equatorial symmetry. [Reproduced

from Baiotti, de Pietri et al 2006]

change the critical value �d at all. Although the limited size of their numerical grid
means that the gravitational waveforms cannot be directly calculated, the results of
the simulations seem to be in agreement with the Newtonian estimates of the strength
of the gravitational-wave signal.

19.4 Gravitational collapse

19.5 Anatomy of a merger

TODO: This is a cut and paste job
The late stages of inspiral of a binary system provide an excellent gravitational-

wave source.
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Fig. 19.3 Evolution of the lapse function, which can be seen as a relativistic proxy for the

gravitational potential, of a 1.35-1.35 M� merger with the DD2 EoS in the equatorial plane.

The snapshots should be compared to Fig. 2 in (?) showing the density evolution for the

same time steps of the same simulation. [Reproduced from Bauswein, Stergioulas & Janka]

more easily under the influence of an external tidal field. Consequently, finite size e↵ects
during the inspiral set in at a larger orbital separation, i.e. a lower orbital frequency,
and the stars finally merge at a relatively low orbital frequency. In contrast, soft EoSs
yield more compact NSs, which in comparison to larger NSs behave more like point
particles during the late inspiral phase. Stars described by soft EoSs are harder to
deform and during the inspiral they reach higher orbital velocities before they merge.
This also implies a higher linear velocity before merging and results in a merger with a
higher impact velocity. The sti↵ness also a↵ects the dynamics of the postmerger phase
and, in particular, the frequencies of the excited oscillation modes. A sti↵ EoS leads
to a relatively large merger remnant, whose quadrupolar fluid oscillation frequency is
relatively low, since it scales approximately with the mean density. In the case of a soft
EoS, the merger remnant is more compact and thus oscillates at higher frequencies.
(For such EoSs the higher impact velocity during merging additionally leads to a
stronger excitation of the quasi-radial oscillation mode of the remnant.)

For a fixed total binary mass a tight relation between the dominant postmerger
oscillation frequency and the radii of nonrotating neutron stars exists. Inferring ob-
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Fig. 19.4 GW spectrum of the cross polarization of a 1.35-1.35 M� merger with the DD2

EoS (?; ?) along the polar direction at a distance of 20 Mpc. he↵ = h̃(f) · f with the Fourier

transform of the waveform h⇥ and frequency f . fpeak, fspiral and f2�0 are particular features of

the postmerger phase, which can be associated with certain dynamical e↵ects in the remnant.

Since the simulation started only a few orbits before merging, i.e. at a relatively high orbital

frequency, the power at lower frequencies (below ⇠1 kHz) is massively underrepresented in the

shown spectrum, and the low-frequency part of the spectrum does not show the theoretically

expected power-law decay. The thin solid lines display the spectra of the GW signal of the

postmerger phase only revealing that the peaks are indeed generated in the postmerger phase.

Dashed lines show the expected unity SNR sensitivity curves of Advanced LIGO (?) (red)

and of the Einstein Telescope (?) (black). [Reproduced from Bauswein, Stergioulas & Janka]

servationally the dominant postmerger frequency thus determines neutron star radii
with high accuracy of the order of a few hundred meters. By considering symmetric
and asymmetric binaries of the same chirp mass, we show that the knowledge of the
binary mass ratio is not critical for this kind of radius measurements.

we relate the peak frequency, which is extracted from a simulation with a given
EoS, to the radius of a nonrotating NS (described by the same EoS) with a fixed
fiducial mass.

There it is shown that the peak frequencies of asymmetric binaries deviate only
somewhat from the ones of the symmetric binaries of the same total mass.

We sketch how the consideration of the strength of secondary gravitational-wave
peaks leads to a classification scheme of the gravitational-wave emission and post-
merger dynamics.

The spectral properties evolves during the post-merger phase.
The determination of the frequencies of the quadrupolar mode (fpeak) and of the

radial mode (f0) reveals that a secondary peak is expected to occur at fpeak�f0, which
indeed is the case. The frequency coincidence confirms the nature of this secondary



Anatomy of a merger 435

Fig. 19.5 Time-frequency analysis for the TM1 1.35+1.35 waveform for an optimally-ori-

ented source at 50Mpc. The top and right panels show the time-domain waveform-component

h+ and its Fourier magnitude spectrum, respectively. The time-frequency map is constructed

from the magnitudes of the coe�cients of a continuous wavelet transform using a Morlet

basis. Horizontal red lines emphasise the locations of the peak frequency and the secondary

peak which, in this case, corresponds to fspiral (see text and figure ??). The vertical lines

correspond to the time steps of the four panels in Fig. ??. [Reproduced from Clark et al]

peak as being a coupling of two modes, which is why we refer to this feature as
the f2�0 peak. Another corresponding combination frequency can be recognized in
Fig. 19.4 at approximately fpeak + f0. The peak at fpeak + f0 is observationally less
interesting because of its weakness and the smaller sensitivity of GW detectors at
higher frequencies, but it substantiates the importance of mode couplings in NS merger
remnants.

Finally, there is one more secondary peak visible in the GW spectrum displayed
in Fig. 19.4. Recently, we provided evidence that this feature is generated by a spiral
deformation which is created during merging. This deformation cannot follow the faster
rotation of the inner remnant. The spiral deformation forms antipodal bulges, which
orbit around the central part of the remnant for several milliseconds. Being a strong,
non-axisymmetric, orbiting deformation, the antipodal bulges generate a GW signal
at a frequency which is twice the orbital frequency of the bulges.

The waveform at early times is characterized by the well-known chirping signal;
frequency and amplitude monotonically increase in time. The GW frequency reaches
typical values !GW = 2⇡fGW ⇡ !22 . 0.1 � 0.2/M , i.e. fGW ⇠ 0.8 � 1.6 kHz for
a M = 2.7M� binary. The chirping signal ends at the amplitude peak, max |Rh22|,
which is marked in the figure by the middle vertical line. We formally define this time
as the moment of merger, tmrg, and refer to the signal at t > tmrg as the postmerger
signal.

The information in the time-frequency map of the GW signal can be related to
the dynamical behavior of the remnant, which we illustrate by the evolution of the
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Fig. 19.6 Mf2 dimensionless frequency as a function of the tidal coupling constant T

2 . Each

panel shows the same dataset; the color code in each panel indicates the di↵erent values of

binary mass (top left), EOS (top right), mass-ratio (bottom left), and �th (bottom right).

The black solid line is our fit (see Eq. (??) and Table ??); the grey area marks the 95%

confidence interval. [Reproduced from Bernuzzi & Dietrich]

a dependency on the stars spins.)
Caveats: Additionally, the postmerger GW spectrum might be influenced in a com-

plicated way by thermal e↵ects, magnetohydrodynamical instabilities and dissipative
processes.

Due to the short timescale of the GW emission (t10), physical processes other than
hydrodynamics and shock-heating are unlikely to a↵ect the emission. For the LS220-
135135 case, we have verified that neutrino cooling does not a↵ect the GW emission
in t50.

Similarly, MHD e↵ects are expected to influence the GW luminosity only if they
can significantly a↵ect the short-timescale HMNS dynamics. The magnetorotational
instability (MRI) and its ability to redistribute angular momentum might drive the
HMNS to an early collapse.

Three main conclusions can be drawn from the results shown in Fig. 19.7. First of
all, with the exception of very massive neutron stars (in which case the collapse of the
hypermassive neutron star occurs essentially simultaneously with the merger), the GW
signal from binary neutron stars is considerably richer (and more complex) than that
from binary black holes. Secondly, while small di↵erences between the two equations of
state appear already during the inspiral, the post-merger phase is markedly di↵erent.
Hence, an accurate description of the post-merger evolution is essential not only to
detect this part of the signal, but also to extract information concerning the neutron
star interior structure. Finally, the parts of the PSD that are most interesting and


