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� > �s, and the instability drives the system towards the Jacobi sequence. Gravi-
tational waves, on the other hand, radiate angular momentum while conserving the
internal circulation. Thus, the Maclaurin spheroids also su↵er a gravitational-wave
driven instability when � > �s. The gravitational-wave instability tends to drive the
system towards the Dedekind sequence (the members of which do not radiate gravi-
tationally)
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Fig. 13.2 Results for the l = |m| = 2 f-modes of a Maclaurin spheroid. In the left frame we

show the oscillation frequencies (solid lines) and imaginary parts (dashed lines) of the modes,

while the right frame shows the mode pattern speed �
i

for the two modes that have positive

frequency in the non-rotating limit (the pattern speeds for the modes which have negative

frequency in the non-rotating limit are obtained by reversing the sign of m). All results

are according to an observer in the inertial frame. The dashed curves in the right frame

represent a vanishing pattern speed i) in the inertial frame (the horizontal line), and ii) in the

rotating frame (the circular arc, which shows ⌦/⌦
K

as a function of �). The points where

the Maclaurin ellipsoid becomes secularly (�
s

) and dynamically (�
d

) unstable are indicated

by vertical dotted lines.

These classical secular instabilities set in through the quadrupole f-modes of the
ellipsoids. Just like the equilibrium configurations, oscillations of rotating ellipsoids
have been studied in great detail in the past. The classic results mainly concern the
pulsation modes which correspond to the f-mode of a non-rotating star.

Figure 13.2 shows the frequencies of the l = |m| = 2 Maclaurin spheroid f-modes.
These modes are usually referred to as the “bar-modes”, due to the way they de-
form the star. The figure illustrates several general features of the pulsation problem
for rotating stars. In particular we note i) the rotational splitting of modes that are
degenerate in the non-rotating limit, i.e. the m = ±2 modes become distinct in the
rotating case, and ii) the symmetry with respect to ! = 0, which reflects the fact that
the governing equations are invariant under the change [!, m] ! [�!, �m]. In Fig-
ure 13.2 we also show the pattern speed for the two modes that have positive frequency
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Fig. 14.1 Schematic illustration of the r-mode instability window: At low temperatures

dissipation due to shear viscosity counteracts the instability. At temperatures of the order

of 1010 K bulk viscosity suppresses the instability. At very high temperatures the nuclear

reactions that lead to the bulk viscosity are suppressed and an unstable mode can, in principle,

grow. This region is not shown in the figure since it may only be relevant for the first few tens

of seconds following the birth of a neutron star. The main instability window is expected at

core temperatures near T
c

⇡ 109 K. Provided that gravitational radiation drives the unstable

mode rapidly enough the instability may govern the spin-evolution of a hot young neutron

star. In the case of the (l=m=2) r-mode instability, the minimum of the instability curve

corresponds to ⌦
c

⇡ 0.04⌦
K

.

with a period of 16 ms. In this case we infer a birth spin in the range 6-9 ms, which
would place this object firmly inside the instability region early on. Moreover, when we
consider accreting neutron stars in low-mass x-ray binaries we find that many systems
would have to be unstable if the results shown in figure 14.1 were the whole story. In
order to resolve this conundrum we have to consider the physics in more detail.

14.3 Complicating factors

14.3.1 The Ekman layer

The neutron star crust forms shortly after the neutron star is born. The presence of
a solid crust may have significant e↵ect on the oscillations of the star. For example, if
the crust is assumed to be rigid the viscous fluid motion must drop to zero at the base
of the crust. This e↵ect is observed in any fluid in a rotating container, so it is not
mysterious. Viscosity leads to the formation of a boundary layer close to the fluid-solid



Astrophysical constraints 321

200

400

600

PSR J1748 (716 Hz)

sp
in

 fr
eq

ue
nc

y 
(H

z)

core temperature (10  K)
1 2 3

IGR J00291

4

KS 1731

5
8

MXB 165B

4U 1636

4U 1608

EXO 0748

Aql X-1

SAX J1808

 rigid crust

Ekman layer + slippage

electron shear viscosity

Fig. 14.6 TODO: rewrite The r-mode instability window relevant for accreting neutron

stars. We show results for the simplest (crust-free) model (thin solid line), as well as for a

star with a crust (thick solid line). Neutron star spin frequency ⌫
s

and core temperature T .

The long-dashed-dotted lines are the shear viscosity instability curve (where =), the short-

-dashed-dotted lines are the rigid boundary layer instability curve (where =), and the solid

lines are a more realistic, elastic boundary layer curve (where = 102). Top panel: The trian-

gles are LMXBs whose T are derived from their observed and assuming for cooling. Bottom

panel: The squares are LMXBs and diamonds are short recurrence time LMXBs (sLMXB)

whose T are derived from their observed and assuming for cooling.

the inferred magnetic field from the observed spin-down rate along with the level of
theoretical uncertainty. If the spin up of the neutron star (and hence the torque on
the star 2⇡I ⌫̇s) is the result of accretion then (see chapter ??) the magnetic field can
be inferred from the associated torque. In a simple model we have TODO: Consistent
with earlier chapter?

Na = Ṁ(GMrA)1/2 (14.85)

where rA = (µ4/2GMṀ2)1/7 is the Alfvén radius and µ ⇠ BR3 is the magnetic
dipole moment. The resulting magnetic field is shown as dotted lines in figure 14.7.
However, the simple accretion torque Na does not fully account for a magnetic field
that threads the accretion disc and can lead to spin-up (when !s . 1) or spin-down
(when !s & 1), where !s [⌘ ⌫/⌫K(rA)] is the fastness parameter and ⌫K(rA) is the
Kepler rotation frequency at the Alfvén radius. A more realistic accretion torque es-
timate leads to Na(1 � !s). The spin-up regime for this torque is shown as solid lines
and cross-hatched regions in Figure 14.7. We see that the accretion torque produces
a spin-up rate significantly below the observed one for both XTE J1751�305 and
IGR J00291+5934. This shows that our understanding of this intricate problem re-
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Fig. 14.4 TODO: update curves Left panel: Comparing the e↵ective r-mode amplitude fh̃

obtained from (14.78) to representative detector sensitivities, given by
p

fS
h

(f). The source

is assumed to be at the distance to the Virgo cluster (at 15 Mpc). The result would indicate

that the r-mode signal from a young, fast spinning, neutron star would be detectable at this

distance, However, as explained in the text, this conclusion comes with significant caveats.

Right panel: Comparing the e↵ective r-mode amplitude for a finite observation time
p
tobsh(t)

for a one year observation (obtained from (14.74) )to representative detector sensitivities,

given by 11.4
p

S
h

(f), cf. the discussion in chapter 8. The results suggest that the r-mode

signal from a young, fast spinning, neutron star is unlikely to be detected from sources far

beyond galaxy.

h̃0 ⇡ 3

4d

✓

GI

fc3

◆1/2

(14.77)
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d

◆

(14.78)

As discussed in chapter 8, we need to compare fh̃0 to the dimensionless noise in the
detector, hrms =

p

fSh(f), as shown in the left panel of figure 14.4. The result can be
interpreted as saying that the detectability of an almost periodic signal improves as
the square root of the number of cycles radiated in the time it takes the frequency to
change by f , a relatively natural extension of the intuition we developed in chapter 8.

The result indicates that the r-mode signal from a young, fast spinning, neutron
star would be detectable at this distance, However, we have to be careful with this
conclusion. Basically, the analysis assumes that the entire spin down takes place on
a timescale shorter than the observation time. This would be true for large r-mode
saturation amplitudes (↵s ⇡ 0.01 � 1) and observation times of order one year, cf.
(14.62). The situation would be quite di↵erent for smaller saturation amplitudes. A
frequency dependent ↵s, as in the case of the turbulent cascade leading to (14.70),
would also impact on the result. In fact, in this case, the star may be spinning down
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Fig. 14.5 TODO: Write and add three-mode coupling limit Left panel: CCOs Right

panel: LMXBs

emission have a decisive e↵ect. Given the nature of the instability window, it seems
quite plausible that the r-modes could play a role.

Let us consider the idea that gravitational waves from unstable r-modes provide
the agent that balances the accretion torque. If we assume that the gravitational-wave
emission balances accretion, we need to add an external torque to (14.48). As long as
the star’s magnetic field is weak, we have

N =
p

GMRṀ (14.81)

where Ṁ is the mass accretion rate. Combining this with (14.72) we have

h2
0 =

5G

!c3d2
(GMR)1/2Ṁ (14.82)

or

h0 ⇡ 3.7 ⇥ 10�26
⇣ ⌫s

1 kHz

⌘�1/2
✓

1 kpc

d

◆

 

Ṁ

10�8M�/yr

!1/2

(14.83)

This shows that the signal is weak even if the star accretes near the Eddington
limit (corresponding to Ṁ ⇠ 10�8M�/yr TODO: check+compare to luminosity ).
However, if the torques balance then the (essentially periodic) gravitational waves
may nevertheless be detectable. Consider for example, Sco X1, the brightest x-ray
source in the sky. If we take the average accretion rate onto the neutron star to
be Ṁ ⇡ 3 ⇥ 10�9M�/yr then we deduce an e↵ective gravitational-wave amplitude
hc ⇠ 10�21 once a couple of weeks worth of signal has been accumulated. This seems
promising but, as in previous cases, reality may be more complicated. First of all,
it is useful to consider what the required r-mode amplitude would be. Balancing the
torques we see that we need


