Osculating orbit elements and the perturbed
Kepler problem
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e, a, w, Q,i, T may be functions of time
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Perturbed Kepler problem

Gmr
s + f(r,v,t)
h:rxvj%:rxf
vXh dA
4= o —n:GmE—th—l—vx(rxf)

Decompose: f = Rn + S + Wh

dh

dt

Gm% =2hS n —
dt

Example:
d

d

t
: de . :
Mz,—h£smz,— —chos(w—l—f)smz,—l—rS/&L

— " WA+rSh

(hR +r7S) X — r#W h.

h=rS

(hcost) = h - ey

PO HDOr

XAH<S>»7P®
N ®

| . (‘



Perturbed Kepler problem

“Lagrange planetary equations”

3
WP _ gL ALY
dt Gm1l+ecosf
R v A R 2cos f + e(1 + cos? f)
dt \ Gm [smfR—l— 1+ecosf S|
dis Cos(w—I-f)W
dt \VGml+ecosf
. dQ [ p sin(w+ f)
A T Gm1+ecost’

dw 1 | p 2+ecosf | sin(w + f)
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An alternative pericenter angle:

w = w + {dcost
dto 1 D 2+ecosf . LR 1]
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Perturbed Kepler problem

Comments:

* these six 15"-order ODEs are exactly equivalent to the original
three 2nd-order ODEs

= if f =0, the orbit elements are constants

= if f <« Gm/r?, use perturbation theory

= yields both periodic and secular changes in orbit elements

= can convert from d/dt to d/df using

ﬁ — ﬁ e d_w + cos L@
s IRCdb ) e o o\l dt

Drop if working to
1st order
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Perturbed Kepler problem

Worked example: perturbations by a third bedy

T T

a; = —G?TQ% o G?ﬂg%,
T'12 T'13
T r

o = +Gm T2 — Gm 72
T'12 T'23

G G

a = :;r 22 22337“ {n —3(n - N)N} 4+ O(Gmsr?/R*)

oy = |’I°23|, N = T23/|T23| , M 1= M + Mo

Ri=f -m="= 73 [1-3(n-N)?],
S :f-A—BGg;’T(n-N)()\-N),
W :f-h—SGg;T(n-N)(ﬁ-N)

Put third body on a circular orbit

dF_ G(m—l—mg) df
E‘\/ TR T

N =excosF + ey sinF',
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Perturbed Kepler problem
Weorked example: perturbations by a third body

Integrate over f from O to 2m holding F fixed, then average over F from O to 2m:

(Aa) =0

15
L1om mg (ﬁ) e(l—e )1/251n L SIN W COoS W

(Ae) = .

2 m

3
(Aw) = 327T s <%) (B 238 [5 cos? tsin? w + (1 — e?)(5cos® w — 3)}
m

1
(Ar) = —%% (%) e2(1 — e%) /2 sin ¢ cos tsinw cosw
3
(AQ) = _%% (%) (1 —e®)71/2(1 — 5e? cos® w + 4e?) cos
Also
3mms ( a 7 2\1/2 .92 . 9 EE [
<Aw>:7H = (1 —e%) {14—811’1 t(1 — 5sin w)} EI:?;
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Perturbed Kepler problem
Weorked example: perturbations by a third body

Case 1: coplanar 34 body and Mercury's perihelion (i = 0)

(A 37?%(&)3(1 _ ey

2 m \ R

Planet Semi-major Orbital  Eccentricity Inclination Inverse

axis period to ecliptic  mass

(AU) (yr) s 1/Mo =1
Mercury  0.387099 0.24085  0.205628 7.0.15 6010000
Venus 0.723332 0.61521  0.006787 3.23.40 408400
Earth 1.000000 1.00004  0.016722 0.0.0 328910
Mars 1.523691 1.88089  0.093377 1.51.0 3098500
Jupiter  5.202803 11.86223 0.04845 1.18.17 1047.39
Saturn 9.53884 29.4577  0.05565 2.29.22 3498.5

For Jupiter:

dw /dt = 154 as per century (153.6)

For Earth
dw /dt = 62 as per century (90)
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Mercury’ s Perihelion: Trouble to Triumph

- 1687 Newtonian triumph 5/75
- 1859 Leverrier s conundrum per
century

- 1900 A turn-of-the century crisis

Planet Advance
Venus 277.8
Earth 90.0
Mars 2.5
Jupiter 153.6
Saturn 7.3
Total 531.2
Discrepancy 42.9
Modern measured value 42.98 £+ 0.001

General relativity prediction 42.98




Perturbed Kepler problem
Worked example: perturbations by a third bedy

Case 2: the Kozai-Lidov mechanism

(Aa) =
(Ae) = DT : (1 — €2)}?2 sin? L sinw cos
it st g ¢ L sin w cos w
3T m3 a % 2\—1/2 Vs ol D 2 2
(Aw) = i (E) (1 —¢%) [5COS vsin“w + (1 —e”)(5cos w—3)}
157 ms [ a p 2 2\—1/2 _: : . .
(AL) = g Ve (1 —e“) sin ¢ cos ¢ sin w cos w Stationary point:
T 3T
We = — OT—
©2 72
A conserved quantity: S B
e : 1 —e. = —-cos” (.
Tz CO8 L(Ae) 4+ sint(Ar) =0 5
— €

—> /1 — e? cost = constant
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Perturbed Kepler problem
Weorked example: perturbations by a third body

Case 2: the Kozai-Lidov mechanism
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Incorporating post-Newtonian effects
_in N-body dynamics
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Perturbed Kepler problem
Worked example: body with a quadrupole moment

_Gmr 3 GmR2{[5(e.n)2—1]n—2(e-n)e},

Aa=0,Ae=0, At =0

4

2
Aw = 675 (E) (1 L _5_ sin? L) For Mercury (J, = 2.2 X 107)

P dwo

2 bl
ASQ) = —37Js (E) COS dt
p

= 0.03 as/century

ds2 R

7/2
. 3639cost (—) deg/yr

For Earth satellites (J, = 1.08 X 10-3) {
|
dt |

a

» LAGEOS (a=1.93 R, i = 109°.8): 120 deg/yr !
= Sun synchronous: a= 1.5 R, i = 65.9

| ( PO HDOr



