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I S. G. Dani has written over 111 papers

I The majority of them are on the subject of homogeneous dynamics

I To which he has made fundamental, lasting contributions

I Recent trends in ergodic theory and dynamical systems, Contemp.
Math., 631, Amer. Math. Soc., Providence, RI, 2015

I Dave Witte Morris, Dani’s work on dynamical systems on
homogeneous spaces

I François Ledrappier and Riddhi Shah, Dani’s work on probability
measures on groups
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Homogeneous dynamics: Background

I G a Lie group, Γ a lattice in G , H a closed subgroup of G

I The H action on G/Γ by translation gives rise to a dynamical system

I Examples: the geodesic and horocycle flows on the modular surface

I These form a very rich class of dynamical systems

I With extensive connections to number theory and geometry
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Unipotent flows

I A one-parameter subgroup {ut} of SL(n,R) is said to be unipotent if
1 is the only eigenvalue of ut for every t ∈ R.

I Unipotent flows on homogeneous spaces are a surprisingly well
behaved class of dynamical systems

I Furstenberg (73): Let G = SL(2,R) and Γ be a cocompact lattice in
G

I Then the horocycle flow is uniquely ergodic

I Dani (82): Dense orbits of unipotent flows equidistribute on
SL(2,R)/SL(2,Z)
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I Dani (78): Classification of ergodic invariant probability measures for
actions of maximal horospherical flows on G/Γ

I Where G is any reductive Lie group such that all noncompact simple
factors are of R-rank 1

I Every such measure is the natural Lebesgue measure on some
finite-volume homogeneous space

I Dani’s measure conjecture: this continues to hold in much greater
generality for unipotent flows on G/Γ

I Raghunathan’s topological conjecture (appears in print in a paper of
Dani): The closure of every ut-orbit on G/Γ is a finite-volume
homogeneous space
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I Many significant advances by Dani

I Dani (horospherical groups, 81, 86), Dani-Smillie, Dani-Raghavan,
Dani-Margulis (SL(3,R), generic ut)

I Resolved in full generality by M. Ratner in 90-91

I Dani’s work on unipotent flows is very influential

I For example, the linearization technique introduced by Dani-Margulis
is a fundamental and widely used tool

23 / 52



I Many significant advances by Dani

I Dani (horospherical groups, 81, 86), Dani-Smillie, Dani-Raghavan,
Dani-Margulis (SL(3,R), generic ut)

I Resolved in full generality by M. Ratner in 90-91

I Dani’s work on unipotent flows is very influential

I For example, the linearization technique introduced by Dani-Margulis
is a fundamental and widely used tool

24 / 52



I Many significant advances by Dani

I Dani (horospherical groups, 81, 86), Dani-Smillie, Dani-Raghavan,
Dani-Margulis (SL(3,R), generic ut)

I Resolved in full generality by M. Ratner in 90-91

I Dani’s work on unipotent flows is very influential

I For example, the linearization technique introduced by Dani-Margulis
is a fundamental and widely used tool

25 / 52



I Many significant advances by Dani

I Dani (horospherical groups, 81, 86), Dani-Smillie, Dani-Raghavan,
Dani-Margulis (SL(3,R), generic ut)

I Resolved in full generality by M. Ratner in 90-91

I Dani’s work on unipotent flows is very influential

I For example, the linearization technique introduced by Dani-Margulis
is a fundamental and widely used tool

26 / 52



I Many significant advances by Dani

I Dani (horospherical groups, 81, 86), Dani-Smillie, Dani-Raghavan,
Dani-Margulis (SL(3,R), generic ut)

I Resolved in full generality by M. Ratner in 90-91

I Dani’s work on unipotent flows is very influential

I For example, the linearization technique introduced by Dani-Margulis
is a fundamental and widely used tool

27 / 52



Orbits of flows and number theory
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Badly approximable vectors

I A vector x is badly approximable if there exists c(x) > 0 if for all p/q

I |x − p/a| ≥ c(x)/qn

I Zero Lebesgue measure, full Hausdorff dimension

I Dani: let ux =

(
1 x
0 In×n

)
and gt = diag(ent , e−t , . . . , e−t)

I x is badly approximable if and only if gtuxZn+1 is bounded in
SL(n + 1,R)/SL(n + 1,Z)

I “Dani correspondence” translates Diophantine properties into
dynamics on G/Γ. Kleinbock-Margulis and many many others
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I Dani used the Schmidt game to prove the abundance of bounded
orbits on certain G/Γ

I And introduced games into homogeneous dynamics

I Kleinbock-Margulis, Kleinbock, Kleinbock-Weiss,

I McMullen: “absolute” and “strong” versions of the game

I Significant and ongoing developments in recent years

I Dani: the set of points on a torus whose forward orbit under a
semisimple surjective endomorphism does not contain an element of
finite order is winning
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Nondivergence of unipotent flows

I For any c > 0 and any lattice Λ in Rk there exists ε > 0 such that for
any unipotent subgroup {ux : x ∈ R} of SL(k,R) one has

I |{x ∈ [0,T ] : δ(uxΛ) < ε}| ≤ cT

I Quantitative improvement of a result of Margulis

I Extremely useful. Dani: any locally finite ergodic ut-invariant
measure on G/Γ is finite. Margulis: new proof of Borel-Harish
Chandra theorem

I Kleinbock-Margulis used a refinement of Dani’s result to settle a long
open conjecture in Diophantine approximation

I Shah, Eskin-Mozes-Shah, Minsky-Weiss, Lindenstrauss-Mirzakhani
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Quadratic forms

I Q a quadratic form in n ≥ 3 variables, indefinite, nondegenerate,
irrational

I Oppenheim’s conjecture (1930’s): Q(Zn) is dense in R

I G. Margulis proves the conjecture in 1986. Dani has many significant
contributions

I Dani-Margulis: density for primitive vectors, simultaneous
approximation. Dani: density for a pair consisting of a linear form and
a quadratic form

I Dani-Margulis: lower bounds for quantitative Oppenheim. The
“linearization” paper

I “Elementary” proof
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