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Physical constants and astrophysical units.

G 6.67384× 10−8 cm3 g−1s−2 (1)

c 2.99792458× 1010 cm s−1

h 6.626070040× 10−27 erg s

~ 1.054571628× 10−27 erg s

mp 1.6726217× 10−24 g

mu 1.6605389× 10−24 g

me 9.10938291× 10−28 g

e 4.80320425× 10−10 erg1/2cm1/2

α =
e2

~c
1

137.035999139

σT =
8π

3

(
e2

mec2

)2

6.6524574× 10−25 cm2

aB =
~

mecα
5.2917721067× 10−9 cm

kB 1.3806488× 10−16 erg K−1

σSB 5.6704× 10−5 erg cm−2s−1K−4

a 7.5657× 10−15 erg cm−3K−4

GF /(~c)3 1.1663787× 10−5 GeV−2

M� 1.9884× 1033 g

GM� 1.32712440018× 1026 cm3s−2

R� 6.955× 1010 cm

L� 3.828× 1033 erg/s

Jy 10−23 erg s−1cm−2Hz−1

AU 1.495978707× 1013 cm

pc 3.08568× 1018 cm
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1 Introduction

Beta decay is a type of radioactive decay in which an electron (or positron) and a neutrino are
emitted. Through this disintegration process, a neutron (proton) is converted to a proton (neutron).
One of the famous examples is free neutron decay with a mean lifetime of 881.5± 1.5 s (∼ 15 min)
and an energy release 0.782± 0.13 MeV.

Nucleons in a nucleus move with a velocity of ∼ 0.1c. Given the typical size of nuclei ∼ O(fm),
the orbiting time scale of a nucleon in a nucleus is ∼ 10−22 s. In a beta decay time scale, say ∼ 104

s, a nucleon orbits about 1026 times (c.f. Earth has been orbiting around the Sun ∼ 5 · 1010 times).
This means that beta-unstable nuclei are extremely stable against the beta decay, and hence, we
can consider beta decay separately from other nuclear processes, i.e., we don’t have to worry about
beta decay of excited nuclei. This long time scale of beta decay simplifies the problem.

Since the energy scale of electrons emitted in beta decay is about electron mass, the electron’s
(and neutrino’s) de Broglie wavelength is about the Compton wavelength:

λc =
h

mec
≈ 2500 fm. (2)

Therefore, the disintegrated nucleus is practically a point without a physical size for the light
particles.

Remarkable features of beta decay are summarized

• the energy scale is about the electron mass,

• the time scale is extremely long,

• half-lives of beta unstable nuclides are distributed in a wide range (many orders of magnitude),

• half-lives increase with decreasing the disintegration energy approximately as ∼ E−3 − E−5.

2 A brief introduction of r-process nucleosynthesis

Nuclear mass formula: The nuclear mass of a nuclide of a mass number of A and an atomic number
of Z is given by

M(A,Z) = Zmp + (A− Z)mn −
EB(A,Z)

c2
, (3)

where the last term is empirically given by

EB = aVA− asA2/3 − aC
Z(Z − 1)

A1/3
− aA

(A− 2Z)2

A
+ δ(A,Z). (4)

Here δ(A,Z) is the paring energy: δ0 for Z and A−Z, even, 0 for A odd, and −δ0 for Z and A−Z
odd. The constants are empirically determined. The fourth term represents asymmetric energy.
One can see that more and more neutron rich nuclei have smaller biding energy and more unstable
against beta decay. Note also that there is a limit on the neutron number for a given Z, where
nuclei cannot bound any additional neutrons. The line defined by this limit on Z-(A− Z) plane is
called the neutron drip line.

R-process is a nucleosynthesis process, where free neutrons are synthesized into nuclei on a
timescale much shorter than the time scale of beta decay (the reaction occurs typically on time
scales much shorter than 1 s). This is one of a few processes that can astrophysically produce
elements beyond the iron peak elements. R-process nucleosynthesis proceeds from a small to large
A through a path close to the neutron drip line (figure 2). For instance, neutron merger ejecta are one
of the most favored astrophysical sites of r-process because the expanding material is highly neutron
rich. Figure 2 shows the abundance distribution of nuclides just after r-process nucleosynthesis in a
neutron merger ejecta. Remarkably, almost all nucleons are synthesized into heavy nuclei and they
are distributed in a wide range of A. Furthermore, the nuclides’ distribution soon after r-process
is far away from the valley of stability marked as thick boxes in figure 2. These nuclei with a
mass number of A . 210 approach the valley of stability via beta decay. Superheavy nuclei are
disintegrated through alpha decay and/or fission. In the following, we discuss about the radioactive
heats, which are the standard energy source of kilonovae, generated after r-process nucleosynthesis.
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Figure 1: Nuclear binding energy per nucleon.

3 A short summary of beta-decay heating rate

Radioactive nuclei that are far from the stability valley are produced in r-process nucleosynthesis.
These nuclei undergo beta decay without changing their mass number. A series of beta decays in
each mass number is considered as a decay chain. Because the mean lives of radioactive nuclides
typically become longer when approaching the stability valley, the nuclei in a decay chain at given
time t stay at some specific nuclide with a mean life τ ∼ t. This means that the number of decaying
nuclei in a logarithmic time interval is constant, i.e, the decay rate is ∼ N/t, where N is the total
number of nuclei in the chain. Then the beta decay heating rate per nucleus is given by q̇ ∼ E(t)/t,
where E(t) is the disintegration energy of the beta decay as a function of the mean life. As we
will see later, two important concepts in beta decay theory enable us to determine E(t). First,
there are practically four physical constants in the problem, the Fermi’s constant GF , the electron
mass me, the speed of light c, and the Planck constant ~. The fundamental timescale of beta decay
tF ≈ 9 · 103 s can be obtained from these physical constants. Second, there is a well known relation
between the disintegration energy and mean life as τ ∝ E−5. Therefore, the heating rate per nucleus
can be roughly estimated as

q̇(t) ∼ mec
2

tF

(
t

tF

)−1.2
. (5)

This gives a correct order of magnitude and a reasonable estimate of the time dependence of the
beta decay heating rate of r-process material. In the following we refine these ideas.

4 Beta decay

Fermi successfully developed a theoretical model which describes the beta disintegration very well.
In Fermi’s theory, four particles, beta ray, neutrino, neutron, and proton, interact at a single point
(Fig. 5) analogous to the photon and charged particle interaction in quantum electromagnetic
dynamics.
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Figure 2: R-process nucleosynthesis simulation of neutron star merger ejecta. The figure is taken
from Lippuner and Roberts (2015).

Kinematics: The final state of the disintegration process with a disintegration energy Ē0 radiates
an electron of ~pe and Ēe including rest mass energy1, neutrino of ~pν and Eν . Let us first consider
how Ē0 is distributed among the particles. From here and elsewhere we consider the parent nucleus
is at the coordinate origin at rest. The maximum recoil energy of the daughter nucleus occurs when
all the disintegration energy is transferred to the electron, i.e., Ēe = Ē0. The momentum of the
electron is then

pe
mec

=

[(
Ē0

mec2

)2

− 1

]1/2
, (6)

The recoil momentum must be equal to this value so that we find

Erec

Ē0
=

1

2mA
p2e =

me

2mA

(
Ē0

mec2
− mec

2

Ē0

)
. (7)

For beta decay, the second factor is less than 30 and the first factor is < 10−4. Therefore, the recoil
energy of the daughter nucleus is negligible and the available disintegration energy is distributed
just to the electron and neutrino:

Ē0 = Ēe + Eν . (8)

The same relation hold for kinetic energy as

E0 = Ee + Eν , (9)

where E0 = Ē0 −mec
2.

Disintegration probability: In beta decay, two particles, electron and neutrino, are created. We
start by assuming, as Fermi did, that all possible divisions of energy are equally likely. That says, the
disintegration probability is proportional to the accessible phase space volume of the two particles.
Here the accessible means a part of the phase space where the energy conservation E0 = Ee +Eν is
satisfied.

Consider that in the final state of a disintegration the electron is contained in the volume element
dVe and has a momentum of magnitude between pe and pe + dpe in a direction within the solid

1Ē is energy including the rest mass and E = Ē−mc2 denotes kinetic energy. For neutrino, we just use Eν as its
mass is negligibly small for our problem.
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Fig. 24. Fission product beta decay heat following z39Pu thermal fission--lO, 102, 10 a, 104, lO s sec irradiation. 
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Fig. 25. Fission product gamma decay heat following 239pu thermal fission--2 × 104 sec irradiation. 
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described above. In view of these comparisons, the 
apparent discrepancies shown by the results of 
Yarnell and Bendt (1978) are even more surprising, 
since considerable effort was made to check them. 

3.2.2.3. 233U thermal fission. The integrated 
gamma decay heat results of Jurney et ai. (1979) are 
seen in Fig. 28 to show good agreement with results 
of calculation. Figure 29 gives a comparison between 

results of a summation calculation and the corres- 
ponding measurements, by Yarneli and Bendt (1978), 
of the total decay heat following a 20,000 sec ir- 
radiation of 233U. As in the case of the burst func- 
tions, there appears to be a systematic discrepancy 
between experiment and calculation; in this integral 
comparison it is slightly smaller. 

3.2.2.4. Other fission processes. Figure 30 shows 

/ t�4/3

considering the cooling of wind-heated ejecta and radioactive
emission.

Villar et al. (2017) employ a model that combines a
parameterization of the radioactive heating rate from Korobkin
et al. (2012), an analytical approximation to the thermalization
fraction from Barnes et al. (2016), and the diffusion formalism
outlined in Arnett (1982) for central energy deposition in a
sphere undergoing homologous expansion. A blackbody is

assumed with a photospheric radius expanding at a constant
velocity until a temperature floor (which is left as a free parameter)
is reached. Villar et al. (2017) find a good match to the multi-band
light curve combined from various sources (similar to the one
produced here) by using a spherical model with three ejecta
components, which they denote as blue, purple, and red. Each
component has a fixed opacity of κblue=0.5 cm2 g−1, κpurple=
3 cm2 g−1, and κred=10 cm2 g−1. The model has a total of 10
free parameters: 3 ejecta masses, 3 velocities, and 3 temperatures,
and a scatter term. Their fitted ejecta masses and ejecta velocities
are Mblue=0.02 :M , Mpurple=0.05 :M , Mred=0.01 :M , and

=v c0.27blue , =v c0.15purple , =v c0.14red , respectively.
Waxman et al. (2017) use a similar literature-combined light

curve, but explain it with a single ejecta mass component,
parameterized with a power-law velocity distribution, a
uniform radioactive energy release rate, and a time-dependent
opacity, with the energy deposition governed by electrons and
positrons rather than neutrinos and γ-rays. The model has eight
main parameters. Though some of them might be constrained
from a priori theoretical considerations, here I consider them
free parameters: the normalizations and power-law indices for
the velocity, heating rate, and opacity (vM, α, ėM , β, and κM, γ,
respectively), the total ejecta mass M, and the effective electron
opacity κe. Waxman et al. (2017) find good matches to the
bolometric and multi-band light curves with an ejecta velocity
gradient of v≈0.1c–0.3c, a relatively high ejecta mass of
M≈0.05 :M and an opacity of κ≈0.3 cm2 g−1 at early times
and κ≈1 cm2 g−1 by day 6.

Figure 2. Blackbody fits to the optical and infrared SED at discovery (black points; blue fit) and to the ultraviolet, optical, and infrared (the ultraviolet data are from
four hours after discovery; gray points; red fit). Including the ultraviolet data reduces the inferred blackbody temperature by ∼1500 K, resulting in a lower bolometric
luminosity at discovery (Figure 5). Optical and infrared magnitudes interpolated to the ultraviolet epoch are shown in purple empty circles for comparison and
demonstrate the rapid evolution of the SED at these times. The insets show the corner plots for each MCMC fit, with contour lines denoting 50% and 90% bounds, red
and blue solid lines (overplotted on each histogram) denoting the mean and median of each parameter distribution (on top of each other in most cases), and dashed
lines denoting 68% confidence bounds. The bandpasses of the different filters used are shown at the bottom of the main plot.

Figure 3. Bolometric light curve of the GW170817 kilonova derived here
compared to those from Cowperthwaite et al. (2017), Drout et al. (2017), and
Waxman et al. (2017, SED integration method).
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Figure 3: Beta decay heating rate of fission products of 238Pu (left, adopted from Tobias, Progress in
Nuclear Energy, 5, p1, 1979) and bolometric luminosity of the kilonova GW170817 (right, adopted
from Arcavi, ApJL, 855, L23, 2018)
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angle element dΩe. Corresponding statements hold for the neutrino. The volume of this state in
phase space is expressed in units of (2π~)6, which leads to

Phase space vol. =
1

(2π~)6
p2edpedΩedVep

2
νdpνdΩνdVν . (10)

Now we use the energy conservation as

dpν =

(
∂pν
∂E0

)
pe

=
dE0

c
. (11)

Using this, the phase space volume assumes the form of ρ(E0)dE0, where dE0 is the density of final
states per unit range of total energy:

ρ(E0) =
1

(2π~)6
1

c3
p2e(E0 − Ee)2dpedΩedVedΩνdVν . (12)

The probability that the beta decay leads to this particular final state is proportional to ρ(E0).
Since we are not concerned about the location of the particles, we just integrate over dV .

Furthermore, we assume no angular correlation between the particles then we have

ρ(E0) =
V 2

4π4~6c3
p2e(E0 − Ee)2dpe. (13)

The shape of ρ(E0) is called as the allowed beta spectrum. The momentum distribution of emitted
electrons follows equation (13).

A quantum transition from a state to another due to a small perturbation described by H ′ is
proportional to the number of the final states and square of the matrix element of H ′. Using Fermi’s
Golden rule, the beta-disintegration probability of a beta-unstable nucleus per unit time in a unit
momentum interval of the electron is written as

dw

dpe
dpe =

2π

~
∣∣H ′fi∣∣2 ρ(E0), (14)

where H ′fi is the matrix element of the interaction Hamiltonian responsible for the beta disintegra-
tion.
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In Fermi’s theory, the four particles interact at a single point with a coupling constant GF . The
matrix element is written as

H ′fi = GF

A∑
n=1

∫
(ψ†eOLψ∗ν)(ψ†fON,nψi)dV, (15)

where ψe and ψν are the electron and neutrino wave functions, ψi and ψf are the nuclear wave
functions of the initial and final states. OL and ON,n are operators acting on the light particle’s
spin, and spin and isospin of the nth nucleon undergoing beta decay.

Let us consider now non-relativistic limit for simplicity. The wave functions of the light particles
are

ψe(~re) =
1√
V
ue exp(i~p · ~re), (16)

ψν(~rν) =
1√
V
uν exp(i~q · ~rν), (17)

(18)

where ue and uν are Pauli spinors, e.g., uTe = (1, 0).

ψ†eOLψ∗ν =
1

V
(u†eOLu∗ν) exp (−i(~p+ ~q) · ~r) . (19)

The wave part can be expanded to an arbitrary direction (Θ,Φ) as

exp(i~k · ~r) = 4π

∞∑
l=0

l∑
l=−m

iljl(kr)Y
∗
lm(Θ,Φ)Ylm(θ, φ), (20)

where θ is the angle between ~k and ~r, and φ is the azimuthal angle. Because the de Broglie
wavelengths of the electron and neutrino are much larger than the nuclear size, (p+ q)r is so small
that the wave function of the light particles is dominated by lower l-modes. When the light particles
do not carry off orbital angular momentum with respect to the central nucleus (l = 0), the wave
function of each light particle at r = 0 is just a normalization factor of V −1/2 with a Coulomb
correction for the electron’s wave function, |ψe|2Z/|ψe|2Z=0. Thus the square of the matrix element
can be written as

|H ′fi|2 =
G2
F

V 2
F (Z,E)|MN |2, (21)

where F (Z,E) is the Coulomb correction factor, Z is the proton number of the daughter nucleus,
and MN is the nuclear matrix element. The transitions described here are allowed transition.
More specifically, allowed transitions are transitions which satisfy both conditions that the light
particles don’t carry off orbital angular momentum and the parity of the nucleus does not change
via its disintegration. Otherwise the transition is a forbidden transition.2 Because the population
of allowed transitions is larger and because of their simplicity, we focus on allowed transitions.

Integrating Eq. (14) over the accessible phase space, the mean-life of a beta-unstable nuclide
with the disintegration energy of E0 is obtained as

1

τ
=
|MN |2
tF

∫ p(E0)

0

dpF (Z,E)p2(E − E0)2, (22)

where the variables in the integral are in units of me and c and tF is the fundamental timescale of
beta decay:

tF ≡
2π3

G2
F

~7

m5
ec

4
≈ 8610 s.

2We employ Konopinski’s classification of beta decay (Konopinski, 1966).
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Figure 6: Four Fermi interaction.

Note that, although this fundamental timescale is a characteristic timescale of allowed beta decay,
the lifetime of beta unstable nuclides spreads over many orders of magnitude because of the phase
space factor of Eq. (22).

The Coulomb correction factor in the matrix element is obtained by evaluating the electron’s
wave function at the nuclear radius rn (Fermi, 1934):

F (Z,E) ∼= |ψe(rn)|2Z
|ψe(rn)|2Z=0

, (23)

=
2(1 + s)

[(2s!)2]
(2pρ)2s−2eπη |(s− 1 + iη)!|2 ,

where η = Zq2e/~v, v is the velocity of the electron, ρ = rn/(~/mec), s = (1 − (Zα)2)1/2, qe is the
electron charge, and α ≈ 1/137 is the fine-structure constant. For E > 1, the Coulomb correction
factor slowly increases with E as F (Z,E) ∝ E2s−2.

A simple form of the Coulomb correction factor is obtained in the non-relativistic limit of
Eq. (23), η � 1 and (Zα)2 → 0:

FN (Z,E) =
2πη

1− exp(−2πη)
. (24)

The Coulomb correction factor is unity for η � 1 and approaches 2πη for η � 1. This enhances the
transition probability at lower energies. At these energies the electron is pulled by the nucleus due
to the Coulomb force and the amplitude of the electron’s wave function is larger near the nucleus.
As a result, the lifetime of beta unstable nuclei becomes shorter than the one estimated without
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Figure 1 : Systematics of observed log(ft)-values for different types of beta-decay.
(Adapted from G. E. Gleit et  al., Nucl. Data Sheets 5 1963 set 5.)  [WO90]

Figure 7: Comparative half-lives. (Adapted from G. E. Gleit et al., Nucl. Data Sheets 5 1963 set
5.)

the Coulomb correction and the dependence of the lifetime on E0 is weakened. Note that one can
also obtain an identical form to Eq. (24) by solving the Schrödinger equation and evaluating the
electron’s wave function at r = 0 .

As the integral in Eq. (22) is easily calculated for given E0 and Z, comparative half-lives ft1/2
are often used for comparison with the experimental data:

ft1/2 ≡
ln 2

|MN |2
tF . (25)

Although MN of each beta transition cannot be calculated within Fermi’s theory, MN can be
determined from the measurements of the lifetime and the electron’s spectrum. It is sufficient
for our purpose to know the statistical distribution of this quantity. For allowed transitions, the
distribution of ft1/2 is known to have a peak around 105 s corresponding to |MN |2 ∼ 0.05 (see
figure 7), which we take as a reference value in this paper.3

Now we evaluate the integral of

f(E0, Z) =

∫ p(E0)

0

dpF (Z,E)p2(E − E0)2, (26)

=

∫ E0

0

dEF (Z,E)(E + 1)
√

(E + 1)2 − 1(E − E0)2. (27)

One can show that f attains simple forms in the following three regimes:
(i) relativistic regime (E0 � mec

2 and Zα/β � 1): In this regime, we can neglect electron mass

3For neutron and mirror nuclides such as 3H, the comparative half-lives are ∼ 103 s corresponding to |MN |2 ∼ 1.
Such transitions are called as superallowed transitions. These transitions are, however, absent in r-process material.
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and the Coulomb correction in the beta spectrum.

f(E0, Z) =

∫ E0

0

dEF (Z,E)(E + 1)
√

(E + 1)2 − 1(E − E0)2, (28)

≈
∫ E0

0

dEE2(E − E0)2, (29)

=
1

30
E5

0 . (30)

(ii) Non-relativistic regime (E0 � mec
2 and Zα/β � 1):

f(E0, Z) =

∫ E0

0

dEF (Z,E)(E + 1)
√

(E + 1)2 − 1(E − E0)2, (31)

≈
√

2

∫ E0

0

dEE1/2(E − E0)2, (32)

where we used an approximation E0 � 1. We find

f(E0, Z) ≈ 16
√

2

105
E

7/2
0 . (33)

(ii) Non-relativistic Coulomb regime (E0 � mec
2 and Zα/β � 1):

f(E0, Z) =

∫ E0

0

dEF (Z,E)(E + 1)
√

(E + 1)2 − 1(E − E0)2, (34)

≈
√

2

∫ E0

0

dE
2πZα

β
E1/2(E − E0)2. (35)

(36)

Using E = β2/2, we find

f(E0, Z) ≈ 2πZα

∫ E0

0

dE(E − E0)2. (37)

=
2πZα

3
E3

0 . (38)

f(Z,E0) =



1
30E

5
0 (relativistic : E0 > 1),

16
√
2

105 E
7/2
0 (non relativistic :

Ec < E0 < 1),
2πZα

3 E3
0 (non relativistic Coulomb :

E0 < min(Ec, 1)),

(39)

where Ec = (2πZα)2/2. The non-relativistic regime exists only for Z . 30, and thus, there is no
such a regime in r-process material. In previous a work Colgate & White (1966) applied only the
relativistic regime τ ∝ E−5. However, as we will see later, the mean-lives of the nuclei are rather
proportional to E−4 or E−3 on the relevant timescale of macronovae, i.e., a few days.

In the context of macronovae, we are interested in the relation between the lifetime and the
mean electron’s energy since the neutrinos don’t contribute to the heat deposition in the merger
ejecta. The fraction of energy of the electrons to the total energy is:

εe ≡ 〈Ee〉
E0

, (40)

=
1

ε0

∫ p0
0
EeF (Z, p)p2(E0 − E)2dp∫ p0

0
F (Z, p)p2(E0 − E)2dp

.
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In the three regimes discussed earlier εe satisfies:

εe =

 1/2 (relativistic : E0 > 1),
1/3 (non relativistic : (Ec < E0 < 1),
1/4 (nr Coulomb : E0 < Ec),

(41)

where we assumed Ec < 1.

5 The heating rate: the ideal-chains approximation

Neutron-rich nuclei produced via the r-process undergo beta decay towards the beta-stable valley
without changing their mass number. A series of beta decays of nuclei in each mass number can
be considered as a decay chain. Here we consider ideal-chains of radioactive nuclei with a series of
mean lives (τ1 < τ2 < τ3 < ...), in which each chain conserves the total number of nuclei throughout
the decay process and sufficiently many chains exist. Within this approximation, the number of
decaying nuclei in a logarithmic time interval is constant and the beta decays at a given time t are
dominated by nuclides with mean-lives of τ ∼ t (see Fig. 4). This is, of course, valid for t > τ1,
where τ1 is the mean life of the first nuclide in a decay chain. The heating rate per unit mass is
then

Q̇(t) = −
∑
i

Ee,i
〈A〉mu

dNi
dt
≈ e−1

〈A〉mu

〈Ee(t)〉
t

, (42)

where 〈A〉 is the mean mass number of the r-process material, and mu is the atomic mass unit.
Note that e is the Euler number, which arises from the fact that the decay rate of each nuclide is
proportional to e−t/τ . One can obtain Q̇ by using Eq. (22) and (11).

In the relativistic and non-relativistic Coulomb regimes, we can derive simple explicit forms of
Eq. (42). As the lifetime of beta-unstable nuclides monotonically increases with decreasing E0,
the relativistic regime is valid at early times and the non-relativistic Coulomb regime is valid at
late times. More specifically, the relativistic regime is valid until tR ≈ 103 s (0.05/|MN |2) and the
non-relativistic Coulomb regime is valid after tNC ≈ 106 s (0.05/|MN |2). Using Eqs. (39) and (41),
we obtain the heating rate in these regimes:

Q̇(t) ≈



1.2 · 1010 erg
s·g t

− 6
5

day

× 〈A〉−1200

(
|MN |2
0.05

)− 1
5

(t . tR),

0.3 · 1010 erg
s·g t

− 4
3

day

× 〈Z〉−
1
3

70 〈A〉−1200

(
|MN |2
0.05

)− 1
3

(t & tNC),

(43)

where tday is time in units of a day, 〈A〉200 is the mean mass number normalized by 200, and 〈Z〉70
is the mean proton number normalized by 70. Note that the overall magnitude of the heating rate
is determined by the mean values of the nuclear quantities, A, Z, and MN . These values should
be constant within an order of magnitude, and thus, the magnitude of the heating rate does not
depend significantly on the details of the abundance pattern of the r-process nuclei. Furthermore,
we emphasize that the formula of Eq. (43) is independent of the distribution of the nuclear decay
energy.

Figure 8 depicts the heating rate obtained from Eq. (42) and the one derived using a nuclear
database (Hotokezaka et al. 2016; see also similar heating rates in Metzger et al. 2010; Goriely et al.
2011; Roberts et al. 2011; Korobkin et al. 2012; Wanajo et al. 2014; Lippuner & Roberts 2015). We
find that the heating rate based on the simple analytic formula reproduces the one based on the
database remarkably well. In order to see more details, the right panel of Fig. 8 shows the heating
rates normalized to the values obtained for the relativistic regime (Eq. 43). The normalized analytic
heating rate (blue solid line) is flat at early times and it approaches the non-relativistic Coulomb
regime (magenta dotted line) at late times.

It is worthy noting that the formula with the non-relativistic Coulomb limit reproduces the full
heating rate after 103 s, even though it should be valid only after ∼ 106 s. This can be understood
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Figure 8: The heating rate of the ideal chains of allowed beta decay by electrons. Left panel: the
specific heating rate derived by Eq. (42). Right panel: the heating rate normalized by the relativistic
regime of Eq. (43). Also shown in both panels is the electron heating rate taken from Hotokezaka
et al. 2016, where the heating rate is obtained by using Evaluated Nuclear Data File. Here we adopt
|MN |2 = 0.05, 〈A〉 = 200, and 〈Z〉 = 50 for the analytic model.

as follows. The mean life is approximately proportional to E−40 between the relativistic and the

non-relativistic regimes, and thus, the energy generation rate evolves as E0/t ∝ t−
5
4 . In addition,

in this stage, εe changes from 1/2 to 1/4, which approximately corresponds to εe ∝ t−
1
9 . As a

result, the electron heating rate is ∝ t−1.35, which is quite similar to the one in the non-relativistic
Coulomb regime.

5.1 Free Neutron Lifetime

The lifetime of neutron τn = 880.3± 1.1 s (Particle Data Group 2014) is described as

1

τn
=

2π

~
G2
s + 3G2

t

4π4~6c3

∫ pe,0

0

F (Z,E)p2e(E0 − Ee)2dpe, (44)

=
V 2
ud + 3C2

A

tF
f(Ẽ0), (45)

=
V 2
ud(1 + 3λ2)

tF
f(Ẽ0), (46)

where

tF ≡ 2π3m2
ec

4

G2
F

(
~
mec

)6( ~
mec2

)
(47)

= 8611.3 s, (48)

Vud is the first element of the Cabbibo-Kobayashi-Maskawa matrix, GF /(~c)3 = 1.1663787 ×
10−5 GeV−2 determined from muon decay. Vud = 0.97425 (22) is measured by ft-value of su-
peralllowed 0+ → 0+ beta decay systems and λ = −1.2723± 0.0023 is measured by neutron decay.

5.2 Coulomb wave function

In the non-relativistic limit, the Coulomb correction to the beta decay lifetime can be obtained from
an exact solution of the Schrodinger equation. The equation for an electron in a Coulomb potential
is

− ~2

2me
∇2ψ − Ze2

r
ψ = Eψ, (49)

d2χ

dR2
+

(
1− l(l + 1)

R2
+

2η

R

)
χ = 0, (50)
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Figure 9: Coulomb correction factor. Adopted from Konopinski (1966).

where ψ = χΦ/r, ∇2
⊥Φ = −l(l + 1)/r2, R = kr, and

k2 =
2meE

~2
η =

meZe
2

~2k
. (51)

We also used memN/(me+mN ) ≈ me. Equation (50) is known as the Coulomb differential equation
(Abramowitz and Stegun):

d2w

dρ2
+

(
1− 2η

ρ
− L(L+ 1)

ρ2

)
w = 0, (52)

where ρ > 0, −∞ < η <∞, and L is a non-negative integer. The general solution is given by

w = C1FL(η, ρ) + C2GL(η, ρ), (53)

where FL(η, ρ) is the regular Coulomb wave function and GL(η, ρ) is the irregular Coulomb wave
function. Since the latter diverges at ρ ∼ 0, we are interested in FL, which is given by

FL(η, ρ) = CL(η)ρL+1e−iρM(L+ 1− iη, 2L+ 2, 2iρ), (54)

where M(L+ 1− iη, 2L+ 2, 2iρ) is the confluent hypergeometric function of the first kind, which is
M → 1 for ρ→ 0. Here CL is called a Coulomb constant:

CL(η) =
2Le−πη/2|Γ(L+ 1 + iη)|

Γ(2L+ 2)
. (55)
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Using these functions, we can see the wave function ψ has a finite amplitude at r ∼ 0 when l = 0.
For our case, the amplitude of the wave function at the origin is

|ψ(η; 0)|2

|ψ(η = 0; 0)|2
= |C0(−η)|2, (56)

=
e+πη|Γ(1− iη)|2

Γ(2)2
, (57)

=
2πη

1− e−2πη , (58)

where we have used Γ(1 + iy)Γ(1− iy) = |Γ(1 + iy)|2 = πy/ sinhπy.

5.3 γ-ray heating

Beta decay often leads to a daughter nucleus in an excited state. The excited nucleus immediately
decays to the ground state and emits γ-rays. Unfortunately, unlike β decay, we cannot predict the
energy spectrum of γ-rays without considering the structure of nuclei. The energy generation rate
in γ-rays follows the beta decay heating rate and the typical energy of γ-rays is about 1 MeV (see
figure 11).

5.4 Other types of decays

Alpha decay:
Spontaneous fission: Heavy nuclei can be split into two fragments. This process is called fission

and releases a huge amount of energy per decay. The released energy can be estimated as follows.
Imagine a uranium nucleus, of which the total number of nucleons is ∼ 240 and the binding energy
per nucleon is 7.6 MeV (see figure 1), is split into two nuclei of mass number ∼ 120. The binding
energy per nucleon of such nuclei is ∼ 8.5 MeV. Therefore, the total energy released in a fission
process should be approximately

240(8.5− 7.6) = 220 MeV. (59)
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r-process elements at 1 day after the nucleosynthesis (right).

Thus, the energy generation by fission is roughly 200 times more efficient compared to beta decay.
Furthermore, as we will see in the next section, the thermalization efficiency of fission fragments is
much more efficient. So if the ejecta contains small amounts of nuclei unstable against spontaneous
fission with half-lives of the relevant time, they contribute the heating rate, in particular, at the later
times. However, we have a little knowledge about the superheavy nuclei (heavier than uranium),
which may be unstable against spontaneous fission. Their half-lives are quite uncertain and depends
sensitively on the nuclear model (note that small uncertainties in the estimates of nuclear potential
turns to a huge uncertainties in the half-life because it is in a exponential factor). In addition, they
may decay from an excited state resulted from beta decay (beta-delayed fission). This effect likely
reduces the abundance of superheavy nuclei that survive until the relevant timescale of kilonovae.

6 Thermalization efficiency

6.1 γ-ray thermalization

6.1.1 Compton Scattering

Consider the scattering process of radiation from free electrons (Compton scattering). In the frame
where the electron is at rest initially, we can write the initial and final four momenta of the photon
are Pγ,i = (hν/c)(1, ~ni) and Pγ,f = (hν2/c)(1, ~nf ) and the initial and final four momenta of the
electron are Pe,i = (mec, 0) and Pγ,f = (E/c, ~p). The energy and momentum conservation leads to

hν1 =
hν

1 + hν
mec2

(1− cos θ)
, (60)

where cos θ = ~nγ,i · ~nγ,f . This can be rewritten as

λ1 − λ = λc(1− cos θ), (61)

where λc is the Compton wavelength:

λc =
h

mec
= 0.02426Å. (62)

The wavelength changes by the order of λc upon scattering. In the low energy limit, λ � λc, the
scattering process is elastic. In the high energy cases, hν > 10 MeV, on the contrary, most of the
photon energy can be transferred to the electron.

The Compton scattering cross section per electron is given by (the Klein-Nishina formula)

σCom =
3

4
σT

[
1 + x

x3

(
2x(1 + x)

1 + 2x
− ln(1 + 2x)

)
+

1

2x
ln(1 + 2x)− 1 + 3x

(1 + 2x)2

]
, (63)
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Figure 12: The energy production rate of different decay products including α decay and spontaneous
fission.

where σT = 8πe2/3mec
2 and x = hν/mec

2.

σCom ≈ σT
[
1− 2x+

26x2

5
+O(x3)

]
, (x� 1), (64)

whereas for the extreme relativistic regime we have

σCom =
3

4
σTx

−1
[
ln 2x+

1

2

]
(x� 1), (65)

One can see that the formula recovers the Thomson scattering cross section in the non-relativistic
limit and the Compton scattering cross section decreases with photon energy as lnx/x. This is the
well known Klein-Nishina suppression of the cross section in the relativistic limit.

6.1.2 Photoelectric absorption

Photons are efficiently absorbed by atoms when the photon energy is comparable to the ionization
energy of the atoms (. 100 keV for r-process elements). For energies greater than the K-shell ion-
ization energy, EK , (K-shell is the most bound electron orbit), the absorption process is dominated
by the K-shell ionization:

σph,K = 4π
√

2Z5α4σT

(
mec

2

hν

)7/2

Θ(hν − EK), (66)

where Θ(x) is the Heaviside function. For heavy r-process elements, the photoelectric absorption
dominates over the other process below ∼ 0.5 MeV.
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Figure 13: Alpha decay.

6.1.3 Pair production (Bethe-Heitler process)

At energies of > 2mec
2(1.022,MeV), photons can produce electron-positron pairs as result of the

interaction with the nuclear electric field. The cross section of the pair production is given by

σpair = Z2α2

(
e2

mec2

)2(
28

9
ln

2hν

mec2
− 218

27

)
. (67)

This expression is valid for 2mec
2 � hν � mec

2

αZ1/3 . As one can see, the cross section is logarithmically
increased with photon energy and is strongly enhanced with the proton number Z. For r-process
elements, the pair production is the dominant process stopping γ-rays at photons energies greater
than ∼ 5 MeV.

6.2 Thermalization of charged particles

6.2.1 Ionization loss

Consider that a charged particle of m and Z moving with a velocity of v passes by an electron in
an atom at rest with an impact parameter b (Fig. 16). Here we assume that the velocity is so
great that in most cases (b is sufficiently large) the electron has not appreciably changed its position
before the particle has passed by. The electron does get a net impulse given be

p =

∫ ∞
−∞

F sin θdt, (68)

where the force F is the Coulomb force Ze2/r2 and the distance can be expressed as r = b/ sin θ. As
the Coulomb force decreases with radius as ∝ r−2, the amount of impulse is dominated around the
closest approach r ≈ b, of which the duration is ∆t ≈ b/v. Therefore, the total impulse is roughly
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p ≈ Ze2/bv. Of course, we can perform the integration of equation (68) exactly. There is a relation
between t and θ as dt = bdθ/v sin2 θ. We find the momentum of the electron after the particle has
passed:

p =

∫ π

0

Ze2 sin θdθ

bv
=

2Ze2

bv
. (69)

Assuming that the velocity of the electron is sufficiently low so that we can use classical formulas,
we find the kinetic energy of the electron as a function of impact parameter:

Te =
p2

2me
=

2Z2e4

b2mev2
. (70)

The ionization cross section can be obtained by setting Te = Inl = Z2
TE0/2, where ZT is the target’s

effective nuclear charge and E0 = mev
2
0 = 2Ry, and v0 = e2/~:

σBohr
i =

2πZ2e4

mev2Inl
(71)

= 2πZ2a20
v20E0

v2Inl
, (72)

where a0 = ~2/mee
2 = ~/v0me. Note that we have assumed the velocity of the target electron is

zero. However, the bound electron has a finite orbital velocity, which helps to eject the electron via
collision.
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The differential cross section is

dσ

dW
= 2πZ2a20

v20E0

v2W 2
(73)

Bethe calculated the ionization cross section with the Born approximation and found for v � vnl

σBethe
i = σBohr

i

(
0.566 ln

(
v

vnl

)
+ 1.261

)
. (74)

The stopping cross section, which has a dimension of area times energy, is defined as

σe =

∫
∆TdA, (75)

where ∆T is the loss of kinetic energy sustained by the particle when moving through the area dA.
Ordinarily, a cross section is a measure of the probability of removing a particle from the primary
beam. Here instead, we are interested in the process that the particle is only slowed down. Using
equation (70), we get

σe

∫ b2

b1

Te2πbdb =
4πZ2e4

mev2
ln
b2
b1
, (76)

where b1 ≈ h/2mev is determined by the uncertainty principle and b2 ≈ v/ν, where ν is an average
of the frequencies of oscillations of the electrons in the atom.

σe =
4πZ2e4

mev2
ln

2mev
2

〈I〉 , (77)
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Figure 17: The bolometric light curve of the kilonova GW170817 and beta-decay heating rate. Left:
the total heating rates without taking into account for the thermalization efficiency and Right: the
ones with the thermalization efficiency.

where 〈I〉 = h〈νnl〉 is the an average excitation energy or binding energy for the electrons in the
atoms of the stopping medium.

The formula valid for in the relativistic regime is given by

σe =
2πZione

4

mev2

[
ln

(
mev

2T

2〈I〉2(1− β2)

)
− (2

√
1− β2 − 1 + β2) ln 2 + 1− β2 +

1

8
(1−

√
1− β2)2

]
. (78)

6.2.2 Bremsstrahlung

6.3 Heavy particles

The stopping cross section for a heavy particle of M � me and an electric charge Z moving in a
medium composed of neutral ions with an atomic number Zion at a velocity v is

σst(v) =
4πZ2Zione

4

mev2

[
ln

(
2mev

2

〈I〉

)
− ln

(
1− β2

)
− β2

]
. (79)

Comparing equation (79) to equation (78), one can see that the stopping cross section of heavy
particles is much greater than that of electrons for a same kinetic energy.
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