_ O‘S(Qz)

QCD splitting probabilities: F = P(x)dx
u—_’ 2
4 1 1-—
q— q+g(x) r—-[_m$ Py, = 3 +( z) bremsstrahl-sing. * — 0O
; xr
X
— X 2
4 1
q—q(z)+g Py = = Tz bremsstrahl-sing. © — 1
g—q(x)+q 7 quzpq—gzg[x2+(1—a;)2] finite

X 1 — 212
g—g(x)+g m—n«-E: P, =6 [ x(fj_;)] bremsstrahl-sing. x — 0, 1

Altarelli—Parisi master equations for parton densities:

FN ] .
SR OB 0l [y [ i (a0 + Puo1et. D)
Q2 N Q2 + 5@2 0 0

) 1
e / W' Pu(ale, Q%)
0

1 1 1 1
/ dy' Pye(y)q(z, Q%) = / dy/ dz61(x —yz)6(y — 1) [/ dy’qu(y’)] q(z, Q%)
0 0 0 0



dq(z, Q?) as(@ [ [
.Y @ /O ay /O ds 510 — v2) { PEwa(z, @)
+ Py (1)9(2,Q%) }

09(z, Q%) _ al@®) [t [ _
W = o /O dy/o dz 61(x — yz) {qu(y);[Q(Z,QQ)+CI(Z7Q2)]

+PR(y)g(z Q%))

1
qut;(y) - qu(y)—é(y—l)/ dy’qu(y’)
0

1 1
Pglz(y) = Py(y) —o6(y—1) [%/ dy' Pyg(y') + NF/ dy' qg(y’)]
0 0

127

2 p—
(%) (33— 2Np) log &

partial disentanglement: § = ¢ — ¢’ non-singlet
=) (¢+ 7
£l

} coupled singlet set
g




SOLUTIONS:

2 1 N—-1 2
transition to moments: g(N, Q ):/O de ' “q(x, Q%)

transforms integro-differential system of equations into system of usual
differential equations.

log Q2

09 Qg
[for fixed coupling constant ¢t = log Q2 would be the natural variable]

natural variable: s = log [Qo = reference momentum transfer]

1.) Non-singlet density:

0 6 !

—5(N,Q?) = dy vV 1PE(y)6 (N, Q?

SOWN.Q) = o2 [y RSN, Q)
N

6 4| 1 1 1|
=moams | 2 TN D 2 i

J:

0

50V, 0?) = —dng(N)S(N,Q2) = § = Spe— s
S



- —dns
S(N,Q?) = s(N, Q2) 129 QQ]

109 Q3
< log. violation of Bjorken scaling

= 6(N, QP)

'as@?)r“
_QS(Q%)

interpretation:

log Q2] -

(i) asymptotic freedom = 5
log QF

Kﬁ‘ (Q)? growing

Q1™

fixed coupling = |—
Q2

0

(ii) dys(IN = 1) = 0: net quark # unchanged
dnvs(N > 1) > 0: moments decrease with 4 1 X

increasing Q2

(iii) moment comparison: test of anomalous dimensions

QQ—dependence of structure functions



(K(n, @4 ) 9

100

Bild 19-7

Die Momente der Strukturfunktion F;:VN) d
gemessen in Neutrino-Eisen-Streuung
(nach de Groot 1979)

0)

i
T T T\

1,29

Bild 19-8

Logarithmen von Momenten
der Strukturfunktion /3
gegeneinander aufgetragen.
Die QCD-Vorhersagen sind
gerade Linien mit berechen-
barem Anstieg, wie angegeben
(nach Bosetti 1978).



2.) Quark singlet and gluon densities:

Y — _ with > = > (N, etc.
3S(G) (dGQ dac G (N9
6 ' 4 2 —1
_ N-1pR — B — —| =
doo(N) = —33_2NF/0 dy v FuW) = 335N, [1 N(N—|—1)+4_ < j = dvs (V)
j:
1
_ 6 N-1 _ __ ONr N"+N+2
doc(N) = 33—2NF/O Wyt 2N Fuly) = g o NV DOV 1 2)
1
o 6 No1 _ 8 N24+ N+2
dGQ(N)— —33—2NF/O dyy Pg(I(y)_ 33—2NF(N—1)N(N+ 1)
_ N-1pR(,\ — - — S+ ==
doc(N) = 33_2NF/0 Wy ) 33—2NF{3 NN-D) (N+1)(N+2)+4§;j+ 9 }
j:

solution of the systems via exponential ansatz =

1
> = ——{[-p-Zo+ Gole “* 4 [uy4Zo — Gole %}
Pop — H—

1
G = py — po {pyl—p-o0+ Gole ™ + p_[uy To — Gole™**}
_|_ - —

. . 1
eigenvalues: a.(v) = [(dGG + dog) = /(e — dog) + 4dQGdGQ]

: _ dac — dog + +/(doc — dgg)? + Adgad
eigenvectors: . (v) =%~ dee _ 19 daq v/ (doa — dgo)® + 4dgcdag
dQG 2 dQG




PHYSICAL CONCLUSIONS:
(a) momentum sum rule:

Z;((QQ))::O_I} S(2) + G(2) = 1 follows from To(2) + Go(2) = 1
(b) asymptotic momentum distribution:
1 _ 3Np 3 B
d-(2) =0 } == p-(2) —pe(2)  16+3Np 7 for N =4
up(2) = -1 G(2) — n-(2) 10 _2 for Np = 4

(2 —pr(2) 16+3Np 7

(c) measurement of all gluon moments:
deep inelastic /N scatt.: no dir. poss. to meas. gluon density.
indirect: @ momentum sum rule: G(2,Q3) =1 — 3(2,Q3)

e modifies strength of (N, Q?)-var. with Q2 through buildup of sea density.

o [G — QQ splitting into heavy quarks]
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NNLO, a,=0.118, Q = 100 GeV NNLO, ,=0.118, Q = 100 GeV
1.25 e e DT T T LI B L——— 1.25 e e e i i 2 T T T T T T T

TT1
=
9]
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o
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MMHT 14 /
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Figure 2: Comparison of the MC900 PDFs with the sets that enter the combination: CTI14, MMHT14 and
NNPDF3.0 at NNLO. We show the gluon and the up quark at Q = 100 GeV. Results are normalized to the
central value of the prior set MC900.

PDF4LHC15 PDFs: Comb. of NNPDF3.0, CT14 and MMHT 14 PDFs
quark and gluon PDFs known to few-% accuracy for z ~ 10~%...0.1
central PDFs 4 error PDFs — PDF+as error

global fit to hadronic observables: DIS, DY, jet production,. ..

missing: elw. corr. [— v PDF], hadronic uncertainties



37. Factorization Theorems of QCD

QCD corrections to deep inelastic ¢N scattering:

DIMENSIONAL REGULARIZATION

d*k

idea: analytical continuation 4-dim. — n-dim. [n = 4 — 2¢]; /

(2m)*

= UV singularities as poles for ¢ — 0 [gauge invariance preserved]

deep inelastic ¢\ scattering:

‘f.
q/ 2pq  2pq ° 2z
q=p —p+ps

parton tensor:
W = Fi(2,@%) [ -o" +
q° Q>

- Q* (B Q? Iy,
:> /JI VW 1 = — - F E I
PP u 422 \ 2z ! 42222

2z .

- F 3 —2€ .
g W = (1 — €)== — ‘P,
z 2z

structure functions: Fi(z, Q%) = Z e

q9,9

0

q”q’/} + 2 P20 (pu 4 g_z) (p'/ + ;]_z>

1

v

Fi1(z,Q%) = F1(2,Q?%)
FQ,L(Z7Q2)

ﬁQ,L(z7Q2) — 2,

dydz Fi(z,Q%) q(y, Q%) §(x — yz)

-/

d"k
(2m)n




1.) Born term: M%, = —ieeqdiu(p )y u(p)

dPS1(p+q;p')
8moo

chy) — Z M%OM*V

= | Fr,Lo =0 F1,00 = Fa,0 =6(1 — 2) (00 = 27aeg)

2.) QCD corrections:
(i) virtual corrections:

5 5
>U~q‘ + >—~q‘ = 0 [partons massless]
4 05 Kf

d"k y*(k+ )V (KE+ Py
2m)" k2(k + p)?(k + p')?

dimensionless coupling: g2 = g2u**

- dPS
W{;V_—ZQ%&/VIMM*V 1ép+q p)
ToQ

My = i®(—1)%ee,gs (T°T"); ﬂ(p/)/ ( u(p)




3

_ _ T2
5FQ,V:5.F1’V:CF ) [—6—2—2—8—24.(2) 5(1—2)

as T(1—¢) [4rpu?
2 (1 — 2¢) ( Q2

6Fry =0
Infrared divergences will be subtracted by adding the real gluon radiation.
(ii) real corrections:

- i s=(p+q)?
: L;\O‘ ﬁ/ m\ ; t=(p’—p)2}:>s+t+u=q2
P A : . 5
{ o u=(k —
Y 3 b =)
Mg — i3(_1)2€eq§87-1{;a(p/) {fya(]é/_l_ %)7“ + fyl'b(%— %),yoz} u(p) *

(p' + k)2 (p— k)2 :
| wdPS2(p+ q; P, k)
Wﬁq — E/ZMgMQ 8mwoo
1 — 2 2
parametrization: s = Q% t=-2(1-vy); u= —Q—y
4 4 z

0FLq = épupyW%V = /0 dy L #= 0| < finite

L as T(—¢ [4mu®\ (72 3 7
OF20=Cr oo r(l—QE)(QQ) {[e_2+2+§]5(1_2)

(o) (52) roen (2) 5(cL) +avn)




Altarelli—Parisi splitting functions:

1
1 2 1 12
Py (2) = Cp T2 —5(1—7;)/ dz' Cp Ttz
0

1-=2 12
1 1 2 1 2

- / 4z J(2) Pu(2) = / 4z Cp 2 [1() — ()] = / dz Cy (11+ ) £()
0 0 0 Syt

1—=z

B 1422\ 2 3
= qu(z)—CF(1_2)+—CF{(1_Z>+—1—Z+§5(1—2)}

sum virtual + real:

oy = . T(1-¢) [4mp? 6% [_1_ } as 5 (Iog(l—z))
073 =JwvtFu=rrmoa o ) o |7 1097 Pa(2) +Cr o2 4 Q20 (=7 N

3 1 9 72
_5(1_Z>++3+22— (54—?)5(1—2«)}

The crossed channel v*g — qq is of the same order in as and cannot be distinguished from ~* — qg.




