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The fluctation-dissipation theorem relates the approach to 
equilibrium of a small perturbation to correlators in the 

equilibrium state, computable using the holographic 
correspondence 

At finite temperature hydrodynamics is expected to be 
the effective description of a generic system
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Hydrodynamical Ansatz:  effective degrees of freedom in the 
long range are the densities of conserved charges

The dynamics is captured by a small number of effective 
parameters (transport coefficients)

Finally, σµν is the only transverse traceless symmetric tensor, hence

tµν = −η σµν +O(∂2) ,

where the coefficient η is the shear viscosity. Thus the constitutive relations in first-order
relativistic hydrodynamics in the Landau frame can be taken as:

T µν = ϵuµuν + p∆µν − η∆µα∆νβ

(

∂αuβ + ∂βuα −
2

d
ηαβ∂µu

µ

)

− ζ∆µν∂λu
λ +O(∂2) , (1.16a)

Jµ = nuµ − σT∆µν∂ν(µ/T ) + χT∆
µν∂νT +O(∂2) . (1.16b)

We see that Lorentz covariance restricts the constitutive relations up to four transport coeffi-
cients η, ζ , σ, and χT. We will see later that η, ζ , and σ must be non-negative, while χT has
to vanish (even though a non-zero value of χT is allowed by Lorentz symmetry). The equation
of state provides one with p(T, µ), from which one can find ϵ(T, µ) and n(T, µ). The transport
coefficients η, ζ , and σ depend on T and µ in a way that is determined by the underlying
microscopic theory.

In a generic unspecified frame, the constitutive relations for frame-invariant quantities in
first-order hydrodynamics take the form

tµν = −η σµν , f = −ζ ∂λuλ , ℓµ = −σT∆µν∂ν(µ/T ) + χT∆
µν∂νT .

For example, one could choose a frame in which the bulk viscosity appears as a non-equilibrium
correction to charge density, and the charge conductivity appears in the constitutive relations
for both the energy-momentum tensor and the current. In the Eckart frame, the constitutive
relations become

T µν = ϵuµuν + p∆µν + (qµuν+qνuµ)− η σµν − ζ∆µν∂λu
λ +O(∂2) , (1.17a)

Jµ = nuµ +O(∂2) , (1.17b)

where qµ = (σT∆µν∂ν(µ/T )− χT∆µν∂νT )(ϵ+p)/n. The expression for qµ can be rewritten in
an equivalent form by eliminating ∆µν∂νµ in favor of ∆µν∂νT and ∆µν u̇ν, using the equations
of ideal hydrodynamics:

qµ = −κ∆µν(T u̇ν + ∂νT )−
ϵ+p

n
χT ∆

µν∂νT +O(∂2) ,

where κ ≡ σ(ϵ+p)2/(n2T ) is the heat conductivity. It is this Eckart-frame form of the
relativistic hydrodynamic equations with χT = 0 that becomes Eq. (1.5) in the non-relativistic
limit.

The coefficients η, ζ , σ, and χT can be viewed as parameters in the effective theory
that need to be matched to the microscopic theory. This matching can be done in the linear
response theory, as we will see in the next section. The linear response theory will give explicit
expressions for η, ζ , and σ in terms of correlations functions of the energy-momentum tensor
and the current. As the latter are independent of the “frame”, this provides an alternative
way to see that the transport coefficients η, ζ , and σ are frame invariant: choosing a different
frame may change the place where they appear in the constitutive relations, but not their
value.
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Linear response theory
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relations (1.16), and linearize them around the solution uµ = (1, 0), T = const, µ = const.
For most of this section, rather than working with T , ui, and µ, we will work with their
conjugate variables, which are the energy density, momentum density, and charge density.
The reason is that the latter have a microscopic definition given by the operators T 0µ(x)
and J0(x). For a pedagogical discussion of the linear response theory in non-relativistic
hydrodynamics, see the beautiful paper by Kadanoff and Martin [29].

2.1 Simple diffusion

Before moving on to the full linearized hydrodynamics, we start with a simple example of the
diffusion equation for a conserved density n(t,x),

∂tn−D∇
2n = 0 , (2.1)

where ∇2 ≡ ∂i∂i is the spatial Laplacian. This equation of course describes the diffusion of
n(t,x) with a diffusion coefficient D, and gives a simple example of relaxation with ω(k) → 0
as k→0. To proceed, we define the spatial Fourier transform by

n(t,x) =

∫

ddk

(2π)d
eik·xn(t,k) .

We can now solve the equation,

n(t,k) = e−Dk2tn0(k) , (2.2)

where n0(k) ≡ n(t=0,k). What this equation tells us is how the density relaxes at t > 0 given
an initial disturbance n0(k). We will be working later with functions of frequency, rather than
time, and so we would like to Fourier transform (2.2) in time as well. However, n(t,k) in
Eq. (2.2) is only defined for t ! 0, so instead of the Fourier transform, we will use the Laplace
transform in time, defined as

n(z,k) =

∫ ∞

0

dt eiztn(t,k) ,

where z must have a positive imaginary part for convergence. Applying the Laplace transform
to the diffusion equation (2.1), we find the solution as

n(z,k) =
n0(k)

−iz +Dk2
.

We can also write this in terms of the source µ(t,x) for the charge density, which is the
chemical potential. For small fluctuations, we have n(t,x) = χµ(t,x), where χ ≡ (∂n/∂µ)µ=0

is the static susceptibility. Note that χ is a static thermodynamic quantity, not a dynamic
response quantity. We now write the solution to the diffusion equation in terms of the initial
value of the source as

n(z,k) =
χµ0(k)

−iz +Dk2
. (2.3)

We now would like to connect the solution to the diffusion equation to correlation functions
in our system. To do so, we imagine the following process. We turn on a source for the density
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Response to external perturbation

of the form µ(t,x) = eεtµ(x)θ(−t). In other words, the source µ(x) is adiabatically turned
on at t = −∞, and then switched off at t = 0. We then watch the system evolve at time
t > 0. The master formula for the whole of linear response theory comes from first-order
time-dependent perturbation theory in Quantum Mechanics. For a system with a time-
independent Hamiltonian H and a Heisenberg-picture operator A(t,x) defined with respect
to H , we imagine adding a time-dependent contribution δH(t) to the Hamiltonian. Then the
change in the expectation value of A(t,x) is

δ⟨A(t,x)⟩ = −i

∫ t

−∞
dt′ ⟨[A(t,x), δH(t′)]⟩ , (2.4)

to first order in δH . In our case δH is due to the external source µ(t,x), and has the form

δH = −
∫

ddx µ(t,x)n(t,x)

[think grand canonical density operator, H → H−µQ]. Now, from Eq. (2.4), the change in
the density is

⟨n(t,x)⟩ = i

∫ t

−∞
dt′ eεt

′
θ(−t′)

∫

ddx′ µ(x′) ⟨[n(t,x), n(t′,x′)]⟩

= i

∫ 0

−∞
dt′ eεt

′
θ(t−t′)

∫

ddx′ µ(x′) ⟨[n(t,x), n(t′,x′)]⟩ .

This can be written more compactly if we introduce the retarded function

GR
nn(t−t′,x−x′) ≡ −iθ(t−t′) ⟨[n(t,x), n(t′,x′)]⟩ .

Then the change in density induced by the external source µ(t,x) becomes

⟨n(t,x)⟩ = −
∫ 0

−∞
dt′ eεt

′

∫

ddx′ µ(x′)GR
nn(t−t′,x−x′) . (2.5)

Our goal now is to take this equation for t > 0, find the Laplace transform ⟨n(z,k)⟩, and
compare with the prediction (2.3) of the diffusion equation. This will give us the retarded
function.

We first Fourier transform Eq. (2.5) in space, which gives

⟨n(t,k)⟩ = −
∫ 0

−∞
dt′ eεt

′
µ(k)GR

nn(t−t′,k) . (2.6)

Note that µ(k) is the Fourier transform of µ(x), in other words it is the Fourier transform of
the external source µ(t,x) at t=0, hence we will write µ(k) = µ0(k), to use the notation of
Eq. (2.3). Next, we Fourier transform the retarded function in time,

GR(t−t′,k) =

∫ ∞

−∞

dω

2π
GR(ω,k) e−iω(t−t′) .
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time-dependent perturbation theory in Quantum Mechanics. For a system with a time-
independent Hamiltonian H and a Heisenberg-picture operator A(t,x) defined with respect
to H , we imagine adding a time-dependent contribution δH(t) to the Hamiltonian. Then the
change in the expectation value of A(t,x) is

δ⟨A(t,x)⟩ = −i

∫ t

−∞
dt′ ⟨[A(t,x), δH(t′)]⟩ , (2.4)

to first order in δH . In our case δH is due to the external source µ(t,x), and has the form

δH = −
∫

ddx µ(t,x)n(t,x)

[think grand canonical density operator, H → H−µQ]. Now, from Eq. (2.4), the change in
the density is

⟨n(t,x)⟩ = i

∫ t
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∫
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Our goal now is to take this equation for t > 0, find the Laplace transform ⟨n(z,k)⟩, and
compare with the prediction (2.3) of the diffusion equation. This will give us the retarded
function.

We first Fourier transform Eq. (2.5) in space, which gives

⟨n(t,k)⟩ = −
∫ 0
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dt′ eεt

′
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nn(t−t′,k) . (2.6)

Note that µ(k) is the Fourier transform of µ(x), in other words it is the Fourier transform of
the external source µ(t,x) at t=0, hence we will write µ(k) = µ0(k), to use the notation of
Eq. (2.3). Next, we Fourier transform the retarded function in time,

GR(t−t′,k) =
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Note that GR(t,k) is only non-zero for t > 0, hence GR(ω,k) is an analytic function in
the upper half-plane of complex ω. We can then analytically continue GR(ω,k) to lower
half-plane. Now the density induced by the external source becomes

⟨n(t,k)⟩ = −µ0(k)

∫

dω

2π
GR

nn(ω,k)
e−iωt

iω + ε
.

We multiply both sides by eizt (with Im z > 0), and integrate over t from 0 to ∞, which gives

⟨n(z,k)⟩ = −µ0(k)

∫

dω

2π

GR
nn(ω,k)

(iω + ε) (i(ω−z) + ε)
.

To do the integral, we close the contour in the upper-half plane where GR is analytic. There
are two poles inside the contour, at ω = iε, and ω = z + iε, thus

⟨n(z,k)⟩ = −µ0(k)
GR

nn(z,k)−GR
nn(z=0,k)

iz
, (2.7)

where the argument of GR is understood to be slightly above the real axis. Now comparing
with equation (2.3), we find:

GR
nn(z,k)−GR

nn(z=0,k) =
−izχ

−iz +Dk2
.

The only missing piece is GR(z=0,k). It is easy to find if one looks at Eq. (2.6) at t=0,

⟨n(t=0,k)⟩ = −µ0(k)

∫ ∞

0

dt′ e−εt
′
GR

nn(t
′,k) = −µ0(k)G

R
nn(z=0,k) .

So in the small-k limit we can identify GR
nn(z=0,k) = −χ, which gives the retarded function

GR
nn(z,k) =

χDk2

iz −Dk2
.

This function is analytic in the upper-half plane of complex z as it should be. We can
define GR(ω,k) in the whole complex plane as the analytic continuation of GR(z,k) from the
upper-half plane. In the lower half-plane, the retarded function has a pole at ω = −iDk2,
corresponding to the diffusive mode.

Given the above expression for the retarded function, we can deduce the standard Kubo
formula for the diffusion constant,

Dχ = − lim
ω→0

lim
k→0

ω

k2
ImGR

nn(ω,k) .

2.2 Canonical approach to hydrodynamic response functions

The above example of diffusion allows for a simple generalization when there are several fields
present. Let ϕa(t,x) be the set of hydrodynamic variables which have microscopic operator
definitions, such as the charge density J0, momentum density T 0i etc. We add the sources λa
to the Hamiltonian as

δH = −
∫

ddx λa(t,x)ϕa(t,x) .

18
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Dχ = − lim
ω→0

lim
k→0

ω

k2
ImGR

nn(ω,k) .

2.2 Canonical approach to hydrodynamic response functions

The above example of diffusion allows for a simple generalization when there are several fields
present. Let ϕa(t,x) be the set of hydrodynamic variables which have microscopic operator
definitions, such as the charge density J0, momentum density T 0i etc. We add the sources λa
to the Hamiltonian as

δH = −
∫

ddx λa(t,x)ϕa(t,x) .
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.
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define GR(ω,k) in the whole complex plane as the analytic continuation of GR(z,k) from the
upper-half plane. In the lower half-plane, the retarded function has a pole at ω = −iDk2,
corresponding to the diffusive mode.

Given the above expression for the retarded function, we can deduce the standard Kubo
formula for the diffusion constant,

Dχ = − lim
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2.2 Canonical approach to hydrodynamic response functions

The above example of diffusion allows for a simple generalization when there are several fields
present. Let ϕa(t,x) be the set of hydrodynamic variables which have microscopic operator
definitions, such as the charge density J0, momentum density T 0i etc. We add the sources λa
to the Hamiltonian as

δH = −
∫
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spectral function
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x, we have the following set of equations

∂t δϵ+ ikxπx = 0 ,

∂tπ
∥ + ikxv

2
s δϵ+ γsk

2πx = 0 ,

∂tπ
⊥
i + γηk

2π⊥
i = 0 .

Here v2s = ∂p/∂ϵ, γη = η/(ϵ̄+p̄), γs = (2d−2
d η+ζ)/(ϵ̄+p̄), η and ζ are shear and bulk viscosities,

and d is the number of spatial dimensions.
The transverse momentum density π⊥

i obeys the diffusion equation, with γη playing the
role of the diffusion constant. This means that we should be able to use the results for the
diffusion equation. The source for the momentum density is the velocity, and it appears in
the Hamiltonian in the form

δH = −
∫

ddx vi(t,x) πi(t,x)

[think grand canonical density operator, −βH → βuµP µ ≈ −β(H−v·P)]. The role of the
susceptibility χ is played by the enthalpy density w̄ ≡ (ϵ̄+p̄), because to linear order πi = w̄vi.
The retarded correlation function of the transverse momentum density is now easy to write
down: for k along x, we have

GR
πyπy(ω,k) =

w̄γηk2

iω − γηk2
. (2.20)

Now let us look at the coupled equations for δϵ and π∥. These equations describe sound waves,
and have the form of Eq. (2.10) with ϕa = (δϵ, πx), and

Mab =

(

0 ikx
ikxv2s γsk2

)

.

To find the susceptibility matrix, we need to identify the sources λa. A disturbance in energy
density can be created by a disturbance in temperature, −βH → −(β + δβ)H . Noting that
δβ/β = −δT/T , we have

δH = −
∫

ddx

(

δT (t,x)

T
ϵ(t,x) + vi(t,x)πi(t,x)

)

.

Thus the sources corresponding to the fields ϕa = (δϵ, πx) are λa = (δT/T, vx). The suscepti-
bility matrix is therefore diagonal,

χab =

(

cvT 0
0 w̄

)

where cv = ∂ϵ/∂T = ⟨H2⟩conn/(V T 2) is the specific heat. At µ = 0, it can be easily related
to the enthalpy and the speed of sound, w̄/T = s = ∂p

∂T = ∂p
∂ϵ

∂ϵ
∂T = v2scv. The matrix of

T-eigenvalues is S = diag(1,−1), and one can easily check that the relation (2.18) is satisfied,
so the response functions will come out consistent with the time-reversal invariance. The
retarded function is given by Eq. (2.13),

GR
ab(ω,k) =

w̄

ω2 − k2v2s + iωγsk2

(

k2 ωkx
ωkx k2v2s − iωγsk2

)

.
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x, we have the following set of equations

∂t δϵ+ ikxπx = 0 ,

∂tπ
∥ + ikxv
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s δϵ+ γsk

2πx = 0 ,

∂tπ
⊥
i + γηk

2π⊥
i = 0 .

Here v2s = ∂p/∂ϵ, γη = η/(ϵ̄+p̄), γs = (2d−2
d η+ζ)/(ϵ̄+p̄), η and ζ are shear and bulk viscosities,
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i obeys the diffusion equation, with γη playing the
role of the diffusion constant. This means that we should be able to use the results for the
diffusion equation. The source for the momentum density is the velocity, and it appears in
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δH = −
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[think grand canonical density operator, −βH → βuµP µ ≈ −β(H−v·P)]. The role of the
susceptibility χ is played by the enthalpy density w̄ ≡ (ϵ̄+p̄), because to linear order πi = w̄vi.
The retarded correlation function of the transverse momentum density is now easy to write
down: for k along x, we have

GR
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Now let us look at the coupled equations for δϵ and π∥. These equations describe sound waves,
and have the form of Eq. (2.10) with ϕa = (δϵ, πx), and

Mab =

(

0 ikx
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.

To find the susceptibility matrix, we need to identify the sources λa. A disturbance in energy
density can be created by a disturbance in temperature, −βH → −(β + δβ)H . Noting that
δβ/β = −δT/T , we have

δH = −
∫

ddx

(

δT (t,x)
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ϵ(t,x) + vi(t,x)πi(t,x)

)

.

Thus the sources corresponding to the fields ϕa = (δϵ, πx) are λa = (δT/T, vx). The suscepti-
bility matrix is therefore diagonal,

χab =

(

cvT 0
0 w̄

)

where cv = ∂ϵ/∂T = ⟨H2⟩conn/(V T 2) is the specific heat. At µ = 0, it can be easily related
to the enthalpy and the speed of sound, w̄/T = s = ∂p

∂T = ∂p
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∂T = v2scv. The matrix of

T-eigenvalues is S = diag(1,−1), and one can easily check that the relation (2.18) is satisfied,
so the response functions will come out consistent with the time-reversal invariance. The
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Decoupled from current at µ = 0
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�s =
2d�2

d ⌘ + ⇣

w̄
<latexit sha1_base64="XpD3TBhDsEBjjS8IbRXMMVRRPmU=">AAACIHicbVDLSgMxFM34tr6qLt1cLIIglpkq6EYR3LhUsLbQKeVOJtOGJjNDklHqMJ/ixl9x40IR3enXmNYufB0IOZxzD8k9QSq4Nq777kxMTk3PzM7NlxYWl5ZXyqtrVzrJFGV1mohENQPUTPCY1Q03gjVTxVAGgjWC/unQb1wzpXkSX5pBytoSuzGPOEVjpU75wO+ilNjRcAR+pJDmeQ1C2K2Bn9gchAX4zCDsgH9r7yL3A1RwU3TKFbfqjgB/iTcmFTLGeaf85ocJzSSLDRWodctzU9POURlOBStKfqZZirSPXdayNEbJdDsfLVjAllVCiBJlT2xgpH5P5Ci1HsjATko0Pf3bG4r/ea3MRIftnMdpZlhMvx6KMgEmgWFbEHLFqBEDS5Aqbv8KtIe2JmM7LdkSvN8r/yVXtaq3V61d7FdOjsd1zJENskm2iUcOyAk5I+ekTii5Iw/kiTw7986j8+K8fo1OOOPMOvkB5+MTBK2hqQ==</latexit>

At                       all fluctuations coupled µ 6= 0
<latexit sha1_base64="IXKMf4QsbIOInz+IC+l8bKnbmq4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CQFLx4r2A9sQtlsJ+3SzSbuboRS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Ngtbxe2d3b390sFhUyeZYthgiUhUO6QaBZfYMNwIbKcKaRwKbIXDm6nfekKleSLvzSjFIKZ9ySPOqLHSgx9nxJf4SNxuqexW3BnIMvFyUoYc9W7py+8lLItRGiao1h3PTU0wpspwJnBS9DONKWVD2seOpZLGqIPx7OIJObVKj0SJsiUNmam/J8Y01noUh7YzpmagF72p+J/XyUx0FYy5TDODks0XRZkgJiHT90mPK2RGjCyhTHF7K2EDqigzNqSiDcFbfHmZNKsV77xSvbso167zOApwDCdwBh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxbV5x85gj+wPn8AY+dkCw=</latexit>

In the plane of complex ω, there are two poles, when the denominator vanishes. In the limit
of small momenta, the poles are at ω = ±|k|vs − iγsk2/2, corresponding to weakly damped
sound waves. We can combine the contributions from π⊥ and π∥ into one retarded function
for momentum density,

GR
πiπj(ω,k) =

(

δij −
kikj
k2

)

ηk2

iω − γηk2
+

kikj
k2

w̄(k2v2s − iωγsk2)

ω2 − k2v2s + iωγsk2
. (2.21)

For completeness, the other retarded functions are

GR
ϵπi(ω,k) = GR

πiϵ(ω,k) =
w̄ ωki

ω2 − k2v2s + iωγsk2
,

GR
ϵϵ(ω,k) =

w̄ k2

ω2 − k2v2s + iωγsk2
.

Evaluating the imaginary parts of the retarded functions, we find the Kubo formulas

σ = − ω

k2
ImGR

nn(ω,k→0) , (2.22a)

η = − ω

k2

1

d−1

(

δij −
kikj
k2

)

ImGR
πiπj(ω,k→0) , (2.22b)

2d−2

d
η + ζ = −ω

3

k4
ImGR

ϵϵ(ω,k→0) . (2.22c)

The positivity condition (2.15) implies that η ! 0, ζ ! 0, and σ ! 0, consistent with the
requirement that small hydrodynamic fluctuations decay (rather than grow) with time. Using
the relation (2.14), the above Kubo formulas can be equivalently expressed in terms of either
the symmetrized correlation functions Gab, or the spectral functions ρab.

The Kubo formulas can be also written in terms of correlation functions of spatial currents,
rather than charge densities. To do so, we demand that the correlation functions of conserved
currents satisfy

kµGJµJν(ω,k) = 0 ,

kµGTµνTαβ
(ω,k) = 0 .

For the conductivity, we then find

σ =
1

2Td
GJiJi(ω,k=0) =

1

2T
GJxJx(ω,k=0) . (2.23a)

In writing down this expression, we have used the relation (2.14) between the symmetrized
and retarded functions, as well as time-reversal invariance which by Eq. (2.16) implies GJ0Ji =
GJiJ0, and rotation invariance which implies that at zero spatial momentum GJiJj must be
proportional to δij. A similar argument gives Kubo formulas for shear viscosity

η =
1

2T

1

d2+d−2
Hmi

nj GTmi,Tnj
=

1

2T
GTxyTxy , (2.23b)

and for the bulk viscosity

ζ =
1

2T

1

d2
δmiδnj GTmi,Tnj

=
1

2Td

(

GTxxTxx+(d−1)GTxxTyy

)

=
1

2T

(

GTxxTxx− 2d−2
d GTxyTxy

)

,

(2.23c)

24
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Correlators from holography Zgrav(� ! J) = heJOiCFT
<latexit sha1_base64="FkRubXg0R3SHHDB1fIEkIm3S0k4="></latexit>

hO1O2i =
�
2
S

�J1�J2
=

�hO1i
�J2

=
�hO2i
�J1

<latexit sha1_base64="xJ22g9dXDVmyQHyN1rVFZe9AsMc="></latexit>

In FG coordinates �(x, z) = J(x)z�� + hO(x)iz�+
<latexit sha1_base64="9IAMsLKsc3ZEAACF33hMbkbRJnU="></latexit>

hOi
<latexit sha1_base64="fyNLwbCFJoJ6S01Vtn6G26yLVHI=">AAAB+3icbZBNSwMxEIZn61etX7UevQSL4KnsVkFPUvDizQr2A7pLyabTNjSbXZKsWEr/ihcPinj1j3jz35i2e9DWFwIP78wwkzdMBNfGdb+d3Nr6xuZWfruws7u3f1A8LDV1nCqGDRaLWLVDqlFwiQ3DjcB2opBGocBWOLqZ1VuPqDSP5YMZJxhEdCB5nzNqrNUtlnxB5UAguSO+WlC3WHYr7lxkFbwMypCp3i1++b2YpRFKwwTVuuO5iQkmVBnOBE4LfqoxoWxEB9ixKGmEOpjMb5+SU+v0SD9W9klD5u7viQmNtB5Hoe2MqBnq5drM/K/WSU3/KphwmaQGJVss6qeCmJjMgiA9rpAZMbZAmeL2VsKGVFFmbFwFG4K3/OVVaFYr3nmlen9Rrl1nceThGE7gDDy4hBrcQh0awOAJnuEV3pyp8+K8Ox+L1pyTzRzBHzmfP+qwk7I=</latexit>

determined as function of      from IR boundary conditionsJ
<latexit sha1_base64="2zy4Pf191tSxz88Zw1a4N7CIy1g=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CQFL+Kpiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb2dldW19Y7OwVdze2d3bLx0cNnWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn6rSdUmsfy0YwT9CM6kDzkjBorPdyRXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezSCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G3S5wqZEWNLKFPc3krYkCrKjA2naEPwFl9eJs1qxTuvVO8vyrXrPI4CHMMJnIEHl1CDW6hDAxiE8Ayv8OaMnBfn3fmYt644+cwR/IHz+QP2SYz4</latexit>

(z ! 1)
<latexit sha1_base64="B3H7+Ux8ZADAyBf2iQs9oXZTyNk=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBahXkpSBT1JwYvHCvYDmlg22027dLMJuxMlhv4PLx4U8ep/8ea/cdvmoK0PBh7vzTAzz48F12Db31ZhZXVtfaO4Wdra3tndK+8ftHWUKMpaNBKR6vpEM8ElawEHwbqxYiT0Bev44+up33lgSvNI3kEaMy8kQ8kDTgkY6b76hF2IsMtlAOlpv1yxa/YMeJk4OamgHM1++csdRDQJmQQqiNY9x47By4gCTgWblNxEs5jQMRmynqGShEx72ezqCT4xygAHkTIlAc/U3xMZCbVOQ990hgRGetGbiv95vQSCSy/jMk6ASTpfFCQCm0enEeABV4yCSA0hVHFzK6YjoggFE1TJhOAsvrxM2vWac1ar355XGld5HEV0hI5RFTnoAjXQDWqiFqJIoWf0it6sR+vFerc+5q0FK585RH9gff4Aeg6R1g==</latexit>

Correlators in Lorentzian AdS require  
a special prescription Son, Starinets 02

S =

Z
d4k J(k)F(k, z)J(�k)|z=zh

z=✏
<latexit sha1_base64="9hY5inQGCDYI+NsNfn+mWwAzDwY="></latexit>

GR(k) = �2F(k, z = ✏)
<latexit sha1_base64="8k65JffXCJRWzw2X7eMNMWQqGvM=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWtMxUQTeVgqAuq9gHdMaSSTNtmExmSDJCHfoBbvwVNy4UcesHuPNvTNtZaOuBwOGcc7m5x40Ylco0v425+YXFpeXMSnZ1bX1jM7e13ZBhLDCp45CFouUiSRjlpK6oYqQVCYICl5Gm65+P/OY9EZKG/FYNIuIEqMepRzFSWurk8pd3NwW/CCvwEJZhYmPE4MWw4B88VGwSScpCXtQps2SOAWeJlZI8SFHr5L7sbojjgHCFGZKybZmRchIkFMWMDLN2LEmEsI96pK0pRwGRTjI+Zgj3tdKFXij04wqO1d8TCQqkHASuTgZI9eW0NxL/89qx8k6dhPIoVoTjySIvZlCFcNQM7FJBsGIDTRAWVP8V4j4SCCvdX1aXYE2fPEsa5ZJ1VCpfH+erZ2kdGbAL9kABWOAEVMEVqIE6wOARPINX8GY8GS/Gu/Exic4Z6cwO+APj8wdqApi3</latexit>

generalized by Skenderis, van Rees 0812.2909



GR =
hOi

J
<latexit sha1_base64="LHwtmYrrHXCI+XKBKilPLmd7e64=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiRV0I1ScKG4sYp9QBPLZDpph04mYWYilJBfcOOvuHGhiFt37vwbp2kW2nrgwuGce2fuPV7EqFSW9W0UFhaXlleKq6W19Y3NLXN7pyXDWGDSxCELRcdDkjDKSVNRxUgnEgQFHiNtb3Q+8dsPREga8js1jogboAGnPsVIaalnVi7ub+EpdHyBcOIwxAeMwMTBiMHrFDoiE9LkKu2ZZatqZYDzxM5JGeRo9Mwvpx/iOCBcYYak7NpWpNwECUWxfrLkxJJECI/QgHQ15Sgg0k2yi1J4oJU+9EOhiyuYqb8nEhRIOQ483RkgNZSz3kT8z+vGyj9xE8qjWBGOpx/5MYMqhJN4YJ8KghUba4KwoHpXiIdIh6N0iCUdgj178jxp1ar2YbV2c1Sun+VxFMEe2AcVYINjUAeXoAGaAINH8AxewZvxZLwY78bHtLVg5DO74A+Mzx9S0Jy4</latexit>

has poles when J = 0 , hOi 6= 0
<latexit sha1_base64="le4ym34+9z2SIMoRqH6UVmXob8I=">AAACFHicbVDLSgMxFM3UV62vqks3wSIIljJTBd0oBTfixgr2AZ2hZNI7bWgmMyYZoQz9CDf+ihsXirh14c6/MX0stPXAhZNz7uXmHj/mTGnb/rYyC4tLyyvZ1dza+sbmVn57p66iRFKo0YhHsukTBZwJqGmmOTRjCST0OTT8/uXIbzyAVCwSd3oQgxeSrmABo0QbqZ0/usbn2MZusWgKu5yILofUpYTjmyF25fiNXQH32G7nC3bJHgPPE2dKCmiKajv/5XYimoQgNOVEqZZjx9pLidSMchjm3ERBTGifdKFlqCAhKC8dHzXEB0bp4CCSpoTGY/X3REpCpQahbzpDontq1huJ/3mtRAdnXspEnGgQdLIoSDjWER4lhDtMAtV8YAihkpm/YtojklBtcsyZEJzZk+dJvVxyjkvl25NC5WIaRxbtoX10iBx0iiroClVRDVH0iJ7RK3qznqwX6936mLRmrOnMLvoD6/MH/vabsw==</latexit>

()
<latexit sha1_base64="HX/j6h0ZkaZHxq0XpsXmYDT5POg=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0q6EkKXjxWsB/QLiWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8MBHcWM/7RmvrG5tb26Wd8u7e/sFh5ei4beJUU9aisYh1NySGCa5Yy3IrWDfRjMhQsE44ucv9zhPThsfq0U4TFkgyUjzilNhc6vMoGlSqXs2bA68SvyBVKNAcVL76w5imkilLBTGm53uJDTKiLaeCzcr91LCE0AkZsZ6jikhmgmx+6wyfO2WIo1i7UhbP1d8TGZHGTGXoOiWxY7Ps5eJ/Xi+10U2QcZWklim6WBSlAtsY54/jIdeMWjF1hFDN3a2Yjokm1Lp4yi4Ef/nlVdKu1/zLWv3hqtq4LeIowSmcwQX4cA0NuIcmtIDCGJ7hFd6QRC/oHX0sWtdQMXMCf4A+fwABYo4z</latexit>

Quasi-normal modes  (normalizable fluctuations with incoming  
wave b.c. at the horizon)

Easier to compute using shooting methods, or Frobenius expansion, or many other  
methods        Konoplya, Zhidenko 1102.4014

GR(!, q) =
X

n

Rn(q)

! � ⌦n(q) + i�n(q)
+ P (!, q)

<latexit sha1_base64="IOwAWnvGPPh1Qr0r0V8WYac179w="></latexit>

where α represents a set of parameters relevant for a particular theory, for the spectral function

one has

(ω) ∼ Γ

(ω −Ω)2 + Γ2
.

Thus in the vicinity of ω = Ω, the spectral function has a peak characterized by a width ∼ Γ

and a height (‘lifetime’) ∼ 1/Γ. The peak has a quasiparticle interpretation if Γ ≪ Ω.

The spectral function (ω) also has a characteristic form in the high frequency limit.

This behaviour is determined by the leading short-distance singularity

lim
(t2−x2)→0

⟨O(t,x)O(0)⟩ = A
|t2 − x2|∆ + · · · , (2.13)

where ∆ denotes the dimension of the operator O and A is a dimensionless constant. A

Fourier transform then leads to the following contribution to the spectral function

(ω) ∼ Aω2∆−4 . (2.14)

2.2 Gravity picture

In the dual gravity picture, the conserved current Jµ couples to a boundary value of the gauge

field fluctuation Aµ propagating in a specific gravitational background. One can form two

gauge-invariant combinations of the fluctuation whose equations of motion (supplemented

with appropriate boundary conditions) contain (in the limit where the gravity description is

valid) full information about the functions ΠT (ω, q) and ΠL(ω, q) introduced in section 2.1.

These gauge invariant combinations are the transverse and longitudinal (with respect to a

chosen direction of the spatial momentum) components ET , EL of the electric field in curved

space [29]. Quasinormal spectra of the fluctuations ET and EL determine the position of the

poles of ΠT (ω, q) and ΠL(ω, q) in the complex ω plane.

2.3 A simple example: spectral function of R currents in N = 4 SYM

Correlators of R-currents in strongly coupled N = 4 SU(Nc) supersymetric Yang-Mills (SYM)

theory at large Nc were previously studied by means of the AdS/CFT correspondence both

at zero [31, 32] and finite temperature [16, 33, 29, 30, 13].

In thermal N = 4 SYM, the retarded two-point correlators of the SU(4)R R-symmetry

currents Ja
µ are determined by two independent scalar functions6, ΠT (ω, q) and ΠL(ω, q).

The holographic dual of thermalN = 4 SYM in flat space is well known. The supergravity

background describing the decoupling limit of Nc black D3-branes is (see, e.g., [4])

ds2 =
r2

L2

(

−f(r)dt2 + dx2
)

+
L2

r2

(

dr2

f(r)
+ r2dΩ2

5

)

, C0123 = − r4

L4
, (2.15)

where f(r) = 1− r40/r
4 and the dilaton is constant. The horizon lies at r = r0 and the radius

of curvature L is defined in terms of the string coupling constant gs and the string length scale

6In an equilibrium state without chemical potentials for the R-charges, the correlation function of R currents

jaµ has the form Cab
µν = δabCµν(x). In all expressions, the factor δab is omitted.

– 7 –

A(!,q) ⇠ A!2��4
<latexit sha1_base64="RolgpE+jTP7Ch/go+Bfgu9wmZis=">AAACH3icbVDLSgMxFM34tr6qLt0Ei6CgZaaKuhKLLlwqWBU6tdxJ77TBZGZMMkIZ5k/c+CtuXCgi7vo3po+FrwOBk3POJbknSATXxnV7ztj4xOTU9MxsYW5+YXGpuLxypeNUMayxWMTqJgCNgkdYM9wIvEkUggwEXgd3J33/+gGV5nF0aboJNiS0Ix5yBsZKzeJ+ddOPJbZhm2Z+ENL7fIv6mkt7YyBoNaf+9jBwm1Wof4rCwM5e3iyW3LI7AP1LvBEpkRHOm8VPvxWzVGJkmACt656bmEYGynAmMC/4qcYE2B20sW5pBBJ1Ixvsl9MNq7RoGCt7IkMH6veJDKTWXRnYpATT0b+9vvifV09NeNjIeJSkBiM2fChMBTUx7ZdFW1whM6JrCTDF7V8p64ACZmylBVuC93vlv+SqUvZ2y5WLvdLx0aiOGbJG1skm8cgBOSZn5JzUCCOP5Jm8kjfnyXlx3p2PYXTMGc2skh9wel+hy6Dd</latexit>

In general, singularities in the LHP do not have to be simple poles; typically there  
can be branch cuts

divergent!
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at zero [31, 32] and finite temperature [16, 33, 29, 30, 13].
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µ are determined by two independent scalar functions6, ΠT (ω, q) and ΠL(ω, q).

The holographic dual of thermalN = 4 SYM in flat space is well known. The supergravity

background describing the decoupling limit of Nc black D3-branes is (see, e.g., [4])
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f(r) = 1� r40
r4
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T =
r0
⇡L2
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ℓs as L4 = 4π gsNc ℓ4s . According to the duality, originally proposed by Maldacena [1], type

IIB string theory on these backgrounds is dual to four-dimensional N = 4 super-Yang-Mills

(SYM) SU(Nc) gauge theory. The holographic dictionary between the theories relates the

Yang-Mills and string coupling constants g2YM = 2πgs. The temperature of the gauge theory

is equivalent to the Hawking temperature of the black hole horizon:

T =
r0
πL2

. (2.16)
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the field theory), full information about functions ΠT (ω, q) and ΠL(ω, q) can be obtained by

solving the linearized Maxwell equations for the bulk electric field components ET , EL [29]

E′′
T +

f ′

f
E′

T +
2 − 2f

(1− x̄)f2
ET = 0 , (2.17)

E′′
L +

2f ′

f( 2 − 2f)
E′

L +
2 − 2f

(1− x̄)f2
EL = 0 . (2.18)

where ′ indicates a derivative with respect to x̄ ≡ 1 − r20/r
2. We have also introduced the

dimensionless quantities

=
ω

2πT
, =

q

2πT
. (2.19)

An analysis of eqs. (2.17), (2.18) including the perturbative solution for small , can be

found in [29]. Here we shall focus on a particular case of vanishing spatial momentum that

admits analytic solution for arbitrary frequency.

For = 0, the components ET = EL ≡ E obey the same equation
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f ′

f
E′ +

2

(1− x̄)f2
E = 0 . (2.20)

Writing

E(x̄) = x̄−i /2 (2− x̄)− /2 F (x̄) , (2.21)

where F (x̄) is by construction regular at the horizon x̄ = 0, we obtain the equation

F ′′ +
2i + 2(x̄− 1)− (1 + i) x̄

(x̄− 2)x̄
F ′ +

((1 + i)(1 − x̄)− i ((1 + 2i)− x̄))

2x̄(x̄− 1)(x̄− 2)
F = 0 . (2.22)

Two linearly independent solutions of eq. (2.22) are written in terms of the Gauss hypergeo-

metric function

F1(x̄) = (1− x̄)
(1+i)

2 2F1

(

1− (1 + i)

2
,−(1 + i)

2
; 1− i ;

x̄

2(x̄− 1)

)

, (2.23)

F2(x̄) = x̄i (1− x̄)
(1−i)

2 2F1

(

1− (1− i)

2
,−(1− i)

2
; 1 + i ;

x̄

2(x̄− 1)

)

. (2.24)

To compute the retarded correlators, we need a solution obeying the incoming wave boundary

condition at x̄ = 0 [15]. The correct solution is thus given by eq. (2.23).
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Maxwell field QNM in AdS5

Gauge invariant fields: longitudinal and transverse electric field 
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The retarded correlation functions can be computed from the boundary supergravity

action using the Lorentzian AdS/CFT prescription [15]. For vanishing spatial momentum,

the result reads [29, 13]

Π(ω) =
N2

c T
2

8
lim
x̄→1

E′(x̄)

E(x̄)
. (2.25)

Substituting the solution (2.23) into eq. (2.25) we obtain

Π(ω) =
N2

c T
2

8

{

i + 2

[

ψ

(

(1− i)

2

)

+ ψ

(

−(1 + i)

2

)]}

, (2.26)

where ψ(z) is the logarithmic derivative of the gamma-function. The spectral function is

given by

(ω) = −N2
c T

2

4
Im

{

i + 2

[

ψ

(

(1− i)

2

)

+ ψ

(

−(1 + i)

2

)]}

. (2.27)

Using the property of the digamma function ψ(z) − ψ(−z) = −π cot πz − 1/z, the spectral

function (2.27) can be written in a more compact form

(ω) =
N2

c T
2

4

π 2 sinh π

coshπ − cos π
. (2.28)

These analytic results for the retarded Green’s function (2.26) and the spectral function (2.27),

(2.28) are new and allow their various features to be easily examined. The asymptotics of

the spectral function for large and small frequency can be easily computed

(ω) =
πN2

c T
2 2

4

(

1 + 2e−π cos π + · · ·
)

, → ∞ , (2.29)

(ω) =
N2

c T
2

4

(

1 +
π2 2

6
+ · · ·

)

, → 0 . (2.30)

As expected, the high frequency asymptotic coincides with the zero-temperature result for

the spectral function [15]

T=0(ω) =
N2

c ω
2

16π
. (2.31)

The retarded correlator (2.26) is a meromorphic function of with poles located at7

= ±n− i n , n = 1, 2, ... . (2.32)

The position of the poles coincides with the quasinormal spectrum of the fluctuations E(x̄)

determined by the Dirichlet condition E(1) = 0. For each pole, the imaginary part has the

same magnitude as the real one, and thus none of the singularities can be given a ‘quasipar-

ticle’ interpretation. Indeed, as shown in fig. 3a, the spectral function is quite featureless,

although not monotonic: its finite-temperature part, (ω) − T=0(ω), exhibits damped os-

cillations reflecting the diminishing influence of the sequence of poles receding farther and

– 9 –

The retarded correlation functions can be computed from the boundary supergravity

action using the Lorentzian AdS/CFT prescription [15]. For vanishing spatial momentum,

the result reads [29, 13]

Π(ω) =
N2

c T
2

8
lim
x̄→1

E′(x̄)

E(x̄)
. (2.25)

Substituting the solution (2.23) into eq. (2.25) we obtain

Π(ω) =
N2

c T
2

8

{

i + 2

[

ψ

(

(1− i)

2

)

+ ψ

(

−(1 + i)

2

)]}

, (2.26)

where ψ(z) is the logarithmic derivative of the gamma-function. The spectral function is

given by

(ω) = −N2
c T

2

4
Im

{

i + 2

[

ψ

(

(1− i)

2

)

+ ψ

(

−(1 + i)

2

)]}

. (2.27)

Using the property of the digamma function ψ(z) − ψ(−z) = −π cot πz − 1/z, the spectral

function (2.27) can be written in a more compact form

(ω) =
N2

c T
2

4

π 2 sinh π

coshπ − cos π
. (2.28)

These analytic results for the retarded Green’s function (2.26) and the spectral function (2.27),

(2.28) are new and allow their various features to be easily examined. The asymptotics of

the spectral function for large and small frequency can be easily computed

(ω) =
πN2

c T
2 2

4

(

1 + 2e−π cos π + · · ·
)

, → ∞ , (2.29)

(ω) =
N2

c T
2

4

(

1 +
π2 2

6
+ · · ·

)

, → 0 . (2.30)

As expected, the high frequency asymptotic coincides with the zero-temperature result for

the spectral function [15]

T=0(ω) =
N2

c ω
2

16π
. (2.31)

The retarded correlator (2.26) is a meromorphic function of with poles located at7

= ±n− i n , n = 1, 2, ... . (2.32)

The position of the poles coincides with the quasinormal spectrum of the fluctuations E(x̄)

determined by the Dirichlet condition E(1) = 0. For each pole, the imaginary part has the

same magnitude as the real one, and thus none of the singularities can be given a ‘quasipar-

ticle’ interpretation. Indeed, as shown in fig. 3a, the spectral function is quite featureless,

although not monotonic: its finite-temperature part, (ω) − T=0(ω), exhibits damped os-

cillations reflecting the diminishing influence of the sequence of poles receding farther and
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Using the property of the digamma function ψ(z) − ψ(−z) = −π cot πz − 1/z, the spectral

function (2.27) can be written in a more compact form

(ω) =
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These analytic results for the retarded Green’s function (2.26) and the spectral function (2.27),

(2.28) are new and allow their various features to be easily examined. The asymptotics of

the spectral function for large and small frequency can be easily computed
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As expected, the high frequency asymptotic coincides with the zero-temperature result for

the spectral function [15]
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16π
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The retarded correlator (2.26) is a meromorphic function of with poles located at7

= ±n− i n , n = 1, 2, ... . (2.32)

The position of the poles coincides with the quasinormal spectrum of the fluctuations E(x̄)

determined by the Dirichlet condition E(1) = 0. For each pole, the imaginary part has the

same magnitude as the real one, and thus none of the singularities can be given a ‘quasipar-

ticle’ interpretation. Indeed, as shown in fig. 3a, the spectral function is quite featureless,

although not monotonic: its finite-temperature part, (ω) − T=0(ω), exhibits damped os-

cillations reflecting the diminishing influence of the sequence of poles receding farther and
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Figure 3: The N = 4 SYM R-current spectral function at zero spatial momentum (ω) (a) and its
finite temperature part (ω)−N2

c ω
2/16π (b) in units of N2

c T
2/2 as a function of = ω/2πT .

farther away from the real axis in the complex frequency plane (fig. 3b). The oscillatory

behaviour of the finite-temperature part of the spectral function is evident from eq. (2.29).

Using the Green-Kubo formula (2.11) and the low frequency limit (2.30) of the spectral

function at zero spatial momentum one finds the product of the R-charge diffusion constant

and the charge susceptibility

DΞ =
N2

c T

16π
. (2.33)

The susceptibility is determined from thermodynamics according to eq. (2.12). The depen-

dence of the charge density on the chemical potential was found in [34]. For small µ, one

has

n(µ) =
N2

c T
2

8
µ+ · · · , (2.34)

and thus from eq. (2.12), Ξ = N2
c T

2/8. We conclude that the R charge diffusion constant

is given by D = 1/2πT , in agreement with the result of an earlier calculation [16], where

the value of D was determined from the hydrodynamic pole of the longitudinal part of the

correlator at small but nonvanishing spatial momentum.

3. Adding flavour: D7-brane embedding and thermodynamics

All fields in the N = 4 SYM theory transform in the adjoint representation of the SU(Nc)

gauge group. Fields transforming in the fundamental representation of the gauge group can

be introduced in the gravity dual by inserting a second set of D-branes in the supergravity

background [5]. In particular, we consider the decoupling limit of the intersection of Nc black

D3-branes and Nf D7-branes as described by the array:

0 1 2 3 4 5 6 7 8 9

D3 × × × ×
D7 × × × × × × × ×

(3.1)

7The exact location of the poles was previously found in [33] using the continued fraction method.
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FIG. 1: Finite-temperature part of the spectral function for transverse stress (χxy,xy − χT=0
xy,xy)/ , plotted

in units of π2N2
c T

4 as a function of dimensionless frequency ≡ ω/2πT . Different curves correspond to

values of the dimensionless spatial momentum ≡ q/2πT equal to 0, 0.6, 1.0, and 1.5.

As is evident from Eqs. (9), (10), the coefficient A is given by the boundary value of the solution,

Aa = limu→0 Za(u), while the coefficient B can be expressed in terms of the boundary value of the

second derivative of the solution,

Ba =
1

2
lim
u→0

(

Z ′′
a (u)− 2Aaha ln(u)

)

− 3

2
Aaha . (12)

From the recursion relations one determines ha = −1
2(

2 − 2)2, which is an analytic function of

, , and therefore represents a contact term which we drop. The retarded correlator is therefore

equal to

Ga = −π2N2
c T

4 lim
u→0

(

Z ′′
a (u)

2Za(u)
− ha ln(u)

)

. (13)

III. SPECTRAL FUNCTIONS OF THE STRESS-ENERGY TENSOR

In order to determine the spectral function for transverse stress, we need to solve the master

equation (7) whose coefficients are given by [10]

p3(u) = −1 + u2

uf
, q3(u) =

2 − 2f

uf2
, (14)

where f = 1 − u2. Solving Eq. (7) numerically, we find χxy,xy(ω, q) as explained in the previous

section. The spectral function is linear in for small frequencies, χxy,xy = ( /2)π2N2
c T

4(1 +

O( 2, 2)), then increases monotonically, and at large frequencies it asymptotes to the zero-

temperature result χT=0
xy,xy =

π
2 (

2− 2)2 π2N2
c T

4θ(−k2). When this zero-temperature contribution

is subtracted, the resulting function exhibits oscillations which damp rapidly as frequency grows.

The oscillations appear around ω = q, and their amplitude grows with q. The unsubtracted χxy,xy

is positive, as it should be. Figure 1 shows graphs of χxy,xy for several values of three-momentum3.

3 The numerical procedure outlined above allows one to compute both real and imaginary parts of Gµν,αβ . The real
part which can in principle be reconstructed from the spectral function, also exhibits oscillations which damp as
frequency grows [13].
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FIG. 2: Left: spectral function for longitudinal momentum density, χtx,tx, plotted in units of π2N2
c T

4, as a

function of dimensionless frequency ≡ ω/2πT . Different curves correspond to values of the dimensionless

spatial momentum ≡ q/2πT equal to 0.3, 0.6, 1.0, and 1.5. At large , the curves asymptote to the

zero-temperature result π
2

2( 2 − 2). Right: spectral function for energy density, χtt,tt, plotted in units of

π2N2
c T

4, as a function of dimensionless frequency ≡ ω/2πT . Different curves correspond to values of the

dimensionless spatial momentum ≡ q/2πT equal to 0.3, 0.6, 1.0, and 1.5. At large , the curves asymptote

to the zero-temperature result π
2
4 4/3.

The shear viscosity follows from the Kubo formula (3), η = πN2
c T

3/8, and is in agreement with

the earlier results [3, 4].

In the shear channel, the coefficients of the master equation (7) are given by [9]

p1(u)=
( 2 − 2f)f + 2u2 2

uf( 2f − 2)
, q1(u)=

2 − 2f

uf2
. (15)

The spectral function χtx,tx(ω, q) is shown in Fig. 2. At small momentum, the spectral function

exhibits a narrow peak at = 2/2, characteristic of the hydrodynamic shear mode.

In the sound channel, the coefficients of the master equation (7) are given by [9]

p2(u) =−3 2(1 + u2) + 2(2u2 − 3u4 − 3)

uf(3 2 + 2(u2 − 3))
, (16)

q2(u) =
3 4 + 4(3−4u2+u4) + 2(4u2 2−6 2−4u3f)

uf2(3 2 + 2(u2 − 3))
. (17)

The spectral function χtt,tt(ω, q) is shown in Fig. 2. At small momenta, the spectral function

exhibits a narrow peak at = /
√
3, characteristic of the hydrodynamic sound mode. For both

χtx,tx and χtt,tt, the finite-temperature contributions have oscillatory behavior, similar to the one

seen in χxy,xy.

IV. DISCUSSION

It is easy to understand the limiting behavior of the spectral functions found above. The ω,

q dependence at small frequency is predicted by the linearized hydrodynamics, while the large ω

dependence is fixed by the scale invariance of the SYM theory. An intriguing feature is the presence

of oscillations in the finite-temperature contribution, which appear around ω = q, and then decay

6

0.2 0.4 0.6 0.8 1 1.2

0.2

0.4

0.6

0.8

1

1.2

PSfrag replacements

0.5 1 1.5

2

4

6

8

10

PSfrag replacements

FIG. 2: Left: spectral function for longitudinal momentum density, χtx,tx, plotted in units of π2N2
c T

4, as a

function of dimensionless frequency ≡ ω/2πT . Different curves correspond to values of the dimensionless

spatial momentum ≡ q/2πT equal to 0.3, 0.6, 1.0, and 1.5. At large , the curves asymptote to the

zero-temperature result π
2

2( 2 − 2). Right: spectral function for energy density, χtt,tt, plotted in units of

π2N2
c T

4, as a function of dimensionless frequency ≡ ω/2πT . Different curves correspond to values of the

dimensionless spatial momentum ≡ q/2πT equal to 0.3, 0.6, 1.0, and 1.5. At large , the curves asymptote

to the zero-temperature result π
2
4 4/3.

The shear viscosity follows from the Kubo formula (3), η = πN2
c T

3/8, and is in agreement with

the earlier results [3, 4].

In the shear channel, the coefficients of the master equation (7) are given by [9]

p1(u)=
( 2 − 2f)f + 2u2 2

uf( 2f − 2)
, q1(u)=

2 − 2f

uf2
. (15)

The spectral function χtx,tx(ω, q) is shown in Fig. 2. At small momentum, the spectral function

exhibits a narrow peak at = 2/2, characteristic of the hydrodynamic shear mode.

In the sound channel, the coefficients of the master equation (7) are given by [9]

p2(u) =−3 2(1 + u2) + 2(2u2 − 3u4 − 3)

uf(3 2 + 2(u2 − 3))
, (16)

q2(u) =
3 4 + 4(3−4u2+u4) + 2(4u2 2−6 2−4u3f)

uf2(3 2 + 2(u2 − 3))
. (17)

The spectral function χtt,tt(ω, q) is shown in Fig. 2. At small momenta, the spectral function

exhibits a narrow peak at = /
√
3, characteristic of the hydrodynamic sound mode. For both

χtx,tx and χtt,tt, the finite-temperature contributions have oscillatory behavior, similar to the one

seen in χxy,xy.

IV. DISCUSSION

It is easy to understand the limiting behavior of the spectral functions found above. The ω,

q dependence at small frequency is predicted by the linearized hydrodynamics, while the large ω

dependence is fixed by the scale invariance of the SYM theory. An intriguing feature is the presence

of oscillations in the finite-temperature contribution, which appear around ω = q, and then decay

6
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Figure 3: Quasinormal spectrum of gravitational fluctuations in the shear channel, shown in the
plane of complex ≡ ω/2πT , for spatial momentum ≡ q/2πT = 1. The quasinormal frequencies
coincide with poles of G1(ω, q), as explained in the text. As decreases, all poles stay at a finite
distance away from the real axis, except for the one marked with a large dot. This pole is purely
imaginary and approaches the origin in the limit → 0. The presence of this special quasinormal
frequency is a manifestation of the diffusive relaxation of transverse momentum density fluctuations
in the dual N = 4 SYM theory.

where C1 is a normalization constant. Expanding for small u, we find the connection coeffi-

cients

A(1) = 1 +
i 2

2
+ O( 2, 2, ) , B(1) =

i( 2 − 2)

2
+ O( 2, 2, ) . (4.31)

The Dirichlet condition Z1(u=0) = 0 gives the hydrodynamic quasinormal frequency =

−i 2/2 + O( 3). It is interpreted as the dispersion relation for the shear mode,

ω = −iγηq
2 + O(q3) , (4.32)

where γη = 1/4πT . For the function G1(ω, q) in this approximation we find

G1(ω, q) =
πN2

c T 3(ω2 − q2)

4(iω − q2/4πT )
, (4.33)

in agreement with the result obtained earlier in [15]. The quasinormal spectrum for frequen-

cies beyond the hydrodynamic limit was obtained in [11] using a slightly different approach.

4.2.3 Sound channel

According to the discussion in Section 3, equations obeyed by the components of the metric

Htt = uhtt/f(πTR)2, Htz = uhtz/(πTR)2, Hzz = uhzz/(πTR)2, Haa = u(hxx + hyy)/(πTR)2

form a closed system of equations (in the radial gauge huA = 0). These equations are lengthy,

and we present them in Appendix A. Using the equations of motion (A.1) – (A.4) one can

show that the gauge-invariant combination

Z2(u) ≡ 4 Htz + 2 2Hzz + Haa
[

2(2 − f) − 2
]

+ 2 2fHtt (4.34)
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Figure 4: Quasinormal spectrum of gravitational fluctuations in the sound channel, shown in the
plane of complex ≡ ω/2πT , for spatial momentum ≡ q/2πT = 1. The quasinormal frequencies
coincide with the poles of G2(ω, q), as explained in the text. As decreases, all poles stay at a finite
distance away from the real axis, except for the ones marked with large dots, which approach the
origin as → 0 (see Appendix B for the corresponding dispersion curves). Such behavior of the lowest
quasinormal frequencies is a manifestation of oscillatory relaxation of longitudinal momentum density
(as well as energy density) fluctuations in the dual N = 4 SYM theory.

appear as poles of the correlators. Finding the poles is therefore equivalent to solving the

boundary value problem for the gauge invariant variable Z2(u) obeying the incoming wave

boundary condition at the horizon u=1 and Dirichlet condition Z2(u=0) = 0 at the boundary.

For = 0, eqs. (4.18), (4.26), (4.35) all reduce to the equation for a minimally coupled

massless scalar at zero spatial momentum, and consequently all have the same quasinormal

spectrum with the asymptotics (4.23). This is expected, in accord with rotation invariance

in the dual field theory, see Eq. (2.26). For ≠ 0, the spectrum can be found numerically, as

explained in Appendix B; a typical arrangement of quasinormal frequencies is shown in Fig. 4.

However, for small momenta, the lowest quasinormal frequency can be found analytically.

Hydrodynamic approximation

In the hydrodynamic regime ≪ 1, ≪ 1, Eq. (4.35) for Z2(u) can be solved perturbatively

in and . Introducing the book-keeping parameter λ, rescaling → λ , → λ , and

expanding in λ ≪ 1, to first order in λ we find

Z2(u) = C2f(u)−i /2

[ 2(1 + u2) − 3 2

4 2
− i f(u)

2

]

, (4.42)

where C2 is a normalization constant. Imposing Dirichlet boundary condition Z2(u=0) = 0

gives the lowest (| | ≪ 1) overtone of the quasinormal spectrum

= ±√
3
− i 2

3
+ O

(

3
)

. (4.43)
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Figure 2: Quasinormal spectrum of gravitational fluctuations in the scalar channel, shown in the
plane of complex ≡ ω/2πT , for spatial momentum ≡ q/2πT = 1. The quasinormal frequencies
coincide with poles of G3(ω, q), as explained in the text. As → 0, all poles stay at a finite distance
from the real axis, as one expects from the absence of hydrodynamic singularities in G3(ω, q).

Comparing this expression to the general result (2.34), we find

G3(ω, q) = −
π2N2

c T 4 B(3)(ω, q)

A(3)(ω, q)
. (4.22)

Turning now to the connection between quasinormal spectrum and AdS/CFT correlators, we

see that the condition A(3)( , ) = 0 determines the singularities of G3. From the definition

of connection coefficients (4.19) it is evident that the condition A(3)( , ) = 0 is equivalent

to imposing the Dirichlet boundary condition on fluctuations, Z3(u=0) = 0.

The quasinormal spectrum of fluctuations obeying incoming wave boundary condition at

the horizon and Dirichlet condition Z3(u=0) = 0 at the boundary was numerically computed

in [11, 26]. The spectrum n is discrete, (presumably) infinite, and almost equidistant. For

= 0 its asymptotics for higher modes is well approximated by a simple formula14 [26]

ωn = 2πTn (±1 − i) , n → ∞ . (4.23)

A typical arrangement of quasinormal frequencies is shown in Fig. 2. Quasinormal frequen-

cies are located symmetrically with respect to the imaginary axis, as is expected from the

singularities of the corresponding correlation function in the dual field theory, see Eq. (2.11).

Hydrodynamic approximation

In the hydrodynamic limit ≪ 1, ≪ 1, analytic solution to Eq. (4.18) can be found,

Z3(u) = C3 f(u)−i /2
[

1 + O( 2, 2)
]

, (4.24)

where C3 is a normalization constant. By comparing this solution with the definition of

connection coefficients (4.19), one finds A(3) = 1 + O( 2), B(3) = i /2 + O( 2, 2, ).
14For an analytic approach to the asymptotic behavior (4.23) see [27].
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because of conformal invariance



2

I. INTRODUCTION

In a strongly coupled Yang-Mills plasma, such as that of maximally supersymmetric Yang-Mills
(N =4 SYM) theory, the typical time scale for relaxation of non-hydrodynamic perturbations is set
by the inverse temperature T�1. In a dual holographic description, this scale may be interpreted
as the characteristic gravitational infall time for perturbations falling through the horizon of black
brane geometries which describe near-equilibrium states [1, 2].

However, even in the strong coupling limit, su�ciently high momentum excitations are only
weakly damped. This may, for example, be seen in the large wavenumber asymptotics of the
quasinormal mode (QNM) spectrum. At zero temperature in N =4 SYM, Fourier transformed
two-point correlation functions, viewed as functions of frequency ! at fixed wavenumber q, have
branch cuts starting at the lightcone, ! = ±|q|.1 At non-zero temperature, and in the N ! 1

limit, this branch cut breaks up into a closely spaced series of poles at locations ! = {!±
n (q)} known

as quasinormal mode frequencies [3–5]. Festuccia and Liu [6] studied the large-q asymptotics of the
quasinormal mode spectrum for scalar perturbations (or helicity ±2 stress-energy perturbations)
and found that as |q| ! 1,

!±
n (q)/|q| ⇠ ±

h
1 + cn e

⌥i⇡/3 (⇡T/|q|)4/3
i
, (1)

with real “spectral deviation” coe�cients {cn} which are discussed below. The small imaginary part
(relative to the real part), Im!±

n (q)/Re!
±
n (q) = O(T/|q|)4/3, demonstrates the weak damping for

|q| � T , and shows that these high energy, short wavelength excitations may, in some respects,
be regarded as quasiparticles, i.e., excitations whose mean free path is much longer than their
de Broglie wavelength. However, because |q| � T , these are highly athermal excitations which
are exponentially rare in equilibrium. Moreover, because the spacing in energy between successive
quasinormal modes is comparable to their width, |!±

n+1(q) � !±
n (q)| ⇠ | Im!±

n (q)|, the spectral
densities of correlation functions, at large q, do not have distinct narrow peaks in frequency asso-
ciated with each quasinormal mode; instead the contributions of multiple QNMs merge to produce
a slowly varying spectral density [7].

The weak damping of high q excitations may also be seen in the behavior of planar shocks.2

At zero temperature, planar shocks propagate at the speed of light without dispersion or attenu-
ation. At non-zero but low temperatures (small compared to the inverse width of the shock), the
shock experiences weak thermal drag [8]. This slowly attenuates the amplitude of the shock and
introduces dispersion, but this weak damping vanishes as T ! 0.

In this paper, we study the damping of high q excitations in N =4 SYM theory in greater
detail. In section II we perform our own WKB analysis of the large-q asymptotics of helicity ±2
quasinormal mode frequencies. We confirm the relative |q|�4/3 form (1) of the leading corrections
to a lightlike dispersion relation, with a universal ⌥⇡/3 phase. However, we find values for the
coe�cients {cn} of these corrections which disagree in two respects with the result given in ref. [6],
which was

cn = KFL (2n+ 1)4/3 , n = 1, 2, · · · , [Festuccia & Liu] , (2)

with KFL = [
p
⇡ �

�
7
4

�
/�

�
1
4

�
]4/3 = 0.344127 · · · . The (2n + 1)4/3 dependence on mode number is

asymptotically correct for high-lying modes, but is not accurate for low order modes. Moreover,

1 Throughout this paper, we consider N =4 SYM theory on R4, or the dual gravitational theory on the Poincaré
patch of the AdS5-Schwarzschild geometry.

2 By “planar shock” we mean a state with an energy density distribution resembling a uniform infinite planar sheet,
with a longitudinal profile characterized by some width w, and propagating in a direction normal to the sheet.

Weak damping of short-wavelength modes 

Festuccia, Liu 9811.1033
Fuini, Uhlemann, Yaffe 1610.0349
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FIG. 9. Time evolution of helicity ±2 perturbations [left] and helicity 0 perturbations [right] for each of
the three initial profiles (70): Gaussian, “Blob,” and “Step” [top to bottom]. Snapshots are taken at times
t = 0, 1

2 , 1,
3
2 , 2 for helicity ±2, and at t = 0, 1, 2, 3, 4, 5 for helicity 0; the di↵erent time scales reflect the faster

damping of helicity ±2 perturbations. For the helicity-2 perturbations one sees that the longest surviving
features are associated with the steepest portions of the initial profile. This is especially apparent with the
compactly-supported “blob” and “step” profiles. For helicity 0 there is, in addition, a visible slowly varying
contribution from the hydrodynamic sound mode.

These are Fourier transforms of position space profiles h(x3) =
R
dq/(2⇡) eiqx3 A1(q) which are,

respectively, a Gaussian, a semicircular “blob,” and a “top-hat” step function, each normalized to
unit area:

hGauss(x3) =
e�

1
2x

2
3/�

2

p
2⇡ �

, hBlob(x3) =
2
p
�2�x23
⇡�2

⇥(�2
�x23) , hStep(x3) =

⇥(�2
�x23)

2�
. (70)

We choose � = 1/10 for hGauss, and � = 1/5 for hBlob and hStep.

For the dispersion relation !1(q) we construct a cubic spline interpolating function from the
numerical results of sec. III for low and intermediate wavenumbers, which smoothly connects to
the large-q asymptotics of eq. (60). Since the large-q asymptotic form is already quite accurate for
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Figure 1: (Top) Real and imaginary parts of the residues for the first four quasinormal modes in the trans-

verse component ET (bottom) Idem for longitudinal component EL. The n2 scaling is necessary to recover

the asymptotic behaviour of the spectral function at large frequencies. Close to the crossing with the dif-

fusion mode q ∼ 1, the residues of the longitudinal component present peaks. The residues grow with

momentum, this is also reflected in the growth of the spectral function.

in the stress-tensor two-point functions, the shear and the sound mode, to have a similar collective

mode behavior.

We observe that as the momentum increases, diffusion becomes less important and other col-

lective excitations of longitudinal modes describe charge density fluctuations. In contrast with

the dressed partons of the weak coupling regime, they do not decouple at high momentum. The
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Figure 2: In the lower figure, we show the real and imaginary parts of the quasinormal frequencies in the

longitudinal channel and the value of the frequency for the diffusion mode. The quasinormal frequencies

remain fairly stable as momentum increases, until there is a ’crossing’ with the diffusion mode (it reaches a

special value w = −in). Then, there is a qualitative change in the behaviour of the quasinormal frequency

that starts approaching the real axis. This behaviour can also be oberved in previous computations of quasi-

normal frequencies [7]. The residue of the diffusion mode, shown in the upper figure, behaves according

to hydrodynamics ∼ q2 for small momentum. For larger momentum, it shows an oscillatory and decaying

behaviour. The zeroes of the residue coincide with the ’crossing’ values. Quasinormal frequencies in the

transverse channel approach smoothly the real axis as momentum increases.

behaviour is also different from the poles found for gauge invariant operators. At weak coupling,

these poles open up in branch cuts at fixed positions in the imaginary axis, while the holographic

computation predicts that at infinite coupling the only singularities are poles that come closer to

the real axis. Eventually a new peak appears in the spectral function, located close to w= q. This

peak persists at higher momentum, and can be interpreted as a quasiparticle excitation of charge

density fluctuations. This shows a change of behaviour of the system as we increase the momen-

tum, from diffusive to reactive. Transverse fluctuations are comparatively featureless, there are no
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IV. DISCUSSION OF RESULTS

To solve Eq. (3.23) numerically, we find zeros of a partial sum ψN =
∑N

n=0 an(−1)n for a large N using MATHE-
MATICA. To obtain an accurate value of QN frequencies, we need to compute on the order of N = 100. 7

We present the QN frequencies for p = 1, p = 2, and p = 4 cases in Table I, and their distribution on the complex
ω̂-plane in Fig. 1. The numerical values of QN frequencies are normalized by the dimensionless Hawking temperature
T̂ = (1/4π)dH/dη|η=1 = q/4π. As is apparent from Fig.1, the QN frequencies for each p are distributed on the

p = 1 p = 2 p = 4

Mode ω̂R/T̂ ω̂I/T̂ ω̂R/T̂ ω̂I/T̂ ω̂R/T̂ ω̂I/T̂

0 7.747 -11.158 8.710 -10.260 10.488 -5.472

1 13.242 -20.594 14.775 -18.509 16.232 -8.709

2 18.700 -30.023 20.780 -26.743 21.805 -11.889

3 24.149 -39.450 26.770 -34.972 27.319 -15.051

TABLE I: QN frequencies for p = 1, p = 2, and p = 4. ω̂R and ω̂I are real and imaginary parts of ω̂, respectively.
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FIG. 1: QN frequencies for D1(×), D2(◦), D3(△) and D4-branes(+). Each straight line is determined by the least-square
fitting.

straight line. The QN frequencies are approximately given by the modes n (n = 0, 1, 2, · · · ) of the formula below:

ω̂n/T̂ = αp n+ βp , (4.1)

7 For example, for p = 2, the N = 90 results differ from the N = 100 results by about 10−5. As a check, we have also applied the
numerically stable continued fraction method presented by Leaver [28] and checked that the numerical values coincide with the ones
obtained by MATHEMATICA with a good accuracy.
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Deviation from conformality
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Figure 1. Comparison of the Nf = 2+1, µB = 0 (left) and µB = 400 MeV (right) NNLO HTLpt
pressure with lattice data from Borsanyi et al. [1, 4] and Bazavov et al. [13]. For the HTLpt results
a one-loop running coupling constant was used.
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Figure 2. Same as fig. 1 except with a three-loop running coupling constant.

6.3 Pressure

The QGP pressure can be obtained directly from the thermodynamic potential (4.5)

P(T,Λ, µ) = −ΩNNLO(T,Λ, µ) , (6.5)

where Λ above is understood to include both scales Λg and Λq. In figures 1 and 2 we

compare the scaled NNLO HTLpt pressure for µB = 0 (left) and µB = 400 MeV (right)

with lattice data from refs. [1, 3, 13]. In order to gauge the sensitivity of the results to

the order of the running coupling, in fig. 1 we show the results obtained using a one-loop

running and in fig. 2 the results obtained using a three-loop running. As can be seen by

comparing these two sets, the sensitivity of the results to the order of the running coupling

4We have checked that for the scale range of interest, this is a very good approximation to the exactly

integrated QCD three-loop β-function.
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Figure 6. Comparison of the Nf = 2+1, µB = 0 (left) and µB = 400 MeV (right) NNLO HTLpt
trace anomaly with lattice data. The µB = 0 lattice data are from [1] and the µB = 400 MeV
lattice data are from [4]. For the HTLpt results a one-loop running coupling constant was used.

In figure 5 we plot the scaled NNLO HTLpt entropy density for µB = 0 (left) and µB = 400

MeV (right) together with µ = 0 lattice data from ref. [1]. As we can see from this figure,

there is quite good agreement between the NNLO HTLpt entropy density and the lattice

data when the central value of the scale is used.

6.6 Trace anomaly

Since it is typically the trace anomaly itself which is computed on the lattice and then

integrated to obtain the other thermodynamic functions, it is interesting to compare di-

rectly with lattice data for the trace anomaly. The trace anomaly is simply I = E − 3P.

In the ideal gas limit, the trace anomaly goes to zero since E = 3P. When interactions are

included, however, the trace anomaly (interaction measure) becomes non-zero. In figure

6 we plot the NNLO HTLpt trace anomaly scaled by T 4 for µB = 0 (left) and µB = 400

MeV (right) together with lattice data from refs. [1] and [4]. As we can see from this figure,

there is quite good agreement between the NNLO HTLpt trace anomaly and the lattice

data for T ! 220 MeV when the central value of the scale is used.

6.7 Speed of sound

Another quantity which is phenomenologically interesting is the speed of sound. The speed

of sound squared is defined as

c2s =
∂P

∂E
. (6.10)

In figure 7 we plot the NNLO HTLpt speed of sound for µB = 0 (left) and µB = 400 MeV

(right) together with lattice data from refs. [1] and [4]. As we can see from this figure,

there is quite good agreement between the NNLO HTLpt speed of sound and the lattice

data when the central value of the scale is used.

– 17 –
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Brandhuber, Itzhaki, Sonnenschein, Yankielowicz, hep-th/9803137    

Wilson loop test of confinement
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2.1 Review of the Sakai-Sugimoto model

The model of Sakai and Sugimoto [17] describes the near-horizon limit of a configura-
tion of Nc D4-branes, wrapping a circle in the x4 direction with anti-periodic boundary
conditions for the fermions, and intersected by Nf D8-branes (located at x4 = 0) and

Nf anti-D8-branes (located at x4 = L). This is dual to a 4 + 1 dimensional maximally
supersymmetric SU(Nc) Yang-Mills theory (with coupling constant g5 and with a specific

UV completion that will not be important for us), compactified on a circle of radius R
with anti-periodic boundary conditions for the fermions, with Nf left-handed quarks lo-

cated at x4 = 0 and Nf right-handed quarks located at x4 = L (obviously we can assume
L ≤ πR).

In the limit Nf ≪ Nc, this background can be described by Nf probe D8-branes

inserted into the near-horizon limit of a set of Nc D4-branes compactified on a circle with
anti-periodic boundary conditions for the fermions [2]. This background is simply related

to the (near-horizon limit of the) background of near-extremal D4-branes by exchanging
the roles (and signatures) of the time direction and of one of the spatial directions. Let us
now briefly review this model, emphasizing the manifestations of confinement and chiral

symmetry breaking. The background of type IIA string theory is characterized by the
metric, the RR four-form and a dilaton given by

ds2 =
(

u

RD4

)3/2 [

−dt2 + δijdx
idxj + f(u)dx2

4

]

+
(

RD4

u

)3/2
[

du2

f(u)
+ u2dΩ2

4

]

,

F(4) =
2πNc

V4
ϵ4, eφ = gs

(

u

RD4

)3/4

, R3
D4 ≡ πgsNcl

3
s , f(u) ≡ 1−

(

uΛ

u

)3

, (1)

where t is the time direction and xi (i = 1, 2, 3) are the uncompactified world-volume
coordinates of the D4 branes, x4 is a compactified direction of the D4-brane world-

volume which is transverse to the probe D8 branes, the volume of the unit four-sphere
Ω4 is denoted by V4 and the corresponding volume form by ϵ4, ls is the string length
and finally gs is a parameter related to the string coupling. The submanifold of the

background spanned by x4 and u has the topology of a cigar (as on the left-hand side of
figure 3 below) where the minimum value of u at the tip of the cigar is uΛ. The tip of

the cigar is non-singular if and only if the periodicity of x4 is

δx4 =
4π

3

(

R3
D4

uΛ

)1/2

= 2πR (2)

and we identify this with the periodicity of the circle that the 4 + 1-dimensional gauge
theory lives on.

The parameters of this gauge theory, the five-dimensional gauge coupling g5, the low-
energy four-dimensional gauge coupling g4, the glueball mass scale Mgb, and the string
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Kaluza Klein scale = glueball mass =
1
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Low-energy theory is 3+1d YM, but when sugra approx is valid 

no decoupling of scales 



Figure 3: The topology of the solutions which dominate in the low temperature (confined)
and high temperature (deconfined) phases of the Sakai-Sugimoto model, as reflected in

the (t, u) and (x4, u) submanifolds.

havior of other theories compactified on circles with anti-periodic boundary conditions for

fermions in the gravity approximation (see, e.g., [2, 25]). In the gravity approximation,
in order to study the theory at a finite temperature T , we need to look at Euclidean grav-
itational backgrounds which are asymptotically equal to (1), but with the time direction

Euclidean and identified with a periodicity β = 1/T , and with anti-periodic boundary
conditions for the fermions along this direction (as well as along the x4 direction). One

such background is obviously given by the Euclidean continuation of (1) itself, with t
periodically identified; it is easy to verify that this is a smooth background which is

weakly curved (at least until the temperature reaches a number of order the square root
of the confining string tension Tst ≃ λ5/R3, at which stage the size of the time circle at
the minimal radial position u = uΛ becomes of order the fundamental string scale and a

tachyon develops). In this background the periodicity of t is arbitrary and equal to β,
and the periodicity of x4 is 2πR with R related to uΛ by (2).

In the background described above the x4 circle shrinks when u reaches its minimal
value, but the t circle never shrinks to zero size. Another background with the same
asymptotics is given by exchanging the behavior of the t and x4 circles, or equivalently

by moving the factor of f(u) in (1) from the dx2
4 term to the dt2 term. Now, the t

circle shrinks to zero size at the minimal value of u (which is now related to β rather

than to 2πR, and given by uT = 16π2R3
D4/9β

2), while the x4 circle never shrinks. This
background also exists as a classical solution for any value of the periodicities of x4 and

t (and develops a tachyon for very small values of R).
These two backgrounds are the only known smooth Euclidean solutions which asymp-
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Deconfinement phase transition (1st order)

Figure 4: A minimal conjecture for the schematic form of the phase diagram of the 4+1
dimensional maximally supersymmetric SU(Nc) gauge theory compactified on a circle
with anti-periodic boundary conditions for the fermions, as a function of the dimensionless

coupling constant λ5/R and the dimensionless temperature TR, based on the known
results in the various limits and on the T ↔ 1/2πR symmetry. All solid lines in the

diagram denote phase transitions; the dashed line may or may not be a phase transition
line.

is connected to the deconfinement transition of the large Nc pure Yang-Mills theory in
this limit. However, this connection is somewhat subtle [28], since even for small λ5/R it

is clear by the symmetry arguments described above that there is always either a phase
transition line at T = 1/2πR, or else the dominant phase at this temperature must be
invariant under the exchange T ↔ 1/2πR (which is not the case for the confined and

deconfined phases discussed above). On the other hand, the deconfinement phase transi-
tion in the pure Yang-Mills theory occurs at a temperature of order ΛQCD ≪ 1/R. Due

to the T ↔ 1/2πR symmetry there must then be at least one more phase transition line
at a temperature much larger than 1/R. Thus, we see that new phases must appear as

we approach the four dimensional Yang-Mills limit. The phase structure of this theory
in that limit includes several phase transition lines, which, presumably, all join into the
line T = 1/2πR in the gravity limit. A minimal conjecture for the phase structure is

depicted in figure 4; note that with this conjecture the deconfinement transition line
in the supergravity limit is connected to the deconfinement transition line in the four

15
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Figure 5: The possible configurations of the D8 and anti-D8 probe branes in the high

temperature (deconfined) phase. A generic connected configuration with an asymptotic
separation of L, that stretches down to a minimum at u = u0, is drawn in (a). This
corresponds to the chiral symmetry broken phase. Figure (b) depicts a chiral-invariant

solution, with separate D8 and anti-D8-branes.

find that

u′ =
(

u

RD4

)3/2√

f(y)

√

√

√

√

f(y)

f(1)
y8 − 1. (26)

Substituting the outcome of the equation of motion, the action is now

SDBI =
2T̂8R

3/2
D4u

7/2
0

gs

∫ ∞

1
dy

y5/2
√

1− f(1)
f(y)y8

. (27)

Since we assumed u′(u = u0) = 0, this action corresponds to a configuration where the

D8-branes merge smoothly into the anti-D8-branes, as in figure 5(a).
As discussed above, this configuration exhibits in the string theory dual the phe-

nomenon of χSB in the gauge theory. However, there is yet another classical config-

uration that solves the equations of motion. This is a configuration of a constant x4,
x4(u) = 0 and x4(u) = L (or u′ → ∞), see figure 5(b). This configuration is possible

in the high-temperature phase since in this phase the t circle shrinks to zero at u = uT ,
so the D8-brane can just smoothly end there (and wrap around the “cigar” in the t− u
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Figure 7: The phase diagram of the Sakai-Sugimoto model at finite temperature, in the
gravity approximation λ5 ≫ R. In this approximation the phase structure depends only

on the two dimensionless parameters TR and L/R. For small L/R the deconfinement
and chiral symmetry restoration transitions are separate, while for L/R > 0.97 there is
a single transition.

finite-energy-density configurations (in the microcanonical ensemble) obtained by Wick-
rotating the Euclidean configurations discussed above. In general there are two types of
possible configurations. We can have strings with both ends on D8-branes, corresponding

to mesons (for light strings these are described by the DBI action, and for large spin they
can be described by semi-classical strings, see figure 2). And, if the background contains

a horizon (as in the deconfined phase) we can have a string starting on an 8-brane and
going into the horizon, corresponding to a deconfined quark (or anti-quark).

As discussed above, the behavior in the low-temperature phase is very similar to the

behavior at zero temperature, as expected in a theory with a small number of weakly
interacting massless particles (the “pions”). There is a discrete spectrum of mesons, and

there are no free quark states. Computing the spectrum of mesons (including the pseudo
vector and scalar mesons described in §2.2) and glueballs in this phase gives exactly the

same results as for zero temperature. The high spin mesons are described as classical
string configurations stretched from the D8 probe brane down to the “wall” at u = uΛ

and back to the probe branes [15] (see figure 2), and again there is no difference between

the zero temperature and low temperature results.
As we raise the temperature, at T = 1/2πR we go over to the deconfined bulk
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Is there a continuous connection between the mass spectrum in  
the confined phase and the resonance spectrum in the deconfined  
phase? 

1. Introduction

The gauge/gravity duality has created a powerful framework for the study of strongly coupled

gauge theories [1, 2, 3, 4]. Thermal properties of such theories are of considerable interest both

in their own right and in connection with the experimental program on heavy ion collisions

at RHIC and LHC.

In this paper, we study certain aspects of finite-temperature behaviour of strongly coupled

N = 2 super-Yang-Mills theory with dynamical quarks in Minkowski space. The holographic

description of the theory with gauge group U(Nc) and Nf hypermultiplets in the fundamental

representation (as well as one adjoint hypermultiplet) is given by the well studied system of

D3- and D7-branes. In the limit of large Nc and large ’t Hooft coupling λ = g2YMNc with fixed

Nf, the theory is described by Nf probe D7-branes in the near-horizon geometry of Nc D3-

branes, i.e., AdS5 × S5 [5]. At finite temperature, the background geometry contains a black

hole [6]. Although the N = 2 theory is non-confining and thus no confinement-deconfinement

phase transition is expected at finite temperature, the presence of the quark mass scale Mq

leads to a first order phase transition for fundamental matter [7]. The transition occurs at a

temperature T ∼ Mq/
√
λ and is characterized by the dissociation or ‘melting’ of the mesons,

i.e., the quark-antiquark bound states1.

Our goal is to study thermal dissociation of the bound states as well as the flavour

current diffusion by computing spectral functions of mesonic operators in the framework of

gauge/gravity duality.

Figure 1: Various possible D7-brane embeddings in the black D3-brane geometry with temperature
increasing from left to right.

The thermal behaviour of the N = 2 gauge theory with fundamental matter has recently

been actively studied [8, 9, 7, 10]. The holographic description gives a simple picture of the

phase transition. If the D7-branes are sufficiently far from the event horizon of the black hole,

they are gravitationally attracted towards the horizon but their tension is sufficient to balance

this attractive force. The probe branes then lie entirely outside of the black hole in what

were denoted ‘Minkowski’ embeddings in [7, 10] – see fig. 1. As the temperature is raised,

both the radial position and the energy density of the event horizon increase. Therefore,

1Recall that for these supersymmetric field theories, the fundamental matter includes both fermions and

scalars, which we will refer to collectively as ‘quarks’.
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Figure 5: The finite temperature part of the vector spectral function, i.e., −NfNcω2/4π, in units of
NfNcT 2/4, versus = ω/2πT for various values of χ0 corresponding to different values of m = M̄/T .
The upper plot shows values of χ0 corresponding to temperatures above the phase transition while the
lower plot is for values of χ0 past the transition. The vertical dotted lines represent the mass of the
lowest and first excited vector mesons in the low temperature (Minkowski) phase for a near-critical
Minkowski embedding.

NfNcω2/4π, for various D7-brane embeddings, specified by χ0 = χ(ρ = 1) (or equivalently by

m). The upper plot shows the finite temperature part of the spectral function for temperatures

above the phase transition: χ0 = 0 (m = 0), χ0 = 0.1 (m = 0.1667), χ0 = 0.5 (m = 0.8080),

χ0 = 0.8 (m = 1.2026), χ0 = 0.94 (m = 1.3059) – the last of these corresponds to T/Mq
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Figure 11: The first vector (left) and axial vector (right) meson masses computed nu-
merically, versus the analytic upper and lower bounds computed (4.13) and (4.12).
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Figure 12: The spectrum of the first twelve quasi-normal vector modes of the chirally
symmetric phase of the Sakai-Sugimoto model (each mode is twofold degenerate because
of chiral symmetry).

5. Conclusions and discussion

We have analysed the form of the Schrödinger potential for vector meson fluctuations in

various holographic duals to gauge theories with matter. These potentials exhibit some

generic structure which we expect to see for more general classes of models. In the Rindler

region, a Minkowski embedding will lead to a box-shaped potential, while a black hole

embedding will lead to a step. When no Rindler approximation can be made, which is the

case for the equatorial embeddings, more of the background can be seen, and the potential

is typically more complicated.

In the non-equatorial type transition of the D3/D7 system, we have shown how any fi-

nite number of meson masses come down to a fixed value. Similarly, when the embedding is

approached from the black hole side, any finite number of quasi-normal modes approaches

this same value. Lacking any quantum numbers to distinguish them, the connection be-

tween these spectra is thus more subtle than previously suggested.10

10In [5] it was observed that peaks appear in the spectral function, which is consistent with our results.

However, our calculations show that these peaks all converge on ω̃ = 0.75. The spectra are symmetric only

for the artificial choice of fixed z0/y0.
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We have analysed the form of the Schrödinger potential for vector meson fluctuations in

various holographic duals to gauge theories with matter. These potentials exhibit some

generic structure which we expect to see for more general classes of models. In the Rindler

region, a Minkowski embedding will lead to a box-shaped potential, while a black hole

embedding will lead to a step. When no Rindler approximation can be made, which is the

case for the equatorial embeddings, more of the background can be seen, and the potential

is typically more complicated.

In the non-equatorial type transition of the D3/D7 system, we have shown how any fi-

nite number of meson masses come down to a fixed value. Similarly, when the embedding is

approached from the black hole side, any finite number of quasi-normal modes approaches

this same value. Lacking any quantum numbers to distinguish them, the connection be-

tween these spectra is thus more subtle than previously suggested.10

10In [5] it was observed that peaks appear in the spectral function, which is consistent with our results.

However, our calculations show that these peaks all converge on ω̃ = 0.75. The spectra are symmetric only

for the artificial choice of fixed z0/y0.
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Soft-wall model

with the frequency ω̃ = ω/
√
c for selected values of temperature T̃ = πT/

√
c and mo-

mentum q̃ = q/
√
c. We can see the presence of various peaks that correspond to the

poles of the retarded Green’s function. As commented above, these poles are associated

with the frequencies of the black-hole quasinormal modes and are interpreted as glueball

states in the dual gauge theory. Indeed, near one of the peaks the spectral function can be

approximated by a Lorentzian function:

R(ω̃, q̃) ∼ ω̃I

(ω̃ − ω̃R)2 + ω̃2
I

, (3.21)

where ω̃R and ω̃I are respectively the real part and the negative of the imaginary part of

the black-hole quasinormal frequencies. The half-width of the distribution (3.21), given by

ω̃I , is interpreted in the dual gauge theory as the inverse of the glueball lifetime (multiplied

by the constant
√
c ). The real part ω̃R, for q = 0, gives a measure of the glueball mass at

finite temperature.
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Figure 4: Spectral functions for q = 0 and selected values of temperature in units of N2
c /4π

2.
Note that the first peak of the spectral functions for the four cases almost coincide around ω̃2 = 8.

We consider in Fig. 4 the zero-momentum case for various values of temperature. Note

that as the temperature increases the number of peaks in the spectral function decreases

while their width increase. Accordingly, the number of glueball quasiparticle states and

their lifetimes decrease with the temperature. If we continue increasing the temperature

we will reach a phase (for T̃ 2 ! 0.1) in which there are no more peaks. This suggests a kind

of glueball melting in the sense that the glueball excitations disappear. A similar result was

recently obtained in Ref. [35] when studying finite-temperature effects on the spectrum

of vector mesons in the soft-wall model. It is important to remark that for the range of

temperatures in which we found glueball excitations (peaks in the spectral function), the

theory is in an unstable phase.
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Scalar glueball spectral function 
at q=0 and low T 

series method has convergence problems but, as we discussed above, it is precisely in this

regime that the wells of the potential are deep and the dips in α2 + β2 are sharp enough

to make the Breit-Wigner method efficient. We have used the Breit-Wigner method for

T̃ 2 ! 0.05. A comparison of the results obtained with the two methods is presented in

Table 1. The approaches are complementary, and show a very good agreement for the

range 0.025 < T̃ 2 < 0.04 .

Power series Breit-Wigner

T̃ 2 ω̃2
R ω̃2

I ω̃2
R ω̃2

I

0.0493827 7.52779 1.41127 × 10−4 7.53270 1.43646 × 10−4

0.04 7.72086 1.31516 × 10−6 7.72092 1.31549 × 10−6

0.0330579 7.82420 2.12446 × 10−9 7.82420 2.12446 × 10−9

0.0277778 7.88073 8.61149 × 10−13 7.88073 8.61151 × 10−13

0.0236686 7.91529 1.04760 × 10−16 7.91529 1.04873 × 10−16

0.0204082 — — 7.93787 2.23960 × 10−20

Table 1: A comparison between the values obtained for the fundamental (n = 0) QN frequency
computed using the power series and the Breit-Wigner resonance methods.

The values of ω̃I shown in Table 1 for the Breit-Wigner method were calculated using

the parabolic fit of Eq. (4.5) for α2 + β2. The alternative expressions (4.6) were used to

check the consistency of the results in the range of temperature values where the power

series method does not converge. In this case, the number of significant figures retained in

ω̃I was chosen so that all the alternative ways of determining ω̃I give the same value.

 8

 12

 16

 20

 24

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4

ω
R2 /c

(πT)2/c

n=4

n=3

n=2

n=1

n=0

 0

 2

 4

 6

 8

 10

 0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4

ω
I2 /c

(πT)2/c

n=4

n=3

n=2

n=1

n=0

Figure 6: Numerical results for the square of the real and imaginary parts of the QN frequencies,
ω2

R
/c and ω2

I
/c, for the first five quasinormal modes n = 0, 1, ..., 4, with q = 0.

In Fig. 6, we show our results for the square of the real and imaginary parts of the

QN frequencies as functions of T̃ 2 for the first five modes n = 0, 1, ..., 4 with q = 0. We

observe that, in the zero temperature limit, the real part of the QN frequencies coincide

with the corresponding glueball mass spectrum, given by Eq. (2.4). Then, increasing

the temperature ω̃2
R decrease until they reach a minimum value (ω̃2

R)
min at some critical

temperature, different for each mode. The value of the critical temperature is lower for
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In Fig. 6, we show our results for the square of the real and imaginary parts of the

QN frequencies as functions of T̃ 2 for the first five modes n = 0, 1, ..., 4 with q = 0. We

observe that, in the zero temperature limit, the real part of the QN frequencies coincide

with the corresponding glueball mass spectrum, given by Eq. (2.4). Then, increasing

the temperature ω̃2
R decrease until they reach a minimum value (ω̃2

R)
min at some critical

temperature, different for each mode. The value of the critical temperature is lower for
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4

FIG. 4. Real (green continuous) and minus imaginary (red
dashed) parts of the lowest quasinormal mode frequencies for
O3 and O2 operators (see (10)) in N = 2⇤ gauge theory (from
top to bottom). The frequencies do not change significantly
as a function of m/T.

FIG. 5. Real (green continuous) and minus imaginary (red
dashed) parts of the lowest quasinormal mode frequencies the
operators O� and O↵ (from top to bottom) in N = 2⇤ gauge
theory.

The matter fluctuations �↵ and �� represent operators
with � = 2 and 3 in the N = 2⇤ gauge theory. The
results for the lowest QNM frequencies of �↵ and �� are
collected in Fig. 5. As in the previous examples, the
frequencies exhibit a very mild dependence on m/T .

Thermalization time for the energy-momentum
tensor.– Quasinormal modes of the energy-momentum
tensor in the boundary theory are dual to metric pertur-
bations in the bulk. Di↵erent polarizations decompose
into decoupled sets of various helicities with respect
to the propagation direction in the boundary [9]. The

simplest helicity-2 fluctuations are always equivalent
to a minimally coupled massless scalar [32] and its
momentum-dependence (at m/T = 4.8) is given by
� = 4 curve in Fig. 3. In the zero-momentum limit,
the helicity distinction vanishes implying that generic
metric perturbations obey the equation of motion for a
minimally coupled massless scalar. Hence in this case,
the QNM are the same as the scalar operator with
� = 4 plotted in Fig. 2. Finally, in Fig. 5, we plot
zero-momentum QNM associated with the perturbations
of the background scalars ↵ and �. Again, we find rather
mild dependence on m/T .

Comparison to conformal plasma at nonzero chemical
potential.– From an operational point of view, deviations
from conformality in N = 2⇤ gauge theory amount to the
presence of a dimensionless parameter m/T characteriz-
ing the equilibrium configuration. In order to confirm the
robustness of our main result, we consider a strongly cou-
pled conformal QGP at nonzero chemical potential µ. In
this case, the dimensionless parameter is µ/T . The dual
solution is the anti-de Sitter Reissner-Nordstrom black
hole (AdS-RN). We compute the lowest zero-momentum
quasinormal modes of phenomenological operators (with
� = 2, 3 and 4) dual to probe (neutral) scalar fields in
the AdS-RN background.

Again, as shown in Fig. 6, the frequencies depend
mildly on µ/T unless the chemical potential (at fixed
temperature) gets big enough to see the e↵ects of the
critical behaviour associated in the dual description with
the (near-)extremal AdS-RN. In this case, the dominant
QNM has a purely imaginary frequency. We explain in
the supplemental material why we do not expect similar
transition to occur in N = 2⇤ gauge theory and refer the
reader to refs [33] and [34], which discuss these purely
imaginary QNM in detail.

Note added: While this letter was being finalized we
learnt about the upcoming results of Ref. [35], which
presents the computation of QNM in a bottom-up holo-
graphic QCD model. The results of [35] are in line with
the point of view presented in this letter, i.e. equilibra-
tion rates in strongly coupled nonconformal plasma are
not very di↵erent from those of N = 4 SYM.

We would like to thank A. Donos, J. Fuini, U. Gursoy,
R. Janik, J. Jottar, M. Kaminski, L. Lehner, H. Soltan-
panahi, M. Spalinski, W. van der Schee and I. Yavin for
useful discussions, correspondence and comments on the
draft. We would like to thank the authors of articles [17]
and [35] for generously sharing their drafts prior to publi-
cation. This work was partly supported by the National
Science Centre grant 2012/07/B/ST2/03794. Research
at Perimeter Institute is supported by the Government
of Canada through Industry Canada and by the Province
of Ontario through the Ministry of Research & Innova-
tion. AB and RCM acknowledge support from NSERC

Figure 2: The imaginary parts of the lowest quasinormal mode at k = 0 for the
potentials from table 1 (left). The imaginary part for potential V2 together with the
“phenomenological” according to Eq. (33) (right).

the metric perturbations4.

5.1 The imaginary part of the QNM frequencies — damping

In the left panel of figure 2 we show the imaginary parts of the QNM frequencies in

units of temperature which is the natural scale in the problem i.e.

Im!

2 ⇡ T
(32)

We observe that the damping significantly decreases (by a factor of 2) close to the

transition. This shows that in the nonconformal case nonequilibrium dynamics become

more important close to Tc. Moreover we find that the plots basically lie on top of each

other for the various potentials from table 1. This indicates that the QNM frequencies

are not sensitive to the fine details of the potentials but are essentially dependent just

on the equation of state (speed of sound c
2
s
(T )), which was the common denominator

of all the potentials from table 1.

In order to parameterize the dependence of the damping on deviation from conformality,

we propose a phenomenological formula expressing this as a linear combination of c2
s
�

1
3

and T
d

dT
c
2
s
(T ). Specifically, we posit

Im! � Im!conf

2⇡T
= �

✓
c
2
s
(T )�

1

3

◆
+ �

0
T

d

dT
c
2
s
(T ) (33)

where �, �
0 are phenomenological parameters and Im!conf

2⇡ T
= �1.373 is the conformal

4
See the discussion in section 4.1

13

N=2*
V (�) = cosh(�) + �2 + �4 + �6

Einstein-scalar with 

Variation of the imaginary part = attenuation rate by factor of ~ 2

QNM in non-conformal models
Buchel, Heller, Myers 1503.07114

Janik. Plewa, Soltanpanahi, Spalinski 1503.07149
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Ishii, Kiritsis, Rosen, 1601.01947 consider thermalization after a quench 

Figure 8. Typical behavior of the magnitude of the late time deviation of hTxxi from its final

value. This particular ring-down corresponds to the late time behavior of the perturbation

shown in figure 12. The red line is a fit to the exponential decay provided by �hTxxi ⇠

0.65 e�0.5v.

further justifies our “large” and “small” naming conventions for the black hole branches.

In the studies which follow, the smallest black hole we perturb has �H/�c = 3.23. In

figure 7, the area of the black hole horizons as a function of � is given, and this smallest

black hole is indicated by a red dot. Evidently, the horizon area of �H/�c = 3.23 in

this case is about 1/5 of that at the first order phase transition.

Generically, a time dependent perturbation of a black hole will take a static initial

state through a non-linear regime controlled by the details of the quench profile, followed

by a linear regime governed by the “ring-down” to the final steady state configuration

(there may also be late time power law tails in some situations, but we will not be

concerned with these here). The ring-down is fully determined by the quasi-normal

modes of the final state black hole, and is dominated by the mode closest to the real

axis, !1. In turn, the quasi-normal modes characterize the linear response of the final

state to small perturbations in any of several available channels. In the present case,

where the perturbations preserve the homogeneity of the spatial R3, the gauge invariant

perturbations organize themselves into representations of SO(3) [36, 37] transforming

as the transverse-traceless (spin-2), vector, or scalar.

In figure 8 the late time ring-down of one particular time dependent perturbation

is shown on a logarithmic scale. The figure clearly indicates the presence of an excited

mode of the form

�hT̂xxi ⇠ ReZ1e
�i!1v with !1 = !⇤ � i� (6.1)

for some real constants Z1, !⇤, and � > 0. Although figure 8 illustrates the general

late time features of any perturbation in our study, it is important to note that the
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Figure 6. Generic late-time behavior of the magnitude of a one-point function’s deviation from its equilibrium
value. After the quench time ⇠ ⌧̃ the response equilibrates much like a damped oscillator. The damped oscilla-
tions correspond to the excitations of the gravitational system’s lowest lying quasi-normal mode.

Figure 7. The temperature dependence of the decay width � for the lowest-lying scalar quasi-normal mode in
several states of our theory. The blue circles are large black-branes whose temperature is an integer multiple of
Tc. The orange squares correspond to the minimum temperature black brane at T = T0 (top) and the smallest
black hole we perturb in our study at �H/�c = 3.23 (bottom). The ratio �/⇡T approaches 1.75953 (the dashed
line) at high temperatures, which coincides with the expected value for perturbations of AdS5 Schwarzschild by
a dimension 3 scalar operator [8].

quench amplitude at fixed (short) duration. The most important feature shown is the appearance of
simple power law scaling regimes. Combining the results of the two plots, one finds that in the limit
of abrupt quenches (where the quench width is much smaller than all other dimensionful scales)

hTttiFINAL ⇠

 
�̃

⌧̃

!2

. (10)

In fact this simple scaling relation was already anticipated on very general grounds, and is a
special case of the universal scaling formula in [9] for a dimension three scalar operator. That this
scaling should be universal readily follows from the fact that for very fast quenches, the perturbation
does not have time to propagate far from the boundary before the quench concludes. Since the near
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' $ trF 2
<latexit sha1_base64="QIKtvAbf9ILS1gK2rqqcewE8LnQ=">AAACEHicbVDJSgNBEO1xjXGLevTSGERPYSYKepKAIB4jmAUyMfR0apImPQvdNdEw5BO8+CtePCji1aM3/8bOctDEBwWP96qoqufFUmi07W9rYXFpeWU1s5Zd39jc2s7t7FZ1lCgOFR7JSNU9pkGKECooUEI9VsACT0LN612O/FoflBZReIuDGJoB64TCF5yhkVq5I7fPVNwV1JXgoxKdLjKlonvqIjygClJUQ3p1V2zl8nbBHoPOE2dK8mSKciv35bYjngQQIpdM64Zjx9hMmULBJQyzbqIhZrzHOtAwNGQB6GY6fmhID43Spn6kTIVIx+rviZQFWg8Cz3QGDLt61huJ/3mNBP3zZirCOEEI+WSRn0iKER2lQ9tCAUc5MIRxJcytlHeZYhxNhlkTgjP78jypFgvOSaF4c5ovXUzjyJB9ckCOiUPOSIlckzKpEE4eyTN5JW/Wk/VivVsfk9YFazqzR/7A+vwBf92dew==</latexit>

V (�) ⇠ V0 +
1

2
m2'2

<latexit sha1_base64="O13qppk44AzGJlYn9GPlYzJwLv8=">AAACFXicbVDNSsNAGNzUv1r/oh69LBahopQkCnqSghePFWxaaNKw2W7bpbtJ2N0USuhLePFVvHhQxKvgzbdx2+agrQMLw8x8fPtNmDAqlWV9G4WV1bX1jeJmaWt7Z3fP3D9wZZwKTBo4ZrFohUgSRiPSUFQx0koEQTxkpBkOb6d+c0SEpHH0oMYJ8TnqR7RHMVJaCsxzt+IlA3oKPUk5dAMLnsHMhl6sh6AzgbzjQG+EhM50nMAsW1VrBrhM7JyUQY56YH553RinnEQKMyRl27YS5WdIKIoZmZS8VJIE4SHqk7amEeJE+tnsqgk80UoX9mKhX6TgTP09kSEu5ZiHOsmRGshFbyr+57VT1bv2MxolqSIRni/qpQyqGE4rgl0qCFZsrAnCguq/QjxAAmGliyzpEuzFk5eJ61Tti6pzf1mu3eR1FMEROAYVYIMrUAN3oA4aAINH8AxewZvxZLwY78bHPFow8plD8AfG5w8OWpxC</latexit>

�(�� 4) = m2L2
<latexit sha1_base64="7CbdOjQRf5cUg/+V3ctStQ+6fxI=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahLiwzY0E3SkEXLlxUsA9opyWTZtrQJDMkGaGUght/xY0LRdz6E+78G9N2Flo9cLmHc+4luSeIGVXacb6szMLi0vJKdjW3tr6xuWVv79RUlEhMqjhikWwESBFGBalqqhlpxJIgHjBSDwaXE79+T6SikbjTw5j4HPUEDSlG2kgde691RZhGhVk7Lh3Bc8jbHrxpex077xSdKeBf4qYkD1JUOvZnqxvhhBOhMUNKNV0n1v4ISU0xI+NcK1EkRniAeqRpqECcKH80vWEMD43ShWEkTQkNp+rPjRHiSg15YCY50n01703E/7xmosMzf0RFnGgi8OyhMGFQR3ASCOxSSbBmQ0MQltT8FeI+kghrE1vOhODOn/yX1Lyie1L0bkv58kUaRxbsgwNQAC44BWVwDSqgCjB4AE/gBbxaj9az9Wa9z0YzVrqzC37B+vgGXOGVYw==</latexit>

m = 0
<latexit sha1_base64="3MV7SgToh9B8YE4WUFUiajI/L6k=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBel4MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTO8yv/tElWaRfDSzmPoCjyULGcEmk8SNi4bVmlt3c6BV4hWkBgVaw+rXYBSRRFBpCMda9z03Nn6KlWGE03llkGgaYzLFY9q3VGJBtZ/mt87RmVVGKIyULWlQrv6eSLHQeiYC2ymwmehlLxP/8/qJCa/9lMk4MVSSxaIw4chEKHscjZiixPCZJZgoZm9FZIIVJsbGU7EheMsvr5JOo+5d1BsPl7XmbRFHGU7gFM7Bgytowj20oA0EJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AHByNnA==</latexit>

UV theory is CFT deformed by a marginally relevant operator

asymptotic freedom: minimum at � = 0 , ' = �1
<latexit sha1_base64="jk164m8dczJC03AvdMXaOCyr7wU=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VwUUtSBd1UCm5cVrAPaEKZTCbt0MkkzEwKIfQH3Pgrblwo4ta9O//GaZuFth64cDjnXGbu8WJGpbKsb6Owsrq2vlHcLG1t7+zumfsHbRklApMWjlgkuh6ShFFOWooqRrqxICj0GOl4o9up3xkTIWnEH1QaEzdEA04DipHSUt88cZgO+6huQadS0QOdMRLxkMI6PIcO5YFKYd8sW1VrBrhM7JyUQY5m3/xy/AgnIeEKMyRlz7Zi5WZIKIoZmZScRJIY4REakJ6mHIVEutnsmgk81YoPg0jo4QrO1N8bGQqlTENPJ0OkhnLRm4r/eb1EBdduRnmcKMLx/KEgYVBFcFoN9KkgWLFUE4QF1X+FeIgEwkoXWNIl2IsnL5N2rWpfVGv3l+XGTV5HERyBY3AGbHAFGuAONEELYPAInsEreDOejBfj3fiYRwtGvnMI/sD4/AFVIJkv</latexit>

b0�(r) = � 1

log⇤r
+O(

log log r

log2 r
)

<latexit sha1_base64="24g5ocZWzBeLpfCqVX8AdnnGYmE="></latexit>



scale factor
A(r) ⇠ �Cr↵ + . . . , r ! 1

<latexit sha1_base64="MBCuF2itv2I9WKK7yop0Heccwmk="></latexit><latexit sha1_base64="MBCuF2itv2I9WKK7yop0Heccwmk="></latexit><latexit sha1_base64="MBCuF2itv2I9WKK7yop0Heccwmk="></latexit><latexit sha1_base64="MBCuF2itv2I9WKK7yop0Heccwmk="></latexit>

e�2�pgs Rs =
p
gE RE

<latexit sha1_base64="jvrqjCw1DcCBwldOwPjthXmapxc=">AAACGHicbZDLSsNAFIYn9VbrLerSzWARXNSaFEE3QlEKLmuxF2himEwn7dDJxZmJUEIew42v4saFIm67822ctkG09cDAx/+fw5nzuxGjQhrGl5ZbWl5ZXcuvFzY2t7Z39N29lghjjkkThyzkHRcJwmhAmpJKRjoRJ8h3GWm7w+uJ334kXNAwuJOjiNg+6gfUoxhJJTn6KblPTirQqg9oCi3xwGXSd0RqlWDDEfDyR6opt9Rwao5eNMrGtOAimBkUQVZ1Rx9bvRDHPgkkZkiIrmlE0k4QlxQzkhasWJAI4SHqk67CAPlE2Mn0sBQeKaUHvZCrF0g4VX9PJMgXYuS7qtNHciDmvYn4n9eNpXdhJzSIYkkCPFvkxQzKEE5Sgj3KCZZspABhTtVfIR4gjrBUWRZUCOb8yYvQqpRNxbdnxepVFkceHIBDcAxMcA6q4AbUQRNg8ARewBt41561V+1D+5y15rRsZh/8KW38DW5Bnr8=</latexit><latexit sha1_base64="jvrqjCw1DcCBwldOwPjthXmapxc=">AAACGHicbZDLSsNAFIYn9VbrLerSzWARXNSaFEE3QlEKLmuxF2himEwn7dDJxZmJUEIew42v4saFIm67822ctkG09cDAx/+fw5nzuxGjQhrGl5ZbWl5ZXcuvFzY2t7Z39N29lghjjkkThyzkHRcJwmhAmpJKRjoRJ8h3GWm7w+uJ334kXNAwuJOjiNg+6gfUoxhJJTn6KblPTirQqg9oCi3xwGXSd0RqlWDDEfDyR6opt9Rwao5eNMrGtOAimBkUQVZ1Rx9bvRDHPgkkZkiIrmlE0k4QlxQzkhasWJAI4SHqk67CAPlE2Mn0sBQeKaUHvZCrF0g4VX9PJMgXYuS7qtNHciDmvYn4n9eNpXdhJzSIYkkCPFvkxQzKEE5Sgj3KCZZspABhTtVfIR4gjrBUWRZUCOb8yYvQqpRNxbdnxepVFkceHIBDcAxMcA6q4AbUQRNg8ARewBt41561V+1D+5y15rRsZh/8KW38DW5Bnr8=</latexit><latexit sha1_base64="jvrqjCw1DcCBwldOwPjthXmapxc=">AAACGHicbZDLSsNAFIYn9VbrLerSzWARXNSaFEE3QlEKLmuxF2himEwn7dDJxZmJUEIew42v4saFIm67822ctkG09cDAx/+fw5nzuxGjQhrGl5ZbWl5ZXcuvFzY2t7Z39N29lghjjkkThyzkHRcJwmhAmpJKRjoRJ8h3GWm7w+uJ334kXNAwuJOjiNg+6gfUoxhJJTn6KblPTirQqg9oCi3xwGXSd0RqlWDDEfDyR6opt9Rwao5eNMrGtOAimBkUQVZ1Rx9bvRDHPgkkZkiIrmlE0k4QlxQzkhasWJAI4SHqk67CAPlE2Mn0sBQeKaUHvZCrF0g4VX9PJMgXYuS7qtNHciDmvYn4n9eNpXdhJzSIYkkCPFvkxQzKEE5Sgj3KCZZspABhTtVfIR4gjrBUWRZUCOb8yYvQqpRNxbdnxepVFkceHIBDcAxMcA6q4AbUQRNg8ARewBt41561V+1D+5y15rRsZh/8KW38DW5Bnr8=</latexit><latexit sha1_base64="jvrqjCw1DcCBwldOwPjthXmapxc=">AAACGHicbZDLSsNAFIYn9VbrLerSzWARXNSaFEE3QlEKLmuxF2himEwn7dDJxZmJUEIew42v4saFIm67822ctkG09cDAx/+fw5nzuxGjQhrGl5ZbWl5ZXcuvFzY2t7Z39N29lghjjkkThyzkHRcJwmhAmpJKRjoRJ8h3GWm7w+uJ334kXNAwuJOjiNg+6gfUoxhJJTn6KblPTirQqg9oCi3xwGXSd0RqlWDDEfDyR6opt9Rwao5eNMrGtOAimBkUQVZ1Rx9bvRDHPgkkZkiIrmlE0k4QlxQzkhasWJAI4SHqk67CAPlE2Mn0sBQeKaUHvZCrF0g4VX9PJMgXYuS7qtNHciDmvYn4n9eNpXdhJzSIYkkCPFvkxQzKEE5Sgj3KCZZspABhTtVfIR4gjrBUWRZUCOb8yYvQqpRNxbdnxepVFkceHIBDcAxMcA6q4AbUQRNg8ARewBt41561V+1D+5y15rRsZh/8KW38DW5Bnr8=</latexit>

ds2 = e2A(r)(dr2 � dt2 + dxidx
i)

<latexit sha1_base64="Up9mO9ycjmDX0A6A7is+2KUF09E=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VoFSUpgm6EqhuXFewD2jRMJpN26GQSZiZiCf0HN/6KGxeKuHXjzr9x2mahrQfmcjjnXu7c48WMSmVZ30ZuYXFpeSW/Wlhb39jcMrd3GjJKBCZ1HLFItDwkCaOc1BVVjLRiQVDoMdL0Btdjv3lPhKQRv1PDmDgh6nEaUIyUllzz0JfdCryApJtW4GVJlEew5AstHftK1yPoP7hUly4tu2bROrEmgPPEzkgRZKi55lfHj3ASEq4wQ1K2bStWToqEopiRUaGTSBIjPEA90taUo5BIJ53cNIIHWvFhEAn9uIIT9fdEikIph6GnO0Ok+nLWG4v/ee1EBedOSnmcKMLxdFGQMKgiOA4I+lQQrNhQE4QF1X+FuI8EwkrHWNAh2LMnz5NG5cTW/Pa0WL3K4siDPbAPSsAGZ6AKbkAN1AEGj+AZvII348l4Md6Nj2lrzshmdsEfGJ8/QPGaog==</latexit><latexit sha1_base64="Up9mO9ycjmDX0A6A7is+2KUF09E=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VoFSUpgm6EqhuXFewD2jRMJpN26GQSZiZiCf0HN/6KGxeKuHXjzr9x2mahrQfmcjjnXu7c48WMSmVZ30ZuYXFpeSW/Wlhb39jcMrd3GjJKBCZ1HLFItDwkCaOc1BVVjLRiQVDoMdL0Btdjv3lPhKQRv1PDmDgh6nEaUIyUllzz0JfdCryApJtW4GVJlEew5AstHftK1yPoP7hUly4tu2bROrEmgPPEzkgRZKi55lfHj3ASEq4wQ1K2bStWToqEopiRUaGTSBIjPEA90taUo5BIJ53cNIIHWvFhEAn9uIIT9fdEikIph6GnO0Ok+nLWG4v/ee1EBedOSnmcKMLxdFGQMKgiOA4I+lQQrNhQE4QF1X+FuI8EwkrHWNAh2LMnz5NG5cTW/Pa0WL3K4siDPbAPSsAGZ6AKbkAN1AEGj+AZvII348l4Md6Nj2lrzshmdsEfGJ8/QPGaog==</latexit><latexit sha1_base64="Up9mO9ycjmDX0A6A7is+2KUF09E=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VoFSUpgm6EqhuXFewD2jRMJpN26GQSZiZiCf0HN/6KGxeKuHXjzr9x2mahrQfmcjjnXu7c48WMSmVZ30ZuYXFpeSW/Wlhb39jcMrd3GjJKBCZ1HLFItDwkCaOc1BVVjLRiQVDoMdL0Btdjv3lPhKQRv1PDmDgh6nEaUIyUllzz0JfdCryApJtW4GVJlEew5AstHftK1yPoP7hUly4tu2bROrEmgPPEzkgRZKi55lfHj3ASEq4wQ1K2bStWToqEopiRUaGTSBIjPEA90taUo5BIJ53cNIIHWvFhEAn9uIIT9fdEikIph6GnO0Ok+nLWG4v/ee1EBedOSnmcKMLxdFGQMKgiOA4I+lQQrNhQE4QF1X+FuI8EwkrHWNAh2LMnz5NG5cTW/Pa0WL3K4siDPbAPSsAGZ6AKbkAN1AEGj+AZvII348l4Md6Nj2lrzshmdsEfGJ8/QPGaog==</latexit><latexit sha1_base64="Up9mO9ycjmDX0A6A7is+2KUF09E=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0VoFSUpgm6EqhuXFewD2jRMJpN26GQSZiZiCf0HN/6KGxeKuHXjzr9x2mahrQfmcjjnXu7c48WMSmVZ30ZuYXFpeSW/Wlhb39jcMrd3GjJKBCZ1HLFItDwkCaOc1BVVjLRiQVDoMdL0Btdjv3lPhKQRv1PDmDgh6nEaUIyUllzz0JfdCryApJtW4GVJlEew5AstHftK1yPoP7hUly4tu2bROrEmgPPEzkgRZKi55lfHj3ASEq4wQ1K2bStWToqEopiRUaGTSBIjPEA90taUo5BIJ53cNIIHWvFhEAn9uIIT9fdEikIph6GnO0Ok+nLWG4v/ee1EBedOSnmcKMLxdFGQMKgiOA4I+lQQrNhQE4QF1X+FuI8EwkrHWNAh2LMnz5NG5cTW/Pa0WL3K4siDPbAPSsAGZ6AKbkAN1AEGj+AZvII348l4Md6Nj2lrzshmdsEfGJ8/QPGaog==</latexit>

�̇2 = �9

4
(Ä� Ȧ2)

<latexit sha1_base64="X/N90FkgkwV9DUeJkn1xvBTHKR0=">AAACG3icbVBNS8MwGE79nPOr6tFLcAjz4GjHQD0Im148TnAfsNaRpukWlqYlSYVR+j+8+Fe8eFDEk+DBf2PW7aCbLwQeng/evI8XMyqVZX0bS8srq2vrhY3i5tb2zq65t9+WUSIwaeGIRaLrIUkY5aSlqGKkGwuCQo+Rjje6nuidByIkjfidGsfEDdGA04BipDTVN6uOHynoNIf0vgov4SlML6AT6QSsZbDs+FpNG5nmc19Dm076ZsmqWPnARWDPQAnMptk3P3UYJyHhCjMkZc+2YuWmSCiKGcmKTiJJjPAIDUhPQ45CIt00vy2Dx5rxYRAJ/biCOfs7kaJQynHoaWeI1FDOaxPyP62XqODcTSmPE0U4ni4KEgZVBCdFQZ8KghUba4CwoPqvEA+RQFjpOou6BHv+5EXQrlZsjW9rpfrVrI4COARHoAxscAbq4AY0QQtg8AiewSt4M56MF+Pd+Jhal4xZ5gD8GePrBz5Kncg=</latexit><latexit sha1_base64="X/N90FkgkwV9DUeJkn1xvBTHKR0=">AAACG3icbVBNS8MwGE79nPOr6tFLcAjz4GjHQD0Im148TnAfsNaRpukWlqYlSYVR+j+8+Fe8eFDEk+DBf2PW7aCbLwQeng/evI8XMyqVZX0bS8srq2vrhY3i5tb2zq65t9+WUSIwaeGIRaLrIUkY5aSlqGKkGwuCQo+Rjje6nuidByIkjfidGsfEDdGA04BipDTVN6uOHynoNIf0vgov4SlML6AT6QSsZbDs+FpNG5nmc19Dm076ZsmqWPnARWDPQAnMptk3P3UYJyHhCjMkZc+2YuWmSCiKGcmKTiJJjPAIDUhPQ45CIt00vy2Dx5rxYRAJ/biCOfs7kaJQynHoaWeI1FDOaxPyP62XqODcTSmPE0U4ni4KEgZVBCdFQZ8KghUba4CwoPqvEA+RQFjpOou6BHv+5EXQrlZsjW9rpfrVrI4COARHoAxscAbq4AY0QQtg8AiewSt4M56MF+Pd+Jhal4xZ5gD8GePrBz5Kncg=</latexit><latexit sha1_base64="X/N90FkgkwV9DUeJkn1xvBTHKR0=">AAACG3icbVBNS8MwGE79nPOr6tFLcAjz4GjHQD0Im148TnAfsNaRpukWlqYlSYVR+j+8+Fe8eFDEk+DBf2PW7aCbLwQeng/evI8XMyqVZX0bS8srq2vrhY3i5tb2zq65t9+WUSIwaeGIRaLrIUkY5aSlqGKkGwuCQo+Rjje6nuidByIkjfidGsfEDdGA04BipDTVN6uOHynoNIf0vgov4SlML6AT6QSsZbDs+FpNG5nmc19Dm076ZsmqWPnARWDPQAnMptk3P3UYJyHhCjMkZc+2YuWmSCiKGcmKTiJJjPAIDUhPQ45CIt00vy2Dx5rxYRAJ/biCOfs7kaJQynHoaWeI1FDOaxPyP62XqODcTSmPE0U4ni4KEgZVBCdFQZ8KghUba4CwoPqvEA+RQFjpOou6BHv+5EXQrlZsjW9rpfrVrI4COARHoAxscAbq4AY0QQtg8AiewSt4M56MF+Pd+Jhal4xZ5gD8GePrBz5Kncg=</latexit><latexit sha1_base64="X/N90FkgkwV9DUeJkn1xvBTHKR0=">AAACG3icbVBNS8MwGE79nPOr6tFLcAjz4GjHQD0Im148TnAfsNaRpukWlqYlSYVR+j+8+Fe8eFDEk+DBf2PW7aCbLwQeng/evI8XMyqVZX0bS8srq2vrhY3i5tb2zq65t9+WUSIwaeGIRaLrIUkY5aSlqGKkGwuCQo+Rjje6nuidByIkjfidGsfEDdGA04BipDTVN6uOHynoNIf0vgov4SlML6AT6QSsZbDs+FpNG5nmc19Dm076ZsmqWPnARWDPQAnMptk3P3UYJyHhCjMkZc+2YuWmSCiKGcmKTiJJjPAIDUhPQ45CIt00vy2Dx5rxYRAJ/biCOfs7kaJQynHoaWeI1FDOaxPyP62XqODcTSmPE0U4ni4KEgZVBCdFQZ8KghUba4CwoPqvEA+RQFjpOou6BHv+5EXQrlZsjW9rpfrVrI4COARHoAxscAbq4AY0QQtg8AiewSt4M56MF+Pd+Jhal4xZ5gD8GePrBz5Kncg=</latexit>

e�2A(3Ä+ 9Ȧ2) = V (�)
<latexit sha1_base64="f9GTvWRD4tTAWXtBkeEjfQwKb1Q=">AAACFHicbVDLSgMxFM34rPVVdekmWISWYpmpgroQWt24rGAf0BeZTKYNzTxI7ghl6Ee48VfcuFDErQt3/o1pOwttPRA4Oefem9xjh4IrMM1vY2l5ZXVtPbWR3tza3tnN7O3XVRBJymo0EIFs2kQxwX1WAw6CNUPJiGcL1rCHNxO/8cCk4oF/D6OQdTzS97nLKQEt9TIF1o1PSrgyzp3ituMEEFfGuIAv9SUAXOmW8vgK13Pt6oDne5msWTSnwIvESkgWJaj2Ml96Co085gMVRKmWZYbQiYkETgUbp9uRYiGhQ9JnLU194jHViadLjfGxVhzsBlIfH/BU/d0RE0+pkWfrSo/AQM17E/E/rxWBe9GJuR9GwHw6e8iNBIYATxLCDpeMghhpQqjk+q+YDogkFHSOaR2CNb/yIqmXipbmd2fZ8nUSRwodoiOUQxY6R2V0i6qohih6RM/oFb0ZT8aL8W58zEqXjKTnAP2B8fkDgdiasQ==</latexit><latexit sha1_base64="f9GTvWRD4tTAWXtBkeEjfQwKb1Q=">AAACFHicbVDLSgMxFM34rPVVdekmWISWYpmpgroQWt24rGAf0BeZTKYNzTxI7ghl6Ee48VfcuFDErQt3/o1pOwttPRA4Oefem9xjh4IrMM1vY2l5ZXVtPbWR3tza3tnN7O3XVRBJymo0EIFs2kQxwX1WAw6CNUPJiGcL1rCHNxO/8cCk4oF/D6OQdTzS97nLKQEt9TIF1o1PSrgyzp3ituMEEFfGuIAv9SUAXOmW8vgK13Pt6oDne5msWTSnwIvESkgWJaj2Ml96Co085gMVRKmWZYbQiYkETgUbp9uRYiGhQ9JnLU194jHViadLjfGxVhzsBlIfH/BU/d0RE0+pkWfrSo/AQM17E/E/rxWBe9GJuR9GwHw6e8iNBIYATxLCDpeMghhpQqjk+q+YDogkFHSOaR2CNb/yIqmXipbmd2fZ8nUSRwodoiOUQxY6R2V0i6qohih6RM/oFb0ZT8aL8W58zEqXjKTnAP2B8fkDgdiasQ==</latexit><latexit sha1_base64="f9GTvWRD4tTAWXtBkeEjfQwKb1Q=">AAACFHicbVDLSgMxFM34rPVVdekmWISWYpmpgroQWt24rGAf0BeZTKYNzTxI7ghl6Ee48VfcuFDErQt3/o1pOwttPRA4Oefem9xjh4IrMM1vY2l5ZXVtPbWR3tza3tnN7O3XVRBJymo0EIFs2kQxwX1WAw6CNUPJiGcL1rCHNxO/8cCk4oF/D6OQdTzS97nLKQEt9TIF1o1PSrgyzp3ituMEEFfGuIAv9SUAXOmW8vgK13Pt6oDne5msWTSnwIvESkgWJaj2Ml96Co085gMVRKmWZYbQiYkETgUbp9uRYiGhQ9JnLU194jHViadLjfGxVhzsBlIfH/BU/d0RE0+pkWfrSo/AQM17E/E/rxWBe9GJuR9GwHw6e8iNBIYATxLCDpeMghhpQqjk+q+YDogkFHSOaR2CNb/yIqmXipbmd2fZ8nUSRwodoiOUQxY6R2V0i6qohih6RM/oFb0ZT8aL8W58zEqXjKTnAP2B8fkDgdiasQ==</latexit><latexit sha1_base64="f9GTvWRD4tTAWXtBkeEjfQwKb1Q=">AAACFHicbVDLSgMxFM34rPVVdekmWISWYpmpgroQWt24rGAf0BeZTKYNzTxI7ghl6Ee48VfcuFDErQt3/o1pOwttPRA4Oefem9xjh4IrMM1vY2l5ZXVtPbWR3tza3tnN7O3XVRBJymo0EIFs2kQxwX1WAw6CNUPJiGcL1rCHNxO/8cCk4oF/D6OQdTzS97nLKQEt9TIF1o1PSrgyzp3ituMEEFfGuIAv9SUAXOmW8vgK13Pt6oDne5msWTSnwIvESkgWJaj2Ml96Co085gMVRKmWZYbQiYkETgUbp9uRYiGhQ9JnLU194jHViadLjfGxVhzsBlIfH/BU/d0RE0+pkWfrSo/AQM17E/E/rxWBe9GJuR9GwHw6e8iNBIYATxLCDpeMghhpQqjk+q+YDogkFHSOaR2CNb/yIqmXipbmd2fZ8nUSRwodoiOUQxY6R2V0i6qohih6RM/oFb0ZT8aL8W58zEqXjKTnAP2B8fkDgdiasQ==</latexit>

As = AE +
2

3
�

<latexit sha1_base64="r261xWEbG2ev46C1wRw/eNBLpSI=">AAACBXicbVDLSgMxFM34rPU16lIXwSIIQpmpgm6EVhFcVrAP6AxDJs20oZlkSDJCGbpx46+4caGIW//BnX9j2s5CWw8EDuecy809YcKo0o7zbS0sLi2vrBbWiusbm1vb9s5uU4lUYtLAggnZDpEijHLS0FQz0k4kQXHISCscXI/91gORigp+r4cJ8WPU4zSiGGkjBfZBLVDwEtaCG3gCswr0hEnD0xH06n0a2CWn7EwA54mbkxLIUQ/sL68rcBoTrjFDSnVcJ9F+hqSmmJFR0UsVSRAeoB7pGMpRTJSfTa4YwSOjdGEkpHlcw4n6eyJDsVLDODTJGOm+mvXG4n9eJ9XRhZ9RnqSacDxdFKUMagHHlcAulQRrNjQEYUnNXyHuI4mwNsUVTQnu7MnzpFkpu4bfnZWqV3kdBbAPDsExcME5qIJbUAcNgMEjeAav4M16sl6sd+tjGl2w8pk98AfW5w9kpJX1</latexit><latexit sha1_base64="r261xWEbG2ev46C1wRw/eNBLpSI=">AAACBXicbVDLSgMxFM34rPU16lIXwSIIQpmpgm6EVhFcVrAP6AxDJs20oZlkSDJCGbpx46+4caGIW//BnX9j2s5CWw8EDuecy809YcKo0o7zbS0sLi2vrBbWiusbm1vb9s5uU4lUYtLAggnZDpEijHLS0FQz0k4kQXHISCscXI/91gORigp+r4cJ8WPU4zSiGGkjBfZBLVDwEtaCG3gCswr0hEnD0xH06n0a2CWn7EwA54mbkxLIUQ/sL68rcBoTrjFDSnVcJ9F+hqSmmJFR0UsVSRAeoB7pGMpRTJSfTa4YwSOjdGEkpHlcw4n6eyJDsVLDODTJGOm+mvXG4n9eJ9XRhZ9RnqSacDxdFKUMagHHlcAulQRrNjQEYUnNXyHuI4mwNsUVTQnu7MnzpFkpu4bfnZWqV3kdBbAPDsExcME5qIJbUAcNgMEjeAav4M16sl6sd+tjGl2w8pk98AfW5w9kpJX1</latexit><latexit sha1_base64="r261xWEbG2ev46C1wRw/eNBLpSI=">AAACBXicbVDLSgMxFM34rPU16lIXwSIIQpmpgm6EVhFcVrAP6AxDJs20oZlkSDJCGbpx46+4caGIW//BnX9j2s5CWw8EDuecy809YcKo0o7zbS0sLi2vrBbWiusbm1vb9s5uU4lUYtLAggnZDpEijHLS0FQz0k4kQXHISCscXI/91gORigp+r4cJ8WPU4zSiGGkjBfZBLVDwEtaCG3gCswr0hEnD0xH06n0a2CWn7EwA54mbkxLIUQ/sL68rcBoTrjFDSnVcJ9F+hqSmmJFR0UsVSRAeoB7pGMpRTJSfTa4YwSOjdGEkpHlcw4n6eyJDsVLDODTJGOm+mvXG4n9eJ9XRhZ9RnqSacDxdFKUMagHHlcAulQRrNjQEYUnNXyHuI4mwNsUVTQnu7MnzpFkpu4bfnZWqV3kdBbAPDsExcME5qIJbUAcNgMEjeAav4M16sl6sd+tjGl2w8pk98AfW5w9kpJX1</latexit><latexit sha1_base64="r261xWEbG2ev46C1wRw/eNBLpSI=">AAACBXicbVDLSgMxFM34rPU16lIXwSIIQpmpgm6EVhFcVrAP6AxDJs20oZlkSDJCGbpx46+4caGIW//BnX9j2s5CWw8EDuecy809YcKo0o7zbS0sLi2vrBbWiusbm1vb9s5uU4lUYtLAggnZDpEijHLS0FQz0k4kQXHISCscXI/91gORigp+r4cJ8WPU4zSiGGkjBfZBLVDwEtaCG3gCswr0hEnD0xH06n0a2CWn7EwA54mbkxLIUQ/sL68rcBoTrjFDSnVcJ9F+hqSmmJFR0UsVSRAeoB7pGMpRTJSfTa4YwSOjdGEkpHlcw4n6eyJDsVLDODTJGOm+mvXG4n9eJ9XRhZ9RnqSacDxdFKUMagHHlcAulQRrNjQEYUnNXyHuI4mwNsUVTQnu7MnzpFkpu4bfnZWqV3kdBbAPDsExcME5qIJbUAcNgMEjeAav4M16sl6sd+tjGl2w8pk98AfW5w9kpJX1</latexit>

� ⇠ �3

2
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3

4
ln |Ȧ|+ �0

<latexit sha1_base64="JzmsTHS+xMX3c36zOYX4CdrVwuc=">AAACJnicbVDLSgMxFM3UV62vUZduLhZBEMtMLehGaHXjsoJ9QKeUTJq2oZnMkGSEMu3XuPFX3LioiLjzU0wfoLZeCJycc89N7vEjzpR2nE8rtbK6tr6R3sxsbe/s7tn7B1UVxpLQCgl5KOs+VpQzQSuaaU7rkaQ48Dmt+f3biV57pFKxUDzoQUSbAe4K1mEEa0O17Guv3GPgKRbAOSQX4IWmG/IjKMHZz70wAo8LGHrtUENpaKSJreW07KyTc6YFy8CdgyyaV7llj80IEgdUaMKxUg3XiXQzwVIzwuko48WKRpj0cZc2DBQ4oKqZTNccwYlh2tAJpTlCw5T97UhwoNQg8E1ngHVPLWoT8j+tEevOVTNhIoo1FWT2UCfmoEOYZAZtJinRfGAAJpKZvwLpYYmJNslmTAju4srLoJrPuQbfF7LFm3kcaXSEjtEpctElKqI7VEYVRNATekFj9GY9W6/Wu/Uxa01Zc88h+lPW1zca/aHd</latexit><latexit sha1_base64="JzmsTHS+xMX3c36zOYX4CdrVwuc=">AAACJnicbVDLSgMxFM3UV62vUZduLhZBEMtMLehGaHXjsoJ9QKeUTJq2oZnMkGSEMu3XuPFX3LioiLjzU0wfoLZeCJycc89N7vEjzpR2nE8rtbK6tr6R3sxsbe/s7tn7B1UVxpLQCgl5KOs+VpQzQSuaaU7rkaQ48Dmt+f3biV57pFKxUDzoQUSbAe4K1mEEa0O17Guv3GPgKRbAOSQX4IWmG/IjKMHZz70wAo8LGHrtUENpaKSJreW07KyTc6YFy8CdgyyaV7llj80IEgdUaMKxUg3XiXQzwVIzwuko48WKRpj0cZc2DBQ4oKqZTNccwYlh2tAJpTlCw5T97UhwoNQg8E1ngHVPLWoT8j+tEevOVTNhIoo1FWT2UCfmoEOYZAZtJinRfGAAJpKZvwLpYYmJNslmTAju4srLoJrPuQbfF7LFm3kcaXSEjtEpctElKqI7VEYVRNATekFj9GY9W6/Wu/Uxa01Zc88h+lPW1zca/aHd</latexit><latexit sha1_base64="JzmsTHS+xMX3c36zOYX4CdrVwuc=">AAACJnicbVDLSgMxFM3UV62vUZduLhZBEMtMLehGaHXjsoJ9QKeUTJq2oZnMkGSEMu3XuPFX3LioiLjzU0wfoLZeCJycc89N7vEjzpR2nE8rtbK6tr6R3sxsbe/s7tn7B1UVxpLQCgl5KOs+VpQzQSuaaU7rkaQ48Dmt+f3biV57pFKxUDzoQUSbAe4K1mEEa0O17Guv3GPgKRbAOSQX4IWmG/IjKMHZz70wAo8LGHrtUENpaKSJreW07KyTc6YFy8CdgyyaV7llj80IEgdUaMKxUg3XiXQzwVIzwuko48WKRpj0cZc2DBQ4oKqZTNccwYlh2tAJpTlCw5T97UhwoNQg8E1ngHVPLWoT8j+tEevOVTNhIoo1FWT2UCfmoEOYZAZtJinRfGAAJpKZvwLpYYmJNslmTAju4srLoJrPuQbfF7LFm3kcaXSEjtEpctElKqI7VEYVRNATekFj9GY9W6/Wu/Uxa01Zc88h+lPW1zca/aHd</latexit><latexit sha1_base64="JzmsTHS+xMX3c36zOYX4CdrVwuc=">AAACJnicbVDLSgMxFM3UV62vUZduLhZBEMtMLehGaHXjsoJ9QKeUTJq2oZnMkGSEMu3XuPFX3LioiLjzU0wfoLZeCJycc89N7vEjzpR2nE8rtbK6tr6R3sxsbe/s7tn7B1UVxpLQCgl5KOs+VpQzQSuaaU7rkaQ48Dmt+f3biV57pFKxUDzoQUSbAe4K1mEEa0O17Guv3GPgKRbAOSQX4IWmG/IjKMHZz70wAo8LGHrtUENpaKSJreW07KyTc6YFy8CdgyyaV7llj80IEgdUaMKxUg3XiXQzwVIzwuko48WKRpj0cZc2DBQ4oKqZTNccwYlh2tAJpTlCw5T97UhwoNQg8E1ngHVPLWoT8j+tEevOVTNhIoo1FWT2UCfmoEOYZAZtJinRfGAAJpKZvwLpYYmJNslmTAju4srLoJrPuQbfF7LFm3kcaXSEjtEpctElKqI7VEYVRNATekFj9GY9W6/Wu/Uxa01Zc88h+lPW1zca/aHd</latexit>

As ⇠
↵� 1

2
ln

⇣ r

R

⌘

<latexit sha1_base64="3a8ew/8OsjnKsUIvSdxOvdiy5wg=">AAACI3icbVDLSgMxFM3UV62vUZdugkWoC8tMERRXVTcuq9gHdErJpJk2NJMZkjtCGfovbvwVNy6U4saF/2LazkJbD1w4nHMPyT1+LLgGx/myciura+sb+c3C1vbO7p69f9DQUaIoq9NIRKrlE80El6wOHARrxYqR0Bes6Q9vp37ziSnNI/kIo5h1QtKXPOCUgJG69tV1V2NP8xCnHhHxgOAzF3uRieDKGHtCmmEBlFKVqQ9GVbw/gNOuXXTKzgx4mbgZKaIMta498XoRTUImgQqiddt1YuikRAGngo0LXqJZTOiQ9FnbUElCpjvp7MYxPjFKDweRMiMBz9TfiZSEWo9C32yGBAZ60ZuK/3ntBILLTsplnACTdP5QkAgMEZ4WhntcMQpiZAihipu/YjogilAwtRZMCe7iycukUSm7ht+fF6s3WR15dISOUQm56AJV0R2qoTqi6Bm9onf0Yb1Yb9bE+pyv5qwsc4j+wPr+ATFrosU=</latexit><latexit sha1_base64="3a8ew/8OsjnKsUIvSdxOvdiy5wg=">AAACI3icbVDLSgMxFM3UV62vUZdugkWoC8tMERRXVTcuq9gHdErJpJk2NJMZkjtCGfovbvwVNy6U4saF/2LazkJbD1w4nHMPyT1+LLgGx/myciura+sb+c3C1vbO7p69f9DQUaIoq9NIRKrlE80El6wOHARrxYqR0Bes6Q9vp37ziSnNI/kIo5h1QtKXPOCUgJG69tV1V2NP8xCnHhHxgOAzF3uRieDKGHtCmmEBlFKVqQ9GVbw/gNOuXXTKzgx4mbgZKaIMta498XoRTUImgQqiddt1YuikRAGngo0LXqJZTOiQ9FnbUElCpjvp7MYxPjFKDweRMiMBz9TfiZSEWo9C32yGBAZ60ZuK/3ntBILLTsplnACTdP5QkAgMEZ4WhntcMQpiZAihipu/YjogilAwtRZMCe7iycukUSm7ht+fF6s3WR15dISOUQm56AJV0R2qoTqi6Bm9onf0Yb1Yb9bE+pyv5qwsc4j+wPr+ATFrosU=</latexit><latexit sha1_base64="3a8ew/8OsjnKsUIvSdxOvdiy5wg=">AAACI3icbVDLSgMxFM3UV62vUZdugkWoC8tMERRXVTcuq9gHdErJpJk2NJMZkjtCGfovbvwVNy6U4saF/2LazkJbD1w4nHMPyT1+LLgGx/myciura+sb+c3C1vbO7p69f9DQUaIoq9NIRKrlE80El6wOHARrxYqR0Bes6Q9vp37ziSnNI/kIo5h1QtKXPOCUgJG69tV1V2NP8xCnHhHxgOAzF3uRieDKGHtCmmEBlFKVqQ9GVbw/gNOuXXTKzgx4mbgZKaIMta498XoRTUImgQqiddt1YuikRAGngo0LXqJZTOiQ9FnbUElCpjvp7MYxPjFKDweRMiMBz9TfiZSEWo9C32yGBAZ60ZuK/3ntBILLTsplnACTdP5QkAgMEZ4WhntcMQpiZAihipu/YjogilAwtRZMCe7iycukUSm7ht+fF6s3WR15dISOUQm56AJV0R2qoTqi6Bm9onf0Yb1Yb9bE+pyv5qwsc4j+wPr+ATFrosU=</latexit><latexit sha1_base64="3a8ew/8OsjnKsUIvSdxOvdiy5wg=">AAACI3icbVDLSgMxFM3UV62vUZdugkWoC8tMERRXVTcuq9gHdErJpJk2NJMZkjtCGfovbvwVNy6U4saF/2LazkJbD1w4nHMPyT1+LLgGx/myciura+sb+c3C1vbO7p69f9DQUaIoq9NIRKrlE80El6wOHARrxYqR0Bes6Q9vp37ziSnNI/kIo5h1QtKXPOCUgJG69tV1V2NP8xCnHhHxgOAzF3uRieDKGHtCmmEBlFKVqQ9GVbw/gNOuXXTKzgx4mbgZKaIMta498XoRTUImgQqiddt1YuikRAGngo0LXqJZTOiQ9FnbUElCpjvp7MYxPjFKDweRMiMBz9TfiZSEWo9C32yGBAZ60ZuK/3ntBILLTsplnACTdP5QkAgMEZ4WhntcMQpiZAihipu/YjogilAwtRZMCe7iycukUSm7ht+fF6s3WR15dISOUQm56AJV0R2qoTqi6Bm9onf0Yb1Yb9bE+pyv5qwsc4j+wPr+ATFrosU=</latexit>

A(r) ⇠ � ln r , r ! 0
<latexit sha1_base64="LM6+tepNjMlWMJ9kiP1UMxWrhtc=">AAACDHicbZDLSgMxFIYz9VbrrerSTbAIFWqZEUGXVTcuK9gLdIaSyWTa0CQzJhmhDH0AN76KGxeKuPUB3Pk2ZtpZaOsPgY//nMPJ+f2YUaVt+9sqLC2vrK4V10sbm1vbO+XdvbaKEolJC0cskl0fKcKoIC1NNSPdWBLEfUY6/ug6q3ceiFQ0End6HBOPo4GgIcVIG6tfrlxW5TF0FeXwBLpMQAndWg269wkKMtYRtE2XXbengovg5FABuZr98pcbRDjhRGjMkFI9x461lyKpKWZkUnITRWKER2hAegYF4kR56fSYCTwyTgDDSJonNJy6vydSxJUac990cqSHar6Wmf/VeokOL7yUijjRRODZojBh0JyYJQMDKgnWbGwAYUnNXyEeIomwNvmVTAjO/MmL0D6tO4ZvzyqNqzyOIjgAh6AKHHAOGuAGNEELYPAInsEreLOerBfr3fqYtRasfGYf/JH1+QPA35hD</latexit><latexit sha1_base64="LM6+tepNjMlWMJ9kiP1UMxWrhtc=">AAACDHicbZDLSgMxFIYz9VbrrerSTbAIFWqZEUGXVTcuK9gLdIaSyWTa0CQzJhmhDH0AN76KGxeKuPUB3Pk2ZtpZaOsPgY//nMPJ+f2YUaVt+9sqLC2vrK4V10sbm1vbO+XdvbaKEolJC0cskl0fKcKoIC1NNSPdWBLEfUY6/ug6q3ceiFQ0End6HBOPo4GgIcVIG6tfrlxW5TF0FeXwBLpMQAndWg269wkKMtYRtE2XXbengovg5FABuZr98pcbRDjhRGjMkFI9x461lyKpKWZkUnITRWKER2hAegYF4kR56fSYCTwyTgDDSJonNJy6vydSxJUac990cqSHar6Wmf/VeokOL7yUijjRRODZojBh0JyYJQMDKgnWbGwAYUnNXyEeIomwNvmVTAjO/MmL0D6tO4ZvzyqNqzyOIjgAh6AKHHAOGuAGNEELYPAInsEreLOerBfr3fqYtRasfGYf/JH1+QPA35hD</latexit><latexit sha1_base64="LM6+tepNjMlWMJ9kiP1UMxWrhtc=">AAACDHicbZDLSgMxFIYz9VbrrerSTbAIFWqZEUGXVTcuK9gLdIaSyWTa0CQzJhmhDH0AN76KGxeKuPUB3Pk2ZtpZaOsPgY//nMPJ+f2YUaVt+9sqLC2vrK4V10sbm1vbO+XdvbaKEolJC0cskl0fKcKoIC1NNSPdWBLEfUY6/ug6q3ceiFQ0End6HBOPo4GgIcVIG6tfrlxW5TF0FeXwBLpMQAndWg269wkKMtYRtE2XXbengovg5FABuZr98pcbRDjhRGjMkFI9x461lyKpKWZkUnITRWKER2hAegYF4kR56fSYCTwyTgDDSJonNJy6vydSxJUac990cqSHar6Wmf/VeokOL7yUijjRRODZojBh0JyYJQMDKgnWbGwAYUnNXyEeIomwNvmVTAjO/MmL0D6tO4ZvzyqNqzyOIjgAh6AKHHAOGuAGNEELYPAInsEreLOerBfr3fqYtRasfGYf/JH1+QPA35hD</latexit><latexit sha1_base64="LM6+tepNjMlWMJ9kiP1UMxWrhtc=">AAACDHicbZDLSgMxFIYz9VbrrerSTbAIFWqZEUGXVTcuK9gLdIaSyWTa0CQzJhmhDH0AN76KGxeKuPUB3Pk2ZtpZaOsPgY//nMPJ+f2YUaVt+9sqLC2vrK4V10sbm1vbO+XdvbaKEolJC0cskl0fKcKoIC1NNSPdWBLEfUY6/ug6q3ceiFQ0End6HBOPo4GgIcVIG6tfrlxW5TF0FeXwBLpMQAndWg269wkKMtYRtE2XXbengovg5FABuZr98pcbRDjhRGjMkFI9x461lyKpKWZkUnITRWKER2hAegYF4kR56fSYCTwyTgDDSJonNJy6vydSxJUac990cqSHar6Wmf/VeokOL7yUijjRRODZojBh0JyYJQMDKgnWbGwAYUnNXyEeIomwNvmVTAjO/MmL0D6tO4ZvzyqNqzyOIjgAh6AKHHAOGuAGNEELYPAInsEreLOerBfr3fqYtRasfGYf/JH1+QPA35hD</latexit>

IR

UV

↵ � 1
<latexit sha1_base64="v9McXuOeZ0AXkPklTJeszl3tFnw=">AAAB9HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTJdtsu3WzS3U2hhP4OLx4U8eqP8ea/cdvmoK0vLDy8M8PMvmEiuDau++0UNja3tneKu6W9/YPDo/LxSVPHqaKsQWMRq3aImgkuWcNwI1g7UQyjULBWOLqf11sTpjSP5ZOZJiyIcCB5n1M01gp8FMkQiT9gY+J1yxW36i5E1sHLoQK56t3yl9+LaRoxaahArTuem5ggQ2U4FWxW8lPNEqQjHLCORYkR00G2OHpGLqzTI/1Y2ScNWbi/JzKMtJ5Goe2M0Az1am1u/lfrpKZ/G2RcJqlhki4X9VNBTEzmCZAeV4waMbWAVHF7K6FDVEiNzalkQ/BWv7wOzauqZ/nxulK7y+MowhmcwyV4cAM1eIA6NIDCGJ7hFd6cifPivDsfy9aCk8+cwh85nz+8mpFo</latexit><latexit sha1_base64="v9McXuOeZ0AXkPklTJeszl3tFnw=">AAAB9HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTJdtsu3WzS3U2hhP4OLx4U8eqP8ea/cdvmoK0vLDy8M8PMvmEiuDau++0UNja3tneKu6W9/YPDo/LxSVPHqaKsQWMRq3aImgkuWcNwI1g7UQyjULBWOLqf11sTpjSP5ZOZJiyIcCB5n1M01gp8FMkQiT9gY+J1yxW36i5E1sHLoQK56t3yl9+LaRoxaahArTuem5ggQ2U4FWxW8lPNEqQjHLCORYkR00G2OHpGLqzTI/1Y2ScNWbi/JzKMtJ5Goe2M0Az1am1u/lfrpKZ/G2RcJqlhki4X9VNBTEzmCZAeV4waMbWAVHF7K6FDVEiNzalkQ/BWv7wOzauqZ/nxulK7y+MowhmcwyV4cAM1eIA6NIDCGJ7hFd6cifPivDsfy9aCk8+cwh85nz+8mpFo</latexit><latexit sha1_base64="v9McXuOeZ0AXkPklTJeszl3tFnw=">AAAB9HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTJdtsu3WzS3U2hhP4OLx4U8eqP8ea/cdvmoK0vLDy8M8PMvmEiuDau++0UNja3tneKu6W9/YPDo/LxSVPHqaKsQWMRq3aImgkuWcNwI1g7UQyjULBWOLqf11sTpjSP5ZOZJiyIcCB5n1M01gp8FMkQiT9gY+J1yxW36i5E1sHLoQK56t3yl9+LaRoxaahArTuem5ggQ2U4FWxW8lPNEqQjHLCORYkR00G2OHpGLqzTI/1Y2ScNWbi/JzKMtJ5Goe2M0Az1am1u/lfrpKZ/G2RcJqlhki4X9VNBTEzmCZAeV4waMbWAVHF7K6FDVEiNzalkQ/BWv7wOzauqZ/nxulK7y+MowhmcwyV4cAM1eIA6NIDCGJ7hFd6cifPivDsfy9aCk8+cwh85nz+8mpFo</latexit><latexit sha1_base64="v9McXuOeZ0AXkPklTJeszl3tFnw=">AAAB9HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2AJpTJdtsu3WzS3U2hhP4OLx4U8eqP8ea/cdvmoK0vLDy8M8PMvmEiuDau++0UNja3tneKu6W9/YPDo/LxSVPHqaKsQWMRq3aImgkuWcNwI1g7UQyjULBWOLqf11sTpjSP5ZOZJiyIcCB5n1M01gp8FMkQiT9gY+J1yxW36i5E1sHLoQK56t3yl9+LaRoxaahArTuem5ggQ2U4FWxW8lPNEqQjHLCORYkR00G2OHpGLqzTI/1Y2ScNWbi/JzKMtJ5Goe2M0Az1am1u/lfrpKZ/G2RcJqlhki4X9VNBTEzmCZAeV4waMbWAVHF7K6FDVEiNzalkQ/BWv7wOzauqZ/nxulK7y+MowhmcwyV4cAM1eIA6NIDCGJ7hFd6cifPivDsfy9aCk8+cwh85nz+8mpFo</latexit>

f2 = g2 = e4As
<latexit sha1_base64="14WqJdkkHNBNdjkWfprnqbUIL5w=">AAAB/nicbZDLSgMxFIbPeK31Niqu3ASL4KrMlIJuhKoblxXsBdppyaSZNjSTGZKMUIaCr+LGhSJufQ53vo3pdBbaeiDh4//PISe/H3OmtON8Wyura+sbm4Wt4vbO7t6+fXDYVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vp35rUcqFYvEg57E1AvxULCAEayN1LePg14FXaFhdtNeWkXXfTXt2yWn7GSFlsHNoQR51fv2V3cQkSSkQhOOleq4Tqy9FEvNCKfTYjdRNMZkjIe0Y1DgkCovzdafojOjDFAQSXOERpn6eyLFoVKT0DedIdYjtejNxP+8TqKDSy9lIk40FWT+UJBwpCM0ywINmKRE84kBTCQzuyIywhITbRIrmhDcxS8vQ7NSdg3fV0u1mzyOApzAKZyDCxdQgzuoQwMIpPAMr/BmPVkv1rv1MW9dsfKZI/hT1ucP6mqThg==</latexit><latexit sha1_base64="14WqJdkkHNBNdjkWfprnqbUIL5w=">AAAB/nicbZDLSgMxFIbPeK31Niqu3ASL4KrMlIJuhKoblxXsBdppyaSZNjSTGZKMUIaCr+LGhSJufQ53vo3pdBbaeiDh4//PISe/H3OmtON8Wyura+sbm4Wt4vbO7t6+fXDYVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vp35rUcqFYvEg57E1AvxULCAEayN1LePg14FXaFhdtNeWkXXfTXt2yWn7GSFlsHNoQR51fv2V3cQkSSkQhOOleq4Tqy9FEvNCKfTYjdRNMZkjIe0Y1DgkCovzdafojOjDFAQSXOERpn6eyLFoVKT0DedIdYjtejNxP+8TqKDSy9lIk40FWT+UJBwpCM0ywINmKRE84kBTCQzuyIywhITbRIrmhDcxS8vQ7NSdg3fV0u1mzyOApzAKZyDCxdQgzuoQwMIpPAMr/BmPVkv1rv1MW9dsfKZI/hT1ucP6mqThg==</latexit><latexit sha1_base64="14WqJdkkHNBNdjkWfprnqbUIL5w=">AAAB/nicbZDLSgMxFIbPeK31Niqu3ASL4KrMlIJuhKoblxXsBdppyaSZNjSTGZKMUIaCr+LGhSJufQ53vo3pdBbaeiDh4//PISe/H3OmtON8Wyura+sbm4Wt4vbO7t6+fXDYVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vp35rUcqFYvEg57E1AvxULCAEayN1LePg14FXaFhdtNeWkXXfTXt2yWn7GSFlsHNoQR51fv2V3cQkSSkQhOOleq4Tqy9FEvNCKfTYjdRNMZkjIe0Y1DgkCovzdafojOjDFAQSXOERpn6eyLFoVKT0DedIdYjtejNxP+8TqKDSy9lIk40FWT+UJBwpCM0ywINmKRE84kBTCQzuyIywhITbRIrmhDcxS8vQ7NSdg3fV0u1mzyOApzAKZyDCxdQgzuoQwMIpPAMr/BmPVkv1rv1MW9dsfKZI/hT1ucP6mqThg==</latexit><latexit sha1_base64="14WqJdkkHNBNdjkWfprnqbUIL5w=">AAAB/nicbZDLSgMxFIbPeK31Niqu3ASL4KrMlIJuhKoblxXsBdppyaSZNjSTGZKMUIaCr+LGhSJufQ53vo3pdBbaeiDh4//PISe/H3OmtON8Wyura+sbm4Wt4vbO7t6+fXDYVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vp35rUcqFYvEg57E1AvxULCAEayN1LePg14FXaFhdtNeWkXXfTXt2yWn7GSFlsHNoQR51fv2V3cQkSSkQhOOleq4Tqy9FEvNCKfTYjdRNMZkjIe0Y1DgkCovzdafojOjDFAQSXOERpn6eyLFoVKT0DedIdYjtejNxP+8TqKDSy9lIk40FWT+UJBwpCM0ywINmKRE84kBTCQzuyIywhITbRIrmhDcxS8vQ7NSdg3fV0u1mzyOApzAKZyDCxdQgzuoQwMIpPAMr/BmPVkv1rv1MW9dsfKZI/hT1ucP6mqThg==</latexit>

minimum at 0 < r⇤ < 1
<latexit sha1_base64="kF9IfWO9cO/QfIxwOdY9zpqqQKA=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWQVyURARddFF047KCvUAbwmQ6aYdOJmFmIsTQJ3HjQhG3Poo738Zpm4W2/jDw8Z9zOGf+IOFMacf5tkpr6xubW+Xtys7u3n7VPjjsqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3M7q3UcqFYvFg84S6kV4JFjICNbG8u2q00DSP0cNNGAi1Jlv15y6MxdaBbeAGhRq+fbXYBiTNKJCE46V6rtOor0cS80Ip9PKIFU0wWSCR7RvUOCIKi+fHz5Fp8YZojCW5gmN5u7viRxHSmVRYDojrMdquTYz/6v1Ux1eezkTSaqpIItFYcqRjtEsBTRkkhLNMwOYSGZuRWSMJSbaZFUxIbjLX16FzkXdNXx/WWveFHGU4RhO4AxcuIIm3EEL2kAghWd4hTfryXqx3q2PRWvJKmaO4I+szx+oCZHK</latexit><latexit sha1_base64="kF9IfWO9cO/QfIxwOdY9zpqqQKA=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWQVyURARddFF047KCvUAbwmQ6aYdOJmFmIsTQJ3HjQhG3Poo738Zpm4W2/jDw8Z9zOGf+IOFMacf5tkpr6xubW+Xtys7u3n7VPjjsqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3M7q3UcqFYvFg84S6kV4JFjICNbG8u2q00DSP0cNNGAi1Jlv15y6MxdaBbeAGhRq+fbXYBiTNKJCE46V6rtOor0cS80Ip9PKIFU0wWSCR7RvUOCIKi+fHz5Fp8YZojCW5gmN5u7viRxHSmVRYDojrMdquTYz/6v1Ux1eezkTSaqpIItFYcqRjtEsBTRkkhLNMwOYSGZuRWSMJSbaZFUxIbjLX16FzkXdNXx/WWveFHGU4RhO4AxcuIIm3EEL2kAghWd4hTfryXqx3q2PRWvJKmaO4I+szx+oCZHK</latexit><latexit sha1_base64="kF9IfWO9cO/QfIxwOdY9zpqqQKA=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWQVyURARddFF047KCvUAbwmQ6aYdOJmFmIsTQJ3HjQhG3Poo738Zpm4W2/jDw8Z9zOGf+IOFMacf5tkpr6xubW+Xtys7u3n7VPjjsqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3M7q3UcqFYvFg84S6kV4JFjICNbG8u2q00DSP0cNNGAi1Jlv15y6MxdaBbeAGhRq+fbXYBiTNKJCE46V6rtOor0cS80Ip9PKIFU0wWSCR7RvUOCIKi+fHz5Fp8YZojCW5gmN5u7viRxHSmVRYDojrMdquTYz/6v1Ux1eezkTSaqpIItFYcqRjtEsBTRkkhLNMwOYSGZuRWSMJSbaZFUxIbjLX16FzkXdNXx/WWveFHGU4RhO4AxcuIIm3EEL2kAghWd4hTfryXqx3q2PRWvJKmaO4I+szx+oCZHK</latexit><latexit sha1_base64="kF9IfWO9cO/QfIxwOdY9zpqqQKA=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWQVyURARddFF047KCvUAbwmQ6aYdOJmFmIsTQJ3HjQhG3Poo738Zpm4W2/jDw8Z9zOGf+IOFMacf5tkpr6xubW+Xtys7u3n7VPjjsqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3M7q3UcqFYvFg84S6kV4JFjICNbG8u2q00DSP0cNNGAi1Jlv15y6MxdaBbeAGhRq+fbXYBiTNKJCE46V6rtOor0cS80Ip9PKIFU0wWSCR7RvUOCIKi+fHz5Fp8YZojCW5gmN5u7viRxHSmVRYDojrMdquTYz/6v1Ux1eezkTSaqpIItFYcqRjtEsBTRkkhLNMwOYSGZuRWSMJSbaZFUxIbjLX16FzkXdNXx/WWveFHGU4RhO4AxcuIIm3EEL2kAghWd4hTfryXqx3q2PRWvJKmaO4I+szx+oCZHK</latexit>

Confinement

V (�) ⇠ e
4
3� �P , P = 2

↵� 1

↵
� 0

<latexit sha1_base64="7/vtEYtlvegWvMsvCtN8+YDEFkw="></latexit><latexit sha1_base64="7/vtEYtlvegWvMsvCtN8+YDEFkw="></latexit><latexit sha1_base64="7/vtEYtlvegWvMsvCtN8+YDEFkw="></latexit><latexit sha1_base64="7/vtEYtlvegWvMsvCtN8+YDEFkw="></latexit>

string frame 



Confinement = mass gap

Fluctuations S[⇠] =

Z
drd4x e2B(r)

�
(@r⇠)

2 + (@i⇠)
2 +M2(r)⇠2

�
<latexit sha1_base64="a0dcMT+8glSjUDBEUBuiSXPG/zw="></latexit><latexit sha1_base64="a0dcMT+8glSjUDBEUBuiSXPG/zw="></latexit><latexit sha1_base64="a0dcMT+8glSjUDBEUBuiSXPG/zw="></latexit><latexit sha1_base64="a0dcMT+8glSjUDBEUBuiSXPG/zw="></latexit>

⇠ = e�B (r)⌘(x)
<latexit sha1_base64="cHNHBb3Lzma4Ai8t2zBTTJ6JHXo=">AAACBXicbZC7SgNBFIZnvcZ4W7XUYjAISWHYFUEbIcTGMoK5QHYNs5OzyZDZCzOzkrCksfFVbCwUsfUd7HwbJ8kWmvjDwMd/zuHM+b2YM6ks69tYWl5ZXVvPbeQ3t7Z3ds29/YaMEkGhTiMeiZZHJHAWQl0xxaEVCyCBx6HpDa4n9eYDCMmi8E6NYnAD0guZzyhR2uqYR86Q4SsM9+lpdYydWLKiKGEHFCkOSx2zYJWtqfAi2BkUUKZax/xyuhFNAggV5UTKtm3Fyk2JUIxyGOedREJM6ID0oK0xJAFIN51eMcYn2uliPxL6hQpP3d8TKQmkHAWe7gyI6sv52sT8r9ZOlH/ppiyMEwUhnS3yE45VhCeR4C4TQBUfaSBUMP1XTPtEEKp0cHkdgj1/8iI0zsq25tvzQqWaxZFDh+gYFZGNLlAF3aAaqiOKHtEzekVvxpPxYrwbH7PWJSObOUB/ZHz+AJPGlrE=</latexit><latexit sha1_base64="cHNHBb3Lzma4Ai8t2zBTTJ6JHXo=">AAACBXicbZC7SgNBFIZnvcZ4W7XUYjAISWHYFUEbIcTGMoK5QHYNs5OzyZDZCzOzkrCksfFVbCwUsfUd7HwbJ8kWmvjDwMd/zuHM+b2YM6ks69tYWl5ZXVvPbeQ3t7Z3ds29/YaMEkGhTiMeiZZHJHAWQl0xxaEVCyCBx6HpDa4n9eYDCMmi8E6NYnAD0guZzyhR2uqYR86Q4SsM9+lpdYydWLKiKGEHFCkOSx2zYJWtqfAi2BkUUKZax/xyuhFNAggV5UTKtm3Fyk2JUIxyGOedREJM6ID0oK0xJAFIN51eMcYn2uliPxL6hQpP3d8TKQmkHAWe7gyI6sv52sT8r9ZOlH/ppiyMEwUhnS3yE45VhCeR4C4TQBUfaSBUMP1XTPtEEKp0cHkdgj1/8iI0zsq25tvzQqWaxZFDh+gYFZGNLlAF3aAaqiOKHtEzekVvxpPxYrwbH7PWJSObOUB/ZHz+AJPGlrE=</latexit><latexit sha1_base64="cHNHBb3Lzma4Ai8t2zBTTJ6JHXo=">AAACBXicbZC7SgNBFIZnvcZ4W7XUYjAISWHYFUEbIcTGMoK5QHYNs5OzyZDZCzOzkrCksfFVbCwUsfUd7HwbJ8kWmvjDwMd/zuHM+b2YM6ks69tYWl5ZXVvPbeQ3t7Z3ds29/YaMEkGhTiMeiZZHJHAWQl0xxaEVCyCBx6HpDa4n9eYDCMmi8E6NYnAD0guZzyhR2uqYR86Q4SsM9+lpdYydWLKiKGEHFCkOSx2zYJWtqfAi2BkUUKZax/xyuhFNAggV5UTKtm3Fyk2JUIxyGOedREJM6ID0oK0xJAFIN51eMcYn2uliPxL6hQpP3d8TKQmkHAWe7gyI6sv52sT8r9ZOlH/ppiyMEwUhnS3yE45VhCeR4C4TQBUfaSBUMP1XTPtEEKp0cHkdgj1/8iI0zsq25tvzQqWaxZFDh+gYFZGNLlAF3aAaqiOKHtEzekVvxpPxYrwbH7PWJSObOUB/ZHz+AJPGlrE=</latexit><latexit sha1_base64="cHNHBb3Lzma4Ai8t2zBTTJ6JHXo=">AAACBXicbZC7SgNBFIZnvcZ4W7XUYjAISWHYFUEbIcTGMoK5QHYNs5OzyZDZCzOzkrCksfFVbCwUsfUd7HwbJ8kWmvjDwMd/zuHM+b2YM6ks69tYWl5ZXVvPbeQ3t7Z3ds29/YaMEkGhTiMeiZZHJHAWQl0xxaEVCyCBx6HpDa4n9eYDCMmi8E6NYnAD0guZzyhR2uqYR86Q4SsM9+lpdYydWLKiKGEHFCkOSx2zYJWtqfAi2BkUUKZax/xyuhFNAggV5UTKtm3Fyk2JUIxyGOedREJM6ID0oK0xJAFIN51eMcYn2uliPxL6hQpP3d8TKQmkHAWe7gyI6sv52sT8r9ZOlH/ppiyMEwUhnS3yE45VhCeR4C4TQBUfaSBUMP1XTPtEEKp0cHkdgj1/8iI0zsq25tvzQqWaxZFDh+gYFZGNLlAF3aAaqiOKHtEzekVvxpPxYrwbH7PWJSObOUB/ZHz+AJPGlrE=</latexit>

@i@
i⌘ = m2⌘

<latexit sha1_base64="J9Nxyykebp6ukwdVmKCK+pSzW4g=">AAACDnicbZBNS8MwGMdTX+d8q3r0EhwDT6Mdgl6EoRePE9wLbF1Js3QLS9KSpMIo+wRe/CpePCji1bM3v41pV0E3/xD48X+eJ8nzD2JGlXacL2tldW19Y7O0Vd7e2d3btw8O2ypKJCYtHLFIdgOkCKOCtDTVjHRjSRAPGOkEk+us3rknUtFI3OlpTDyORoKGFCNtLN+u9mMkNUXMp/AHBwaJRvAS8kE9R9+uODUnF1wGt4AKKNT07c/+MMIJJ0JjhpTquU6svTS7HzMyK/cTRWKEJ2hEegYF4kR5ab7ODFaNM4RhJM0RGubu74kUcaWmPDCdHOmxWqxl5n+1XqLDCy+lIk40EXj+UJgwqCOYZQOHVBKs2dQAwpKav0I8RhJhbRIsmxDcxZWXoV2vuYZvzyqNqyKOEjgGJ+AUuOAcNMANaIIWwOABPIEX8Go9Ws/Wm/U+b12xipkj8EfWxzfKCJtE</latexit><latexit sha1_base64="J9Nxyykebp6ukwdVmKCK+pSzW4g=">AAACDnicbZBNS8MwGMdTX+d8q3r0EhwDT6Mdgl6EoRePE9wLbF1Js3QLS9KSpMIo+wRe/CpePCji1bM3v41pV0E3/xD48X+eJ8nzD2JGlXacL2tldW19Y7O0Vd7e2d3btw8O2ypKJCYtHLFIdgOkCKOCtDTVjHRjSRAPGOkEk+us3rknUtFI3OlpTDyORoKGFCNtLN+u9mMkNUXMp/AHBwaJRvAS8kE9R9+uODUnF1wGt4AKKNT07c/+MMIJJ0JjhpTquU6svTS7HzMyK/cTRWKEJ2hEegYF4kR5ab7ODFaNM4RhJM0RGubu74kUcaWmPDCdHOmxWqxl5n+1XqLDCy+lIk40EXj+UJgwqCOYZQOHVBKs2dQAwpKav0I8RhJhbRIsmxDcxZWXoV2vuYZvzyqNqyKOEjgGJ+AUuOAcNMANaIIWwOABPIEX8Go9Ws/Wm/U+b12xipkj8EfWxzfKCJtE</latexit><latexit sha1_base64="J9Nxyykebp6ukwdVmKCK+pSzW4g=">AAACDnicbZBNS8MwGMdTX+d8q3r0EhwDT6Mdgl6EoRePE9wLbF1Js3QLS9KSpMIo+wRe/CpePCji1bM3v41pV0E3/xD48X+eJ8nzD2JGlXacL2tldW19Y7O0Vd7e2d3btw8O2ypKJCYtHLFIdgOkCKOCtDTVjHRjSRAPGOkEk+us3rknUtFI3OlpTDyORoKGFCNtLN+u9mMkNUXMp/AHBwaJRvAS8kE9R9+uODUnF1wGt4AKKNT07c/+MMIJJ0JjhpTquU6svTS7HzMyK/cTRWKEJ2hEegYF4kR5ab7ODFaNM4RhJM0RGubu74kUcaWmPDCdHOmxWqxl5n+1XqLDCy+lIk40EXj+UJgwqCOYZQOHVBKs2dQAwpKav0I8RhJhbRIsmxDcxZWXoV2vuYZvzyqNqyKOEjgGJ+AUuOAcNMANaIIWwOABPIEX8Go9Ws/Wm/U+b12xipkj8EfWxzfKCJtE</latexit><latexit sha1_base64="J9Nxyykebp6ukwdVmKCK+pSzW4g=">AAACDnicbZBNS8MwGMdTX+d8q3r0EhwDT6Mdgl6EoRePE9wLbF1Js3QLS9KSpMIo+wRe/CpePCji1bM3v41pV0E3/xD48X+eJ8nzD2JGlXacL2tldW19Y7O0Vd7e2d3btw8O2ypKJCYtHLFIdgOkCKOCtDTVjHRjSRAPGOkEk+us3rknUtFI3OlpTDyORoKGFCNtLN+u9mMkNUXMp/AHBwaJRvAS8kE9R9+uODUnF1wGt4AKKNT07c/+MMIJJ0JjhpTquU6svTS7HzMyK/cTRWKEJ2hEegYF4kR5ab7ODFaNM4RhJM0RGubu74kUcaWmPDCdHOmxWqxl5n+1XqLDCy+lIk40EXj+UJgwqCOYZQOHVBKs2dQAwpKav0I8RhJhbRIsmxDcxZWXoV2vuYZvzyqNqyKOEjgGJ+AUuOAcNMANaIIWwOABPIEX8Go9Ws/Wm/U+b12xipkj8EfWxzfKCJtE</latexit>

� d2

dr2
 + Veff (r) = m2 

<latexit sha1_base64="31Vg3OTHAzQbRND0KO1f/GWEXVM=">AAACHXicbZDLSsNAFIYn9VbrLerSzWARKmJJSkE3QtGNywr2Ak0aJpNJO3RyYWYilJAXceOruHGhiAs34ts4abPQ1gMDH//5D2fO78aMCmkY31ppZXVtfaO8Wdna3tnd0/cPuiJKOCYdHLGI910kCKMh6UgqGenHnKDAZaTnTm7yfu+BcEGj8F5OY2IHaBRSn2IkleTozXOYesMGtCLlgh4fNjJoxYLCM9h1UuL7WY2fzpUrGORGhY5eNerGrOAymAVUQVFtR/+0vAgnAQklZkiIgWnE0k4RlxQzklWsRJAY4QkakYHCEAVE2OnsugyeKMWDfsTVCyWcqb8nUhQIMQ1c5QyQHIvFXi7+1xsk0r+0UxrGiSQhni/yEwZlBPOooEc5wZJNFSDMqforxGPEEZYq0IoKwVw8eRm6jbqp+K5ZbV0XcZTBETgGNWCCC9ACt6ANOgCDR/AMXsGb9qS9aO/ax9xa0oqZQ/CntK8fQDqfiA==</latexit><latexit sha1_base64="31Vg3OTHAzQbRND0KO1f/GWEXVM=">AAACHXicbZDLSsNAFIYn9VbrLerSzWARKmJJSkE3QtGNywr2Ak0aJpNJO3RyYWYilJAXceOruHGhiAs34ts4abPQ1gMDH//5D2fO78aMCmkY31ppZXVtfaO8Wdna3tnd0/cPuiJKOCYdHLGI910kCKMh6UgqGenHnKDAZaTnTm7yfu+BcEGj8F5OY2IHaBRSn2IkleTozXOYesMGtCLlgh4fNjJoxYLCM9h1UuL7WY2fzpUrGORGhY5eNerGrOAymAVUQVFtR/+0vAgnAQklZkiIgWnE0k4RlxQzklWsRJAY4QkakYHCEAVE2OnsugyeKMWDfsTVCyWcqb8nUhQIMQ1c5QyQHIvFXi7+1xsk0r+0UxrGiSQhni/yEwZlBPOooEc5wZJNFSDMqforxGPEEZYq0IoKwVw8eRm6jbqp+K5ZbV0XcZTBETgGNWCCC9ACt6ANOgCDR/AMXsGb9qS9aO/ax9xa0oqZQ/CntK8fQDqfiA==</latexit><latexit sha1_base64="31Vg3OTHAzQbRND0KO1f/GWEXVM=">AAACHXicbZDLSsNAFIYn9VbrLerSzWARKmJJSkE3QtGNywr2Ak0aJpNJO3RyYWYilJAXceOruHGhiAs34ts4abPQ1gMDH//5D2fO78aMCmkY31ppZXVtfaO8Wdna3tnd0/cPuiJKOCYdHLGI910kCKMh6UgqGenHnKDAZaTnTm7yfu+BcEGj8F5OY2IHaBRSn2IkleTozXOYesMGtCLlgh4fNjJoxYLCM9h1UuL7WY2fzpUrGORGhY5eNerGrOAymAVUQVFtR/+0vAgnAQklZkiIgWnE0k4RlxQzklWsRJAY4QkakYHCEAVE2OnsugyeKMWDfsTVCyWcqb8nUhQIMQ1c5QyQHIvFXi7+1xsk0r+0UxrGiSQhni/yEwZlBPOooEc5wZJNFSDMqforxGPEEZYq0IoKwVw8eRm6jbqp+K5ZbV0XcZTBETgGNWCCC9ACt6ANOgCDR/AMXsGb9qS9aO/ax9xa0oqZQ/CntK8fQDqfiA==</latexit><latexit sha1_base64="31Vg3OTHAzQbRND0KO1f/GWEXVM=">AAACHXicbZDLSsNAFIYn9VbrLerSzWARKmJJSkE3QtGNywr2Ak0aJpNJO3RyYWYilJAXceOruHGhiAs34ts4abPQ1gMDH//5D2fO78aMCmkY31ppZXVtfaO8Wdna3tnd0/cPuiJKOCYdHLGI910kCKMh6UgqGenHnKDAZaTnTm7yfu+BcEGj8F5OY2IHaBRSn2IkleTozXOYesMGtCLlgh4fNjJoxYLCM9h1UuL7WY2fzpUrGORGhY5eNerGrOAymAVUQVFtR/+0vAgnAQklZkiIgWnE0k4RlxQzklWsRJAY4QkakYHCEAVE2OnsugyeKMWDfsTVCyWcqb8nUhQIMQ1c5QyQHIvFXi7+1xsk0r+0UxrGiSQhni/yEwZlBPOooEc5wZJNFSDMqforxGPEEZYq0IoKwVw8eRm6jbqp+K5ZbV0XcZTBETgGNWCCC9ACt6ANOgCDR/AMXsGb9qS9aO/ax9xa0oqZQ/CntK8fQDqfiA==</latexit>

Veff (r) = B̈ + Ḃ2 +M2
<latexit sha1_base64="4RlurQ8pQaobYQRs5+AYZpvdcAM=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpFMpMEXQjlLpxI1SwD2inQybNtKGZzJBkhDLMH7jxV9y4UMStW3f+jWk7C209EHI4596b3ONFjEplWd9GbmV1bX0jv1nY2t7Z3TP3D1oyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9sbXU7/9QISkIb9Xk4g4ARpy6lOMlJZc8xS23IT4floSZxBewd5gEKqknpZ7+ob1fhWW4W2/6ppFq2LNAJeJnZEiyNBwzS89AMcB4QozJGXXtiLlJEgoihlJC71YkgjhMRqSrqYcBUQ6yWyfFJ5oZQD9UOjDFZypvzsSFEg5CTxdGSA1koveVPzP68bKv3QSyqNYEY7nD/kxgyqE03DggAqCFZtogrCg+q8Qj5BAWOkICzoEe3HlZdKqVmzN786LtXoWRx4cgWNQAja4ADVwAxqgCTB4BM/gFbwZT8aL8W58zEtzRtZzCP7A+PwBkSSZzg==</latexit><latexit sha1_base64="4RlurQ8pQaobYQRs5+AYZpvdcAM=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpFMpMEXQjlLpxI1SwD2inQybNtKGZzJBkhDLMH7jxV9y4UMStW3f+jWk7C209EHI4596b3ONFjEplWd9GbmV1bX0jv1nY2t7Z3TP3D1oyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9sbXU7/9QISkIb9Xk4g4ARpy6lOMlJZc8xS23IT4floSZxBewd5gEKqknpZ7+ob1fhWW4W2/6ppFq2LNAJeJnZEiyNBwzS89AMcB4QozJGXXtiLlJEgoihlJC71YkgjhMRqSrqYcBUQ6yWyfFJ5oZQD9UOjDFZypvzsSFEg5CTxdGSA1koveVPzP68bKv3QSyqNYEY7nD/kxgyqE03DggAqCFZtogrCg+q8Qj5BAWOkICzoEe3HlZdKqVmzN786LtXoWRx4cgWNQAja4ADVwAxqgCTB4BM/gFbwZT8aL8W58zEtzRtZzCP7A+PwBkSSZzg==</latexit><latexit sha1_base64="4RlurQ8pQaobYQRs5+AYZpvdcAM=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpFMpMEXQjlLpxI1SwD2inQybNtKGZzJBkhDLMH7jxV9y4UMStW3f+jWk7C209EHI4596b3ONFjEplWd9GbmV1bX0jv1nY2t7Z3TP3D1oyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9sbXU7/9QISkIb9Xk4g4ARpy6lOMlJZc8xS23IT4floSZxBewd5gEKqknpZ7+ob1fhWW4W2/6ppFq2LNAJeJnZEiyNBwzS89AMcB4QozJGXXtiLlJEgoihlJC71YkgjhMRqSrqYcBUQ6yWyfFJ5oZQD9UOjDFZypvzsSFEg5CTxdGSA1koveVPzP68bKv3QSyqNYEY7nD/kxgyqE03DggAqCFZtogrCg+q8Qj5BAWOkICzoEe3HlZdKqVmzN786LtXoWRx4cgWNQAja4ADVwAxqgCTB4BM/gFbwZT8aL8W58zEtzRtZzCP7A+PwBkSSZzg==</latexit><latexit sha1_base64="4RlurQ8pQaobYQRs5+AYZpvdcAM=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpFMpMEXQjlLpxI1SwD2inQybNtKGZzJBkhDLMH7jxV9y4UMStW3f+jWk7C209EHI4596b3ONFjEplWd9GbmV1bX0jv1nY2t7Z3TP3D1oyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9sbXU7/9QISkIb9Xk4g4ARpy6lOMlJZc8xS23IT4floSZxBewd5gEKqknpZ7+ob1fhWW4W2/6ppFq2LNAJeJnZEiyNBwzS89AMcB4QozJGXXtiLlJEgoihlJC71YkgjhMRqSrqYcBUQ6yWyfFJ5oZQD9UOjDFZypvzsSFEg5CTxdGSA1koveVPzP68bKv3QSyqNYEY7nD/kxgyqE03DggAqCFZtogrCg+q8Qj5BAWOkICzoEe3HlZdKqVmzN786LtXoWRx4cgWNQAja4ADVwAxqgCTB4BM/gFbwZT8aL8W58zEtzRtZzCP7A+PwBkSSZzg==</latexit>

Transverse graviton B =
3

2
A , M = 0

<latexit sha1_base64="tdD9x21AyXbuqEBDav7dsfBJZ9U=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2F4NgEcJuFLSJRG1shAgmEbJLmJ2dJENmH87MCmFJa+Ov2FgoYusf2Pk3TpItNPHAwOGcc7lzjxdzJpVlfRu5hcWl5ZX8amFtfWNzy9zeacooEYQ2SMQjcedhSTkLaUMxxeldLCgOPE5b3uBy7LceqJAsCm/VMKZugHsh6zKClZY6JlxAFdIjcCKdggqM4BycUgmc+wT7cF21OmbRKlsTwDyxM1JEGeod88vxI5IENFSEYynbthUrN8VCMcLpqOAkksaYDHCPtjUNcUClm04uGcGBVnzoRkK/UMFE/T2R4kDKYeDpZIBVX856Y/E/r52o7qmbsjBOFA3JdFE34aAiGNcCPhOUKD7UBBPB9F+B9LHAROnyCroEe/bkedKslG3Nb46LtbOsjjzaQ/voENnoBNXQFaqjBiLoET2jV/RmPBkvxrvxMY3mjGxmF/2B8fkD/gqWsQ==</latexit><latexit sha1_base64="tdD9x21AyXbuqEBDav7dsfBJZ9U=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2F4NgEcJuFLSJRG1shAgmEbJLmJ2dJENmH87MCmFJa+Ov2FgoYusf2Pk3TpItNPHAwOGcc7lzjxdzJpVlfRu5hcWl5ZX8amFtfWNzy9zeacooEYQ2SMQjcedhSTkLaUMxxeldLCgOPE5b3uBy7LceqJAsCm/VMKZugHsh6zKClZY6JlxAFdIjcCKdggqM4BycUgmc+wT7cF21OmbRKlsTwDyxM1JEGeod88vxI5IENFSEYynbthUrN8VCMcLpqOAkksaYDHCPtjUNcUClm04uGcGBVnzoRkK/UMFE/T2R4kDKYeDpZIBVX856Y/E/r52o7qmbsjBOFA3JdFE34aAiGNcCPhOUKD7UBBPB9F+B9LHAROnyCroEe/bkedKslG3Nb46LtbOsjjzaQ/voENnoBNXQFaqjBiLoET2jV/RmPBkvxrvxMY3mjGxmF/2B8fkD/gqWsQ==</latexit><latexit sha1_base64="tdD9x21AyXbuqEBDav7dsfBJZ9U=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2F4NgEcJuFLSJRG1shAgmEbJLmJ2dJENmH87MCmFJa+Ov2FgoYusf2Pk3TpItNPHAwOGcc7lzjxdzJpVlfRu5hcWl5ZX8amFtfWNzy9zeacooEYQ2SMQjcedhSTkLaUMxxeldLCgOPE5b3uBy7LceqJAsCm/VMKZugHsh6zKClZY6JlxAFdIjcCKdggqM4BycUgmc+wT7cF21OmbRKlsTwDyxM1JEGeod88vxI5IENFSEYynbthUrN8VCMcLpqOAkksaYDHCPtjUNcUClm04uGcGBVnzoRkK/UMFE/T2R4kDKYeDpZIBVX856Y/E/r52o7qmbsjBOFA3JdFE34aAiGNcCPhOUKD7UBBPB9F+B9LHAROnyCroEe/bkedKslG3Nb46LtbOsjjzaQ/voENnoBNXQFaqjBiLoET2jV/RmPBkvxrvxMY3mjGxmF/2B8fkD/gqWsQ==</latexit><latexit sha1_base64="tdD9x21AyXbuqEBDav7dsfBJZ9U=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2F4NgEcJuFLSJRG1shAgmEbJLmJ2dJENmH87MCmFJa+Ov2FgoYusf2Pk3TpItNPHAwOGcc7lzjxdzJpVlfRu5hcWl5ZX8amFtfWNzy9zeacooEYQ2SMQjcedhSTkLaUMxxeldLCgOPE5b3uBy7LceqJAsCm/VMKZugHsh6zKClZY6JlxAFdIjcCKdggqM4BycUgmc+wT7cF21OmbRKlsTwDyxM1JEGeod88vxI5IENFSEYynbthUrN8VCMcLpqOAkksaYDHCPtjUNcUClm04uGcGBVnzoRkK/UMFE/T2R4kDKYeDpZIBVX856Y/E/r52o7qmbsjBOFA3JdFE34aAiGNcCPhOUKD7UBBPB9F+B9LHAROnyCroEe/bkedKslG3Nb46LtbOsjjzaQ/voENnoBNXQFaqjBiLoET2jV/RmPBkvxrvxMY3mjGxmF/2B8fkD/gqWsQ==</latexit>

Scalar mode ⇣ = hi
i �

1

3X
��

<latexit sha1_base64="sb+H5+eZ2CTqmEw27P86TUSa2To=">AAACEXicbVC7SgNBFJ31GeMramkzGIQ0hl0VtFECNpYRzAOy6zI7uUmGzD6YuSvEJb9g46/YWChia2fn3zh5FJp4YOBwzj3cuSdIpNBo29/WwuLS8spqbi2/vrG5tV3Y2a3rOFUcajyWsWoGTIMUEdRQoIRmooCFgYRG0L8a+Y17UFrE0S0OEvBC1o1ER3CGRvILJfcBkNEL2vPFnaBHNHOoG5sEPaHNIXXbIJG51Z7wC0W7bI9B54kzJUUyRdUvfLntmKchRMgl07rl2Al6GVMouIRh3k01JIz3WRdahkYsBO1l44uG9NAobdqJlXkR0rH6O5GxUOtBGJjJkGFPz3oj8T+vlWLn3MtElKQIEZ8s6qSSYkxH9dC2UMBRDgxhXAnzV8p7TDGOpsS8KcGZPXme1I/LjuE3p8XK5bSOHNknB6REHHJGKuSaVEmNcPJInskrebOerBfr3fqYjC5Y08we+QPr8wcui5tX</latexit><latexit sha1_base64="sb+H5+eZ2CTqmEw27P86TUSa2To=">AAACEXicbVC7SgNBFJ31GeMramkzGIQ0hl0VtFECNpYRzAOy6zI7uUmGzD6YuSvEJb9g46/YWChia2fn3zh5FJp4YOBwzj3cuSdIpNBo29/WwuLS8spqbi2/vrG5tV3Y2a3rOFUcajyWsWoGTIMUEdRQoIRmooCFgYRG0L8a+Y17UFrE0S0OEvBC1o1ER3CGRvILJfcBkNEL2vPFnaBHNHOoG5sEPaHNIXXbIJG51Z7wC0W7bI9B54kzJUUyRdUvfLntmKchRMgl07rl2Al6GVMouIRh3k01JIz3WRdahkYsBO1l44uG9NAobdqJlXkR0rH6O5GxUOtBGJjJkGFPz3oj8T+vlWLn3MtElKQIEZ8s6qSSYkxH9dC2UMBRDgxhXAnzV8p7TDGOpsS8KcGZPXme1I/LjuE3p8XK5bSOHNknB6REHHJGKuSaVEmNcPJInskrebOerBfr3fqYjC5Y08we+QPr8wcui5tX</latexit><latexit sha1_base64="sb+H5+eZ2CTqmEw27P86TUSa2To=">AAACEXicbVC7SgNBFJ31GeMramkzGIQ0hl0VtFECNpYRzAOy6zI7uUmGzD6YuSvEJb9g46/YWChia2fn3zh5FJp4YOBwzj3cuSdIpNBo29/WwuLS8spqbi2/vrG5tV3Y2a3rOFUcajyWsWoGTIMUEdRQoIRmooCFgYRG0L8a+Y17UFrE0S0OEvBC1o1ER3CGRvILJfcBkNEL2vPFnaBHNHOoG5sEPaHNIXXbIJG51Z7wC0W7bI9B54kzJUUyRdUvfLntmKchRMgl07rl2Al6GVMouIRh3k01JIz3WRdahkYsBO1l44uG9NAobdqJlXkR0rH6O5GxUOtBGJjJkGFPz3oj8T+vlWLn3MtElKQIEZ8s6qSSYkxH9dC2UMBRDgxhXAnzV8p7TDGOpsS8KcGZPXme1I/LjuE3p8XK5bSOHNknB6REHHJGKuSaVEmNcPJInskrebOerBfr3fqYjC5Y08we+QPr8wcui5tX</latexit><latexit sha1_base64="sb+H5+eZ2CTqmEw27P86TUSa2To=">AAACEXicbVC7SgNBFJ31GeMramkzGIQ0hl0VtFECNpYRzAOy6zI7uUmGzD6YuSvEJb9g46/YWChia2fn3zh5FJp4YOBwzj3cuSdIpNBo29/WwuLS8spqbi2/vrG5tV3Y2a3rOFUcajyWsWoGTIMUEdRQoIRmooCFgYRG0L8a+Y17UFrE0S0OEvBC1o1ER3CGRvILJfcBkNEL2vPFnaBHNHOoG5sEPaHNIXXbIJG51Z7wC0W7bI9B54kzJUUyRdUvfLntmKchRMgl07rl2Al6GVMouIRh3k01JIz3WRdahkYsBO1l44uG9NAobdqJlXkR0rH6O5GxUOtBGJjJkGFPz3oj8T+vlWLn3MtElKQIEZ8s6qSSYkxH9dC2UMBRDgxhXAnzV8p7TDGOpsS8KcGZPXme1I/LjuE3p8XK5bSOHNknB6REHHJGKuSaVEmNcPJInskrebOerBfr3fqYjC5Y08we+QPr8wcui5tX</latexit>

X =
�0

3A0
<latexit sha1_base64="y3qfH/4suseB8hItxrfUo3mIP/Y=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1ikrkqigm6UihuXFewDmlAm00k7dJIJMxOhxC78FTcuFHHrb7jzb5y2WWjrgYHDOedy75wg4Uxpx/m2FhaXlldWC2vF9Y3NrW17Z7ehRCoJrRPBhWwFWFHOYlrXTHPaSiTFUcBpMxjcjP3mA5WKifheDxPqR7gXs5ARrI3Usfdb6BJlXq3PysgTJolO0XV51LFLTsWZAM0TNyclyFHr2F9eV5A0orEmHCvVdp1E+xmWmhFOR0UvVTTBZIB7tG1ojCOq/Gxy/wgdGaWLQiHNizWaqL8nMhwpNYwCk4yw7qtZbyz+57VTHV74GYuTVNOYTBeFKUdaoHEZqMskJZoPDcFEMnMrIn0sMdGmsqIpwZ398jxpnFRcw+/OStWrvI4CHMAhHIML51CFW6hBHQg8wjO8wpv1ZL1Y79bHNLpg5TN78AfW5w/VRpQH</latexit><latexit sha1_base64="y3qfH/4suseB8hItxrfUo3mIP/Y=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1ikrkqigm6UihuXFewDmlAm00k7dJIJMxOhxC78FTcuFHHrb7jzb5y2WWjrgYHDOedy75wg4Uxpx/m2FhaXlldWC2vF9Y3NrW17Z7ehRCoJrRPBhWwFWFHOYlrXTHPaSiTFUcBpMxjcjP3mA5WKifheDxPqR7gXs5ARrI3Usfdb6BJlXq3PysgTJolO0XV51LFLTsWZAM0TNyclyFHr2F9eV5A0orEmHCvVdp1E+xmWmhFOR0UvVTTBZIB7tG1ojCOq/Gxy/wgdGaWLQiHNizWaqL8nMhwpNYwCk4yw7qtZbyz+57VTHV74GYuTVNOYTBeFKUdaoHEZqMskJZoPDcFEMnMrIn0sMdGmsqIpwZ398jxpnFRcw+/OStWrvI4CHMAhHIML51CFW6hBHQg8wjO8wpv1ZL1Y79bHNLpg5TN78AfW5w/VRpQH</latexit><latexit sha1_base64="y3qfH/4suseB8hItxrfUo3mIP/Y=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1ikrkqigm6UihuXFewDmlAm00k7dJIJMxOhxC78FTcuFHHrb7jzb5y2WWjrgYHDOedy75wg4Uxpx/m2FhaXlldWC2vF9Y3NrW17Z7ehRCoJrRPBhWwFWFHOYlrXTHPaSiTFUcBpMxjcjP3mA5WKifheDxPqR7gXs5ARrI3Usfdb6BJlXq3PysgTJolO0XV51LFLTsWZAM0TNyclyFHr2F9eV5A0orEmHCvVdp1E+xmWmhFOR0UvVTTBZIB7tG1ojCOq/Gxy/wgdGaWLQiHNizWaqL8nMhwpNYwCk4yw7qtZbyz+57VTHV74GYuTVNOYTBeFKUdaoHEZqMskJZoPDcFEMnMrIn0sMdGmsqIpwZ398jxpnFRcw+/OStWrvI4CHMAhHIML51CFW6hBHQg8wjO8wpv1ZL1Y79bHNLpg5TN78AfW5w/VRpQH</latexit><latexit sha1_base64="y3qfH/4suseB8hItxrfUo3mIP/Y=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1ikrkqigm6UihuXFewDmlAm00k7dJIJMxOhxC78FTcuFHHrb7jzb5y2WWjrgYHDOedy75wg4Uxpx/m2FhaXlldWC2vF9Y3NrW17Z7ehRCoJrRPBhWwFWFHOYlrXTHPaSiTFUcBpMxjcjP3mA5WKifheDxPqR7gXs5ARrI3Usfdb6BJlXq3PysgTJolO0XV51LFLTsWZAM0TNyclyFHr2F9eV5A0orEmHCvVdp1E+xmWmhFOR0UvVTTBZIB7tG1ojCOq/Gxy/wgdGaWLQiHNizWaqL8nMhwpNYwCk4yw7qtZbyz+57VTHV74GYuTVNOYTBeFKUdaoHEZqMskJZoPDcFEMnMrIn0sMdGmsqIpwZ398jxpnFRcw+/OStWrvI4CHMAhHIML51CFW6hBHQg8wjO8wpv1ZL1Y79bHNLpg5TN78AfW5w/VRpQH</latexit>

B =
3

2
A+ lnX , M = 0
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Figure 2. The free energy density in units of the critical temperature Tc as a function of

T/Tc for the model described by (2.6).

and entropies can be readily extracted from the near horizon geometry. In the “canon-

ical” coordinates of (3.4-3.6), the temperature is easily computed from the surface

gravity ̂ at the horizon since

T =
̂

2⇡
where ̂

2 = �
1

2
r

µ
⇠
⌫
rµ⇠⌫

���
z̃H

(3.9)

and ⇠ is a unit Killing vector, timelike outside the Killing horizon at z̃ = z̃H . Meanwhile,

the entropy density is proportional to the area of the horizon4, so that

T =
1

4⇡
z̃
2

H
Ã

0
���
z̃H

and s =
2⇡

2

p
�̃, (3.10)

where s is the entropy density and �̃ is the determinant of the spatial part of the metric

at the horizon. For the solutions we consider, inserting the near horizon form of the

canonical metric into (3.10) gives

T =
1

4⇡f̃0
z
2

H
A1 and s =

2⇡

2f̃ 3

0
⌃3

F

. (3.11)

As di↵erent solutions are fully characterized by the value of their scalar at the

horizon, it is often useful to think of their thermodynamic properties as functions of

�H = exp'H . In this spirit, once the temperature and entropy of a given state can be

reliably computed, one can measure the free energy of the solution from the integrated

first law:

F(�H) =

Z 1

�H

d�̄H s(�̄H)
dT (�̄H)

d�̄H

. (3.12)

4For the sake of simplicity, we will often refer to the “area” of a horizon when we more precisely
mean the “area density”. All of the black brane solutions we discuss have planar horizons and thus,
strictly speaking, infinite horizon area.
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Figure 1: Typical plots of the black-hole temperature (a) and free energy (b) as a function

of the horizon position rh, in a confining background. The temperature features a minimum

at rmin , that separates the large black-hole from the small black-hole branches.

1. the big black-hole has its horizon closer to the AdS boundary, satisfying the
relation (5.1),

rbig
h ≃ 1

πT
. (5.25)

2. the small black-hole has its horizon deep in the interior. With the asymptotics
(5.19), the horizon position is related to the temperature by (inverting (5.20):

rsmall
h ≃ L

(

4π

α
TL

)1/(α−1)

, α > 1 (5.26)

The typical situation (with two branches of solutions) is depicted in figure 1.
Generically, the big black-holes are thermodynamically stable whereas the small

black-holes are unstable. Using cv = TdS/dT and (3.26), we obtain,

dT

dλh
=

3ST

cV

dA

dλh
. (5.27)
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CR geometry and attach to it a slice of AdS geometry, and glue accordingly also

the fluctuations around the background, in which case the QNMs can still be solved

analytically. We found that this gluing procedure leads to two branches of QNMs: a

first set at low frequency that corresponds to the first few modes of the CR geometry,

and at higher frequencies a new set of modes with almost constant imaginary part. As

the temperature is lowered from Tc to zero, the first set becomes longer and approach

the real axis, so to reproduce in the zero-temperature limit the modes of the CR black

hole, whereas the second set is pushed to higher and higher frequencies1. After the

gluing, the limit ⇠ ! 1 is regular and we can show explicitly and analytically, how

the QNMs corresponding to the CR geometry accumulate to form a branch cut on

the real axis of the complex frequency plane.

The paper is organized as follows. In the next section we present the Chamblin-

Reall blackhole solution for an arbitrary value of ⇠ and discuss its thermodynamic

properties. We also present the critical geometry that arise in the limit ⇠ ! 1

and show that it coincides with the linear dilaton blackhole. Sections 3, 4 and 5

contain our main findings. In section 3, we derive and solve the fluctuation equations

numerically and obtain the QNM spectra of Chamblin-Reall blackhole for arbitrary

⇠. In particular we investigate the dependence of the spectra on ⇠ and momentum.

In section 4 we focus in detail the critical limit ⇠ ! 1 and obtain the QNM spectra

analytically. In section 5, we glue the IR geometry of the Chamblin-Reall black hole

to a UV regulator that is an asymptotically AdS geometry and study both the QNM

spectra modified by such gluing procedure and obtain the holographic correlation

functions that now are well-defined after this gluing procedure. Section 6 contains a

discussion of our results and an outlook.

2. CR backgrounds

The model we consider is defined by the five-dimensional Einstein-dilaton gravity

A =
1

16⇡G5

Z
d
5
x
p
�g

✓
R�

4

3
(@�)2 + V (�)

◆
+ G.H. (2.1)

with the potential

V (�) =
12(1�X

2)

(4X2)2 `2
e
� 8X

3 � (2.2)

where2 �1 < X < 0, and ` is a positive parameter of length dimension.

1A similar taming of the holographic description for 2D de-Sitter solutions was considered in
[24] where the authors also glued an IR dS2 black-hole geometry to a UV AdS2.

2The parameter X matches the phase variable of [4, 5], defined in the domain wall coordinates
as 3X = d�

du/
dA
du , which is a constant for the CR backgrounds.
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Chamblin-Reall plasma

This system admits an exact black-brane solution [3], which we will refer to as the

CR geometry. The metric can be written in the domain wall coordinates as [6]

ds
2 = e

2A(u)
�
�f(u)dt2 + dxidx

i)
�
+

du
2

f(u)
(2.3)

with

A = A0 +
1

4X2
log

✓
u0 � u

`

◆

f = 1�

✓
u0 � u

u0 � uh

◆� 1�X2

X2

(2.4)

� ⌘ e
� =

✓
u0 � u

`

◆ 3
4X

, (2.5)

where A0, u0 and uh are integration constants. The boundary is located at u = �1,

horizon at u = uh and there is a curvature singularity at u = u0.

In order to study fluctuations, it is convenient to switch from u to the conformal

coordinate r, defined by requiring that the warp factors of dt2 and dr
2 are the same.

This leads to

r =
4X2

e
�A0`

1� 4X2

✓
u0 � u

`

◆� 1�4X2

4X2

⌘ `
0
✓
u0 � u

`

◆� 1�4X2

4X2

, (2.6)

for X 6= �1/2 and
r

`
= �e

�A0 log

✓
u0 � u

`

◆
, (2.7)

for X = �1/2. We fixed the integration constant in (2.6) such that the boundary is

at r = 0 for �1/2 < X < 0 and defined a new length scale `
0 for later convenience.

The threshold value X = �1/2 plays a central role in our work and will be the focus

of the next subsection.

We also find convenient to work with the ingoing Eddington-Finkelstein coordinates

by switching to the new time coordinate dv = dt � dr/f(r), where the blackening

factor is

f(r) = 1�

✓
r

rh

◆⇠

, rh = `
0
✓
u0 � uh

`

◆� 1�4X2

4X2

, ⇠ ⌘
4(1�X

2)

1� 4X2
. (2.8)

Moreover we use the dimensionless radial coordinate r̂ = r/`
0. Putting everything

together, the solution is

ds
2 = e
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j
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This system admits an exact black-brane solution [3], which we will refer to as the

CR geometry. The metric can be written in the domain wall coordinates as [6]
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where A0, u0 and uh are integration constants. The boundary is located at u = �1,

horizon at u = uh and there is a curvature singularity at u = u0.
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for X = �1/2. We fixed the integration constant in (2.6) such that the boundary is

at r = 0 for �1/2 < X < 0 and defined a new length scale `
0 for later convenience.

The threshold value X = �1/2 plays a central role in our work and will be the focus

of the next subsection.
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Model for IR properties of YM

Hyperscaling-violating solution
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Figure 1: Dependence of the four lowest nonhydrodynamic quasi normal modes on X

at q = 0. Thick lines were obtained by directly solving the fluctuation equations (for the

transverse spin two modes) numerically for �0.46 < X < 0, and the thin lines are based on

the analytic approximation of Sec. 4. Left: the trajectories of the modes on the complex

$-plane. Right: The imaginary parts of the modes as a function of c2s = (1� 4X2)/3.

For later use we also consider the limit of large ⇠. In particular, we notice that

the limits w ! 0 and ⇠ ! 1 do not commute. When w
1/⇠

⌧ 1, i.e., r̂ ⌧ r̂h, the

potential

V (w) = �
($2

� q
2)w2/⇠

4w2
[1 +O (w)] (3.15)

can be treated as a subleading correction to the fluctuation equation, leading to the

usual normalizable and nonnormalizable solutions ⌅ ⇠ C1+C2w. When e
�⇠

⌧ w ⌧

1 (so that r̂h � r̂ ⌧ 1), same terms in the potential behave as

V (w) ' �
$

2
� q

2

4w2
(3.16)

with corrections suppressed by w and | log(w)/⇠|. This latter form leads to oscillating

solutions for $2
� q

2
> 1, so that if one takes the limit ⇠ ! 1 first, it is not possible

to find normalizable modes.

3.1 Numerical analysis at generic X

We have solved the fluctuation equations numerically for various values of X within

the range �1/2 < X < 0. We substituted ⌅(r̂) = e
�2i!r̂

K(r̂) in order to reduce the

exponential dependence on r̂ for Im! < 0, and solved the resulting equations by

estimating the r̂-derivatives by a pseudospectral approximation with 50 grid points

chosen from a Gauss-Labotto grid. The correlators of the energy-momentum tensor

in the various channels were then extracted from the coe�cient of the terms / r̂
⇠

at the boundary. More precisely, we used the definitions of Eqs. (B.2) and (B.4) in

Appendix B for the source and the vev terms. Notice that these expressions hold

near the boundary up to highly suppressed corrections for fluctuations in each sector

which makes it much easier to extract the correlators for an arbitrary potential.

– 11 –

Figure 2: Dependence of the quasi normal modes on q on the complex $ plane for

X = �0.45. The quasi normal modes from Eqs. (3.6), (3.7), and (3.9) are shown as solid

blue, dashed red, and dotted magenta curves, respectively. The momentum q varies from

q = 0 to q = 3 along the curves. The hydro modes lie at the origin for q = 0. The

dots are at q = 0, 1, 2, and 3. Left: overall plot showing both the hydrodynamic and

nonhydrodynamic modes. Right: a zoom in the region with the lowest nonhydrodynamic

modes.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
q

0.5

1.0

1.5

2.0

2.5

3.0

3.5

Re �

0.5 1.0 1.5 2.0 2.5 3.0
q

-0.5

-0.4

-0.3

-0.2

-0.1

Im �

Figure 3: Dependence of the quasi normal modes on q for X = �0.45. Left: dependence

of Re$ on q. Right: dependence of Im$ on q. Notation as in Fig. 2.

In Fig. 1 (the left-hand side appeared also in [9]) we show the modes at zero

momentum as functions of X; we see that as X approaches the critical value, each

pole appear to move to the point $ = 1; taken together, the poles form a line

that approach the real axis and in the critical limit should form a branch cut (see

also [31]). This is di�cult to check as the numerics become more di�cult, hence

the need for a more analytic treatment to which we will turn in the next sections.

On the right hand side of the plot, we show that the poles have an approximately

linear dependence on the deviation of the speed of sound from its conformal value,

as observed also by [16].

In Figs. 2 and 3 we show the dependence of the quasi-normal modes on the

momentum. We used as a reference value X = �0.45, a value relatively close to the
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Betzios, Gursoy, Jarvinen, GP, 1708.02252 
           1807.01718 Spin 2 lowest QNM 

q = 0 , �.46 < X < 0
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Crossover of hydro-non hydro modes at q ⇠ 1p
⇠
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Figure 4: Dependence of the sound channel quasi normal modes on q for X = �0.25 (top

left), X = �0.29 (top right), X = �0.295 (bottom left) and X = �0.35 (bottom right).

critical value X = �1/2. The imaginary parts of the hydrodynamic modes obey3

Im$ ' �0.5q2 at small q, whereas the imaginary parts of the nonhydro modes

behave as Im$ ⇠ 1/⇠, as we will prove below. Therefore the imaginary parts

cross for q ⇠ 1/
p
⇠, and consequently hydrodynamics breaks down for smaller and

smaller q as ⇠ increases. The real part of the sound mode satisfies Re$ ' csq where

cs =
p
(1� 4X2)/3.

There is an interesting level crossing structure in the sound channel around

X = �0.3 (see Fig. 4). For �0.29 . X < 0, the imaginary part of $ for the sound

mode (that is the mode for which $ ! 0 a q ! 0) is smaller than Im$ for the

other modes, whereas for �1/2 < X . �0.3, Im$ of the sound mode crosses all

other modes and becomes subdominant. Consequently, near X = �0.3, there is a

sequence of level crossings between the sound mode and all the nonhydro modes.

The first crossing takes place between X = �0.29 and X = �0.295, see the top

right and bottom left plots in Fig. 4. This level crossing is somewhat similar to the

behavior observed for the quasi-normal modes of the scalar field, as a function of

the temperature, in a flow between two di↵erent conformal points [29], although the

details are di↵erent.

We have also determined residues of the hydrodynamic modes numerically. Re-

sults are shown in Fig. 5 for various values of X and as a function of q. The value

of r̂h only a↵ects the overall normalization of the residues, and here we set r̂h = 1.

We see that the residues vanish as q ! 0, indicating the expected decoupling of the

3For the sound mode, the precise coe�cient predicted by hydrodynamics is 1/3 + 2X2/3 which
tends to 1/2 as X ! �1/2.
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Figure 5: The (absolute values of the) residues of the hydrodynamic modes as a function

of q. Left: shear mode. Right: sound mode. The values of X for the solid blue, dashed red,

dotted magenta, dash-dotted green, and long-dashed brown curves are X = 0, X = �0.25,

X = �0.35, X = �0.4, and X = �0.45, respectively.

hydrodynamic modes in this limit. The residues of the shear modes (left plot) oscil-

late as a function of q, which has also been observed in the case of the AdS geometry

(X = 0) [20, 21]. We notice however that for X 6= 0, the oscillations do not seem to

be linked to the crossing of the imaginary parts of the quasi normal modes (to the

contrary to what was found for X = 0). This is clear because as we have pointed

out, the values of q at the crossings behave as ⇠ 1/
p
⇠ so that they decrease with

increasing |X|, but the values of q at the nodes in Fig. 5 increase with increasing |X|

instead.

In general we notice that the values of the residues decrease more rapidly with q

for q & 1 as |X| grows. In particular, for small |X|, the residues of the sound mode

increase with q while for larger |X| they decrease with q. Notice that this reflects

the di↵erent behavior of the mode at high q due to the crossing depicted in Fig. 4.

One can determine the large momentum behavior of the modes analytically using

a WKB analysis [23]. This is done in appendix A and we find:

$

q
� 1 / q

� 2⇠
⇠+2 e

� 2⇡i
⇠+2 , (q ! 1) , (3.17)

where the proportionality constant is positive. The agreement between the WKB ap-

proximation and the numerical results for the locations of the QNMs is demonstrated

in Fig. 6.

4. Analytic results in the limit X ! �1/2

As it turns out, the fluctuation equations in the transverse spin-two channel (3.6) can

be solved analytically in the limit X ! �1/2, equivalently ⇠ ! 1. In order to make

sense of this limit, we need to also decide which quantities to hold fixed in the limit.
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Figure 8: The structure of the (zero temperature) geometry for potentials asymptoting to

CR behavior in the IR with large ⇠. For 0 < r ⌧ `, the geometry is asymptotically AdS5,

and for r � ` it is asymptotically CR (regimes marked with red color). Further, when

` ⌧ r ⌧ `0 (where `0 ⇠ `⇠) the geometry is to a good approximation the linear dilaton

geometry (the interval marked with blue color), whereas for r � `0 this approximation fails

and only the (full) CR geometry can be used to describe the solution.

where we fixed one of the constants of integration (C1 in (2.4)) such that u ! 0 in

the IR. The full solution would give two relations between Ã0, A0, and �0. Actually

we can use the freedom of shifting A to set Ã0 = 0. Then A0 and �0 are O (1) for

dilaton potentials V which meet the requirements specified above.

We then consider the transformation to conformal coordinates, which lead to

singular behavior for X = �1/2. Therefore we will assume that 0 > X > �1/2 and

that X + 1/2 ⌧ 1 or equivalently that ⇠ � 1. We choose that the UV boundary is

at r = 0 so that

r =

Z u

�1
dũ e

�A(ũ)
. (5.8)

Near the boundary we therefore have

r = `AdSe
�Ã0+u/`AdS

⇥
1 +O

�
e
2u�/`AdS

�⇤
, (5.9)

but in the IR the expansion is more interesting, namely

r = `
0

"⇣
�
u

`

⌘� 1�4X2

4X2

 
1 +O

 
1

log
�
�

u
`

�
!!

� 1

#
+O

�
⇠
0
�
, (5.10)

where `
0 = 4X2

e
�A0`/(1 � 4X2). Comparing to the CR solution in Sec. 2 we see

that there is a shift of the r coordinate by `
0, given by the last term in the square

brackets, which is O (⇠). Such a shift is a global property of the definition of the

conformal coordinate in (5.8), and would not appear in a naive direct IR expansion

of the relation.

The shift ensures that r becomes O (`⇠0) for �u ⇠ `, i.e., when the asymptotic

IR expansion starts to fail, and matches smoothly with the UV expansion. We see

that the UV region (�u � `) maps to r ⌧ `, and the IR region (�u ⌧ `) maps

to r � `. The shift also ensures that the limit X ! �1/2 is smooth, as can be

seen from the analysis in Sec. 2: for the critical limit of (2.6) to match with (2.7) an

analogous shift of r is needed in either of the definitions.
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Figure 9: The dependence of the location of quasi normal modes on temperature at

X = �0.47 (⇠ ' 26.77) and at q = 0 in the setup where AdS and CR geometries were

glued together. Left: The trajectories of the ten lowest QNMs on the complex $-plane

as T grows from T = 0.2Tc to T = 0.91Tc. The dashed curves are at constant T/Tc with

values of the ratio indicated by the labels. The markers are at T/Tc = 0.2, 0.3, . . . 0.9

for all curves. Right: Comparison of the result to simple boundary conditions at r = rc.

Blue, dashed red, and dotted magenta curves give the imaginary part of $ as a function of

the temperature for the QNMs with glued, Dirichlet, and Neumann boundary conditions,

respectively.

�r
⇠ in the definition the normalizable IR wave function in (5.21), which is most

convenient for the gluing procedure. A normalization factor `
0⇠ was used in (E.7)

instead, and as a result the m ! 0 limit of M22 di↵ers from (E.13) by a factor of

(`0/�r)⇠, which is finite and in general di↵erent from one in the limit ⇠ ! 1. With

the current definitions, i.e., for the normalization of (5.21) and when using the matrix

in (5.23), the proper normalization of Greg is given by replacing r̂
�⇠
h in the results of

Sec. 4.1 by (1 + rh/�r)�⇠.

The analytic result for the transverse spin-two correlator is given in terms of the

transition matrix by

eGreg =
M21 +M22Greg

M11 +M12Greg
, (5.24)

which is regulated in the same way as Greg in Sec. 4, see Appendix E for details.

5.3 Temperature dependence of the QNMs

Let us then study the dependence of the location of the quasi normal modes on

temperature by using the exact solutions for the fluctuations. Their location is given

by the equation M11 + M12Greg = 0 with Mij given in (5.23) and the correlator

in (4.13). We take q = 0 so the results apply for all fluctuations of the metric (not

just the transverse spin-two modes), and choose X = �0.47 close to the critical

value so that ⇠ ' 26.77 is relatively high and corrections in 1/⇠ are suppressed. We

show how the trajectories of the QNMs on the complex $-plane in Fig. 9 (left). At

the lowest temperature T = 0.2Tc, the locations of the QNMs are indistinguishable
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Figure 10: The (logarithm of the) absolute value of the correlators of the energy-

momentum tensor on the complex $-plane in various analytic approximations. The plots

are for X = �1/2 (⇠ = 1) and q = 0. The contours are at constant values of | eGreg|, with

orange/yellow colors (mostly top parts of the plots) indicating small values and blue/white

colors (mostly bottom parts of the plots) indicating large values. Top left: the “glued”

correlator of (5.32) at rh/rc = 2. Top right: the correlator of (5.32) at rh/rc = 20. Bottom

left: the large $ approximation of the correlator (5.37) with rh/rc = 2. Bottom right: the

limit of large black hole (5.33) of the glued correlator.

We plot the discontinuity (divided by the dominant factor µ̂4) as a function of µ̂ in

Fig. 11. Interestingly, it is well approximated by Disc eGreg = iµ̂
4 for all µ̂ > 1.

The behavior of the correlator (5.32) changes depending on whether the combi-

13There is also another branch cut ⇠ µ̂4 log µ̂ due to the nonanalyticity of the Hankel functions,
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