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Fluid dynamics

@ Dynamics of a system exhibiting collective behaviour.

@ An effective theory describing the long-wavelength, low-frequency
limit of the microscopic dynamics of a system.

@ Relativistic hydrodynamics finds applications in cosmology,
astrophysics, and the physics of high-energy heavy-ion collisions.

@ It has been used to study ultra-relativistic heavy-ion collisions with
considerable success.

@ The theory is formulated as an order-by-order expansion in powers of
gradients with ideal hydro being zeroth-order.

o First-order relativistic Navier-Stokes theory has acausal behavior
which is rectified in second-order theory.

@ The second-order Israel-Stewart theory is generally applied in
heavy-ion collisions.
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Relativistic fluid dynamics
@ For relativistic systems, the mass density p(t,X) is not a good degree
of freedom.
e For large kinetic energy, replace p(t, X) by energy density €(t, X).

e Similarly, ¥(t, X) should be replaced by the Lorentz 4-vector for the
velocity.

o B _dtdd 1 1 — (7) 1
T4 drdt iz \v) 7 v

@ The four velocity u* is timelike: v? = wguu’ = 1.

@ Hydrodynamic equations are essentially conservation equations:

o Energy-momentum conservation: 9, T"" = 0.

o Current conservation: d,,N* = 0.

e TH”: Energy-momentum tensor, N¥: Charge current.
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Relativistic ideal fluids

@ The energy-momentum tensor of an ideal fluid can be written in
terms of the available tensor degrees of freedom:

T?OV) = aqu'd” + g’

In local rest frame, i.e., v = (1, 0, 0, 0),

T?OV) = diag(e, P, P, P)= c1 = ¢+ P, co = —P.

@ Energy-momentum tensor for the ideal fluid, T’{é’) is

T‘Eg') =eu'u’ — PAM ;. AW = g — gt

AMy, = A*u, = 0 and APYAY = AFY, hence serves as a
projection operator on the space orthogonal to the fluid velocity u*.

Similarly, N’(‘O) = nu*.

@ Fluids are in general dissipative; dissipation needs to be included.
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Ideal and dissipative hydrodynamics

@ Dissipation can be included in the energy momentum tensor and

conserved current as

T = T TIAM = N

Ideal |

Dissipative

T = eutu” — PAM
N = nu*

Unknowns: ¢, P, n, u" =6
—_——

1+1+ 1+ 3

™ = eutu” — (P+ M)A 4 7
N = nu* + n#

e, P, n, u*, N, 7, n =15

1+41+1 +34+145+3

Equations: 9, 7" =0,

0,N" =0, EOS =6

4

~~

+ 1 + 1

Closed set of equations

9 more equations required

@ Landau frame chosen: T*"u, = eu*.
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Some thermodynamic relations
@ An elegant way of obtaining 1, 7#¥ and n* builds upon the second
law of thermodynamics: entropy must always increase locally.
o First law of thermodynamics: dE=6Q — PSV + udN.
@ For reversible processes, 6Q = T4S.

o First law in differential form: dE = TdS — PdV + pdN.

Energy is an extensive function of the variables (V, S, N):

E(A\V, AS, AN) = AE(V, S, N) = E= —PV+ TS+ uN

Hence for s=S/V, e= E/V and n= N/V,

€+ P—pun
T

Other useful identities: dP = sdT + ndu, de = Tds+ pdn

e+P=Ts+un = s=
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Dissipative equations [L. b. Landau and E. M. Lifshitz, Fluid Mechanics, 1987]

@ Second law in covariant form: 9, 5" > 0, where

€+ P— un
— T

@ Demanding second-law from this entropy current,

SH=su ;, s=

M=—¢O, n*=ATVu/T), = =2mViru,
where,
0 =00, V=AY, VY = (VA +VY M) 2— A 9)/3.
@ The transport coefficients n,(, A > 0.

@ In the non-relativistic limit, above equations reduces to the
Navier-Stokes equations.

@ Beautiful and simple but flawed! Exhibits acausal behavior.
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Acausality problem [p. Romatschke, Int. J. Mod. Phys. E 19, 1 (2010)]

o Consider small perturbations of the energy density and fluid velocity,
e =¢€o + 0e(t,x), v =(1,0)+out(t,x).
@ For a particular direction y, we get a diffusion-type equation
"o 2 2
0o — ———0560 = O(69).
ot e+ Py * v ( )
@ Use mixed Laplace-Fourier wave ansatz to study the individual modes

du(t, x) = exp(—wt + ikx)f, k.

(]

We obtain the “dispersion-relation” for the diffusion equation
"o
N €0+ Po '
@ The speed of diffusion of a mode with wavenumber k

vr(k)

d
_ By
dk €0+ Po
Increases o< k without bound: acausal behavior.
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Maxwell-Cattaneo law

@ One possible way out is the “Maxwell-Cattaneo” law,
T ) g — 277V<“u”>.
@ The diffusion equation becomes a relaxation-type equation.
@ A new transport coefficient enters the theory: the relaxation time 7.

@ The effect of this modification on the dispersion relation for the
perturbation d” becomes,

) K2

60+P01—0JT7T‘

@ The above equation describes propagating waves with a maximum
propagation speed

dw| Mo
VPR = = ) —
T k—>oo dk (60 + P())7'7r

@ Interestingly, for all known fluids the limiting value of V{** < 1.
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Muller-Israel-Stewart theory

While Maxwell-Cattaneo law is successful in solving the acausality
problem, it does not follow from a first-principles framework.

Desirable to derive some variant of Maxwell-Cattaneo law which
preserves causality: Muller-Israel-Stewart theory.

@ Assuming entropy current to be algebraic in the hydrodynamic
degrees of freedom,

St =sut — %_ﬂ'aﬁﬂ'aﬁ ut + O(m3).

Demanding second law of thermodynamics, 9,5" > 0,
Toi V) g = 277V<“u”> — TR0 — et Tut0,,(B2/ T).
@ The relaxation time can be related as: 7, = 2n0,.
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Structure of a general second-order equation

@ A general structure, allowed by symmetry, can be written for
second-order evolution equation.

@ Write down all possible second-order terms formed by the gradients of
ideal hydrodynamic quantities [S. Bhattacharyya, JHEP 1207 (2012) 104].

@ All possible terms in evolution equation for shear stress tensor allowed
by conformal symmetry can be written as
7-TFT'FOW) + Y = 277V<“ &)+ 50T & TMWQJUVW A it i
+ )\MwélthM + )\Wwf“w”w.

@ The coefficients of each term are the transport coefficients which can
be obtained from the underlying microscopic theory.

@ The transport coefficients are obtained from microscopic theory using
Kubo relations.
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Transport coefficients and Kubo relations

@ Kubo formulas, in terms of n-point correlation functions, can be
written to calculate the transport coefficients [G. D. Moore & K. A. Sohrabi,
PRL 106 (2011) 122302].

@ For eg., the coefficient of shear viscosity can be obtained as:

n=ilim lim G¥(w, k,)
w—0 k,—0

where GY*Y(w, k;) is the Fourier transform of
G (x,X) = —ib(x0 = p)([T"(x), T ()]

@ n-point correlators can be evaluated for weakly coupled theories
[G. D. Moore & K. A. Sohrabi, JHEP 1211 (2012) 148].

@ Some progress for first-order transport coefficients in case of strongly
coupled theories on lattice [Harvey B. Meyer, PRD 76 (2007) 101701; PRL 100
(2008) 162001].
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Muller-Israel-Stewart theory from Boltzmann H-function

@ Apart from 7, a new transport coefficient enters the theory: 7.

@ Can be obtained from kinetic theory using Boltzmann equation,
Tr = 3?7/4/3 [W. Israel and J. M. Stewart, Annals Phys. 118, 341 (1979)].

@ Demand 9, 8" > 0 from entropy four-current given by Boltzmann
H-function [AJ, R. S. Bhalerao and S. Pal, PRC 87, 021901(R) (2013)]:

St = —/dpp" flinf—1).

@ The shear relaxation time remains the same, we obtain ‘finite’ bulk
relaxation time as a bonus
_ 3 ¢

7_7r—4P, Tﬂ:ﬁ.

@ Several phenomenological implications of m: finite in ultra-relativistic
(m/T — 0) limit, avoids cavitation [R. S. Bhalerao, AJ, S. Pal, and V.
Sreekanth, PRC 88, 044911 (2013)].
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Relativistic kinetic theory

@ Kinetic theory: calculation of macroscopic quantities by means of
statistical description in terms of distribution function.

@ Let us consider a system of relativistic particles of rest mass m with
momenta p and energy p°

N
e For large no. of particles, introduce a function f{x, p) which gives a
distribution of the four-momenta p = p* = (p°, p) at each space-time
point.
o flx, p)A3xA3p gives average no. of particles at any given time in the
volume element A3x at point x with momenta in the range
(p,p+ Ap).
@ Statistical assumptions:
o No. of particles contained in A3x is large (N> 1).
o A3x is small compared to macroscopic volume (A3x/V < 1).
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Relativistic kinetic theory: Particle four-flow

To describe a non-uniform system, n(x) is introduced: n(x)A3x is
avg. no. of particles in volume A3x at x.

Similarly particle flow j(x) is defined as the particle current along
(x,y,z) directions.

These two local quantities, particle density and particle flow
constitute a four-vector field: N¥ = (n,j)

With the help of distribution function, the particle density and
particle flow is given by:

n(x) = (25)3/&/3 flx,p); §(x) = (25)3/613/9 v fix, p)

where v = p/p° is the velocity.

Particle four-flow can be written in a unified way

3
W) = s [ )
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Relativistic kinetic theory: Energy-momentum tensor

o Energy per particle is p°, the average can be written as

T%(x)

= (2i)3 p pP° fx, p)

@ Similarly energy flow and momentum density are defined as
79(x)

p) TO(x) P)

e For momentum flow (flow in direction j of momentum in direction i),

we have
Ti(x) = (25)3/0’3’3 p'V fx, p); [V = ;]

@ Combining all this in compact covariant form:

&
00 = Gy | o PP )
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Dissipative quantities and Grad’s 14-moment method

o With f= fy + 0f, the dissipative quantities can be written as

nt = Ag/dppcv 6f, M= —%Aaﬁ dPp®p’ &6f, = Agg/dppapﬁ of.
@ The equilibrium distribution functions are
fo=lexp{yo(x.p)} +A7 yo=—Bu-p)+a, r=0=+1
o Away from equilibrium, f= [exp{y(x, p)} + ], where
¢(x, p) = ¥(x p) = yo(x, p) = &(x) — eu(X)P" + € (X)p'p” + - -
@ Taylor expanding around equilibrium upto linear in ¢
f=fo+6f, O6f=fofyd, where, fy=1—rfy
@ ¢, g, and g, can be expressed in terms of 1, n, and m,, as
e=Aol, e, =ANu+Bony, e = Aa(3upuy—2A)—Brug,n,)+Comu

@ Ap, A1, Az, By, B: and (y can be determined using constraints.
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Low “density” fluids of massless particles
o Close to equilibrium (0f/fy < 1), f= fy+ 6f and for pup = m =10,

1
nt = Ag/dppa §fF, M= —gAaﬁ dPp®p’ &6f, wv= Agg/dppapﬂ S5F.
@ Boltzmann equation in the relxn. time approx. is solved iteratively:
u .
POuf =~ F(F 1) = f=fo— (7w/u- p) p'Ouf

@ Expand fabout its equilibrium value: f=fy + SAD 454D ...
L S T LN LS
u-p u-p u-p

o Substituting 8f= 6AY) 4+ §A2) [aJ, PRC 87, 051901(R) (2013))],

uv 4 10 4P
aler) 4 % = 280" — gﬂ’“’ﬁ + 27r§/“w”>7 — 77T§“0V>77 Br = 5

[G. S. Denicol, T. Koide and D. H. Rischke, PRL 105, 162501 (2010)]
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Second-order viscous corrections

@ For a system of massless particles at vanishing chemical potential,
6f= A+ 5/ can be written as

fo3 3 fo3 [ Tr 5
0f= ——p“pP’rog—— O‘pﬁﬂvw 7po‘pﬂ7rgé7r
Qﬁw(u'p) 7 /87T u-p Ay~ 14/87r(u'p) By
T, 67 . (u-p) Tr
o _ o -3 af e (oh
+73( p pﬂwaﬁﬂ 5 prU s + 708, TP Tag + 5 p (V 7ra5>
37 O‘pﬁ p’B
_(u-p)2 p P aﬁ y + 2 p P ’yﬂ'aﬁ
B+ (up)! 5 } 3
—7papﬁp“’p7ra7r5 + O(67).
4(U'P)25ﬂ— By ( )

[R. S. Bhalerao, AJ, S. Pal, and V. Sreekanth, PRC 89, 054903 (2014)]
@ The first-order correction can be compared to that due to Grad's
14-moment approximation

) _ 5fy a n__f
otea = 2u-p)(e + P TP Prass b ~2(e +P)T2p P s
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Checks on the viscous corrections

@ The viscous correction §f should satisfy the definition of shear stress
tensor

T = Agg/dppapg of.
@ Moreover, at each order in gradients, the form of §f should satisfy

e The matching condition € = ¢
[ dotu-poti=0
o The Landau frame definition u, T"" = eu*
/dpAWulg p2p’ of = 0.

@ Indeed we show that these conditions are valid for i=1 and 2.
[R. S. Bhalerao, AJ, S. Pal, and V. Sreekanth, PRC 89, 054903 (2014)]
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Effect of viscous corrections on observables

_l TTT | TTTT | LB | LB | LB | TTrTT | TTT l: N al | LA | LI T | LI :
102: Au+Au: T, =360 MeV ] 12F =360 MeV, 7,=0.9 fmle ]
E E - E
T,=09fm/c r 1E 1
1 10 s - N 14
S 10'F E . S, 09F ~ 1
% E deal 3 r & 08F ~ 91

F -+ Ideal ] <o ]
NQ l()0 E Pions — - Grad’s approx. sk o 071 N4
o g — First-order CE § ’g o . 0.6 ._I Liiiliial Y\ I_. ]
= 1Orl - =+ Second-order CE_g %\-:/_] 6 :_ 05 02 04 06 08 1 _:
= F a0 E o °F Pions L., mp(GeVie) b
Ak o ] E 3
2 F o L6f E aF N TR -
ZzZ  3[5 F ] [ - Ideal ~o .
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10°F %% 3 3 [ -— Second-order CE v ]
F Py (GeV/c) & F ]

10,s....|....|....|....|....|....|.... )] S S T
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py (GeVic) K} (GeVic)

Figure: Effect of viscous corrections on pion spectra and longitudinal HBT radii.

[R. S. Bhalerao, AJ, S. Pal, and V. Sreekanth, PRC 89, 054903 (2014)]

e Grad's approximation for 0f violate 1/,/mT scaling of the longitudinal
HBT radii.
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Higher-order hydrodynamics

@ Third-order equation for shear stress tensor [AJ, PRC 88, 021903(R) (2013)]:

i E (NUV>’Y _ ﬂﬂ.w/e _QFN,I/HZ

“(uv)
T 77 3 63

+ 280" + 2m W)Y —
76

. 4 /
+7, {prwl/)’ygm _ %WWUP/UM _ 4797Tp<u01/>w0m
5 2 26 2 5
My — 2, 4 2l i 19}
4
35

_évv (TﬂvOIWVW) _ %V’v (TﬂvaOw)) + ?vﬂ/ (Tﬂuwﬁl/h)'

— Iy (7r”>7i1777r) + gvm (Tﬂiﬂﬂ'ww) + v (Tnvyﬂl’h/)

@ Improved accuracy compared to second-order equations.

@ Neccessary for incorporation of colored noise in fluctuating hydro
evolution [J. Kapusta and C. Young, Phys. Rev. C 90, 044902 (2014)].
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Checks on the third-order equation

@ Number of new transport coefficients at third-order:

e 14 new transport coefficients obtained; 15 predicted from conformal
analysis [S. Grozdanov and N. Kaplis, PRD 93, 066012 (2016)].

o Misses w”{Hw")Vw,, similar to wPHw"”

)

» at second-order.

e Complete third-order viscous hydrodynamic eqation from kinetic theory.

@ The values of the transport coefficients [W. Florkowski, R. Ryblewski and

M. Spalinski, PRD 94, 114025 (2016)]:

n RTA BE 2nd-order 3rd-order
0 2/3 2/3 2/3
1 4/45 4/45 4/45
2 16/945 16/945 16/945
3 | —208/4725 | -304/33075 | —208/4725
o Correct transport coefficients.
Amaresh Jaiswal ICTS School
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Bjorken Flow

@ In Milne coordinates: proper time 7 = v/t2 — 22, spacetime rapidity
n = tanh=Y(z/t), t = 7 cosh n, z= T sinh i and the metric is given
by g, =diag(1, -1, -1, —72).

@ Boost invariance (v* = z/t) for hydro translates into

£sinh n cosh n
—u

+ u*

z
rF=—, U=
T T

=0 = u*=(1,0,0,0)

@ In center of the fireball, stress energy tensor in local comoving frame
has the form: T*" = diag(e, pt, pT, PL)-

Py P—m
Pr="P 2, PL=P- ;===
T +7/2 5 P T Pr~ P+a/2
@ The evolution equations for €, 7 = —727"" and 1 becomes
d 1
u, 0, T =0 = —Ez——(e—l—P—W),
dr T

s 7T2

ﬁ — _14_5 i
dar T T3r T BrT
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One dimensional evolution of pressure anisotropy

1 | I
C T0 =300 MeV, T, = 0.25 fm/c
0.8
0.6
& o04f
A L
0.2 C
oF :
I -+ Exact solution of BE
[ -- Second-order hydrodynamics
-0.2+ — Third-order hydrodynamics
C I 11 1 I L1 1 I 11 1 I 11 1 I 1

025 05 1 2 4
T (fm/c)

Exact solution of the BE:
[W. Florkowski, R. Ryblewski
and M. Strickland, PRC 88,
024903 (2013); NPA 916,
249 (2013); W.
E. Maksymiuk, R. Ryblewski and
M. Strickland, PRC 89,054908
(2014);  W.
E. Maksymiuk, JPG 42, 045106
(2015)]

Florkowski,

Florkowski and

Figure: [AJ, PRC 88, 021903(R) (2013)]
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Low density fluids of massive particles

@ Massive particles m £ 0 and low net Baryon number density pp =0

1
n“:Ag/dppo‘ 5f, M= —gAaﬁ dPppP 6f, = AZZ/de“pﬁ Sf.

@ Second-order evolution equations are obtained as,

M

MN=—— —Bnf —nnN0 + A\nam o,
m

T

alur) — + 280" + 271;</”w”>7 - TWWWS/#O'VM — OO 4+ Nen Mot
Tr

@ In relaxation-time approximation, Tn = 7, = 7 = (/1 = pn/Px-

e For m/T« 1,

, 75 for MB
C_A(1 ~J 48 for FD
n A 3 <) A= oo for BE

15 by Weinberg
[AJ, R. Ryblewski, M. Strickland, PRC 90, 044908 (2014);

R. Ryblewski, M. Strickland, PRC 91, 054907 (2015)]
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One dimensional evolution

1.0

0.9 — Exact 0.9
- ---- 14-moment -
< 0.8 — - Chap.—Ens. < 0.8
& 07 To=600 MeV & o7
0.6 m=1 GeV
Teq=0.5 fm/c 0.6
05 = 0.5

0.20
015
0.10
0.05
0.00
~0.05

711 [fm ™3]

7 [fm/c]

Figure: [AJ, R. Ryblewski, M. Strickland, PRC 90, 044908 (2014);

— Exact
-+ 14-moment
— - Chap.-Ens.

§0=0

To=600 MeV
m=300 MeV
Teq=0.5 fm/c

7 [fm/c]

E. Maksymiuk, R. Ryblewski, M. Strickland, PRC 91, 054907 (2015)].

W. Florkowski, AlJ,

@ Chapman-Enskog method performs better than moment method.

@ Result valid for all distributions.
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High density fluids of massless particles

@ Massless particles m = 0 and net Baryon number density up # 0,
1
nt = Ag/dppa 5, N= —gAaﬁ dPp®p’ &f, w= Agg/dppapﬁ Sf.
@ Second-order evolution equations are obtained as,

n
Al 4 o BaVFa — nyw' — nt0 — gnya”“,

Tn
4 10
p = 2B 0" + 27r,<y“w”>7 - 577’“’0 — 771#‘0””.

o Charge: kn/n = Bn/Br; heat: kq/n = (Bn/Br)[(e + P)/nT]?.

@ Wiedemann-Franz law [AJ, B. Friman, K. Redlich, PLB 751, 548 (2015)]:
37/27 for 2 flavor QGP, u/T < 1
95/81 for 3 flavor QGP, u/T < 1

wHY

7&-(#1/> +

Fo_ T oo
n i 5/3 for p/T>1
8/9 AdS/CFT(Son & Starinets, JHEP 0603, 052 (2006)]
(u: quark chemical potential)
28
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Charge and heat conductivity

0.25 ———— T 18—
- T ] e N 513
02F ™ ] 16 —-N=3 .
C \ 1 [ - AdS/CFT i

- \ 4 /
L \ ] = + / i
0.15F \ ] So 14 37727 / i
£ L \ i o F ) i
= F i 2t / 1
- - \s__ u -
0‘]_— ] 5@].2_: 951‘81‘___‘__\__ // 5
L 4 | S~/ _
[ — N, = ] L ]
0.05 — 1+~ —
L R Nf:\ - L i
r 1 L
U BPUPEY FPRPI SPU PPRPE B Y I TR TTTE BUTTRN ST Y
0 0.25 0.5 1 2 4 8 08 0.25 1 4 16 64

wT wT

Figure: [AJ, B. Friman, K. Redlich, PLB 751, 548 (2015)].

@ At high densities, charge conductivity of QGP is small compared to
shear viscosity.

@ Intriguing similarity with AdS/CFT results for heat conductivity.
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Relativistic hydrodynamics with spin (w riorkowski & Friman, A,

R. Ryblewski and E. Speranza, PRC 97(R), 041901 (2018); PRD 97, 116017 (2018).]

@ For a system of particles with intrinsic spin, one must consider
angular momentum conservation along with energy and momentum,

8)\./)\’“” — 07 J)\,MV — L)\,MV + S)\,MV‘

e For spin-1/2 prticles, we have

N = / dPpt [tr(XT) — tr(X7)], T = / dPp'p” [tr(XT) + tr(X7)]

and SV = / dP p* tr [(X+—x—)iW] ,
where
Xt = exp [j:a(x) — Bu()p" + ;wu,,(x)f‘”’} .

@ We found that, from a thermodynamic point of view, such a system
can be seen as a two component mixture of scalar particles.
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Anisotropic metric and aHydro [ pash and a1 PrD 07, 104005 (2018)]

@ We consider the Bianchi type-l metric:
ds® = d? — A% (t)dx* — B?(t)dy? — C3(t)dZ.

@ The energy-momentum tensor and conserved charge current can be
calculated for a locally equilibriated fluid as (axis-symmetric case):

c=co <n”0>4/3R(s>, Pr— 3P, <”>4/3 EXELGIE

No
4/3 —
o 263 £-1
where A(t) = B(t) and ¢ = C3(t)/A%(t).
@ ldentical to anisotropic hydrodynamics.

@ For Kasner metric, we get two cases: longitudinal Bjorken expansion
and a new transverse expansion with longitudinal contraction.

@ Relevant for Horava-Lifshitz hydrodynamics, future work.
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Summary

@ QGP is a phase of QCD which can be created in relativistic heavy-ion
collisions.

The goal is to extract the transport properties of QGP.

Relativistic hydrodynamics can be applied to study the evolution of
QGP.

First-order (Navier-Stokes) theory leads to violation of causality.

Second-order (Israel-Stewart) theory restores causality.
@ Derivation of Israel-Stewart theory in several ways.

@ A third-order evolution equation for shear stress tensor.

Scaling relations for the ratio of bulk viscosity and shear viscosity.

Scaling relations for the ratio of conductivity and shear viscosity.
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Backup slide: Exact solution of Boltzmann equation

@ Exact solution of BE in RTA in one-dimensional scaling expansion:

T /

f7) = D(r, 70)fn + / D(r, ) fo(+'),

-
T0 TR(T/)

where, fi, and 79 is the initial distribution function and time, and

T dT//
D(m, 1) = ex —/ }
(72,71) p { . (™"

@ The damping function, D(7,71), has the properties D(,7) = 1,
D(73,m2)D(m2,71) = D(73,71), and

OD(r2,71) _ D(r2, 1)

01>  1r(m)

@ To obtain the exact solution, the Boltzmann relaxation time is taken
to be the same as the shear relaxation time (7 = 7).
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Backup slide: Non-local Collision term

@ Collision term generalised to include non-local effects by including
gradients of f(x, p)

Mgen = Cfl + 0, (A1) + 8,0, (B1)
Where A* and B*¥ are tensor coefficients of the non-local terms.

@ This form of collision term explicitly derived for 2 <+ 2 elastic collision:

1

C[f] = E / dp/dk dH pr’—)kk’ (fkfk/?P?P/ - )

Where, Wy, is the transition matrix element and f, = f(k, x).

@ Probability of the process (kk' — pp') o< fifi fofy < occurs at x

Probability of the process (pp’ — kk') + also occurs at x

[AJ, R. S. Bhalerao and S. Pal, PLB 720, 347 (2013)]
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Backup slide: Non-local effects

INFINITESIMAL VOLUME ELEMENT IN A FLUID

size R

o
~

Interparticle . gg << SYStem

spacing I€|

Assumption that the two proccesses (kk' — pp’) and (pp’ — kk') occur at the
same space-time point relaxed to include a seperation &.
[AJ, R. S. Bhalerao and S. Pal, PLB 720, 347 (2013)]
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Backup slide: Dissipative equations with non-locality

@ Final evolution equations for the dissipative fluxes:

M= allyg — BF'ITHI;I +1pn- i — Inpd - n— 6nnN + Anpn - Vo
+ Anﬂ'ﬂ-lﬂjauy + /\I'IIJU SUu+ /\ﬂww,uywyﬂ + )

nt = ankg — Bitnn ™ Apnpw?™ — Spnnt + L,n VAT — Ing A 010
— 7o — Tmrw“ iy + Apen, ™ + Xpnn* + Aot i,
+ A AL Ow ,

T — gﬁll\?’é _ gmﬁw + Tm,,mi,w + ,mvwnw + )\Mﬂéuwvm

— AtV o — meff‘awp — $n O+ N i)

+ A e P + + +

o Where 3= (1 —a), X = u"9,X and " (" ") involve

second-order, scalar (vector) comb|nat|ons of derivatives of by, bs.
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