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Introduction

QCD phase diagram
Theory of strong interactions: Quantum Chromodynamics(QCD).
Important properties: Asymptotic freedom and Color confinement.

At high temperature and/ densities the hadronic matter should under go
transition to a state of free quarks and gluons (QGP) 1.

1E.V.Shuryak, Phys. Lett. B 78 (1978) 150
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Introduction

Magnetized Neutron stars

Neutron stars can be strongly magnetized.
Magnetic field strength at the surface:∼ 1015 − 1016 Gauss.
In the core the magnetic field can be even stronger.
Common understanding: magnetic field originated from the progenitor
star.
Can quark ferromagnetic phase exists inside the compact objects? 2.

2T. Tatsumi, Phys.Lett. B489 (2000) 280-286
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Introduction

A collective spin polarization of charged quarks can give rise to
ferromagnetic nature of quark matter at high density.
For moderate densities near chiral phase transition density where
perturbative QCD is not applicable, one can use QCD inspired low
energy effective models e.g. NJL model→ non perturbative effects.
“Spin density” can be expressed in different ways: (1) spatial component
of the axial vector (AV) mean field, ψ†Σiψ ≡ −ψ̄γ5γ

iψ, (2) tensor Dirac
bilinear (T) ψ†γ0Σiψ ≡ −ψ̄σ12ψ.
Using AV mean field within the framework of NJL model it has been
shown that for one flavor, spin polarization is possible at finite density. 3.
Fierz transformation: one can get AV channel interaction between quarks
from one gluon exchange interaction.
Tensor channel interaction does not appear in the Fierz transformation of
the one gluon exchange interaction.
We discuss the interplay between the spin condensate (〈ψ̄Σiψ〉) and the
scalar chiral condensate 〈ψ̄ψ〉 in (2+1) flavor NJL model using only
tensor(T) type interaction.

3S. Maedan, Progress of Theoretical Physics, Vol. 118, No. 4, 2007
ARPAN DAS (PRL) ICTS, 2019 4 / 20
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Formalism

Formalism: NJL model
(2 + 1) flavor and SU(3) color quarks we start with the following NJL
Lagrangian density 4,

L = ψ̄
(
i /∂ − m̂

)
ψ + Lsym + Ldet + Ltensor + µψ̄γ0ψ, (1)

where ψ = (u,d , s)T is the three flavor quark field and the diagonal
current quark matrix is m̂ = diagf (mu,md ,ms).
In this work we have assumed that due to isospin symmetry in the non
strange quark sector mu = md .
Chiral symmetry invariant interaction term,

Lsym = g
a=8∑
a=0

[ (
ψ̄λaψ

)2
+
(
ψ̄iγ5λaψ

)2
]
. (2)

U(1) axial symmetry breaking interaction term,

Ldet = −K detf [ψ̄(1 + γ5)ψ + h.c] (3)

4H. Bohr et. al., Int. J. Mod. Phys. E 22, No.4, 1350019 (2013)
ARPAN DAS (PRL) ICTS, 2019 5 / 20
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Formalism

The tensor interaction:

Ltensor =
GT

2

∑
a=3,8

(
ψ̄Σzλaψ

)2
, Σz =

(
σz 0
0 σz

)
, (4)

where σz is the third Pauli matrix.
Introducing mean fields, 〈ūu〉 = 〈d̄d〉 ≡ σud , 〈s̄s〉 ≡ σs, F3 = 〈ψ̄Σzλ3ψ〉
and F8 = 〈ψ̄Σzλ8ψ〉.
In mean field approximation,

L =ψ̄
(

i /∂ − M̂ + GT F3Σzλ3 + GT F8Σzλ8 + µγ0
)
ψ − 2g

(
σ2

ud + σ2
ud + σ2

s
)

+ 4Kσ2
udσs −

GT

2
F 2

3 −
GT

2
F 2

8 , (5)

where, M̂ ≡ diag(Mu,Md ,Ms), with effective masses,

Mu =mu − 4gσud + 2Kσudσs

Md =md − 4gσud + 2Kσudσs

Ms =ms − 4gσs + 2Kσ2
ud . (6)

ARPAN DAS (PRL) ICTS, 2019 6 / 20
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Formalism

The thermodynamic potential :

Ω(T , µ, σud , σs,F3,F8) = − 6
4π2

∑
f=u,d,s

∫
dpT

∫
pT dpz[(

Ef+ + Ef−

)
+ T ln

(
1 + e−β(Ef+−µ)

)
+ T ln

(
1 + e−β(Ef++µ)

)
+ T ln

(
1 + e−β(Ef−−µ)

)
+ T ln

(
1 + e−β(Ef−+µ)

)]
+ 2g(σ2

ud + σ2
ud + σ2

s )− 4Kσ2
udσs +

GT

2
F 2

3 +
GT

2
F 2

8 (7)

The single particle energies are,

Eu± =

√
p2

z +

(√
p2

T + M2
u ±GT

(
F3 +

F8√
3

))2

Ed± =

√
p2

z +

(√
p2

T + M2
d ±GT

(
F3 −

F8√
3

))2

Es± =

√
p2

z +

(√
p2

T + M2
s ±GT

2F8√
3

)2

Es− =

√
p2

z +

(√
p2

T + M2
s −GT

2F8√
3

)2

(8)
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Formalism

Thermodynamic behaviour of the condensates can be found by solving
the gap equations, which can be found from the stationary conditions.

∂Ω

∂σud
=

∂Ω

∂σs
=

∂Ω

∂F3
=

∂Ω

∂F8
= 0 (9)

Gap equations can have several roots, but the solution with the lowest
value of thermodynamic potential is taken as the stable solution.
NJL model Lagrangian in (3+1) dimension has operators which have
mass dimension more than four, thus it can shown to be a
non-renormalizable theory.
Thus the divergence coming from the three momentum integral of the
vacuum part can not be removed by the renormalization prescriptions.
The model predictions inevitably depend on the regularization
procedures.
In this work we have considered the most frequently used 3D momentum
cutoff regulation scheme to regularize the divergence in thermodynamic
potential.

ARPAN DAS (PRL) ICTS, 2019 8 / 20
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Formalism

Parameter Set 5

Parameters and couplings Value
Three momentum cutoff (Λ) Λ = 602.3× 10−3 (GeV)
u quark mass (mu) mu = 5.5× 10−3 (GeV)
d quark mass (md ) md = 5.5× 10−3 (GeV)
s quark mass (ms) ms = 140.7× 10−3 (GeV)
Scalar coupling (g) g = 1.835/Λ2

Determinant interaction (K ) K = 12.36/Λ5

The parameter which plays the crucial role is the tensor channel
interaction GT .
Fierz transformation from scalar and pseudo scalar interaction,

g
[

(ψ̄ψ)2 + (ψ̄iγ5λiψ)2
]

=
g
4

[
(ψ̄ψ)2 − 1

2
(ψ̄γµγνλiψ)2 + .....

]
, (10)

which gives |g/GT | = 2.
In the present investigation we can take GT as a free parameter.

5M. Buballa, Phys.Rept. 407, 205-376 (2005).
ARPAN DAS (PRL) ICTS, 2019 9 / 20
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Results

Zero temperature results:
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Figure: Constituent quark mass as a function of quark chemical potential at zero
temperature in the presence and absence of spin polarization condensation, with
F8 = F3/

√
3 and GT = 2g.

ARPAN DAS (PRL) ICTS, 2019 10 / 20



IOPlogo

Results
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Figure: This figure shows the contour plots of the thermodynamic potential in σs − F3

plane at zero temperature with different values of quark chemical potentials (µ) for the
case of GT = 2g and F8 = F3/

√
3. It is clear from the plots that non zero spin

polarization appears at µ = 0.480 GeV, reaches its maximum value near µ = 0.510
GeV and it completely melts near µ = 0.600 GeV.
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Figure: Dependence of constituent quark mass on the quark chemical potential at zero
temperature in the presence as well as in the absence of spin polarization
condensation for different values of tensor couplings GT = 4g (left plot) and GT = 4.3g
(right plot) for F8 = F3/

√
3.
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Results

Finite temperature results
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Results

Threshold tensor coupling
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Figure: This figure shows the contour plots of the thermodynamic potential in σs − F3

plane for zero temperature (T) and finite chemical potential (µ) with different values of
tensor coupling GT and F8 = F3/

√
3. In the first, second and the third row the tensor

couplings are taken as GT = 2g, 1.8g and 1.5g respectively. Along each row
temperature and GT has been kept fixed but µ is increasing, similarly along each
column µ and T has been kept fixed with GT decreasing. Darker regions in these
contour plots shows the global minimum of the thermodynamic potential. It is clear
from the plots that at zero temperature, for larger value of tensor coupling spin
polarization can exist for a relatively wide range of chemical potential. With the
decreasing value of tensor coupling e.g. for GT = 1.5g spin polarization almost
vanishes. This result can be easily extended to finite temperature. For non zero
temperature existence of spin polarization requires lager value of GT .
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Results

Behaviour of F3 and F8 independently
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Figure: Variation of F3 and F8 with temperature, where F3 and F8 are considered
independently, for GT = 2g.
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Results

Effect of F3 and F8 on Mf
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Figure: Dependence of constituent quark masses as a function of the quark chemical
potential at zero temperature, when F3 and F8 considered independently, for GT = 2g.
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Figure: Dependence of constituent quark masses as a function of the quark chemical
potential at zero temperature, when F3 and F8 considered independently. Left plot is
for GT = 3.5g and the right plot is for GT = 4g.
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Results

Conclusions

Tensor condensate F3 and F8 exist in the chiral symmetric phase.
With increasing temperature and chemical potential scalar condensate
and tensor condensate both vanishes.
Tensor condensate affects the single particle energies as well as the
chiral symmetry restoration.
Tensor condensate acts as the catalyst of chiral restoration.
At zero temperature the spin polarization transition is first order in nature.
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Results

Thank You
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Magnetic field in magnetars

Scale: 1 GeV2=1020 Gauss.
Quantum critical magnetic field: When the rest mass is of same order as
the cyclotron frequency. Bcr = m2c3

e~ , For electrons Bcr = 1013 Gauss and
for protons Bcr = 1020 Gauss.
For standard neutron stars: B= 1012 Gauss.
For magnetars: B= 1015 Gauss.
Core collapse supernova: magnetic flux conservation, B(0) = ( Rcore

RNS
)2B∗SN

Supernova core Rcore ∼ 106 Km.
Neutron star radius RNS ∼ 10 Km.
Seed magnetic field inside the Supernova B∗SN ∼ 103 Gauss.
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Reduced magnetic field can be defined as 6., µqBred = |GT F |
µq = µu+µd

2 , µu = 2/3e
2mu

, µd = −1/3e
2md

.

µs = −1/3e
mss

Bred = |GT F8|
µs

µs = −1/3e
2ms

=⇒ eBred = 0.02GeV 2 ∼ 1018Gauss.

6Y. Tsue et.al., Progress of Theoretical Physics, 128, No.3, 2012
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