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Relativistic Heavy Ion Collisions

. RHIC: Au+ Au, Cu+Cu,

- Cu+Au, U4U

/s = 5.5 —200GeV
e ~ 15— 30GeV/fm3

LHC: ALICE, also HI in

CMS, ATLAS and LHCb

Pb+Pb /s=2.76—5.5TeV
e ~ 100GeV /fm3

L=

Supercomputing and LQCD at 7>0:

2013: TOP500 rank: 3 TOP500 rank: 4 TOP500 rank: 9

=0

Titan, USA Sequoia, USA MIRA, USA



New states of strongly interacting matter ?

I. Ya. Pomeranchuk, Doklady Akad. Nauk. SSSR 78 (1951) 889

Because of finite size of hadrons hadronic matter cannot exist up to arbitrarily high
temperature/density, hadron size has to be smaller than /T

Hagedorn, Nouvo Cim. 35 (65) 395

Exponentially increasing density of hadronic states => limiting temperature

Cabbibo, Parisi, PLB 59 (75) 67

Realization that at high temperature hadronic language is not appropriate
and reinterpretation of the limiting temperature as the phase transition temperature
to medium consisting of quarks and gluons

Collins and Perry, PRL 34 (1975) 1353
At very high density strongly interacting matter should consist of quarks due to assymptotic
freedom



Deconfinement at high temperature and density

Quark Gluon Plasma (QGP)
as(T) < 1

Transition

Hadron Gas

Why this is interesting ? :
basic properties of strong interaction

hiined color electric
Zymmetric Screening

al critical end-point

astrophysical (compact stars and transients):
boundaries of hadronic matter
cosmological consequences color

. . ) superconductor
(Early Universe few microseconds after Big Bang, .
e.g. axion cosmology) Ko K




Symmetries of QCD 1n the vacuum at high T

® Chiral symmetry : m,, 4 << N\qcp T>Nqep
SU 4(2) rotation ¢ — ! T"754) vr.r — Ly g (p) = 0
spontaneous symmetry breaking or Nambu-Goldstone symmetry realization
hadrons with opposite parity have very different masses,
interactions between hadrons are weak at low £
e Axial or U(1) symmetry: i i 15 ,
4(1) sy y: invariance ¢ — e'?75q) Effectively
: . Qg restored ?
is broken by anomaly (ABJ) : <8l{7;‘> = <€O‘575F36 )
, ‘ _ topology
n’ meson mass, 1m-ap mass difference
® Center (Z5) symmetry : invariance under global gauge transformation (LY # 0
A,u(o7 X) — eiQWN/?)A,U(l/TJ X)7 N=12,3 broken

Exact symmetry for infinitely heavy quarks and the order parameter is the
Expectation value of the Polyakov loop:

I = trpeia Jo! T drao(r,7) (L) =0



QCD phase diagram as function of the quark mass

Pisarski, Wilczek, PD29 (1984) 338

infinity y , For very large quark masses there
m ! . . . iy
s L st is a 1st order deconfining phase transition
2(2)‘\\order
~70MeV g ................ . o m’ Yo . -

g TRt G Chiral transition:

” | £ « For vanishing u,d -quark masses the
Chiral transition is either 1st order or 2@
order phase transition

\ 2(2) A/mpS 6TMeV * For physical quark masses there
lst \© m, could be a 1st order phase transition
oraer ; 9
. f i e or crossover
~SMeV infinity

Evidence for 2nd order transition in the chiral limit
=> universal properties of QCD transition:

SU4(2) ~O(4) transition is a crossover
relation to spin models for physical quark masses




In these lectures:

Basics of filed theory at 7>0 and weak coupling expansion
Dimensionally reduced EFT (EQCD)

EFT at low T and virial expansion

Lattice QCD at T>0 basics

Deconfinement transition in absence of quarks (SU(N) gauge theories)
Chiral transition in QCD

Equation of State in QCD

Deconfinement and color electric screening in QCD

o o N o kW=

Magnetic screening and testing EQCD non-perturbatively
10. QCD at non-zero chemical potentials and Taylor expansion

11. Spectral function and heavy quark diffusion constant



Quantum Statistical mechanics

Transition amplitude in QM and its path integral represenation
F(d, 1 q,t) = (¢l HED|g)
t — —it, t' — —i7 (imaginary time)
F(q —ir'; q,—ir) = (¢l AT D|g)

_ 1
H = §p2 + V(q)

7/ 1 _
F(d,—it; q,—it) = /Dq exp —/T dr” <§q2(7”) +V(q(7”)>]

(1) =q, (7)) =¢

Partition function in statistical mechanics:
Z2(8) = Tre PH g =1/T

Z2(B) =Y e P Aln) = Eqln)



Z(B) = /dqmle_ﬁﬁl(z)

2(8) = [ daF(¢,~i; q,0)
U

- [ar (3P0 +v<q<7>>)] ,
4(8) = a(0)

B 1
Euclidean action Sg(8) :/o dr (§q2(7) + V(q(T)))
We can also calculate the generating functional

2(8) = [ Pa(r) exp

Z(B;3) =/qu><p

~Sp) + [} i(raryan)

1 §2Z(B;7)

. —SE(B8)
7(8) 65 (1)65(2) 7 =°

A(Ty,m0) =

1
= Sy ] Paatra(r)e



Thermodynamics of scalar field theory

Straightforward generalization to infinite number of degrees of
freedom q(t) — o (t) = o(¢t, x)

1 1 2
L = 5(9u0)(9"¢) — Sm>¢> — T-o"
v 2
_ [P 3. (1 > 1 2,1 202 94
Sp(8) = | dr [ x<§<af¢> + 2(0:6)2 + Zm28 + L >

208 7) = [Doexp(—SuB) + [ dr [ dBai(r,2)o(r,2))
0

¢(0,z) = ¢(8, )
Free field limit ( ¢ = 0):

1 B
Z(B;7) = / D exp [— / d4xE5¢(—a$ —V2+m?)p+ /O d*zpj(2p)e(zg)

Lp — (7-7 Zl?)




Gaussian integration:

B
Zo(B,7) = Z(B) exp [/0 d*zpdyr j(zp)Do(zr — yE)i(YE)

Z(B) = (detDp)l/2 = Trin Ag
[—5’72 — V2 + mz] Ao(zp —yg) = 06(1z — 7y)0(z — y)

U
(w7 + k2 + m?) Ag(iwn, k) = (w3 + w2)Ag(iwn, k) =1

wn = 271n, w% — k2 ~t- m2

U

-Matsubara propagator

1
2

w%—l—wk

Aqg(iwn, k) =
Mixed (Saclay) representation:
Ao(1, k) = T3, e Do (iwn, k)
(07 + wilAo(7, k) = 8(me — 7)), Do(T — ) = A7)
= Do(7) = 5o (14 flwp))e K + fwp)ewT), fwp) = (P — 1)1



0@

InZ(B) = %Trln Ng = % S N InB2A (iwn, k) =

n=—oo k
1 & d>k 20 2, 29 _
_En:z_oov (2my3 " P len il =
d B 1 B B
Z@m[w 2+ wil ‘gwgwg = Blo(7 = 0,k) = 57 (1+2f (i)
2
3 In B2 (w2 + wi) = Bw + 2In(1 + e PY%) + const
d3k
In Z(ﬁ)z—V/(Q )3{ Buwy 4 In(1 — e~ M)]
F(T,V)=TInZ(B), p= —0F(T,V)/oV, S = —aFg; V),U = F4+TS

Massless case (m =0 — wp, = k):

= s ] -

«(T) =U(T,V)/V =3p, s(T) =S(T,V)/V =4/3e(T)




Perturbative expansion:

e SEB) ~ o—S(B) (1 _ —/d4£UE¢4(£UE)>

N
N

e )3AO(T = 0,k)
@ g:> UV divergent part renormalized as at T=0

3
g° d>k .
= —T A  k
272 G 520 (iwn, k) Q
9% [ =
_2
2

92T2 Particles aquire a
24 thermal mass !




T;/

Q +

d3k

(271_)3 In Ao(iwn, k) +

Massless case:




Infrared problems at finite temperature: the next-to-leading correction
to the pressure is not of order A2 but A\3/2 from m =0 !

Z/ L TZ/d3kA(z’w k)2
16 (27r)3(p2+w2)2 —~J (2m)37 O™

the I = 0 term is IR divergent as [ d3p/p*

In the 4-loop diagram

- 1 - a3k Ao (iom, ) ’
e Z/ <2w>3<p2+w2>3 > | amystotien

the | = 0 term is IR divergent as [ d3p/p®




We need to resum all diagrams of the following type (ring dia-
grams)

1 Bp 21 ( (=) \V
_EVT;/ (27)3 N§2‘z\7 ((w,,% —I—p2)>

1 d3p M M
= ——VT / n{l4+ ——-——-v-v | — ———r
2 2 (27)3 ( ( T p? + w%) p? + w%)
keeping only the contribution from (IR sensi-
tive) n = 0 and using N = ¢272/24 we get

B VT4 <92>3/2

mng = qon \ 24

Collective effects in the medium have to be
taken into account at all orders |

24 2 5> \ 3/2
}%:WT 1_15(9 >+15<g ) Iy

90 8 \24r2 2 \ 2472

Resummation of ring diagrams corresponds to using massive propagators in #=0 modes



Resummation and screened perturbation theory

1 .
PP [1 5, V6 15 (10g N 40) .2 Amold, Zhai, PRD50 (94) 7603

4 3 4 2nT

15v/6 2
__\[ <log K

2 2 3

L _Zloga— 0.72) a®? + O(a®log oz)] a = g°/(167%)

(@) nT<pu<4nT

1.04 . . — 1
1.02 |
21 o098t

1
0.98 | 0.96T
0.96 | 0.94} One Loop
0.94 L Two Loop

- 092 [ Three Loop

0.92

) 0.9 'l 2 'l 2 'l 2
09 0 0 1 2 3 4

g(2=T)

Karsch, Patkos, PP, PLB 401 (97)69 , Andersen, Braaten, Strickland PRD63 (01) 105008



Dirac Fields at finite temperature

Free Dirac Hamiltonian
1 = /d3wT’m(—i’y -V 4+ m)y(x)

Q = [ d3z¢T4% -conserved charge
Canonical and grand canonical partition functions

Zean = Tre PH | 7 = Tre=PH-1Q
TrA = /77 ne” M < —n|Aln >

Z = /D(wé, Ya) exD( / dr [Ya(0r — M)¢a+H(¢aa¢a)])

fermion fields anticommute = a(8) = —%a(0)
= wp=02n+1)7T,n=0, +£1,£2... H /mm M Dim = detD

Z = Trin [—iB((—iwn + p) — 7%y -k — m’vo)]

= QZZIH {52 (wn —I—z',u)2 —I—w%)}
n ok

d3k Bl 8l
2\//(2 13 [Br +InC1 e Flr=m)) 4 in(1 4 e~ Flrtm)]




Gauge field at finite temperature

Z(ﬁ) — /D(Aaanbanc) eXp [_‘ /OB d4xE£€ff(x)]

eff(:c)— (@) F <x>+ £ (Ouap)*+71a(2) (0200 + JareA},0u] (@)

AM(Oax) — A,u(ﬁax)a 77@(0733) :_na(ﬁax)

nZ(8) = —5 x 4NZ - )X L In%(w: + K]+
n ok

4 gluons

(N2 -1)Y S In[B?%(w2 + k)]
mn k " 

2T4
90

ghosts

p(T) =2(N? — 1)



Gulon self energy and color screening in perturbation theory

00 00

Gluon self energy in the static limit:

N, N
HOO(Wn:OakHO):meDZ(;_F 6f)92T2

N2—-1 5 [ &k = 1 N2 -1 e ™mDr
g e = — Ols
2N, (27r)3 k2 + Moo (k) 2N. r
chromo-electric fields are screened but chromo-magnetic fields

are not screened (at least in perturbation theory)

V(r) ~ —




QCD at high temperatures

Because of asymptotic freedom thermodynamics quantities can
be calculated in perturbation theory if T > /\QCD, at least in
principle

Pressure has been calculated to 3-loop order

Arnold, Zhai, Phys.Rev. D51 (1995) 1906, Kastening, Zhai, Phys.Rev. D52 (1995) 7232

) ) ) 7" N\
Bosonic contribution: {:} 1 v {i} g @
\ /

Static resummation:

/'\ ~
1m2 A2%6,, o hannnn) C.EL:V\ I( 1
g T ‘e’ ~

Q@0
000 d

Fermionic contribution:



2 —\\ 2
B AT 1 7dp 9() 5
F = daT 9 { 5 ( +m) + (4—71- <CA + QSF>

3/2 4
o (£2)°(CAE50) g (2 cuion o (£ ET)

g 22 & 38¢(—3) 148¢'(-1) 64
+<E) [CA(s N T3 (3 3 = 1)_47E+—)

47 @, 1¢(=3) 74¢(-1) _ 1759 37
/+CASF(3 "an T+§C( 3) 3 ¢(-1) +—+_I 2)

Running coupling:

201) = ¢2(1 — fo| 20 i 8¢(=3) 16¢(-1) 1 88
) = ¢ on(u/uo)z/—;—SF< DRSS 0 e 2 %o
Bo= 304~ )2(110A 2Ny) 10
( 4+ Sor <_—4 +241n 2)]

5 1/2 [
B (41) <CA+SF> ez (176 In-£ +176~e—2472-494+2641n 2>
T 3 4nT

+CASE (1 12In -2 4+1124e+72-1281n 2)
4T

452 (—64 In—t__64ve4+32-1281In 2)
47T
~1445¢| +0(s®)},

5 1 NZ2-1
da=Ne=1, Ca=Ne, dp=NcNe, Sp=SN;, Sop=— =
C

N¢.

Arnold, Zhai, Phys.Rev. D51 (1995) 1906, Kastening, Zhai, Phys.Rev. D52 (1995) 7232



Convergence of perturbation theory and HTL
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Andersen, Leganger, Strickland, Su, JHEP 1108 (2011) 053

The same poor convergence of perturbative

series for the pressure as in scalar field
theory, the problem is largely due to odd
powers in g

Hard Thermal Loop (HTL) resumed
perturbation theory absorbs odd powers
in g to lower order contributions

See lectures of Anton Rebhan for more details

2000



Pressure at order g° and magnetic mass

Infrated sensitive contribution to the partition function at [ + 1-
loop order:

I+1
g°! (T / d3p> p2l(p? + m72nag)_3l

galT*, 1=1,2
674 —
$OT*IN(T /munag), | =3
96T4(92T/mmag)l_3, [ >3
Mmag ~ 92T = infinitely many diagramls ci%ntribute at ¢° order !
Confining nature of static chromomagnetic fields at high T

In practice g is not
very small : g(p =10%GeV) = /4ma,(u = 102GeV) ~ 1 g(u = 10'°GeV) ~ 1/2




Dimensional reduction at high temperatures
Decomposition in Matsubara modes

o(r,x) = T (x)

Sp= [ dr [ El@uP+V O] [ PalE @10n@)P+CrTnon(@)+V (9n))

integrate out all n # 0 modes & mass term for n=0 mode F,..=D,A,—DJA,
Effective hight T theory for QCD 277 >> ¢T > ¢°T : A, = 3124
p %

Sefr =1 d3x (%TTF% + Tr(D;Ag)? + m%T'rAg + )\3(T?“A%)2)
Fyj = 0;A; — 0;A; +ig3[A;, Aj], DiAg = 0;Ag + ig3[A;, Aol EQCD

the parameters g5 ~ ¢g°T, mp ~ g7 and A3 ~ g*T can be com-
puted perturbatively to any order.

T he effective theory is confining and non-perturbative at momen-
tum scales < g% but can be solved on the lattice to calculate the

weak coupling expansion of the pressure and other quantities
Integrate out 4,

Braaten, Nieto, PRD 51 (95) 6990, PRD 53 (96) 3421 @
Kajantie et al, NPB 503 (97) 357, PRD 67 (03) 105008
even powers in g _ odd powers in g 3d YM theory MQCD

-
F = F(non-static) + T 3¢ F3d ~ g6



Chiral perturbation theory at 7>0

At sufficiently low T (7<< 4 r F’) the dominant degrees

of freedoms are pions and QCD thermodynamics ~p*/F ¢
can be described by in terms of chiral perturbation theory

Similar to the ¢*theory but the coupling ~p°/F ?

= no IR divergences Gerber, Leutwyler, NPB321 (1989) 387

Next-to-leading ~p#/F* order: Counter-term: ___—

for massless pions
O s OO (r e p
2 443 4b ba Lb bc

72T T A
T) = 1 In —%
(1) = =55 (+36F4HT)’

e OO0 6
8a &b 8c 8d

Hadronic interatcions are weak
at low 7, T<F but increase with
Increasing temperature

Is the expansion applicable in practice ?
Co
F~F_~90 MeV



Relativistic Virial Expansion and Hadron Resonance Gas

Chiral perturbation theory is limited to pion gas. Other hadrons, resonances ?
Relativistic virial expansion : compute thermodynamic quantities in terms

as a gas of non-interacting particles and S — matrix
Dashen, Ma, Bernstein, Phys. Rev. 187 (1969) 345

Free gas of stables hadros: 7, K, N interactions
¥ "
nZ=InZo+ Y e'n/Tern/Th(iy,ip)
V d3p 2 | 241/2 oS 0S~1
b(i1,i0) = dEe~ P +E) /T AS(S™ = — S
(7/177/2) 47_‘_2 / (27-‘-)3 / € f;l ( 8E 8E )

(ant1) symmetrization (spin-statistics)
Elastic scattering only (final state = initial state)

o Partial wave
S(E) =) '(20+ 1)(2I + 1) exp(2i6] (E)) decomposition
1,1
perform the integral over the 3-momentum

by = o5 [ AEE?Ko(E/T) Y (20 +1)(21 + 1) 24
R

of the pair at threshold invarian mass



Use experimental phase shifts to determine b, , Venugopalan, Prakash, NPA546 (1992) 718

3
/—~
- 2 ’fg i
g k) "
=§ 1 2 _]
& No2 B
s = —
...1 L —
|
— R
0 z
& 8 —
S o
'g d
£ £
= -d E L3
S S
W PR

400
Qcm(Mev)

After summing all the channels only resonance contributions survives in

99; (E)

> 20+ 1)(2I +1) o

1,1

Interacting hadron gas = non-nteracting gas of hadrons and resonances



Problems with Hadron Resonance Gas

e There are problems with hadron resonance gas when baryons are included:
nucleon-nucleon interactions are non-resonant and dominantly repulsive which

makes HRG problematic at larger baryon density, Huovinen, PP, PLB 777 (2018) 125

» There are significant non-resonant meson-baryon interactions and overlapping resonances

For example in the strange baryon sector

Fernandez-Ramirez, Lo, PP, PRC98 (2018) 044910 _
Partial pressures of

I=1 strange baryons in /03 T%

80 7
70 S-mat. HRG B-W
60 S;1 L0I8  0.282  0.532
50 P, 1.681 1.275 1.465
40 Ps  1.868 1.857 2.406
30 Dys 0964 0995 1.052
10 Fis 0514 0503 1.119

0 Fi» 0556  0.238 0.603

Gir Q169 0.095 0.310

-10

Yet the total strange baryon pressure
is well approximated by HRG
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