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Glassy Systems
■ Cool rapidly enough such 

that crystallization is 
avoided → supercooled state 
→ glass ( lower temperature )

■ It is a non-equilibrium state 
which depends strongly on 
the cooling rate

■ Relaxation time increses 
many orders of magnitude 
with temperature change of 
~ 100K

■ Stretched exponential 
relaxation → indicating 
multiple relaxation times in 
the system.

■ Super-Arrhenius temperature 
dependence



Phenomenology of Supercooled Liquid

• No dramatic structural changes with 
decresing temperature.

• Rapid increase in relaxation time and 
Viscosity changes by 16 orders of 
magnitude over a temperture change of 
around hundred degrees.

• Super-Arrhenius temperature dependence.  



Systems with Glassy Dynamics

metallic glasses

Emulsions Colloids

Model glass 
former

Model glass former with 
crystalline order



■ Rapid increase of relaxation time in 
Glass with decreasing temperature is 
very similar to the phenomena of 
critical slowing down near a continuous 
phase transition.

■ Possibility of a growing length scale 
associated with the dramatic slowing 
down in dynamics.

■ Static length scale or Dynamic length 
scale?Numerous attempts to extract a 

growing length scale 





Static Length scale of Amorphous Order

• Different methods for calculating static length scale: 
– Point-to-set Correlation function
– Patch Repetition Length Scale
– Curvature of local potential energy minimum (Hessian 

Matrix)
–  Finite size scaling of relaxation time
All these methods are involved in nature and sometime 

require a lot of microscopic details. Thus they are not 
practical for real glass forming liquids and are mostly 
studied for model liquids in simulations.



Static Length scale of Amorphous Order
• Experimental determination of this static length scale remained a major 

challenge.

• Measuring the higher order non-linear dielectric susceptibilities is extremely 
difficult as they are many orders of magnitude smaller than the leading 
linear contribution. Special experimental techniques were developed to 
reliably measure these higher order susceptibilities.

 

Science 352, 6291 (2016)



Pinning Susceptibility: A novel method to study Static Length 
scale of Amorphous Order

We proposed a new susceptibility : Pinning Susceptibility to extract the static 
length scale very easily. This will be  also very simple to implement in 
experiments.

Pinning Susceptibility : A Novel Method to 
Study Growth of Amorphous Order in 
Glass-forming Liquids, R. Das, S. Chakrabarty, 
S. Karmakar, Soft Matter 2017.



Pinning Susceptibility
This susceptibility looks very similar to               but the main difference is that peak 
height of               depends on the dynamic length-scale where as peak height of                
is directly proportional to the static correlation volume in the liquid. There is no 
unknown exponent involved in the analysis. 

In 3 dimensions

In 2 dimensions



• At time much larger than the short time relaxation, Q(c,t) can approximated 
very well by stretched exponential function : 

• Differentiating this above Eq. with respect to c and then letting  

• Now for small pinning concentration c, relaxation time obeys the following 
scaling function if certain conditions are satisfied : 

• The scaling function f(x) goes to zero as x goes to 0. So in the limit x -> 0, 
we  can approximate 



Conditions for Existence of Scaling Function



Pinning Susceptibility



Consistency Check
Pinning Susceptibility does  
not depend much even for 
larger 

Time at which the peak of 
pinning susceptibility 
appears is proportional to 
the      relaxation time.  



Consistency Check
Peak height of Pinning Susceptibility 
indeed does not depend even if it is 
calculated at different pinning 
concentration. This is essential for the 
existence of the scaling function.

Peak height of                           does 
depend on packing fraction if it is 
calculated at different packing 
fraction. Similar Scaling function 
will not exist for this susceptibility.



Consistency Check

Colloidal 
Experiments, 
PRL 116, 
098302 (2016)



Pinning Susceptibility without pinning
We actually do not need to pin particles, just adding 
small concentration of larger particles generates the 
same effect and picks up the static length-scale. 
This makes the susceptibility completely portable to 
experimentally relevant glass forming liquids. 



Similar consistency checks



Consistency Checks

• Diffusion constant of C particle is 
around an order of magnitude smaller 
than the solvent particles.

• Pinning Susceptibility does not depend 
on the size of the C particles within 
the studied size range. 



Initial data with Glycerol + Sorbitol Mixture

Sorbitol
Glycerol



Some particles are softly pinned over 
the measurement time window and the 
correlation around that particle extends 
over static length scale. 



Random Pinning Case:



Soft Pinning Case:



• Proposed a new susceptibility which is easy to 
calculate in experimentally relevant glass 
forming liquids.

• The peak height of this susceptibility is directly 
proportional to the static correlation volume 
without any unknown scaling exponents. 

• Initial experimental results are encouraging 
and hope that we will have some idea about 
the growth of amorphous order in real glass 
forming liquids in near future close to Tg.

Conclusion : Part 1



Systems with Medium Range Crystalline Order

• Are glass formers with medium range crystalline order generically 
same as other glass formers? 

• How different length-scales are connected to slowing down in 
supercooled liquid for glasses with and without medium range 
crystalline order?







Dynamic Length-Scale



Dynamic length-scale is obtained 
from the finite size scaling of 
Binder Cummulant and also from 
four point structure factor of bond 
breakage correlation function.

Hayato Shiba, Yasunori Yamada, Takeshi 
Kawasaki, and Kang Kim, PRL 117, 245701 
(2016)



Hexatic Order



Static and Dynamic Length-scales are same at all temperatures



System without MRCO : 2dR10

No prominent hexatic 
order is observed at the 
lowest temperature 
studied.



FSS of Binder Cummulant

Point-to-set Length scale 
with cavity geometry



Comparison of different Length-scale

Static and Dynamic Length-scales decouple from each other.



2dIPL model: Density as control parameter



MRCO vs non-MRCO glassy Liquids



Polydisperse Model:



Point-to-Set Length-scale

PTS length-scale does not 
grow rapidly. Consistent 
with Russo & Tanaka, PNAS 
2015 work.



Very large variation of polydispersity 
and density for different cavities. 
This is really a concern when one 
calculate PTS length-scale using 
cavity geometry.

If we take only those cavities 
whose densities are close 
(within 2% ) to the bulk density 
and recalculate the overlap and 
Point-to-set length-scale, then 
indeed overlap decays slowly 
for lower temperature.



PTS is still seems to be order 
agnostic and captures the 
growth of length-scale 
relevant for growth of 
time-scale. 

Once density correction is taken care 
of, then PTS seems to capture the 
growth of hexatic order in polydisperse 
system also. 



3d BMLJ System

Static and Dynamic Length scales are strongly 
coupled : Growth of Locally Favored 
Structures (LFS) may possibly be the reason. 



With increasing curvature, icosahedral  
order becomes much more prominent 
and static and dynamic length scale 
becomes strongly coupled. 

Icosahedra is the structural 
motif which is like MRCO 
region in 2d systems. 



Mono-disperse Systems



Conclusion : Part 2
• The growth of different length scales in supercooled liquids with medium 

range crystalline order (MRCO) are completely different from the generic 
glass forming liquid where MRCO is not prominent. 

• Dynamic heterogeneity and relaxation times are controlled by one unique 
length scale for glass forming liquids with MRCO. 

• Systems with no prominent medium range crystalline order, dynamic 
heterogeneity and relaxation times are controlled by two different length 
scales. Increase in relaxation time with decreasing temperature is 
controlled by the static length scale not the dynamic one. 

• PTS length scale correctly picks up the hexatic order. This is actually order 
agnostic. 

• Metallic glasses seem to have also local crystalline order and thus glass 
transition in metallic glasses might be different from the conventional 
glass transition. 

• Extension to this work in other three dimensional models with MRCO/LFS 
is in progress and it will be great to see whether similar physics also 
applies to those systems.
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