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MD simulations of a 2d LJ (triangular) solid,
which is initially defect free, under pure shear.
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STATING THE PROBLEM:

What leads to loss of  rigidity and onset of  plasticity in a crystalline solid?



V. Bulatov et al., Nature (2006); M. Marder, Les Houches Lectures



Crystalline solids are rigid but loose this property at some fixed 
(large) stress value - the so called yield stress -  due to nucleation 
and dynamic de-pinning/un-jamming of dislocations.

V. Bulatov et al., Nature (2006); M. Marder, Les Houches Lectures



THEORIES OF YIELDING 

Micromechanical Model for Deformation in Solids with Universal Predictions
for Stress-Strain Curves and Slip Avalanches
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A basic micromechanical model for deformation of solids with only one tuning parameter (weakening

") is introduced. The model can reproduce observed stress-strain curves, acoustic emissions and related

power spectra, event statistics, and geometrical properties of slip, with a continuous phase transition from

brittle to ductile behavior. Exact universal predictions are extracted using mean field theory and

renormalization group tools. The results agree with recent experimental observations and simulations

of related models for dislocation dynamics, material damage, and earthquake statistics.
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Plastic and brittle deformations of solids have been
studied in various scientific disciplines for more than a
century, and many important results have been obtained
in the past [1]. Initially plastic deformation was modeled as
a smooth, continuous deformation of nominally homoge-
neous materials. However, recent experiments [1,2] on
small nickel crystals and other materials reveal steplike
stress-strain curves with broad power-law-distributed dis-
location slip avalanches and the formation of slip-bands on
the sample surface. The power law relationship between
frequency and event size has been shown to be material
independent (i.e. ‘‘universal’’). The same is true for the
geometric roughness of slip surfaces and related quantities.
The process looks remarkably similar to the brittle defor-
mation of the earth’s crust with Gutenberg Richter power
law statistics of earthquake sizes and fractal-like fault net-
works [1– 3]. To quantify the analogies, we introduce a
basic micromechanical model with threshold dynamics for
deformation in crystals, which shows richer dynamics than
many traditional continuum models. An important advan-
tage of this model is that it has very few ingredients and yet
is able to provide exact quantitative predictions for univer-
sal scaling properties that correctly reproduce many essen-
tial features of the dynamics. Using only one tuning
parameter (weakening "), it yields a surprisingly general
understanding of the universal long length scale behavior
of multiple types of deformation responses (brittle, ductile,
or hardening) seen in laboratory experiments. Another
advantage is that it provides exact analytical results and
quantitative predictions for universal scaling forms, expo-
nents, and functions that can be measured in experiments.
Tools from the theory of phase transitions and the renor-
malization group are used to calculate exact material in-
dependent (universal) scaling predictions for a large range
of scales: scaling results for stress-strain curves, noise
power spectra, slip pulse size, duration distributions, and
geometrical properties are computed exactly for two differ-
ent types of boundary conditions (a slowly increasing

applied shear stress or a small fixed tangential boundary
velocity). For slowly increasing applied shear stress the
results agree with recent experiments and simulations [1].
New experiments are suggested to test new exact predic-
tions. For the fixed velocity boundary condition, the model
results agree with those for two related earthquake models
[4,5]. The discussed framework thus represents a general-
ization of recent models for dislocation dynamics [1] and
may be used to understand the similarities and differences
between models for deformation of solids and models for
earthquake dynamics.
The model.—Consider a three-dimensional block of ma-

terial that deforms under shear. On a large scale it may
represent an entire crustal region, without a preexisting
dominant crack or fault [5]. Two different boundary con-
ditions are applied:
(I) A slowly increasing shear stress F applied to the

boundaries, or
(II) A small tangential velocity v imposed at the

boundaries.
The local medium behaves elastically until the static

local failure stress !s;r is exceeded. It then undergoes a
local slip until the local shear stress is reduced to a lower
arrest stress !a;r (‘‘sticking stress’’). !s;r and !a;r may vary
with position r, due to disorder in the system, such as
stepovers, asperities in earthquake systems, or impurities
and crystal imperfections in metals. The exact shape of
their distribution does not affect the universal scaling
results reported below. In the following we set !a;r ¼ 0
and assume a narrow parabolic distribution for !s;r [4].
After the medium sticks back together it locally acts elas-
tically until the local stress again exceeds the current fail-
ure stress, which may have changed since the initial slip via
weakening or strengthening. Each slip produces an uniso-
tropic redistribution of elastic forces that fall off roughly as
1=D 3 (or 1=D 2 in two dimensions) with the distance D
from the slip location. The stress redistribution takes place
with the speed of sound, i.e., much faster than the (lab or
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PACS 61.72.Ff – Direct observation of dislocations and other defects (etch pits, decoration,
electron microscopy, X-ray topography, etc.)

PACS 62.20.fq – Plasticity and superplasticity
PACS 64.60.av – Cracks, sandpiles, avalanches, and earthquakes

Abstract – Although scaling phenomena have long been documented in crystalline plasticity, the
universality class has been difficult to identify due to the rarity of avalanche events, which require
large system sizes and long times in order to accurately measure scaling exponents and functions.
Here we present comprehensive simulations of two-dimensional dislocation dynamics under shear,
using finite-size scaling to extract scaling exponents and the avalanche profile scaling function from
time-resolved measurements of slip avalanches. Our results provide compelling evidence that both
the static and dynamic universality classes are consistent with the mean-field interface depinning
model.

Copyright c⃝ EPLA, 2013

Introduction. – Crystalline materials deform in a
plastic, irreversible manner at sufficiently high stresses.
Bulk continuum theories successfully reproduce several
macroscopic features of plastic flow such as the stress-
strain curve and work-hardening [1]. This success is mainly
due to the fluctuations averaging out at macroscopic scales
and therefore deformation appears to be smooth in time
and homogeneous in space.
At microscopic scales crystal deformation is both

spatially inhomogeneous and intermittent in time. Topo-
logical defects such as dislocations move intermittently,
causing the material to slip in discrete steps. Those
defects interact with each other via long-range elastic
interactions, mediated through the material and respond
collectively to external stresses, giving slip avalanches.
These slip avalanches are characterized by long-range
correlations in space and time giving avalanche sizes
distributed according to power laws for several orders of
magnitude [2–11].
Despite intense computational efforts to predict a

complete set of universal (i.e., detail-independent)
power-law exponents, there is an ongoing debate about
their values and the corresponding universality class of
systems that share the same exponents. Several previous
discrete dislocation dynamics simulations have reported
contradictory results for static and dynamic power-law
exponents [11–13]. (We call properties “dynamic” if
they resolve the dynamics during the propagation of an

individual avalanche, and “static” if they do not.) Here
we present a consistent picture that strongly supports
the claim that both the statics and the dynamics of
crystal plasticity simulations agree with mean-field theory
predictions [11,14], and therefore they both belong to
the mean-field interface depinning universality class of
all systems that share the same exponents. Knowing the
values of these exponents is important for applications.
For example the dynamical depinning exponent β [13]
describes how quickly a crystal deforms as a function
of stress, and the power spectra [12] can be used to
obtain information about the deformation mechanism
and material failure from nondestructive acoustic emis-
sion experiments. Also, the power-law exponents do not
depend on material details, so they are an ideal quantity
for testing the predictions of the simple coarse-grained
models against experiments.
A simple analytic mean-field theory (MFT) [11,14] for

plasticity suggests that the observed power-law scaling
of the slip-avalanche size distributions is the reflection of
an underlying non-equilibrium critical point [15], which is
located at the critical flow stress. The critical flow stress
τc separates a low stress phase where the material can
sustain loads on the time scales of typical experiments,
from a high stress phase where the material “flows”, or
“gives way” by deforming continually under loads that
are higher than the critical flow stress. Below the critical
flow stress τc, at fixed stress τ < τc, the average strain
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At Fc we predict the slip-rate power spectra Pð!;FcÞ
[i.e., the absolute square of the Fourier transform of the
time dependent slip rate dð!m um Þ=dt] to scale with fre-
quency ! as Pð!;FcÞ #!$2. For F < Fc the power law
levels off at frequencies below a cutoff !min # ðFc $ FÞ!z
with !z ¼ 1. This is captured by the functional form
Pð!;FÞ #!$2fcn½!=ðFc $ FÞ'where fcnðxÞ is a univer-
sal scaling function. The insets of Fig. 1 show Dðs; FÞ and
Pð!;FÞ at various stresses F. Note the respective power
law scaling regimes with crossover to a stress dependent
large avalanche cutoff and a low frequency cutoff for
Dðs; FÞ and Pð!;FÞ, respectively [10]. Predictions can
also be made for the roughness on the surface of the
deforming material and for the average amount of slip at
a slipping site huis for an avalanche of size s: huis #
s"#! # s0 since " ¼ 0 [1,4]. The distribution of ava-
lanche durations T is expected to scale as DðTÞ #
1=T$D½TðFc $ FÞ!z'with $ ¼ 2, !z ¼ 1, and DðxÞ a
universal scaling function. For " ¼ 0 the slip in the system
is, on average, distributed uniformly over the sample (duc-
tile deformation). Simulations of the slip distribution of
two similar models [1,5] indicate that the average propa-
gation direction of individual slip avalanches tends to be
parallel to the shear direction. Chen et al. [5] conjectured
that adding weakening to their model would lead to slip
localization.

Results for weakening (with " > 0, %s;‘ > %d;‘).—For
"> 0 we find scaling behavior similar to the " ¼ 0 case
prior to macroscopic failure. Here the deformation mode is
different and is associated with brittle failure. Starting from

a relaxed state, initially the material responds to an in-
creasing shear stress F < Fcð"Þwith small avalanches, just
as in the " ¼ 0 case. Their sizes are power-law distributed
up to a stress dependent cutoff size smax # "$2SððFc $
FÞ="Þ. They are nucleated randomly throughout the system
and thus lead, on average, to a uniform strain distribution
across the sample, similar to the situation for zero weak-
ening. The scaling form of the avalanche size distribution
in this regime, for example, is given byDðsÞ # 1=s%Dw½s(
ðFc $ FÞ1=#, s("2], with the same values % ¼ 1:5 and
1=# ¼ 2 as in the zero weakening case. The yield stress
Fcð"Þ, is of order " lower than the yield stress Fc for " ¼ 0
[4]. At Fcð"Þ ) Fc $ Oð"Þ the material breaks in brittle
failure; i.e., the slip suddenly localizes in a system span-
ning avalanche that forms a narrow weakened failure or
‘‘fault zone.’’ The shear modulus just before failure is G#
Oð"Þ. The system undergoes a discontinuous (first order)
transition at Fcð"Þ. (Note that MFT may not capture cor-
rectly the detailed behavior in the brittle case just before
localization when the dislocation density is very high in the
localization region. Clarifying these details is subject of
future numerical work.) After the system spanning fracture
avalanche took place, continuous slip can be maintained at
stresses that are Oð"Þ less than the yield stress Fcð"Þ. The
corresponding stress-strain curve is shown in Fig. 2(a).
Results for slip hardening (with " < 0, %s;‘ > %d;‘).—

Hardening can be introduced in this model in the following
way: if a site slips the failure threshold of all other sites is
either increased by an amount proportional to j"j=N, or
equivalently, the stresses at all cells are reduced by an
amountOð"=NÞ [9]. In crystals, this global stress reduction
or threshold strengthening may be due to the creation of
dislocation pairs in the bulk that reduce the overall stress.
This can lead to dislocation entanglement, so that higher
stress than in nonhardening systems is needed to trigger
further events [12]. From the general discussion of hard-
ening in [1] we conclude that j"j=N is proportional to the
hardening coefficient & of the material. Starting from a
relaxed state, for slowly increasing shear stress F, the
system first responds with small avalanches, like in the " ¼

stress  
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~| |

Fc( )
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strain 
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FIG. 2. Stress-strain curves for " > 0 [(a) brittle] and " < 0
[(b) hardening] as obtained from MFT.

FIG. 1 (color online). Stress-strain curve for " ¼ 0 in MFT for
slowly increasing applied shear stress. The two insets show log-
log plots of the avalanche size distribution DðsÞ and the power
spectrum Pð!Þ: the four size distributions arranged from left to
right and the power spectra arranged from bottom to top are
obtained from four different, narrow stress windows that are
centered around stresses 0<F1 <F2 <F3 <F4 ¼ Fc, respec-
tively. Note how bothDðsÞ and Pð!Þ approach power law scaling
as F ! Fc.
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• N elastically connected elements 
• Starting from zero stress external stress is increased till 

system undergoes a de-pinning transition 
• When local stress exceeds a threshold stress is reset to 

zero locally  
• Stress is redistributed, which may cause avalanches 
• Avalanches show power law distribution with “interface 

de-pinning” exponents 
• Can explain some experimental phenomenology 
• Not a microscopic theory ! Yielding (output) is 

incorporated in the stress thresholds (input)  
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Péter Dusán Ispánovity,1,* Lasse Laurson,2 Michael Zaiser,3 István Groma,1 Stefano Zapperi,4 and Mikko J. Alava2
1Department of Materials Physics, Eötvös University Budapest, H-1117 Budapest, Pázmány Péter Sétány 1/a, Hungary

2COMP Centre of Excellence, Department of Applied Physics, Aalto University,
P.O. Box 11100, FIN-00076 Aalto, Espoo, Finland

3Institute of Materials Simulation, Department of Materials Science, University of Erlangen-Nürnberg,
Dr.-Mack-Strasse 77, 90762 Fürth, Germany

4CNR-IENI, Via R. Cozzi 53, 20125 Milano, Italy and ISI Foundation, Via Alassio 11/C, 10126 Torino, Italy
(Received 12 July 2013; revised manuscript received 14 May 2014; published 13 June 2014)

We study the properties of strain bursts (dislocation avalanches) occurring in two-dimensional discrete
dislocation dynamics models under quasistatic stress-controlled loading. Contrary to previous suggestions,
the avalanche statistics differ fundamentally from predictions obtained for the depinning of elastic
manifolds in quenched random media. Instead, we find an exponent τ ¼ 1 of the power-law distribution of
slip or released energy, with a cutoff that increases exponentially with the applied stress and diverges with
system size at all stresses. These observations demonstrate that the avalanche dynamics of 2D dislocation
systems is scale-free at every applied stress and, therefore, cannot be envisaged in terms of critical behavior
associated with a depinning transition.

DOI: 10.1103/PhysRevLett.112.235501 PACS numbers: 81.40.Lm, 61.72.Lk, 68.35.Rh, 81.05.Kf

Crystalline solids subject to an increasing stress undergo
a transition (“yielding”) from nearly elastic behavior to
plastic flow by collective dislocation motion. Both during
the runup to yielding and in the subsequent plastic flow
regime, dislocation systems exhibit strongly intermittent,
avalanchelike dynamics. In micron-sized specimens these
avalanches show as abrupt strain bursts with a broad, power
law—type size distribution [1–3], and in larger samples
they manifest themselves through acoustic emission events
with power-law distributed amplitudes [4,5].
Several researchers have advanced the idea that the

dislocations in a crystal deforming under stress might be
envisaged as a driven nonequilibrium system, where
power-law distributed avalanches arise from dynamic
critical behavior associated with a nonequilibrium phase
transition at a critical value σext ¼ σc of the externally
applied stress, analogous to the depinning transition of
elastic interfaces in randommedia [6]. This idea applies in a
straightforward manner to single dislocations interacting
with immobile impurities which provide a textbook exam-
ple of one-dimensional elastic manifolds undergoing a
depinning transition [7,8]. In generalization of this obser-
vation, several authors have argued that the mean-field limit
of the depinning transition might correctly describe the
dynamics of stress-driven many-dislocation systems even
when other defects are absent [9–14]. In this picture plastic
yielding is envisaged as a continuous phase transition
where the external stress acts as control parameter and a
critical point is reached at the yield stress. There are several
motivations for such an analogy: (i) dislocation-dislocation
interactions are long range, implying that a mean-field
description could be applicable, and (ii) the strain burst
distribution appears to be a power law, PðΔγÞ ∝ Δγ−τ, with

τ found to be τ ≈ 1.5 both experimentally and numerically
[1,2,15–17], in apparent agreement with mean-field depin-
ning (MFD) [6].
There are, however, several unresolved issues regarding

the validity of the depinning picture. In the classical
depinning scenario, an elastic manifold interacts with a
static (quenched) pinning field representing immobile
impurities of the medium. However, yielding and avalanche
dynamics of plastic flow are generic features of crystal
plasticity that do not require impurities or other types of
quenched disorder. Discrete dislocation dynamics (DDD)
models [18–24], which are commonly used to model
plasticity of pure fcc crystals, relate the yield stress to
the mutual trapping (or jamming [22,23]) which occurs as
interacting dislocations form complex metastable structures
even in the absence of other defects [2,5,22,25]. This
important difference is illustrated schematically in Fig. 1.
Even if we consider the dynamics of the simplest

possible DDD model—a 2D system of straight parallel
dislocations moving on a single slip system—there are
several findings that are not consistent with MFD. These
include the following. (i) For the relaxation exponent of the
Andrade creep law, i.e., the initial power-law decay of the
mean strain rate under constant applied stress, h_γðtÞi ∝ t−θ,
one finds θ ≈ 2=3 [22,26], whereas MFD predicts θ ¼ 1 for
the critical relaxation of the order parameter [6,27].
(ii) Temporal scaling of the spatial fluctuations of the local
creep rates indicates non-mean-field behavior [28]. (iii) The
duration of the power-law relaxation regime is at low
stresses limited by the system size rather than by the
distance σc− σext from the critical point [26], again
inconsistent with depinning. (iv) The response to cyclic
applied stresses is not consistent with MFD [29]. (v) The
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stress dependence of the steady state strain rate obeys
h_γi ∝ ðσext − σcÞβ. For the exponent β, MFD predicts β ¼ 1
[6], but β ≈ 1.8 was measured by DDD simulations [22].
With a different methodology, however, β ≈ 1 was found
recently for DDD systems, too [14].
Finally, we note that comparisons between theoretical

and experimental values of avalanche exponents might be
misleading, since most studies of dislocation avalanche
statistics consider aggregate distributions (integrated over
the different σext values), whereas the theoretical MFD
prediction τ¼ 1.5 refers to stress-resolved distributions. It
is known that averaging the distributions over σext yields an
exponent that is larger than the one of stress-resolved
distributions [30], so the numerical and experimental
findings of τ≈ 1.5 by themselves do not provide strong
evidence for the MFD scenario.
In this Letter, we report results of quasistatic stress-

controlled simulations of 2D DDDmodels and demonstrate
that the stress-resolved avalanche statistics do not follow
the MFD predictions. To underline the general nature of our
findings, we consider a continuous time dynamics (CTD)
model with continuous spatial resolution together with two
cellular automaton (CA) models, finding the same results in
all cases.
The DDD models considered here are minimal repre-

sentations of dislocation systems, consisting of straight

parallel edge dislocations moving on a single slip system.
This implies that the problem reduces to the dynamics of
2D systems of pointlike objects (the intersection points of
the dislocation lines with a perpendicular plane) which
move on parallel lines in the x direction of a 2D Cartesian
coordinate system. We consider simulation areas of size
L × L containing N dislocations with Burgers vectors
bi ¼ siðb; 0Þ, where si ∈ f1;−1g and i ∈ ½1…N%. We
assume equal numbers of dislocations of positive and
negative signs. The CTD equations of motion read

_x i ¼ Mbsi

!X

j≠i
sjσindðri − rjÞ þ σext

"
; _y i ¼ 0: ð1Þ

Here M is the dislocation mobility, σindðrÞ ¼
Gb cosðϕÞ cosð2ϕÞr−1 is the shear stress field of an
individual dislocation (with periodic boundary conditions
assumed in both directions [31]),G is an appropriate elastic
constant, and σext is the external shear stress. The CA
models are defined by discretizing the system in both space
and time. Dislocations are allowed to move from one cell to
a neighboring cell if such a move decreases the elastic
energy of the system. We apply two different rules for the
dynamics: (i) In extremal dynamics (ED) at each step only
the move that produces the largest energy decrease is
carried out; (ii) in random dynamics (RD) the moved
dislocation is selected randomly from those that are
allowed to move. The motivation of using all these models
together is to test the generality of our results by comparing
the linear force-velocity characteristics of the CTD model,
Eq. (1), with two different highly nonlinear relations of the
CA models. The CTD corresponds to easy glide at
intermediate temperatures, where thermal activation and
dislocation climb are negligible, ED is a low temperature
limit for thermally activated glide, and RD is an artificial
law differing fundamentally from both CTD and ED. In
what follows, we measure lengths, times, and stresses in
units of ρ−0.5, ðρMGb2Þ−1, and Gbρ0.5, respectively, with
ρ ¼ N=L2 the dislocation density [32].
A quasistatic stress-controlled loading protocol is imple-

mented as follows. First, a random initial dislocation
configuration is let to relax at σext ¼ 0. Then, for the
CTD model, σext is increased at a slow rate from zero until
the average dislocation velocity VðtÞ ¼ ð1=NÞ

P
ij_x iðtÞj

exceeds a small threshold value V th. While VðtÞ > V th
and an avalanche propagates, the external stress is kept
constant, and the amount of slip s ¼

P
isiΔx i and plastic

strain Δγ ¼ s=L2 produced within the avalanche are
recorded. Here Δx i denotes the displacement of the ith
dislocation during the given avalanche. After the avalanche
is finished [VðtÞ < Vth], the external stress is again
increased at a slow rate until the next avalanche is triggered.
A similar loading protocol is implemented in the CA
models: In between the avalanches, the external stress is
increased just enough to make exactly one dislocation

FIG. 1 (color online). Differences between pinning and the
present jamming scenario. Pinning is induced by quenched
disorder, which stops the motion of driven elastic manifolds
for applied forces fext below a critical value fc (top left). With
fext approaching fc from below, the manifold moves ahead in
avalanches with an average avalanche size hsi which in MFD
diverges as hsi ∝ ½fcðLÞ − fext%−1 (1D elastic manifold with
elastic interactions decaying as 1=r, bottom left). fc depends
on the system size L due to finite size scaling,
fcðLÞ ¼ fcð∞Þ þ aL−1. In a dislocation system without
quenched disorder, dislocation motion may stop due to formation
of jammed configurations (top right). The behavior of hsi we
observe in this case is fundamentally different from the depinning
scenario, with hsi ¼ AðNÞeσext=σ0 , where AðNÞ grows with the
number of dislocations N (bottom right).
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The more a crystal is deformed plastically, the larger is
the stress needed to further deform it. This property,
which ensures the stability of plastic flow, is called strain
hardening. Its physical origin is understood in terms of
dislocations, the linear defects that carry plastic flow in
crystals. When two attractive dislocations gliding in dif-
ferent slip planes cross each other, they can reduce their
total energy by reacting to form a third dislocation seg-
ment called a junction. This junction lies at the intersec-
tion of the two dislocation slip planes. It is usually not
mobile and therefore represents a barrier to further dis-
location motion, until the local stress is raised to a critical
value such that the junction is destroyed and dislocation
crossing occurs. During plastic deformation, the disloca-
tion density increases and, as a result, the number of such
events continuously increases, thus leading to strain hard-
ening through a mechanism called forest hardening.

The objective of the present study is to establish a
rigorous connection between the individual configura-
tions of dislocation intersections and their macroscopic
average strength in fcc crystals and therefore to improve
the physical content of current models for strain harden-
ing. For this purpose, use is made of a mesoscale simu-
lation of dislocation dynamics (DD). The elementary
configurations of two intersecting dislocations have been
systematically studied in order to check that their indi-
vidual contributions to hardening are properly accounted
for in the present numerical model. Large-scale 3D simu-
lations of forest hardening in fcc crystals are then pre-
sented, leading for the first time to a parameter-free
computation of the relation between flow stress and dis-
location density. The obtained scaling relation is com-
pared to experimental data and its consequences are
discussed.

The calculation of the energy of isolated junction con-
figurations is a very complex problem [1]. In early studies
it was performed using elasticity theory with strong
simplifications [2,3]. More recently, a few junction con-
figurations have been studied more precisely by atomistic
[4,5] and mesoscopic simulations [6,7]. It was confirmed
that the contribution of the dislocation core regions to

junction stability is negligible compared to the elastic
contribution from regions outside the core. For instance,
it was shown that the perfect Lomer lock and the Lomer-
Cottrell lock, where the core energy is reduced by
dissociation and reaction of partial dislocations, have
practically the same critical stress for destruction [8].

Within the forest model [2], the critical resolved stress
! to destroy a junction and remobilize the dislocation
lines is proportional to "b=l, where " is the shear modu-
lus, b is the modulus of the Burgers vector of the mobile
dislocations, and lis the distance between the intersecting
obstacles along the dislocation line. The average value of
this distance scales as 1= !!!!!!#f

p , where #f is the density of
forest obstacles. This leads to a well-known relationship:

!=" ! $b
!!!!!!

#f
p

; (1)

where the constant $ is an average value of the junctions
strength over all existing configurations.

A major difficulty arises when performing this aver-
age, because of the wide spectrum of possible dislocation
reactions [3]. Nevertheless, Eq. (1) is commonly verified
by experiment. In fcc crystals, both theoretical [2,3] and
experimental estimates [9,10] exist and they suggest $ "
0:35# 0:15 (cf. the review [11]).

The constitutive rules of three-dimensional DD simu-
lations have been discussed in several papers [12–14] (see
also [15] for full details on the present simulation). Thus,
for the present purpose, only a few relevant methodologi-
cal aspects require a specific discussion. In each slip
system, the continuous shapes of the dislocation lines
are discretized into a finite number of segment directions:
screw, edge, or mixed (i.e., making angles of #%=3 and
#2%=3 with the direction of the Burgers vector). This
allows us to simplify the treatment of all junction seg-
ments, whose line directions at the intersection of two
$111%glide planes are of either mixed or edge character.
Only a=2h110if111g slip systems are explicitly accounted
for (a is the lattice parameter). Additional Burgers vec-
tors of perfect dislocations are obtained by linear combi-
nation. For instance, a particular junction, the Hirth lock,
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but a clear assignment has not yet been possible because of inherent
structure of the grains in the metal film.

In our experiments the coupling of light with SPs is observed in
transmission rather than reflection, in contrast with previous work
on SPs on reflection gratings. In those studies the coupling of light
to SPs is observed as a redistribution of intensity between different
diffracted orders. Even in transmission studies of wire gratings by
Lochbihler15, the effect of SPs is observed through dips in zero-order
transmitted light. There is an extensive literature on the infrared
properties of wire grids which show a broad transmission centred at
l < 1:2a0; this has been interpreted in terms of induction effects, in
analogy with electric circuits16,17. Our results demonstrate the strong
enhancement of transmitted light due to coupling of the light with
the SP of the two-dimensional array of sub-wavelength holes.
Furthermore our results indicate a number of unique features
that cannot be explained with existing theories. The SP modes on
the metal–air interface are distinctly different from those at the
metal–quartz interface. However, the spectra are identical regard-
less of whether the sample is illuminated from the metal or quartz
side. At present we do not understand the detailed mechanism of the
coupling between the SP on the front and back surfaces which
results in larger than unity transmission efficiency of the holes. The
thickness dependence (see Fig. 2b) suggests that the holes play an
important part in mediating this coupling and that nonradiative SP
modes are transferred to radiative modes by strong scattering in the
holes.

In photonic bandgap arrays2,4, the material is passive and trans-
lucent at all wavelengths except at the energies within the gap. In the
present arrays, the material plays an active role (through the
plasmons) and it is opaque at all wavelengths except those for
which coupling occurs. The combination, or integration, of these
two types of phenomena might lead to optical features that are very
interesting from both fundamental and technological points of
view. The demonstration of efficient light transmission through
holes much smaller than the wavelength and beyond the inter-hole
diffraction limit might, for example, inspire designs for novel near-
field scanning optical microscopes6, or sub-wavelength photo-
lithography. Theoretical analysis of the results would also be
useful for gaining better insight into this extraordinary transmission
phenomenon. Perhaps only then can we expect to grasp the full
implications of these findings. M
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A quantitative description of plastic deformation in crystalline
solids requires a knowledge of how an assembly of dislocations—
the defects responsible for crystal plasticity—evolves under
stress1. In this context, molecular-dynamics simulations have
been used to elucidate interatomic processes on microscopic
(,10−10 m) scales2, whereas ‘dislocation-dynamics’ simulations
have explored the long-range elastic interactions between disloca-
tions on mesoscopic (,10−6 m) scales3. But a quantitative connec-
tion between interatomic processes and behaviour on mesoscopic
scales has hitherto been lacking. Here we show how such a
connection can be made using large-scale (100 million atoms)
molecular-dynamics simulations to establish the local rules for
mesoscopic simulations of interacting dislocations. In our mole-
cular-dynamics simulations, we observe directly the formation
and subsequent destruction of a junction (a Lomer–Cottrell lock)
between two dislocations in the plastic zone near a crack tip: the
formation of such junctions is an essential process in plastic
deformation, as they act as an obstacle to dislocation motion.
The force required to destroy this junction is then used to
formulate the critical condition for junction destruction in a
dislocation-dynamics simulation, the results of which compare
well with previous deformation experiments4.

Recent molecular-dynamics (MD) studies of dynamic crack
propagation using 100 million atoms have produced massive
amounts of atomic-level details on the spontaneous emission of
dislocation loops from the crack tip which result in shielding,
blunting and crack arrest2,5. A Lennard–Jones potential is used to
simulate the response of a face-centred cubic (f.c.c.) structure
characterized by a low stacking-fault energy. Figure 1 shows the
evolution of a ‘flower’ of dislocation loops emitted from a crack tip
advancing under the action of a transverse applied strain. We shall
focus on the evolution of three particular dislocation loops shown
in Fig. 1, labelled 1, 2 and 3. In this sequence one sees explicitly, for
the first time to our knowledge, how a dislocation junction is first
formed (Fig. 1b) and then partially destroyed in a cooperative
process which involves the formation of a second junction while the
first junction is being unzipped (Fig. 1c). The atomic configuration
of the core of the first junction, known as a Lomer–Cottrell lock, is
shown in Fig. 2. Dislocation configurations of this kind are believed
to be one of the principal mechanisms of strain hardening in f.c.c.
metals with low stacking-fault energy.

The process of dislocation junction formation which we have
identified in the MD simulation has been discussed only in sche-
matic terms in classical textbooks1,6,7, but no explicit details pro-
duced by quantitative calculations in three dimensions have (to our
knowledge) been given before. The rather intricate exchange
between the two junctions, apparently unforeseen and unknown,
is driven by the balance between the crack-tip stress, dislocation
interaction forces, the line tension forces on the mobile dislocation
segments, and the constraint forces from the sessile (immobile)
junctions. The destruction of Lomer–Cottrell locks has been
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Avalanches in 2D Dislocation Systems: Plastic Yielding Is Not Depinning
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We study the properties of strain bursts (dislocation avalanches) occurring in two-dimensional discrete
dislocation dynamics models under quasistatic stress-controlled loading. Contrary to previous suggestions,
the avalanche statistics differ fundamentally from predictions obtained for the depinning of elastic
manifolds in quenched random media. Instead, we find an exponent τ ¼ 1 of the power-law distribution of
slip or released energy, with a cutoff that increases exponentially with the applied stress and diverges with
system size at all stresses. These observations demonstrate that the avalanche dynamics of 2D dislocation
systems is scale-free at every applied stress and, therefore, cannot be envisaged in terms of critical behavior
associated with a depinning transition.
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Crystalline solids subject to an increasing stress undergo
a transition (“yielding”) from nearly elastic behavior to
plastic flow by collective dislocation motion. Both during
the runup to yielding and in the subsequent plastic flow
regime, dislocation systems exhibit strongly intermittent,
avalanchelike dynamics. In micron-sized specimens these
avalanches show as abrupt strain bursts with a broad, power
law—type size distribution [1–3], and in larger samples
they manifest themselves through acoustic emission events
with power-law distributed amplitudes [4,5].
Several researchers have advanced the idea that the

dislocations in a crystal deforming under stress might be
envisaged as a driven nonequilibrium system, where
power-law distributed avalanches arise from dynamic
critical behavior associated with a nonequilibrium phase
transition at a critical value σext ¼ σc of the externally
applied stress, analogous to the depinning transition of
elastic interfaces in randommedia [6]. This idea applies in a
straightforward manner to single dislocations interacting
with immobile impurities which provide a textbook exam-
ple of one-dimensional elastic manifolds undergoing a
depinning transition [7,8]. In generalization of this obser-
vation, several authors have argued that the mean-field limit
of the depinning transition might correctly describe the
dynamics of stress-driven many-dislocation systems even
when other defects are absent [9–14]. In this picture plastic
yielding is envisaged as a continuous phase transition
where the external stress acts as control parameter and a
critical point is reached at the yield stress. There are several
motivations for such an analogy: (i) dislocation-dislocation
interactions are long range, implying that a mean-field
description could be applicable, and (ii) the strain burst
distribution appears to be a power law, PðΔγÞ ∝ Δγ−τ, with

τ found to be τ ≈ 1.5 both experimentally and numerically
[1,2,15–17], in apparent agreement with mean-field depin-
ning (MFD) [6].
There are, however, several unresolved issues regarding

the validity of the depinning picture. In the classical
depinning scenario, an elastic manifold interacts with a
static (quenched) pinning field representing immobile
impurities of the medium. However, yielding and avalanche
dynamics of plastic flow are generic features of crystal
plasticity that do not require impurities or other types of
quenched disorder. Discrete dislocation dynamics (DDD)
models [18–24], which are commonly used to model
plasticity of pure fcc crystals, relate the yield stress to
the mutual trapping (or jamming [22,23]) which occurs as
interacting dislocations form complex metastable structures
even in the absence of other defects [2,5,22,25]. This
important difference is illustrated schematically in Fig. 1.
Even if we consider the dynamics of the simplest

possible DDD model—a 2D system of straight parallel
dislocations moving on a single slip system—there are
several findings that are not consistent with MFD. These
include the following. (i) For the relaxation exponent of the
Andrade creep law, i.e., the initial power-law decay of the
mean strain rate under constant applied stress, h_γðtÞi ∝ t−θ,
one finds θ ≈ 2=3 [22,26], whereas MFD predicts θ ¼ 1 for
the critical relaxation of the order parameter [6,27].
(ii) Temporal scaling of the spatial fluctuations of the local
creep rates indicates non-mean-field behavior [28]. (iii) The
duration of the power-law relaxation regime is at low
stresses limited by the system size rather than by the
distance σc− σext from the critical point [26], again
inconsistent with depinning. (iv) The response to cyclic
applied stresses is not consistent with MFD [29]. (v) The
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stress dependence of the steady state strain rate obeys
h_γi ∝ ðσext − σcÞβ. For the exponent β, MFD predicts β ¼ 1
[6], but β ≈ 1.8 was measured by DDD simulations [22].
With a different methodology, however, β ≈ 1 was found
recently for DDD systems, too [14].
Finally, we note that comparisons between theoretical

and experimental values of avalanche exponents might be
misleading, since most studies of dislocation avalanche
statistics consider aggregate distributions (integrated over
the different σext values), whereas the theoretical MFD
prediction τ¼ 1.5 refers to stress-resolved distributions. It
is known that averaging the distributions over σext yields an
exponent that is larger than the one of stress-resolved
distributions [30], so the numerical and experimental
findings of τ≈ 1.5 by themselves do not provide strong
evidence for the MFD scenario.
In this Letter, we report results of quasistatic stress-

controlled simulations of 2D DDDmodels and demonstrate
that the stress-resolved avalanche statistics do not follow
the MFD predictions. To underline the general nature of our
findings, we consider a continuous time dynamics (CTD)
model with continuous spatial resolution together with two
cellular automaton (CA) models, finding the same results in
all cases.
The DDD models considered here are minimal repre-

sentations of dislocation systems, consisting of straight

parallel edge dislocations moving on a single slip system.
This implies that the problem reduces to the dynamics of
2D systems of pointlike objects (the intersection points of
the dislocation lines with a perpendicular plane) which
move on parallel lines in the x direction of a 2D Cartesian
coordinate system. We consider simulation areas of size
L × L containing N dislocations with Burgers vectors
bi ¼ siðb; 0Þ, where si ∈ f1;−1g and i ∈ ½1…N%. We
assume equal numbers of dislocations of positive and
negative signs. The CTD equations of motion read

_x i ¼ Mbsi

!X

j≠i
sjσindðri − rjÞ þ σext

"
; _y i ¼ 0: ð1Þ

Here M is the dislocation mobility, σindðrÞ ¼
Gb cosðϕÞ cosð2ϕÞr−1 is the shear stress field of an
individual dislocation (with periodic boundary conditions
assumed in both directions [31]),G is an appropriate elastic
constant, and σext is the external shear stress. The CA
models are defined by discretizing the system in both space
and time. Dislocations are allowed to move from one cell to
a neighboring cell if such a move decreases the elastic
energy of the system. We apply two different rules for the
dynamics: (i) In extremal dynamics (ED) at each step only
the move that produces the largest energy decrease is
carried out; (ii) in random dynamics (RD) the moved
dislocation is selected randomly from those that are
allowed to move. The motivation of using all these models
together is to test the generality of our results by comparing
the linear force-velocity characteristics of the CTD model,
Eq. (1), with two different highly nonlinear relations of the
CA models. The CTD corresponds to easy glide at
intermediate temperatures, where thermal activation and
dislocation climb are negligible, ED is a low temperature
limit for thermally activated glide, and RD is an artificial
law differing fundamentally from both CTD and ED. In
what follows, we measure lengths, times, and stresses in
units of ρ−0.5, ðρMGb2Þ−1, and Gbρ0.5, respectively, with
ρ ¼ N=L2 the dislocation density [32].
A quasistatic stress-controlled loading protocol is imple-

mented as follows. First, a random initial dislocation
configuration is let to relax at σext ¼ 0. Then, for the
CTD model, σext is increased at a slow rate from zero until
the average dislocation velocity VðtÞ ¼ ð1=NÞ

P
ij_x iðtÞj

exceeds a small threshold value V th. While VðtÞ > V th
and an avalanche propagates, the external stress is kept
constant, and the amount of slip s ¼

P
isiΔx i and plastic

strain Δγ ¼ s=L2 produced within the avalanche are
recorded. Here Δx i denotes the displacement of the ith
dislocation during the given avalanche. After the avalanche
is finished [VðtÞ < Vth], the external stress is again
increased at a slow rate until the next avalanche is triggered.
A similar loading protocol is implemented in the CA
models: In between the avalanches, the external stress is
increased just enough to make exactly one dislocation

FIG. 1 (color online). Differences between pinning and the
present jamming scenario. Pinning is induced by quenched
disorder, which stops the motion of driven elastic manifolds
for applied forces fext below a critical value fc (top left). With
fext approaching fc from below, the manifold moves ahead in
avalanches with an average avalanche size hsi which in MFD
diverges as hsi ∝ ½fcðLÞ − fext%−1 (1D elastic manifold with
elastic interactions decaying as 1=r, bottom left). fc depends
on the system size L due to finite size scaling,
fcðLÞ ¼ fcð∞Þ þ aL−1. In a dislocation system without
quenched disorder, dislocation motion may stop due to formation
of jammed configurations (top right). The behavior of hsi we
observe in this case is fundamentally different from the depinning
scenario, with hsi ¼ AðNÞeσext=σ0 , where AðNÞ grows with the
number of dislocations N (bottom right).
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From Dislocation Junctions to Forest Hardening
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The mechanisms of dislocation intersection and strain hardening in fcc crystals are examined with
emphasis on the process of junction formation and destruction. Large-scale 3D simulations of
dislocation dynamics were performed yielding access for the first time to statistically averaged
quantities. These simulations provide a parameter-free estimate of the dislocation microstructure
strength and of its scaling law. It is shown that forest hardening is dominated by short-range elastic
processes and is insensitive to the detail of the dislocation core structure.
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The more a crystal is deformed plastically, the larger is
the stress needed to further deform it. This property,
which ensures the stability of plastic flow, is called strain
hardening. Its physical origin is understood in terms of
dislocations, the linear defects that carry plastic flow in
crystals. When two attractive dislocations gliding in dif-
ferent slip planes cross each other, they can reduce their
total energy by reacting to form a third dislocation seg-
ment called a junction. This junction lies at the intersec-
tion of the two dislocation slip planes. It is usually not
mobile and therefore represents a barrier to further dis-
location motion, until the local stress is raised to a critical
value such that the junction is destroyed and dislocation
crossing occurs. During plastic deformation, the disloca-
tion density increases and, as a result, the number of such
events continuously increases, thus leading to strain hard-
ening through a mechanism called forest hardening.

The objective of the present study is to establish a
rigorous connection between the individual configura-
tions of dislocation intersections and their macroscopic
average strength in fcc crystals and therefore to improve
the physical content of current models for strain harden-
ing. For this purpose, use is made of a mesoscale simu-
lation of dislocation dynamics (DD). The elementary
configurations of two intersecting dislocations have been
systematically studied in order to check that their indi-
vidual contributions to hardening are properly accounted
for in the present numerical model. Large-scale 3D simu-
lations of forest hardening in fcc crystals are then pre-
sented, leading for the first time to a parameter-free
computation of the relation between flow stress and dis-
location density. The obtained scaling relation is com-
pared to experimental data and its consequences are
discussed.

The calculation of the energy of isolated junction con-
figurations is a very complex problem [1]. In early studies
it was performed using elasticity theory with strong
simplifications [2,3]. More recently, a few junction con-
figurations have been studied more precisely by atomistic
[4,5] and mesoscopic simulations [6,7]. It was confirmed
that the contribution of the dislocation core regions to

junction stability is negligible compared to the elastic
contribution from regions outside the core. For instance,
it was shown that the perfect Lomer lock and the Lomer-
Cottrell lock, where the core energy is reduced by
dissociation and reaction of partial dislocations, have
practically the same critical stress for destruction [8].

Within the forest model [2], the critical resolved stress
! to destroy a junction and remobilize the dislocation
lines is proportional to "b=l, where " is the shear modu-
lus, b is the modulus of the Burgers vector of the mobile
dislocations, and lis the distance between the intersecting
obstacles along the dislocation line. The average value of
this distance scales as 1= !!!!!!#f

p , where #f is the density of
forest obstacles. This leads to a well-known relationship:

!=" ! $b
!!!!!!

#f
p

; (1)

where the constant $ is an average value of the junctions
strength over all existing configurations.

A major difficulty arises when performing this aver-
age, because of the wide spectrum of possible dislocation
reactions [3]. Nevertheless, Eq. (1) is commonly verified
by experiment. In fcc crystals, both theoretical [2,3] and
experimental estimates [9,10] exist and they suggest $ "
0:35# 0:15 (cf. the review [11]).

The constitutive rules of three-dimensional DD simu-
lations have been discussed in several papers [12–14] (see
also [15] for full details on the present simulation). Thus,
for the present purpose, only a few relevant methodologi-
cal aspects require a specific discussion. In each slip
system, the continuous shapes of the dislocation lines
are discretized into a finite number of segment directions:
screw, edge, or mixed (i.e., making angles of #%=3 and
#2%=3 with the direction of the Burgers vector). This
allows us to simplify the treatment of all junction seg-
ments, whose line directions at the intersection of two
$111%glide planes are of either mixed or edge character.
Only a=2h110if111g slip systems are explicitly accounted
for (a is the lattice parameter). Additional Burgers vec-
tors of perfect dislocations are obtained by linear combi-
nation. For instance, a particular junction, the Hirth lock,

VOLUME 89, NUMBER 25 P H Y S I C A L R E V I E W L E T T E R S 16 DECEMBER 2002

255508-1 0031-9007=02=89(25)=255508(4)$20.00 © 2002 The American Physical Society 255508-1
Nature © Macmillan Publishers Ltd 1998

8

but a clear assignment has not yet been possible because of inherent
structure of the grains in the metal film.

In our experiments the coupling of light with SPs is observed in
transmission rather than reflection, in contrast with previous work
on SPs on reflection gratings. In those studies the coupling of light
to SPs is observed as a redistribution of intensity between different
diffracted orders. Even in transmission studies of wire gratings by
Lochbihler15, the effect of SPs is observed through dips in zero-order
transmitted light. There is an extensive literature on the infrared
properties of wire grids which show a broad transmission centred at
l < 1:2a0; this has been interpreted in terms of induction effects, in
analogy with electric circuits16,17. Our results demonstrate the strong
enhancement of transmitted light due to coupling of the light with
the SP of the two-dimensional array of sub-wavelength holes.
Furthermore our results indicate a number of unique features
that cannot be explained with existing theories. The SP modes on
the metal–air interface are distinctly different from those at the
metal–quartz interface. However, the spectra are identical regard-
less of whether the sample is illuminated from the metal or quartz
side. At present we do not understand the detailed mechanism of the
coupling between the SP on the front and back surfaces which
results in larger than unity transmission efficiency of the holes. The
thickness dependence (see Fig. 2b) suggests that the holes play an
important part in mediating this coupling and that nonradiative SP
modes are transferred to radiative modes by strong scattering in the
holes.

In photonic bandgap arrays2,4, the material is passive and trans-
lucent at all wavelengths except at the energies within the gap. In the
present arrays, the material plays an active role (through the
plasmons) and it is opaque at all wavelengths except those for
which coupling occurs. The combination, or integration, of these
two types of phenomena might lead to optical features that are very
interesting from both fundamental and technological points of
view. The demonstration of efficient light transmission through
holes much smaller than the wavelength and beyond the inter-hole
diffraction limit might, for example, inspire designs for novel near-
field scanning optical microscopes6, or sub-wavelength photo-
lithography. Theoretical analysis of the results would also be
useful for gaining better insight into this extraordinary transmission
phenomenon. Perhaps only then can we expect to grasp the full
implications of these findings. M
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A quantitative description of plastic deformation in crystalline
solids requires a knowledge of how an assembly of dislocations—
the defects responsible for crystal plasticity—evolves under
stress1. In this context, molecular-dynamics simulations have
been used to elucidate interatomic processes on microscopic
(,10−10 m) scales2, whereas ‘dislocation-dynamics’ simulations
have explored the long-range elastic interactions between disloca-
tions on mesoscopic (,10−6 m) scales3. But a quantitative connec-
tion between interatomic processes and behaviour on mesoscopic
scales has hitherto been lacking. Here we show how such a
connection can be made using large-scale (100 million atoms)
molecular-dynamics simulations to establish the local rules for
mesoscopic simulations of interacting dislocations. In our mole-
cular-dynamics simulations, we observe directly the formation
and subsequent destruction of a junction (a Lomer–Cottrell lock)
between two dislocations in the plastic zone near a crack tip: the
formation of such junctions is an essential process in plastic
deformation, as they act as an obstacle to dislocation motion.
The force required to destroy this junction is then used to
formulate the critical condition for junction destruction in a
dislocation-dynamics simulation, the results of which compare
well with previous deformation experiments4.

Recent molecular-dynamics (MD) studies of dynamic crack
propagation using 100 million atoms have produced massive
amounts of atomic-level details on the spontaneous emission of
dislocation loops from the crack tip which result in shielding,
blunting and crack arrest2,5. A Lennard–Jones potential is used to
simulate the response of a face-centred cubic (f.c.c.) structure
characterized by a low stacking-fault energy. Figure 1 shows the
evolution of a ‘flower’ of dislocation loops emitted from a crack tip
advancing under the action of a transverse applied strain. We shall
focus on the evolution of three particular dislocation loops shown
in Fig. 1, labelled 1, 2 and 3. In this sequence one sees explicitly, for
the first time to our knowledge, how a dislocation junction is first
formed (Fig. 1b) and then partially destroyed in a cooperative
process which involves the formation of a second junction while the
first junction is being unzipped (Fig. 1c). The atomic configuration
of the core of the first junction, known as a Lomer–Cottrell lock, is
shown in Fig. 2. Dislocation configurations of this kind are believed
to be one of the principal mechanisms of strain hardening in f.c.c.
metals with low stacking-fault energy.

The process of dislocation junction formation which we have
identified in the MD simulation has been discussed only in sche-
matic terms in classical textbooks1,6,7, but no explicit details pro-
duced by quantitative calculations in three dimensions have (to our
knowledge) been given before. The rather intricate exchange
between the two junctions, apparently unforeseen and unknown,
is driven by the balance between the crack-tip stress, dislocation
interaction forces, the line tension forces on the mobile dislocation
segments, and the constraint forces from the sessile (immobile)
junctions. The destruction of Lomer–Cottrell locks has been
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but a clear assignment has not yet been possible because of inherent
structure of the grains in the metal film.

In our experiments the coupling of light with SPs is observed in
transmission rather than reflection, in contrast with previous work
on SPs on reflection gratings. In those studies the coupling of light
to SPs is observed as a redistribution of intensity between different
diffracted orders. Even in transmission studies of wire gratings by
Lochbihler15, the effect of SPs is observed through dips in zero-order
transmitted light. There is an extensive literature on the infrared
properties of wire grids which show a broad transmission centred at
l < 1:2a0; this has been interpreted in terms of induction effects, in
analogy with electric circuits16,17. Our results demonstrate the strong
enhancement of transmitted light due to coupling of the light with
the SP of the two-dimensional array of sub-wavelength holes.
Furthermore our results indicate a number of unique features
that cannot be explained with existing theories. The SP modes on
the metal–air interface are distinctly different from those at the
metal–quartz interface. However, the spectra are identical regard-
less of whether the sample is illuminated from the metal or quartz
side. At present we do not understand the detailed mechanism of the
coupling between the SP on the front and back surfaces which
results in larger than unity transmission efficiency of the holes. The
thickness dependence (see Fig. 2b) suggests that the holes play an
important part in mediating this coupling and that nonradiative SP
modes are transferred to radiative modes by strong scattering in the
holes.

In photonic bandgap arrays2,4, the material is passive and trans-
lucent at all wavelengths except at the energies within the gap. In the
present arrays, the material plays an active role (through the
plasmons) and it is opaque at all wavelengths except those for
which coupling occurs. The combination, or integration, of these
two types of phenomena might lead to optical features that are very
interesting from both fundamental and technological points of
view. The demonstration of efficient light transmission through
holes much smaller than the wavelength and beyond the inter-hole
diffraction limit might, for example, inspire designs for novel near-
field scanning optical microscopes6, or sub-wavelength photo-
lithography. Theoretical analysis of the results would also be
useful for gaining better insight into this extraordinary transmission
phenomenon. Perhaps only then can we expect to grasp the full
implications of these findings. M
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A quantitative description of plastic deformation in crystalline
solids requires a knowledge of how an assembly of dislocations—
the defects responsible for crystal plasticity—evolves under
stress1. In this context, molecular-dynamics simulations have
been used to elucidate interatomic processes on microscopic
(,10−10 m) scales2, whereas ‘dislocation-dynamics’ simulations
have explored the long-range elastic interactions between disloca-
tions on mesoscopic (,10−6 m) scales3. But a quantitative connec-
tion between interatomic processes and behaviour on mesoscopic
scales has hitherto been lacking. Here we show how such a
connection can be made using large-scale (100 million atoms)
molecular-dynamics simulations to establish the local rules for
mesoscopic simulations of interacting dislocations. In our mole-
cular-dynamics simulations, we observe directly the formation
and subsequent destruction of a junction (a Lomer–Cottrell lock)
between two dislocations in the plastic zone near a crack tip: the
formation of such junctions is an essential process in plastic
deformation, as they act as an obstacle to dislocation motion.
The force required to destroy this junction is then used to
formulate the critical condition for junction destruction in a
dislocation-dynamics simulation, the results of which compare
well with previous deformation experiments4.

Recent molecular-dynamics (MD) studies of dynamic crack
propagation using 100 million atoms have produced massive
amounts of atomic-level details on the spontaneous emission of
dislocation loops from the crack tip which result in shielding,
blunting and crack arrest2,5. A Lennard–Jones potential is used to
simulate the response of a face-centred cubic (f.c.c.) structure
characterized by a low stacking-fault energy. Figure 1 shows the
evolution of a ‘flower’ of dislocation loops emitted from a crack tip
advancing under the action of a transverse applied strain. We shall
focus on the evolution of three particular dislocation loops shown
in Fig. 1, labelled 1, 2 and 3. In this sequence one sees explicitly, for
the first time to our knowledge, how a dislocation junction is first
formed (Fig. 1b) and then partially destroyed in a cooperative
process which involves the formation of a second junction while the
first junction is being unzipped (Fig. 1c). The atomic configuration
of the core of the first junction, known as a Lomer–Cottrell lock, is
shown in Fig. 2. Dislocation configurations of this kind are believed
to be one of the principal mechanisms of strain hardening in f.c.c.
metals with low stacking-fault energy.

The process of dislocation junction formation which we have
identified in the MD simulation has been discussed only in sche-
matic terms in classical textbooks1,6,7, but no explicit details pro-
duced by quantitative calculations in three dimensions have (to our
knowledge) been given before. The rather intricate exchange
between the two junctions, apparently unforeseen and unknown,
is driven by the balance between the crack-tip stress, dislocation
interaction forces, the line tension forces on the mobile dislocation
segments, and the constraint forces from the sessile (immobile)
junctions. The destruction of Lomer–Cottrell locks has been

…       
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from the power-law trend (indicated by a dashed line). This
transition diameter, or the smallest diameter unambigu-
ously continuing the power-law trend, is not constant
and appears to decrease with increasing strain rate:
Dt ! 150 nm for 10"3 s"1; Dt ! 125 nm for 10"3 s"1; and
Dt ! 675 nm for 10"2 s"1. Precise identification of the
transition diameter is challenging; however, there is a clear
trend that faster strain rates result in smaller transition
diameters.

3.3. Strain-rate sensitivity and activation volume

A material’s strain-rate dependence is usually quantified
through an empirical fit of r ¼ r 0 _em where m is the com-
monly reported strain-rate sensitivity. The strain-rate
dependence, indicative of the rate-controlling mechanism,
for dislocation source operation can also be described by
an Arrhenius form that connects the shear strain rate, _c,
to the applied shear stress, s [21]:

_c ¼ _c0 exp "Q$ " sXðs; T Þ
kBT

! "
ð1Þ

where _c0 is a constant related to the source’s attempt
frequency, Q$ is the activation energy, kB is Boltzmann’s
constant, and T is the temperature. The activation volume
expressed above describes how the activation free energy
changes with shear stress or Xðs; T Þ ' "@Q

@s

##
T , and thus

can be used to determine the activation volumes in nanopil-
lar compression experiments through conducting tests at
different constant strain rates [7]. Specifically Eq. (1) can
be rewritten to show that [21]:

X ¼ kBT
@ lnð _cÞ
@s

ð2Þ

We determined the strain-rate sensitivity and activation
volumes for all of our compression tests at different strain
rates, spanning over three orders of magnitude. The exper-
imental data for the flow stress at 10% strain as a function
of strain rate for five different diameters is shown on a
log–log plot in Fig. 5A. In Fig. 5A, the slopes of the curves
correspond to the strain-rate sensitivity, m. It is noteworthy
that at high strain rates _e P 10"1 s"1, corresponding to
power-law behavior for all diameters tested (Fig. 4A), all
pillar diameters show an increasing rate dependence with
decreasing diameter, with m ranging between !0.027 and
!0.057; these values are all >5-fold greater than that of
bulk single-crystalline Cu (!0.006) [27]. This finding sug-
gests that as the size is reduced, not only does the strength
increase, but the strain-rate dependence of fcc materials
emerges and increases as well. Furthermore, at intermedi-
ate strain rates _e < 10"2 s"1, the two smallest diameters,
75 and 125 nm, show a discrete transition to a much stron-
ger rate dependence, !0.11, than the m at the three larger
diameters, 0.027–0.04, suggesting a transition to a different
deformation mechanism. The precise choice of transition
strain rate is difficult to determine due to the inherent sto-
chastic response of these compression tests. A first approx-
imation of the transition strain rate for a given diameter
was estimated from Fig. 4A. Subsequently, best fits of the
stress vs. strain rate data were determined as common
mechanisms are assumed to maintain similar trends in both
strength and strain-rate sensitivity with size.

It may be possible to gain insights into the microstruc-
tural plasticity mechanisms responsible for this surprising
strain-rate sensitivity by analyzing the activation volume.
The experimental results of the activation volume, along
with error bars corresponding to the accuracy of the fit,
for each diameter at high strain rates, _e P 10"1 s"1 are

Fig. 5. (a) Flow stress at 10% strain as a function of strain rate for five different pillar diameters shown around each data set. The extracted activation
volumes for each diameter at strain rates of (b) 10"1 s"1 and (c) 10"2 s"1. These activation volumes may correspond to two distinct plasticity mechanisms:
surface dislocation nucleation vs. collective DD.
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We further estimated the activation volume to be !6b3

for the group of !200–300 nm and !3b3 for the group of
!100 nm on the basis of Eq. (2), where b is the Burgers vec-
tor length of a {111}h112i partial dislocation in Ni. Unlike
the body-centered cubic (BCC) metals such as Mo,22 the
trend of the smaller sample with the smaller activation vol-
ume is expected in FCC metals. In bulk FCC crystals, the
forest dislocation interaction dominates the plastic deforma-
tion when the grain size is in the micrometer range, and the
activation volume is relatively large !100–1000b3. Thus,
the thermal contribution is nearly negligible to the yield
strength. However, grain refinement from the micrometer to
the nanometer scale can lead to a decrease in activation vol-
ume by two orders of magnitude. Ma et al. showed that the
activation volume can be as small as 20b3 in the nanocrystal-
line Ni of 30 nm in grain size,20 and the dominant deforma-
tion mechanism is changed to grain boundary-mediated
dislocation activities. Moreover, Lu et al. obtained the simi-
larly small activation volume !20b3 in the nanotwinned Cu
samples,19 and attributed the controlling mechanism to the
twin boundary-mediated dislocation processes. In our single-
crystal Ni NWs, the measured activation volume of !10b3 is
on the same order of that in nanocrystalline and nanotwinned
FCC metals. These measured small activation volumes sug-
gest that the rate-controlling deformation mechanism is tran-
sitioning from the typical process of forest dislocation
cutting in coarse-grained bulk metals to the nucleation-
controlled dislocation process in nanostructured and nano-
sized metals.18 Generally, the controlling mechanism is
expected to relate to the interface dislocation process in
nanocrystalline and nanotwinned metals, and to the surface
one in small-sized nanowires.

To gain mechanistic insights into the measured high
strain-rate sensitivity and small activation volume in Ni nano-
wires, we conducted the molecular dynamics (MD) simula-
tions with an empirical interatomic potential of Ni23 to
identify the representative dislocation processes that might be
strength and strain rate controlling. With these unit processes

as input, we further performed the NEB calculations to quan-
tify the associated activation volumes for correlation with ex-
perimental measurements.4,5 For single-crystal Ni NWs with
the cross-sectional size of !10 nanometers, our MD simula-
tions indicate that the individual dislocations inside NWs are
not stable and tend to escape from the free surface, leading to
dislocation starvation. Such dislocation-starved state arises
owing to the large attractive image force of the free surface
that destabilizes the dislocation inside the NWs, as well as the
lack of effective mechanisms of dislocation blocking and
multiplication within the small-sized NWs. To sustain the
continued plastic deformation, the free surface of the nano-
wire acts as a source of dislocations. The representative unit
process typically involves the dislocation nucleation from a
free surface, gliding into the bulk, and annihilation at the op-
posite free surface of the NW. Among these three steps, the
surface dislocation nucleation is most difficult and thus rate
controlling.

Using the free-end NEB method,4,5 we calculate the
activation energy of surface nucleation as a function of the
applied tensile stress for both [112] and [111]-orientated Ni
NWs, as shown in Figs. 3(a) and 3(c). The activation vol-
umes are then estimated by taking the numerical derivative
of activation energy with respect to stress. Notice that the
activation volume is also a function of stress. Thus, we
define the yield stress as the tensile load giving the activation
energy of 0.7 eV for surface dislocation nucleation; this char-
acteristic activation energy corresponds to !30kBT at room
temperature, giving the nucleation rate relevant to the labora-
tory experiments according to transition state theory. On this
basis, we obtain the activation volume of 2.4b3 and 2.1b3 for
the [112] and [111] nanowire, respectively. Figs. 3(b) and
3(d) show the corresponding saddle-point state with a partial
dislocation loop nucleating from the NW surface. Our stud-
ies of dislocation nucleation from other side faces indicate
that the above results of calculated activation volumes are
insensitive to the specific nucleation site on the surface.

To gain a physical understanding of the characteristi-
cally small activation volume associated with plastic yield-
ing in FCC Ni NWs, we note that the atomic volume
enclosed by the dislocation loop in Figs. 3(b) and 3(d) repre-
sents the activation volume of surface nucleation. In a ther-
mally activated process, the resolved shear stress does work
on this volume to lower the activation energy and thereby
facilitates dislocation nucleation. Our calculated activation
volumes fall in the range of 1–10b3, consistent with the pre-
vious atomistic study of surface dislocation nucleation in
FCC Cu nanowires.4,5 Compared to coarse-grained Ni, the
reduced activation volume and correspondingly increased
rate sensitivity in small-sized NWs can be attributed to the
ultra-high yield stress on the order of Gigapascals. As a
result, the work done by such ultra-high stress on a small
activation volume of surface nucleation is sufficient to lower
its activation energy to the order of 0.7 eV, in order for the
nucleation rate and associated plastic strain rate matching
the externally applied loading rate.

However, we note that the tensile yield stresses in our
NEB calculations (i.e., the stress of surface nucleation with
activation energy around 0.7 eV) are around 15 GPa. They
are markedly larger than the experimentally measured

FIG. 2. 0.2% offset yield stress as the function of strain rate. The samples
were grouped into two branches, 100 nm and 200–300 nm groups. For the
samples of 100 nm group, the activation volume v* is about 3b3, the strain
rate sensitivity m¼ 0.098; and for the samples of 200–300 nm group, the
activation volume v* is about 6b3, the strain rate sensitivity m¼ 0.080. All
the calculations are based on partial dislocation scenario.
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from the power-law trend (indicated by a dashed line). This
transition diameter, or the smallest diameter unambigu-
ously continuing the power-law trend, is not constant
and appears to decrease with increasing strain rate:
Dt ! 150 nm for 10"3 s"1; Dt ! 125 nm for 10"3 s"1; and
Dt ! 675 nm for 10"2 s"1. Precise identification of the
transition diameter is challenging; however, there is a clear
trend that faster strain rates result in smaller transition
diameters.

3.3. Strain-rate sensitivity and activation volume

A material’s strain-rate dependence is usually quantified
through an empirical fit of r ¼ r 0 _em where m is the com-
monly reported strain-rate sensitivity. The strain-rate
dependence, indicative of the rate-controlling mechanism,
for dislocation source operation can also be described by
an Arrhenius form that connects the shear strain rate, _c,
to the applied shear stress, s [21]:

_c ¼ _c0 exp "Q$ " sXðs; T Þ
kBT

! "
ð1Þ

where _c0 is a constant related to the source’s attempt
frequency, Q$ is the activation energy, kB is Boltzmann’s
constant, and T is the temperature. The activation volume
expressed above describes how the activation free energy
changes with shear stress or Xðs; T Þ ' "@Q

@s

##
T , and thus

can be used to determine the activation volumes in nanopil-
lar compression experiments through conducting tests at
different constant strain rates [7]. Specifically Eq. (1) can
be rewritten to show that [21]:

X ¼ kBT
@ lnð _cÞ
@s

ð2Þ

We determined the strain-rate sensitivity and activation
volumes for all of our compression tests at different strain
rates, spanning over three orders of magnitude. The exper-
imental data for the flow stress at 10% strain as a function
of strain rate for five different diameters is shown on a
log–log plot in Fig. 5A. In Fig. 5A, the slopes of the curves
correspond to the strain-rate sensitivity, m. It is noteworthy
that at high strain rates _e P 10"1 s"1, corresponding to
power-law behavior for all diameters tested (Fig. 4A), all
pillar diameters show an increasing rate dependence with
decreasing diameter, with m ranging between !0.027 and
!0.057; these values are all >5-fold greater than that of
bulk single-crystalline Cu (!0.006) [27]. This finding sug-
gests that as the size is reduced, not only does the strength
increase, but the strain-rate dependence of fcc materials
emerges and increases as well. Furthermore, at intermedi-
ate strain rates _e < 10"2 s"1, the two smallest diameters,
75 and 125 nm, show a discrete transition to a much stron-
ger rate dependence, !0.11, than the m at the three larger
diameters, 0.027–0.04, suggesting a transition to a different
deformation mechanism. The precise choice of transition
strain rate is difficult to determine due to the inherent sto-
chastic response of these compression tests. A first approx-
imation of the transition strain rate for a given diameter
was estimated from Fig. 4A. Subsequently, best fits of the
stress vs. strain rate data were determined as common
mechanisms are assumed to maintain similar trends in both
strength and strain-rate sensitivity with size.

It may be possible to gain insights into the microstruc-
tural plasticity mechanisms responsible for this surprising
strain-rate sensitivity by analyzing the activation volume.
The experimental results of the activation volume, along
with error bars corresponding to the accuracy of the fit,
for each diameter at high strain rates, _e P 10"1 s"1 are

Fig. 5. (a) Flow stress at 10% strain as a function of strain rate for five different pillar diameters shown around each data set. The extracted activation
volumes for each diameter at strain rates of (b) 10"1 s"1 and (c) 10"2 s"1. These activation volumes may correspond to two distinct plasticity mechanisms:
surface dislocation nucleation vs. collective DD.
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We further estimated the activation volume to be !6b3

for the group of !200–300 nm and !3b3 for the group of
!100 nm on the basis of Eq. (2), where b is the Burgers vec-
tor length of a {111}h112i partial dislocation in Ni. Unlike
the body-centered cubic (BCC) metals such as Mo,22 the
trend of the smaller sample with the smaller activation vol-
ume is expected in FCC metals. In bulk FCC crystals, the
forest dislocation interaction dominates the plastic deforma-
tion when the grain size is in the micrometer range, and the
activation volume is relatively large !100–1000b3. Thus,
the thermal contribution is nearly negligible to the yield
strength. However, grain refinement from the micrometer to
the nanometer scale can lead to a decrease in activation vol-
ume by two orders of magnitude. Ma et al. showed that the
activation volume can be as small as 20b3 in the nanocrystal-
line Ni of 30 nm in grain size,20 and the dominant deforma-
tion mechanism is changed to grain boundary-mediated
dislocation activities. Moreover, Lu et al. obtained the simi-
larly small activation volume !20b3 in the nanotwinned Cu
samples,19 and attributed the controlling mechanism to the
twin boundary-mediated dislocation processes. In our single-
crystal Ni NWs, the measured activation volume of !10b3 is
on the same order of that in nanocrystalline and nanotwinned
FCC metals. These measured small activation volumes sug-
gest that the rate-controlling deformation mechanism is tran-
sitioning from the typical process of forest dislocation
cutting in coarse-grained bulk metals to the nucleation-
controlled dislocation process in nanostructured and nano-
sized metals.18 Generally, the controlling mechanism is
expected to relate to the interface dislocation process in
nanocrystalline and nanotwinned metals, and to the surface
one in small-sized nanowires.

To gain mechanistic insights into the measured high
strain-rate sensitivity and small activation volume in Ni nano-
wires, we conducted the molecular dynamics (MD) simula-
tions with an empirical interatomic potential of Ni23 to
identify the representative dislocation processes that might be
strength and strain rate controlling. With these unit processes

as input, we further performed the NEB calculations to quan-
tify the associated activation volumes for correlation with ex-
perimental measurements.4,5 For single-crystal Ni NWs with
the cross-sectional size of !10 nanometers, our MD simula-
tions indicate that the individual dislocations inside NWs are
not stable and tend to escape from the free surface, leading to
dislocation starvation. Such dislocation-starved state arises
owing to the large attractive image force of the free surface
that destabilizes the dislocation inside the NWs, as well as the
lack of effective mechanisms of dislocation blocking and
multiplication within the small-sized NWs. To sustain the
continued plastic deformation, the free surface of the nano-
wire acts as a source of dislocations. The representative unit
process typically involves the dislocation nucleation from a
free surface, gliding into the bulk, and annihilation at the op-
posite free surface of the NW. Among these three steps, the
surface dislocation nucleation is most difficult and thus rate
controlling.

Using the free-end NEB method,4,5 we calculate the
activation energy of surface nucleation as a function of the
applied tensile stress for both [112] and [111]-orientated Ni
NWs, as shown in Figs. 3(a) and 3(c). The activation vol-
umes are then estimated by taking the numerical derivative
of activation energy with respect to stress. Notice that the
activation volume is also a function of stress. Thus, we
define the yield stress as the tensile load giving the activation
energy of 0.7 eV for surface dislocation nucleation; this char-
acteristic activation energy corresponds to !30kBT at room
temperature, giving the nucleation rate relevant to the labora-
tory experiments according to transition state theory. On this
basis, we obtain the activation volume of 2.4b3 and 2.1b3 for
the [112] and [111] nanowire, respectively. Figs. 3(b) and
3(d) show the corresponding saddle-point state with a partial
dislocation loop nucleating from the NW surface. Our stud-
ies of dislocation nucleation from other side faces indicate
that the above results of calculated activation volumes are
insensitive to the specific nucleation site on the surface.

To gain a physical understanding of the characteristi-
cally small activation volume associated with plastic yield-
ing in FCC Ni NWs, we note that the atomic volume
enclosed by the dislocation loop in Figs. 3(b) and 3(d) repre-
sents the activation volume of surface nucleation. In a ther-
mally activated process, the resolved shear stress does work
on this volume to lower the activation energy and thereby
facilitates dislocation nucleation. Our calculated activation
volumes fall in the range of 1–10b3, consistent with the pre-
vious atomistic study of surface dislocation nucleation in
FCC Cu nanowires.4,5 Compared to coarse-grained Ni, the
reduced activation volume and correspondingly increased
rate sensitivity in small-sized NWs can be attributed to the
ultra-high yield stress on the order of Gigapascals. As a
result, the work done by such ultra-high stress on a small
activation volume of surface nucleation is sufficient to lower
its activation energy to the order of 0.7 eV, in order for the
nucleation rate and associated plastic strain rate matching
the externally applied loading rate.

However, we note that the tensile yield stresses in our
NEB calculations (i.e., the stress of surface nucleation with
activation energy around 0.7 eV) are around 15 GPa. They
are markedly larger than the experimentally measured

FIG. 2. 0.2% offset yield stress as the function of strain rate. The samples
were grouped into two branches, 100 nm and 200–300 nm groups. For the
samples of 100 nm group, the activation volume v* is about 3b3, the strain
rate sensitivity m¼ 0.098; and for the samples of 200–300 nm group, the
activation volume v* is about 6b3, the strain rate sensitivity m¼ 0.080. All
the calculations are based on partial dislocation scenario.

083102-3 Peng et al. Appl. Phys. Lett. 102, 083102 (2013)Ni nano-wires Cu nano-pillars

Peng et al. Appl. Phys. Lett. 102, 083102 (2013) Jennings et al. Acta Mat. 59, 5627 (2011) 
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OUTLINE

• First-order phase transitions

• Affine and non affine atomic displacements: a new collective 
variable for plastic deformation. 

• Rigidity: consequence of an “invisible” first order phase 
transition involving non-affine displacements

• Yielding as the visible, dynamic consequence of this transition

• Can understand initiation of plasticity in an initially ideal crystal 
without invoking properties of dislocations! (Remember: no 
dislocations in glasses)  

Nath et al. Proc. Natl. Acad. Sci. USA (2018)
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<latexit sha1_base64="7oXBl2HZrL/nmL5Fa9p8uV7KQ0o=">AAAB63icbZC7TsMwFIZPyq2UW4ERBosKialKWGCsYGFsJXqR2qhyXKexajuR7SBFUV+BhQGEWHkHnoONjUfBaTtAyy9Z+vT/58jnnCDhTBvX/XJKa+sbm1vl7crO7t7+QfXwqKPjVBHaJjGPVS/AmnImadsww2kvURSLgNNuMLkt8u4DVZrF8t5kCfUFHksWMoJNYQ2SiA2rNbfuzoRWwVtArXH60foGgOaw+jkYxSQVVBrCsdZ9z02Mn2NlGOF0WhmkmiaYTPCY9i1KLKj289msU3RunREKY2WfNGjm/u7IsdA6E4GtFNhEejkrzP+yfmrCaz9nMkkNlWT+UZhyZGJULI5GTFFieGYBE8XsrIhEWGFi7Hkq9gje8sqr0Lmse5ZbXq1xA3OV4QTO4AI8uIIG3EET2kAggkd4hhdHOE/Oq/M2Ly05i55j+CPn/QcilJCB</latexit><latexit sha1_base64="Q32XsxLMYZq8SEMVTmOEkvlBmRI=">AAAB63icbZDLSgMxFIbPeK31VnWpSLAIrsqMG10W3bhswV6gHUomzXRCk8yQZIQydOnWjQtF3PoOfQ53PoMvYabtQlt/CHz8/znknBMknGnjul/Oyura+sZmYau4vbO7t186OGzqOFWENkjMY9UOsKacSdowzHDaThTFIuC0FQxv87z1QJVmsbw3o4T6Ag8kCxnBJre6ScR6pbJbcadCy+DNoVw9mdS/H08ntV7ps9uPSSqoNIRjrTuemxg/w8owwum42E01TTAZ4gHtWJRYUO1n01nH6Nw6fRTGyj5p0NT93ZFhofVIBLZSYBPpxSw3/8s6qQmv/YzJJDVUktlHYcqRiVG+OOozRYnhIwuYKGZnRSTCChNjz1O0R/AWV16G5mXFs1z3ytUbmKkAx3AGF+DBFVThDmrQAAIRPMELvDrCeXbenPdZ6Yoz7zmCP3I+fgAA2ZHn</latexit><latexit sha1_base64="Q32XsxLMYZq8SEMVTmOEkvlBmRI=">AAAB63icbZDLSgMxFIbPeK31VnWpSLAIrsqMG10W3bhswV6gHUomzXRCk8yQZIQydOnWjQtF3PoOfQ53PoMvYabtQlt/CHz8/znknBMknGnjul/Oyura+sZmYau4vbO7t186OGzqOFWENkjMY9UOsKacSdowzHDaThTFIuC0FQxv87z1QJVmsbw3o4T6Ag8kCxnBJre6ScR6pbJbcadCy+DNoVw9mdS/H08ntV7ps9uPSSqoNIRjrTuemxg/w8owwum42E01TTAZ4gHtWJRYUO1n01nH6Nw6fRTGyj5p0NT93ZFhofVIBLZSYBPpxSw3/8s6qQmv/YzJJDVUktlHYcqRiVG+OOozRYnhIwuYKGZnRSTCChNjz1O0R/AWV16G5mXFs1z3ytUbmKkAx3AGF+DBFVThDmrQAAIRPMELvDrCeXbenPdZ6Yoz7zmCP3I+fgAA2ZHn</latexit><latexit sha1_base64="Q32XsxLMYZq8SEMVTmOEkvlBmRI=">AAAB63icbZDLSgMxFIbPeK31VnWpSLAIrsqMG10W3bhswV6gHUomzXRCk8yQZIQydOnWjQtF3PoOfQ53PoMvYabtQlt/CHz8/znknBMknGnjul/Oyura+sZmYau4vbO7t186OGzqOFWENkjMY9UOsKacSdowzHDaThTFIuC0FQxv87z1QJVmsbw3o4T6Ag8kCxnBJre6ScR6pbJbcadCy+DNoVw9mdS/H08ntV7ps9uPSSqoNIRjrTuemxg/w8owwum42E01TTAZ4gHtWJRYUO1n01nH6Nw6fRTGyj5p0NT93ZFhofVIBLZSYBPpxSw3/8s6qQmv/YzJJDVUktlHYcqRiVG+OOozRYnhIwuYKGZnRSTCChNjz1O0R/AWV16G5mXFs1z3ytUbmKkAx3AGF+DBFVThDmrQAAIRPMELvDrCeXbenPdZ6Yoz7zmCP3I+fgAA2ZHn</latexit><latexit sha1_base64="hyp1ZptVZU+ba/aencE7qRVK2Ic=">AAAB63icbZDLSgMxFIZP6q3WW9Wlm2ARXJUZN7osunFZwV6gHUomzXRCk8yQZIQy9BXcuFDErS/kzrcx085CW38IfPznHHLOH6aCG+t536iysbm1vVPdre3tHxwe1Y9PuibJNGUdmohE90NimOCKdSy3gvVTzYgMBeuF07ui3nti2vBEPdpZygJJJopHnBJbWMM05qN6w2t6C+F18EtoQKn2qP41HCc0k0xZKogxA99LbZATbTkVbF4bZoalhE7JhA0cKiKZCfLFrnN84ZwxjhLtnrJ44f6eyIk0ZiZD1ymJjc1qrTD/qw0yG90EOVdpZpmiy4+iTGCb4OJwPOaaUStmDgjV3O2KaUw0odbFU3Mh+Ksnr0P3quk7fvAbrdsyjiqcwTlcgg/X0IJ7aEMHKMTwDK/whiR6Qe/oY9laQeXMKfwR+vwBEpqOPA==</latexit>
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CLASSICAL NUCLEATION THEORY

Fs

A
B

R
Rc

F

Fv

FB

• Free energy gain FV = �F 4
3⇡R

3

• Free energy cost FS = � 4⇡R2

• Total free energy F = FV + FS

• Critical radius Rc and free energy barrier FB

• Rc / �/�F , FB / �3/�F 2

• Mean first passage time ⌧ = ⌧0e�FB

• Rc, FB , ⌧ ! 1 as �F ! 0.
<latexit sha1_base64="UYEtw1W4DuQa/0j4fBzcqAZ+ej4="></latexit><latexit sha1_base64="UYEtw1W4DuQa/0j4fBzcqAZ+ej4="></latexit><latexit sha1_base64="UYEtw1W4DuQa/0j4fBzcqAZ+ej4="></latexit><latexit sha1_base64="UYEtw1W4DuQa/0j4fBzcqAZ+ej4="></latexit><latexit sha1_base64="UYEtw1W4DuQa/0j4fBzcqAZ+ej4="></latexit>
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<latexit sha1_base64="UYEtw1W4DuQa/0j4fBzcqAZ+ej4="></latexit><latexit sha1_base64="UYEtw1W4DuQa/0j4fBzcqAZ+ej4="></latexit><latexit sha1_base64="UYEtw1W4DuQa/0j4fBzcqAZ+ej4="></latexit><latexit sha1_base64="UYEtw1W4DuQa/0j4fBzcqAZ+ej4="></latexit><latexit sha1_base64="UYEtw1W4DuQa/0j4fBzcqAZ+ej4="></latexit>



AFFINE AND NON-AFFINE
{Ri} ! {ri} : (ri � rj) = D(Ri �Rj)

<latexit sha1_base64="1H5kQKJZ+U6iH3Qh+I+qckBwoLU="></latexit><latexit sha1_base64="hbni2lVs3QLBue5NX2xgcC42PXQ="></latexit><latexit sha1_base64="hbni2lVs3QLBue5NX2xgcC42PXQ="></latexit><latexit sha1_base64="hbni2lVs3QLBue5NX2xgcC42PXQ="></latexit><latexit sha1_base64="icAHJe6nahlwi0p1D0z43vSyBt4="></latexit>

Matrix D may be scalings, shear or rotations.
<latexit sha1_base64="qSEEr0I5KhRsik7svlTt9sTCVTQ="></latexit><latexit sha1_base64="qSEEr0I5KhRsik7svlTt9sTCVTQ="></latexit><latexit sha1_base64="qSEEr0I5KhRsik7svlTt9sTCVTQ="></latexit><latexit sha1_base64="qSEEr0I5KhRsik7svlTt9sTCVTQ="></latexit><latexit sha1_base64="qSEEr0I5KhRsik7svlTt9sTCVTQ="></latexit>

Displacements which cannot be represented using D
are non-a�ne

<latexit sha1_base64="Iy6gQ1b3F/Ys56nnLFoeLENgHTs="></latexit><latexit sha1_base64="Iy6gQ1b3F/Ys56nnLFoeLENgHTs="></latexit><latexit sha1_base64="Iy6gQ1b3F/Ys56nnLFoeLENgHTs="></latexit><latexit sha1_base64="Iy6gQ1b3F/Ys56nnLFoeLENgHTs="></latexit><latexit sha1_base64="Iy6gQ1b3F/Ys56nnLFoeLENgHTs="></latexit>



3 SOURCES OF NON-AFFINE 
DISPLACEMENTS

• Thermal fluctuations (Ganguly et al. , PRE 2013) 

• Elastic heterogeneities (Di Donna and Lubensky, 
PRE 2005 and many others) 

• Rearrangements (Nath et al. PNAS 2018)
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SPECIFICALLY

� ⇡ 0
<latexit sha1_base64="VlAGvRAioQ3n/WB0Y+EUnGxLZks=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21oNglJVi1L/4cXD4p49b9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0PfVbD1QbJsWdHSsaJnggWMwItk6675IhQ12slJZPyO+VK37VnwEtkyAnFchR75W/un1J0oQKSzg2phP4yoYZ1pYRTielbmqowmSEB7TjqMAJNWE2u3qCTpzSR7HUroRFM/X3RIYTY8ZJ5DoTbIdm0ZuK/3md1MaXYcaESi0VZL4oTjmyEk0jQH2mKbF87AgmmrlbERlijYl1QZVcCMHiy8ukeVYN/Gpwe16pXeVxFOEIjuEUAriAGtxAHRpAQMMzvMKb9+i9eO/ex7y14OUzh/AH3ucPt2aR/A==</latexit><latexit sha1_base64="VlAGvRAioQ3n/WB0Y+EUnGxLZks=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21oNglJVi1L/4cXD4p49b9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0PfVbD1QbJsWdHSsaJnggWMwItk6675IhQ12slJZPyO+VK37VnwEtkyAnFchR75W/un1J0oQKSzg2phP4yoYZ1pYRTielbmqowmSEB7TjqMAJNWE2u3qCTpzSR7HUroRFM/X3RIYTY8ZJ5DoTbIdm0ZuK/3md1MaXYcaESi0VZL4oTjmyEk0jQH2mKbF87AgmmrlbERlijYl1QZVcCMHiy8ukeVYN/Gpwe16pXeVxFOEIjuEUAriAGtxAHRpAQMMzvMKb9+i9eO/ex7y14OUzh/AH3ucPt2aR/A==</latexit><latexit sha1_base64="VlAGvRAioQ3n/WB0Y+EUnGxLZks=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21oNglJVi1L/4cXD4p49b9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0PfVbD1QbJsWdHSsaJnggWMwItk6675IhQ12slJZPyO+VK37VnwEtkyAnFchR75W/un1J0oQKSzg2phP4yoYZ1pYRTielbmqowmSEB7TjqMAJNWE2u3qCTpzSR7HUroRFM/X3RIYTY8ZJ5DoTbIdm0ZuK/3md1MaXYcaESi0VZL4oTjmyEk0jQH2mKbF87AgmmrlbERlijYl1QZVcCMHiy8ukeVYN/Gpwe16pXeVxFOEIjuEUAriAGtxAHRpAQMMzvMKb9+i9eO/ex7y14OUzh/AH3ucPt2aR/A==</latexit><latexit sha1_base64="VlAGvRAioQ3n/WB0Y+EUnGxLZks=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21oNglJVi1L/4cXD4p49b9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0PfVbD1QbJsWdHSsaJnggWMwItk6675IhQ12slJZPyO+VK37VnwEtkyAnFchR75W/un1J0oQKSzg2phP4yoYZ1pYRTielbmqowmSEB7TjqMAJNWE2u3qCTpzSR7HUroRFM/X3RIYTY8ZJ5DoTbIdm0ZuK/3md1MaXYcaESi0VZL4oTjmyEk0jQH2mKbF87AgmmrlbERlijYl1QZVcCMHiy8ukeVYN/Gpwe16pXeVxFOEIjuEUAriAGtxAHRpAQMMzvMKb9+i9eO/ex7y14OUzh/AH3ucPt2aR/A==</latexit><latexit sha1_base64="VlAGvRAioQ3n/WB0Y+EUnGxLZks=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9o15JNs21oNglJVi1L/4cXD4p49b9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0PfVbD1QbJsWdHSsaJnggWMwItk6675IhQ12slJZPyO+VK37VnwEtkyAnFchR75W/un1J0oQKSzg2phP4yoYZ1pYRTielbmqowmSEB7TjqMAJNWE2u3qCTpzSR7HUroRFM/X3RIYTY8ZJ5DoTbIdm0ZuK/3md1MaXYcaESi0VZL4oTjmyEk0jQH2mKbF87AgmmrlbERlijYl1QZVcCMHiy8ukeVYN/Gpwe16pXeVxFOEIjuEUAriAGtxAHRpAQMMzvMKb9+i9eO/ex7y14OUzh/AH3ucPt2aR/A==</latexit>

� > 0
<latexit sha1_base64="BR3Sg6zf31+vPW6DIJ5QVg1qgM8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvXisYD+gDWWz3bRLN5t0dyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW09cGxGrR5wk3I/oQIlQMIpWanfZUJAb4vbKFbfqzkFWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8mmpmxqeUDaiA96xVNGIGz+b3zslZ1bpkzDWthSSufp7IqORMZMosJ0RxaFZ9mbif14nxfDaz4RKUuSKLRaFqSQYk9nzpC80ZygnllCmhb2VsCHVlKGNqGRD8JZfXiXNi6rnVr2Hy0rtNo+jCCdwCufgwRXU4B7q0AAGEp7hFd6csfPivDsfi9aCk88cwx84nz+icY8I</latexit><latexit sha1_base64="BR3Sg6zf31+vPW6DIJ5QVg1qgM8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvXisYD+gDWWz3bRLN5t0dyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW09cGxGrR5wk3I/oQIlQMIpWanfZUJAb4vbKFbfqzkFWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8mmpmxqeUDaiA96xVNGIGz+b3zslZ1bpkzDWthSSufp7IqORMZMosJ0RxaFZ9mbif14nxfDaz4RKUuSKLRaFqSQYk9nzpC80ZygnllCmhb2VsCHVlKGNqGRD8JZfXiXNi6rnVr2Hy0rtNo+jCCdwCufgwRXU4B7q0AAGEp7hFd6csfPivDsfi9aCk88cwx84nz+icY8I</latexit><latexit sha1_base64="BR3Sg6zf31+vPW6DIJ5QVg1qgM8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvXisYD+gDWWz3bRLN5t0dyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW09cGxGrR5wk3I/oQIlQMIpWanfZUJAb4vbKFbfqzkFWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8mmpmxqeUDaiA96xVNGIGz+b3zslZ1bpkzDWthSSufp7IqORMZMosJ0RxaFZ9mbif14nxfDaz4RKUuSKLRaFqSQYk9nzpC80ZygnllCmhb2VsCHVlKGNqGRD8JZfXiXNi6rnVr2Hy0rtNo+jCCdwCufgwRXU4B7q0AAGEp7hFd6csfPivDsfi9aCk88cwx84nz+icY8I</latexit><latexit sha1_base64="BR3Sg6zf31+vPW6DIJ5QVg1qgM8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvXisYD+gDWWz3bRLN5t0dyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW09cGxGrR5wk3I/oQIlQMIpWanfZUJAb4vbKFbfqzkFWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8mmpmxqeUDaiA96xVNGIGz+b3zslZ1bpkzDWthSSufp7IqORMZMosJ0RxaFZ9mbif14nxfDaz4RKUuSKLRaFqSQYk9nzpC80ZygnllCmhb2VsCHVlKGNqGRD8JZfXiXNi6rnVr2Hy0rtNo+jCCdwCufgwRXU4B7q0AAGEp7hFd6csfPivDsfi9aCk88cwx84nz+icY8I</latexit><latexit sha1_base64="BR3Sg6zf31+vPW6DIJ5QVg1qgM8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvXisYD+gDWWz3bRLN5t0dyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW09cGxGrR5wk3I/oQIlQMIpWanfZUJAb4vbKFbfqzkFWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8mmpmxqeUDaiA96xVNGIGz+b3zslZ1bpkzDWthSSufp7IqORMZMosJ0RxaFZ9mbif14nxfDaz4RKUuSKLRaFqSQYk9nzpC80ZygnllCmhb2VsCHVlKGNqGRD8JZfXiXNi6rnVr2Hy0rtNo+jCCdwCufgwRXU4B7q0AAGEp7hFd6csfPivDsfi9aCk88cwx84nz+icY8I</latexit>

Affine

Non-affine

rearrangements cause non-a�ne-ness, measured by �
<latexit sha1_base64="wo0vNC4hgX4SrZuI/0HTpieo0v0=">AAACIXicbVDLTgJBEJz1ifhCPXqZCCYehOxykSPRi0dM5JEAIb1DL0yYnd3MzJpsCL/ixV/x4kFjuBl/xuFxULCTSSpV3V3T5ceCa+O6X87G5tb2zm5mL7t/cHh0nDs5begoUQzrLBKRavmgUXCJdcONwFasEEJfYNMf3c305hMqzSP5aNIYuyEMJA84A2OpXq5im5UCOcAQpdGUQaKRykgWIQjszqJEra9piKAThX3qp7TQYUNe6OXybsmdF10H3hLkybJqvdy0049YMrNhArRue25sumNQhjOBk2zHGsfARjDAtoUSQtTd8fzCCb20TJ8GkbJPGjpnf0+MIdQ6DX3bGYIZ6lVtRv6ntRMTVLpjLuPEoGQLoyAR1ER0Fhftc4XMiNQCYIrbv1I2BAXM2FCzNgRv9eR10CiXPLfkPZTz1dtlHBlyTi7IFfHIDamSe1IjdcLIM3kl7+TDeXHenE9numjdcJYzZ+RPOd8/GRijZA==</latexit><latexit sha1_base64="wo0vNC4hgX4SrZuI/0HTpieo0v0=">AAACIXicbVDLTgJBEJz1ifhCPXqZCCYehOxykSPRi0dM5JEAIb1DL0yYnd3MzJpsCL/ixV/x4kFjuBl/xuFxULCTSSpV3V3T5ceCa+O6X87G5tb2zm5mL7t/cHh0nDs5begoUQzrLBKRavmgUXCJdcONwFasEEJfYNMf3c305hMqzSP5aNIYuyEMJA84A2OpXq5im5UCOcAQpdGUQaKRykgWIQjszqJEra9piKAThX3qp7TQYUNe6OXybsmdF10H3hLkybJqvdy0049YMrNhArRue25sumNQhjOBk2zHGsfARjDAtoUSQtTd8fzCCb20TJ8GkbJPGjpnf0+MIdQ6DX3bGYIZ6lVtRv6ntRMTVLpjLuPEoGQLoyAR1ER0Fhftc4XMiNQCYIrbv1I2BAXM2FCzNgRv9eR10CiXPLfkPZTz1dtlHBlyTi7IFfHIDamSe1IjdcLIM3kl7+TDeXHenE9numjdcJYzZ+RPOd8/GRijZA==</latexit><latexit sha1_base64="wo0vNC4hgX4SrZuI/0HTpieo0v0=">AAACIXicbVDLTgJBEJz1ifhCPXqZCCYehOxykSPRi0dM5JEAIb1DL0yYnd3MzJpsCL/ixV/x4kFjuBl/xuFxULCTSSpV3V3T5ceCa+O6X87G5tb2zm5mL7t/cHh0nDs5begoUQzrLBKRavmgUXCJdcONwFasEEJfYNMf3c305hMqzSP5aNIYuyEMJA84A2OpXq5im5UCOcAQpdGUQaKRykgWIQjszqJEra9piKAThX3qp7TQYUNe6OXybsmdF10H3hLkybJqvdy0049YMrNhArRue25sumNQhjOBk2zHGsfARjDAtoUSQtTd8fzCCb20TJ8GkbJPGjpnf0+MIdQ6DX3bGYIZ6lVtRv6ntRMTVLpjLuPEoGQLoyAR1ER0Fhftc4XMiNQCYIrbv1I2BAXM2FCzNgRv9eR10CiXPLfkPZTz1dtlHBlyTi7IFfHIDamSe1IjdcLIM3kl7+TDeXHenE9numjdcJYzZ+RPOd8/GRijZA==</latexit><latexit sha1_base64="wo0vNC4hgX4SrZuI/0HTpieo0v0=">AAACIXicbVDLTgJBEJz1ifhCPXqZCCYehOxykSPRi0dM5JEAIb1DL0yYnd3MzJpsCL/ixV/x4kFjuBl/xuFxULCTSSpV3V3T5ceCa+O6X87G5tb2zm5mL7t/cHh0nDs5begoUQzrLBKRavmgUXCJdcONwFasEEJfYNMf3c305hMqzSP5aNIYuyEMJA84A2OpXq5im5UCOcAQpdGUQaKRykgWIQjszqJEra9piKAThX3qp7TQYUNe6OXybsmdF10H3hLkybJqvdy0049YMrNhArRue25sumNQhjOBk2zHGsfARjDAtoUSQtTd8fzCCb20TJ8GkbJPGjpnf0+MIdQ6DX3bGYIZ6lVtRv6ntRMTVLpjLuPEoGQLoyAR1ER0Fhftc4XMiNQCYIrbv1I2BAXM2FCzNgRv9eR10CiXPLfkPZTz1dtlHBlyTi7IFfHIDamSe1IjdcLIM3kl7+TDeXHenE9numjdcJYzZ+RPOd8/GRijZA==</latexit><latexit sha1_base64="wo0vNC4hgX4SrZuI/0HTpieo0v0=">AAACIXicbVDLTgJBEJz1ifhCPXqZCCYehOxykSPRi0dM5JEAIb1DL0yYnd3MzJpsCL/ixV/x4kFjuBl/xuFxULCTSSpV3V3T5ceCa+O6X87G5tb2zm5mL7t/cHh0nDs5begoUQzrLBKRavmgUXCJdcONwFasEEJfYNMf3c305hMqzSP5aNIYuyEMJA84A2OpXq5im5UCOcAQpdGUQaKRykgWIQjszqJEra9piKAThX3qp7TQYUNe6OXybsmdF10H3hLkybJqvdy0049YMrNhArRue25sumNQhjOBk2zHGsfARjDAtoUSQtTd8fzCCb20TJ8GkbJPGjpnf0+MIdQ6DX3bGYIZ6lVtRv6ntRMTVLpjLuPEoGQLoyAR1ER0Fhftc4XMiNQCYIrbv1I2BAXM2FCzNgRv9eR10CiXPLfkPZTz1dtlHBlyTi7IFfHIDamSe1IjdcLIM3kl7+TDeXHenE9numjdcJYzZ+RPOd8/GRijZA==</latexit>

{R}
<latexit sha1_base64="R8BS6yaaWTFsnc7FWDq/1haq1Jw=">AAAB8nicbZDLSgMxFIbP1Futt6pLN6FFEIQy40aXRTcuq9gLzAwlk2ba0EwyJBmhDPMYblx4wa1P4863Mb0stPWHwMf/n0POOVHKmTau++2U1tY3NrfK25Wd3b39g+rhUUfLTBHaJpJL1YuwppwJ2jbMcNpLFcVJxGk3Gt9M8+4jVZpJ8WAmKQ0TPBQsZgQba/lBngdRjO6LoOhX627DnQmtgreAerMWnL8BQKtf/QoGkmQJFYZwrLXvuakJc6wMI5wWlSDTNMVkjIfUtyhwQnWYz0Yu0Kl1BiiWyj5h0Mz93ZHjROtJEtnKBJuRXs6m5n+Zn5n4KsyZSDNDBZl/FGccGYmm+6MBU5QYPrGAiWJ2VkRGWGFi7JUq9gje8sqr0LloeG7Du/PqzWuYqwwnUIMz8OASmnALLWgDAQlP8AKvjnGenXfnY15achY9x/BHzucPNveSrA==</latexit><latexit sha1_base64="BmONPlRpgEPLY+R6ribkc171rwM=">AAAB8nicbZDLSsNAFIYnXmu9VV26GVoEQSiJG10G3bisYi+QhDKZTtqhk0mYORFCyFvoxoUibn0ad30bp5eFtv4w8PH/5zDnnDAVXINtT6y19Y3Nre3KTnV3b//gsHZ03NFJpihr00QkqhcSzQSXrA0cBOulipE4FKwbjm+nefeJKc0T+Qh5yoKYDCWPOCVgLM8vCj+M8EPpl/1aw27aM+FVcBbQcOv+xfPEzVv92rc/SGgWMwlUEK09x04hKIgCTgUrq36mWUromAyZZ1CSmOmgmI1c4jPjDHCUKPMk4Jn7u6MgsdZ5HJrKmMBIL2dT87/MyyC6Dgou0wyYpPOPokxgSPB0fzzgilEQuQFCFTezYjoiilAwV6qaIzjLK69C57Lp2E3n3mm4N2iuCjpFdXSOHHSFXHSHWqiNKErQC3pD7xZYr9aH9TkvXbMWPSfoj6yvH0BhlDI=</latexit><latexit sha1_base64="BmONPlRpgEPLY+R6ribkc171rwM=">AAAB8nicbZDLSsNAFIYnXmu9VV26GVoEQSiJG10G3bisYi+QhDKZTtqhk0mYORFCyFvoxoUibn0ad30bp5eFtv4w8PH/5zDnnDAVXINtT6y19Y3Nre3KTnV3b//gsHZ03NFJpihr00QkqhcSzQSXrA0cBOulipE4FKwbjm+nefeJKc0T+Qh5yoKYDCWPOCVgLM8vCj+M8EPpl/1aw27aM+FVcBbQcOv+xfPEzVv92rc/SGgWMwlUEK09x04hKIgCTgUrq36mWUromAyZZ1CSmOmgmI1c4jPjDHCUKPMk4Jn7u6MgsdZ5HJrKmMBIL2dT87/MyyC6Dgou0wyYpPOPokxgSPB0fzzgilEQuQFCFTezYjoiilAwV6qaIzjLK69C57Lp2E3n3mm4N2iuCjpFdXSOHHSFXHSHWqiNKErQC3pD7xZYr9aH9TkvXbMWPSfoj6yvH0BhlDI=</latexit><latexit sha1_base64="BmONPlRpgEPLY+R6ribkc171rwM=">AAAB8nicbZDLSsNAFIYnXmu9VV26GVoEQSiJG10G3bisYi+QhDKZTtqhk0mYORFCyFvoxoUibn0ad30bp5eFtv4w8PH/5zDnnDAVXINtT6y19Y3Nre3KTnV3b//gsHZ03NFJpihr00QkqhcSzQSXrA0cBOulipE4FKwbjm+nefeJKc0T+Qh5yoKYDCWPOCVgLM8vCj+M8EPpl/1aw27aM+FVcBbQcOv+xfPEzVv92rc/SGgWMwlUEK09x04hKIgCTgUrq36mWUromAyZZ1CSmOmgmI1c4jPjDHCUKPMk4Jn7u6MgsdZ5HJrKmMBIL2dT87/MyyC6Dgou0wyYpPOPokxgSPB0fzzgilEQuQFCFTezYjoiilAwV6qaIzjLK69C57Lp2E3n3mm4N2iuCjpFdXSOHHSFXHSHWqiNKErQC3pD7xZYr9aH9TkvXbMWPSfoj6yvH0BhlDI=</latexit><latexit sha1_base64="cnCf9gKGF8NL3bMp0QbqBwNDL4Y=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHoxWMVWwtNKJvtpl262YTdiVBCfoYXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vp7K2vrG5Vd2u7ezu7R/UD4+6Jsk04x2WyET3Qmq4FIp3UKDkvVRzGoeSP4aTm5n/+MS1EYl6wGnKg5iOlIgEo2ilvp/nfhiR+8IvBvWG23TnIKvEK0kDSrQH9S9/mLAs5gqZpMb0PTfFIKcaBZO8qPmZ4SllEzrifUsVjbkJ8vnJBTmzypBEibalkMzV3xM5jY2ZxqHtjCmOzbI3E//z+hlGV0EuVJohV2yxKMokwYTM/idDoTlDObWEMi3srYSNqaYMbUo1G4K3/PIq6V40Pbfp3XmN1nUZRxVO4BTOwYNLaMEttKEDDBJ4hld4c9B5cd6dj0VrxSlnjuEPnM8fJHiRIw==</latexit>

{r}
<latexit sha1_base64="Lxo7bKka0ZdyOHwenuphqOnu9lA=">AAAB8nicbZDLSsNAFIZPvNZ6q7p0M7QIglASN7osunFZwV4gCWUynbRDJ5MwcyKU0Mdw48ILbn0ad76N08tCW38Y+Pj/c5hzTpRJYdB1v5219Y3Nre3STnl3b//gsHJ03DZprhlvsVSmuhtRw6VQvIUCJe9mmtMkkrwTjW6neeeRayNS9YDjjIcJHSgRC0bRWn5QFEEUEz0JJr1Kza27M5FV8BZQa1SDizcAaPYqX0E/ZXnCFTJJjfE9N8OwoBoFk3xSDnLDM8pGdMB9i4om3ITFbOQJObNOn8Sptk8hmbm/OwqaGDNOIluZUBya5Wxq/pf5OcbXYSFUliNXbP5RnEuCKZnuT/pCc4ZybIEyLeyshA2ppgztlcr2CN7yyqvQvqx7bt2792qNG5irBKdQhXPw4AoacAdNaAGDFJ7gBV4ddJ6dd+djXrrmLHpO4I+czx9n15LM</latexit><latexit sha1_base64="uCmrQA3v8M4mB5LRAjYCAWFvjE8=">AAAB8nicbZDLSsNAFIZP6q3WW9Wlm6FFEISSuNFl0I3LCvYCSSiT6aQdOpmEmYkQQt5CNy4UcevTuOvbOL0stPWHgY//P4c554QpZ0rb9tSqbGxube9Ud2t7+weHR/Xjk65KMklohyQ8kf0QK8qZoB3NNKf9VFIch5z2wsndLO89UalYIh51ntIgxiPBIkawNpbnF4UfRkiWfjmoN+2WPRdaB2cJTbfhXz5P3bw9qH/7w4RkMRWacKyU59ipDgosNSOcljU/UzTFZIJH1DMocExVUMxHLtG5cYYoSqR5QqO5+7ujwLFSeRyayhjrsVrNZuZ/mZfp6CYomEgzTQVZfBRlHOkEzfZHQyYp0Tw3gIlkZlZExlhios2VauYIzurK69C9ajl2y3lwmu4tLFSFM2jABThwDS7cQxs6QCCBF3iDd0tbr9aH9bkorVjLnlP4I+vrB3FBlFI=</latexit><latexit sha1_base64="uCmrQA3v8M4mB5LRAjYCAWFvjE8=">AAAB8nicbZDLSsNAFIZP6q3WW9Wlm6FFEISSuNFl0I3LCvYCSSiT6aQdOpmEmYkQQt5CNy4UcevTuOvbOL0stPWHgY//P4c554QpZ0rb9tSqbGxube9Ud2t7+weHR/Xjk65KMklohyQ8kf0QK8qZoB3NNKf9VFIch5z2wsndLO89UalYIh51ntIgxiPBIkawNpbnF4UfRkiWfjmoN+2WPRdaB2cJTbfhXz5P3bw9qH/7w4RkMRWacKyU59ipDgosNSOcljU/UzTFZIJH1DMocExVUMxHLtG5cYYoSqR5QqO5+7ujwLFSeRyayhjrsVrNZuZ/mZfp6CYomEgzTQVZfBRlHOkEzfZHQyYp0Tw3gIlkZlZExlhios2VauYIzurK69C9ajl2y3lwmu4tLFSFM2jABThwDS7cQxs6QCCBF3iDd0tbr9aH9bkorVjLnlP4I+vrB3FBlFI=</latexit><latexit sha1_base64="uCmrQA3v8M4mB5LRAjYCAWFvjE8=">AAAB8nicbZDLSsNAFIZP6q3WW9Wlm6FFEISSuNFl0I3LCvYCSSiT6aQdOpmEmYkQQt5CNy4UcevTuOvbOL0stPWHgY//P4c554QpZ0rb9tSqbGxube9Ud2t7+weHR/Xjk65KMklohyQ8kf0QK8qZoB3NNKf9VFIch5z2wsndLO89UalYIh51ntIgxiPBIkawNpbnF4UfRkiWfjmoN+2WPRdaB2cJTbfhXz5P3bw9qH/7w4RkMRWacKyU59ipDgosNSOcljU/UzTFZIJH1DMocExVUMxHLtG5cYYoSqR5QqO5+7ujwLFSeRyayhjrsVrNZuZ/mZfp6CYomEgzTQVZfBRlHOkEzfZHQyYp0Tw3gIlkZlZExlhios2VauYIzurK69C9ajl2y3lwmu4tLFSFM2jABThwDS7cQxs6QCCBF3iDd0tbr9aH9bkorVjLnlP4I+vrB3FBlFI=</latexit><latexit sha1_base64="vlu/BZ9dEy7D5dlTANtAu9RoU7E=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHoxWMF+wFNKJvtpl262YTdiVBCfoYXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vp7KxubW9U92t7e0fHB7Vj0+6Jsk04x2WyET3Q2q4FIp3UKDk/VRzGoeS98Lp3dzvPXFtRKIecZbyIKZjJSLBKFpp4Oe5H0ZEF34xrDfcprsAWSdeSRpQoj2sf/mjhGUxV8gkNWbguSkGOdUomORFzc8MTymb0jEfWKpozE2QL04uyIVVRiRKtC2FZKH+nshpbMwsDm1nTHFiVr25+J83yDC6CXKh0gy5YstFUSYJJmT+PxkJzRnKmSWUaWFvJWxCNWVoU6rZELzVl9dJ96rpuU3vwWu0bss4qnAG53AJHlxDC+6hDR1gkMAzvMKbg86L8+58LFsrTjlzCn/gfP4AVViRQw==</latexit>

{R}
<latexit sha1_base64="R8BS6yaaWTFsnc7FWDq/1haq1Jw=">AAAB8nicbZDLSgMxFIbP1Futt6pLN6FFEIQy40aXRTcuq9gLzAwlk2ba0EwyJBmhDPMYblx4wa1P4863Mb0stPWHwMf/n0POOVHKmTau++2U1tY3NrfK25Wd3b39g+rhUUfLTBHaJpJL1YuwppwJ2jbMcNpLFcVJxGk3Gt9M8+4jVZpJ8WAmKQ0TPBQsZgQba/lBngdRjO6LoOhX627DnQmtgreAerMWnL8BQKtf/QoGkmQJFYZwrLXvuakJc6wMI5wWlSDTNMVkjIfUtyhwQnWYz0Yu0Kl1BiiWyj5h0Mz93ZHjROtJEtnKBJuRXs6m5n+Zn5n4KsyZSDNDBZl/FGccGYmm+6MBU5QYPrGAiWJ2VkRGWGFi7JUq9gje8sqr0LloeG7Du/PqzWuYqwwnUIMz8OASmnALLWgDAQlP8AKvjnGenXfnY15achY9x/BHzucPNveSrA==</latexit><latexit sha1_base64="BmONPlRpgEPLY+R6ribkc171rwM=">AAAB8nicbZDLSsNAFIYnXmu9VV26GVoEQSiJG10G3bisYi+QhDKZTtqhk0mYORFCyFvoxoUibn0ad30bp5eFtv4w8PH/5zDnnDAVXINtT6y19Y3Nre3KTnV3b//gsHZ03NFJpihr00QkqhcSzQSXrA0cBOulipE4FKwbjm+nefeJKc0T+Qh5yoKYDCWPOCVgLM8vCj+M8EPpl/1aw27aM+FVcBbQcOv+xfPEzVv92rc/SGgWMwlUEK09x04hKIgCTgUrq36mWUromAyZZ1CSmOmgmI1c4jPjDHCUKPMk4Jn7u6MgsdZ5HJrKmMBIL2dT87/MyyC6Dgou0wyYpPOPokxgSPB0fzzgilEQuQFCFTezYjoiilAwV6qaIzjLK69C57Lp2E3n3mm4N2iuCjpFdXSOHHSFXHSHWqiNKErQC3pD7xZYr9aH9TkvXbMWPSfoj6yvH0BhlDI=</latexit><latexit sha1_base64="BmONPlRpgEPLY+R6ribkc171rwM=">AAAB8nicbZDLSsNAFIYnXmu9VV26GVoEQSiJG10G3bisYi+QhDKZTtqhk0mYORFCyFvoxoUibn0ad30bp5eFtv4w8PH/5zDnnDAVXINtT6y19Y3Nre3KTnV3b//gsHZ03NFJpihr00QkqhcSzQSXrA0cBOulipE4FKwbjm+nefeJKc0T+Qh5yoKYDCWPOCVgLM8vCj+M8EPpl/1aw27aM+FVcBbQcOv+xfPEzVv92rc/SGgWMwlUEK09x04hKIgCTgUrq36mWUromAyZZ1CSmOmgmI1c4jPjDHCUKPMk4Jn7u6MgsdZ5HJrKmMBIL2dT87/MyyC6Dgou0wyYpPOPokxgSPB0fzzgilEQuQFCFTezYjoiilAwV6qaIzjLK69C57Lp2E3n3mm4N2iuCjpFdXSOHHSFXHSHWqiNKErQC3pD7xZYr9aH9TkvXbMWPSfoj6yvH0BhlDI=</latexit><latexit sha1_base64="BmONPlRpgEPLY+R6ribkc171rwM=">AAAB8nicbZDLSsNAFIYnXmu9VV26GVoEQSiJG10G3bisYi+QhDKZTtqhk0mYORFCyFvoxoUibn0ad30bp5eFtv4w8PH/5zDnnDAVXINtT6y19Y3Nre3KTnV3b//gsHZ03NFJpihr00QkqhcSzQSXrA0cBOulipE4FKwbjm+nefeJKc0T+Qh5yoKYDCWPOCVgLM8vCj+M8EPpl/1aw27aM+FVcBbQcOv+xfPEzVv92rc/SGgWMwlUEK09x04hKIgCTgUrq36mWUromAyZZ1CSmOmgmI1c4jPjDHCUKPMk4Jn7u6MgsdZ5HJrKmMBIL2dT87/MyyC6Dgou0wyYpPOPokxgSPB0fzzgilEQuQFCFTezYjoiilAwV6qaIzjLK69C57Lp2E3n3mm4N2iuCjpFdXSOHHSFXHSHWqiNKErQC3pD7xZYr9aH9TkvXbMWPSfoj6yvH0BhlDI=</latexit><latexit sha1_base64="cnCf9gKGF8NL3bMp0QbqBwNDL4Y=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHoxWMVWwtNKJvtpl262YTdiVBCfoYXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vp7K2vrG5Vd2u7ezu7R/UD4+6Jsk04x2WyET3Qmq4FIp3UKDkvVRzGoeSP4aTm5n/+MS1EYl6wGnKg5iOlIgEo2ilvp/nfhiR+8IvBvWG23TnIKvEK0kDSrQH9S9/mLAs5gqZpMb0PTfFIKcaBZO8qPmZ4SllEzrifUsVjbkJ8vnJBTmzypBEibalkMzV3xM5jY2ZxqHtjCmOzbI3E//z+hlGV0EuVJohV2yxKMokwYTM/idDoTlDObWEMi3srYSNqaYMbUo1G4K3/PIq6V40Pbfp3XmN1nUZRxVO4BTOwYNLaMEttKEDDBJ4hld4c9B5cd6dj0VrxSlnjuEPnM8fJHiRIw==</latexit>

{r}
<latexit sha1_base64="Lxo7bKka0ZdyOHwenuphqOnu9lA=">AAAB8nicbZDLSsNAFIZPvNZ6q7p0M7QIglASN7osunFZwV4gCWUynbRDJ5MwcyKU0Mdw48ILbn0ad76N08tCW38Y+Pj/c5hzTpRJYdB1v5219Y3Nre3STnl3b//gsHJ03DZprhlvsVSmuhtRw6VQvIUCJe9mmtMkkrwTjW6neeeRayNS9YDjjIcJHSgRC0bRWn5QFEEUEz0JJr1Kza27M5FV8BZQa1SDizcAaPYqX0E/ZXnCFTJJjfE9N8OwoBoFk3xSDnLDM8pGdMB9i4om3ITFbOQJObNOn8Sptk8hmbm/OwqaGDNOIluZUBya5Wxq/pf5OcbXYSFUliNXbP5RnEuCKZnuT/pCc4ZybIEyLeyshA2ppgztlcr2CN7yyqvQvqx7bt2792qNG5irBKdQhXPw4AoacAdNaAGDFJ7gBV4ddJ6dd+djXrrmLHpO4I+czx9n15LM</latexit><latexit sha1_base64="uCmrQA3v8M4mB5LRAjYCAWFvjE8=">AAAB8nicbZDLSsNAFIZP6q3WW9Wlm6FFEISSuNFl0I3LCvYCSSiT6aQdOpmEmYkQQt5CNy4UcevTuOvbOL0stPWHgY//P4c554QpZ0rb9tSqbGxube9Ud2t7+weHR/Xjk65KMklohyQ8kf0QK8qZoB3NNKf9VFIch5z2wsndLO89UalYIh51ntIgxiPBIkawNpbnF4UfRkiWfjmoN+2WPRdaB2cJTbfhXz5P3bw9qH/7w4RkMRWacKyU59ipDgosNSOcljU/UzTFZIJH1DMocExVUMxHLtG5cYYoSqR5QqO5+7ujwLFSeRyayhjrsVrNZuZ/mZfp6CYomEgzTQVZfBRlHOkEzfZHQyYp0Tw3gIlkZlZExlhios2VauYIzurK69C9ajl2y3lwmu4tLFSFM2jABThwDS7cQxs6QCCBF3iDd0tbr9aH9bkorVjLnlP4I+vrB3FBlFI=</latexit><latexit sha1_base64="uCmrQA3v8M4mB5LRAjYCAWFvjE8=">AAAB8nicbZDLSsNAFIZP6q3WW9Wlm6FFEISSuNFl0I3LCvYCSSiT6aQdOpmEmYkQQt5CNy4UcevTuOvbOL0stPWHgY//P4c554QpZ0rb9tSqbGxube9Ud2t7+weHR/Xjk65KMklohyQ8kf0QK8qZoB3NNKf9VFIch5z2wsndLO89UalYIh51ntIgxiPBIkawNpbnF4UfRkiWfjmoN+2WPRdaB2cJTbfhXz5P3bw9qH/7w4RkMRWacKyU59ipDgosNSOcljU/UzTFZIJH1DMocExVUMxHLtG5cYYoSqR5QqO5+7ujwLFSeRyayhjrsVrNZuZ/mZfp6CYomEgzTQVZfBRlHOkEzfZHQyYp0Tw3gIlkZlZExlhios2VauYIzurK69C9ajl2y3lwmu4tLFSFM2jABThwDS7cQxs6QCCBF3iDd0tbr9aH9bkorVjLnlP4I+vrB3FBlFI=</latexit><latexit sha1_base64="uCmrQA3v8M4mB5LRAjYCAWFvjE8=">AAAB8nicbZDLSsNAFIZP6q3WW9Wlm6FFEISSuNFl0I3LCvYCSSiT6aQdOpmEmYkQQt5CNy4UcevTuOvbOL0stPWHgY//P4c554QpZ0rb9tSqbGxube9Ud2t7+weHR/Xjk65KMklohyQ8kf0QK8qZoB3NNKf9VFIch5z2wsndLO89UalYIh51ntIgxiPBIkawNpbnF4UfRkiWfjmoN+2WPRdaB2cJTbfhXz5P3bw9qH/7w4RkMRWacKyU59ipDgosNSOcljU/UzTFZIJH1DMocExVUMxHLtG5cYYoSqR5QqO5+7ujwLFSeRyayhjrsVrNZuZ/mZfp6CYomEgzTQVZfBRlHOkEzfZHQyYp0Tw3gIlkZlZExlhios2VauYIzurK69C9ajl2y3lwmu4tLFSFM2jABThwDS7cQxs6QCCBF3iDd0tbr9aH9bkorVjLnlP4I+vrB3FBlFI=</latexit><latexit sha1_base64="vlu/BZ9dEy7D5dlTANtAu9RoU7E=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHoxWMF+wFNKJvtpl262YTdiVBCfoYXD4p49dd489+4bXPQ1gcDj/dmmJkXplIYdN1vp7KxubW9U92t7e0fHB7Vj0+6Jsk04x2WyET3Q2q4FIp3UKDk/VRzGoeS98Lp3dzvPXFtRKIecZbyIKZjJSLBKFpp4Oe5H0ZEF34xrDfcprsAWSdeSRpQoj2sf/mjhGUxV8gkNWbguSkGOdUomORFzc8MTymb0jEfWKpozE2QL04uyIVVRiRKtC2FZKH+nshpbMwsDm1nTHFiVr25+J83yDC6CXKh0gy5YstFUSYJJmT+PxkJzRnKmSWUaWFvJWxCNWVoU6rZELzVl9dJ96rpuU3vwWu0bss4qnAG53AJHlxDC+6hDR1gkMAzvMKbg86L8+58LFsrTjlzCn/gfP4AVViRQw==</latexit>

9 �⌦({R, r}) 8 {R}, {r}
<latexit sha1_base64="E7DlOubX8jcgGilGrvxwwITskcY="></latexit><latexit sha1_base64="394ndP9NxsyJuG8J+darM1wguak="></latexit><latexit sha1_base64="394ndP9NxsyJuG8J+darM1wguak="></latexit><latexit sha1_base64="394ndP9NxsyJuG8J+darM1wguak="></latexit><latexit sha1_base64="Ovyr4EDyG7kx5OdKgToHKtQVeqQ="></latexit>



NON AFFINE DISPLACEMENTS

Ganguly,SS,Sollich,Rao PRE (2013) Ganguly, SS, Sollich Soft Matter (2015)

• Choose coarse graining volume ⌦ around a particle i.

• �i = minD
P

j2⌦(rij � DRij)2; D = “best fit” a�ne deformation; Rij =
reference positions; rij instantaneous positions.

• Minimisation = projection; �i = (�u)TP({R})(�u); and ensemble aver-
age h�i = TrPCP; C = h�uT�ui the displacement correlator.

• Eigenvectors of PCP give “non-a�ne displacement modes” which are or-
thogonal to the a�ne displacements viz. volume, rectangular distortion
("), shear and rotation.

2d triangular lattice has
12 normal modes with
4 a�ne and 8 non-a�neri
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BIASING NON-AFFINITY

• Define global non-a�nity X = N�1
P

i �i

• P (X) is a Gaussian centered at h�i with width ⇠ 1/
p
N

• Add bias term �NhXX to the Hamiltonian, hX non-a�ne field

NhXX = hX

X

i

X

j,k2⌦

(uj � ui)
TPj�i,k�i(uk � ui)

• Three-body interactions between next nearest neighbours

• No coupling to a�ne deformations - those couple to stress

• Interaction P.,. in bias term involves particle reference position {Ri}

• Note: translational symmetry, ui ! ui + constant, is preserved.
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SMALL FIELDS: FLUCTUATION RESPONSE

hXi

hX
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X(hX) = X(0) + h��2i
P

R C�(R, 0) where C�(R, 0) is the equal time, spatial
correlation of �.

S. Ganguly et al. Soft Matter, 11, 4517 (2015)
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hX

"
M: crystal

N : crystal

3.

2.

dynamical line: decay of 
the metastable  N phase.

no unique global 
minimum

observed onset
of plasticity



TWO DIMENSIONAL IDEAL 
LENNARD-JONES CRYSTAL

V (rij) = 4✏
h
r�12
ij � r�6

ij

i
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Equilibrium ! sequential umbrella sampling Monte Carlo
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Dynamics ! molecular dynamics simulations
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• no pre-existing defects 
• periodic boundary conditions 
• constant NVT 
• uniform (pure shear) by 

deforming the box.



THE EQUILIBRIUM TRANSITION: 
“X” as the order parameter

hX

"
M: Meissner crystal

N : normal crystal



ENERGY BALANCE AND T=0 
PHASE BOUNDARY

• For any " > 0 crystal N produces stress � = G"; Energy per unit area
�E = 1

2�" =
1
2G"2.

• X = (@X@" )hX |"| = 0 in theN crystal because linear susceptibility, (@X@" )hX = 0.

• M crystal responds to " by producingX = (@X@" )hX |"| andX = ( @X
@hX

)"hX ;

Energy per unit area �E = �hX(@X@" )hX".

• stress � = G" = 0 in the fully relaxed M crystal because G = 0.

• Equating energies: phase boundary hX = � 1
2G(@X/@")�1

hX
|"|.

• Note: Total energy may be written as�E = 1
2 &", where & = �+2 (@X/@")hX (@X/@hX)�1

" X(").

• & ⇥ (area) is the true thermodynamic conjugate to ".

• & = � in the N crystal while it is / X in the M crystal.
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• N particles with Lennard Jones interactions in 2d plus non-a�ne field.

• constant N,V (shape), T , ensemble.

• cut-o↵ at 2.5 times particle diameter, truncated and shifted, T ⇤ = 0.8, ⇢ = 2/
p
3.

• Large energy barriers between N and M crystals.

• Sequential umbrella sampling Monte Carlo (SUS-MC) technique needed.

• accurate calculation of P (X) at the transition.

• transition point obtained by histogram reweighting.

PHASE DIAGRAM AT T > 0
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and phase diagram

slip bands: proto-
dislocation dipoles
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SUMMARY

• First order phase transition between two equilibrium phases. 

• Stable rigid crystal coexists with a new kind of crystal which 
responds to shape changes by producing slip bands and 
eliminating stress.

• Dislocations decorate stress interfaces - large stress gradients. 

• Phase boundary extends to the origin, well defined in the 
limit,  hX →0- 

• The rigid crystal is metastable for all values of stress for hX = 0. 



THE DYNAMICS  AT FINITE STRAIN RATE: 
“X” as a reaction coordinate 

hX

"
M: Meissner crystal

N : normal crystal

observed onset
of plasticity



NUCLEATION BARRIERS AT hX=0
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MD SIMULATIONS OF LJ SOLID

• N = 128⇥ 128 = 16384 particles

• a = 1.0, 0.2 < T < 1.2

• MD time step �t = 0.001, = .0001 near yielding.

• Berendsen thermostat

• equilibration for t = 1500

• strain rate "̇ = 3.33⇥ 10�5 till yielding

• results averaged over 4 independent runs.

• fast GPU based in-house parallel code - checked against LAMMPS wher-
ever possible.
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Solved taking ¯̇" = "̇⌧0 as a parameter.
Can use to obtain ⌧0 from MD.
For CNT to be valid ⌧0 must be constant.

SELF CONSISTENT CNT

⌧FP = ⌧0 exp [�F(⌧FP )]
"̇ ⌧FP = "⇤

�F("⇤) = log("⇤)� log("̇⌧0)

Strain ramped up in time ! barrier �F(t) is time-dependent.
<latexit sha1_base64="EUP0emnYQRfgUCkVTM1CDWr3tVo="></latexit><latexit sha1_base64="EUP0emnYQRfgUCkVTM1CDWr3tVo="></latexit><latexit sha1_base64="EUP0emnYQRfgUCkVTM1CDWr3tVo="></latexit><latexit sha1_base64="EUP0emnYQRfgUCkVTM1CDWr3tVo="></latexit><latexit sha1_base64="EUP0emnYQRfgUCkVTM1CDWr3tVo="></latexit>

) demand self consistency
<latexit sha1_base64="gqM4wGTzZhanf6v7cpjROx5z1bA=">AAACDXicbVC7TsMwFHV4lvIKMLJYtEhMVdIFxgoWxiLRh9RGlePctFYdJ7IdpCjqD7DwKywMIMTKzsbf4LQZoOVIlo7Ovdf3nuMnnCntON/W2vrG5tZ2Zae6u7d/cGgfHXdVnEoKHRrzWPZ9ooAzAR3NNId+IoFEPoeeP70p6r0HkIrF4l5nCXgRGQsWMkq0kUZ2vT7UE5AQxhLqOICIiACb70JMY6HMfhA0G9k1p+HMgVeJW5IaKtEe2V/DIKZpBEJTTpQauE6ivZxIzSiHWXWYKkgInZIxDAwVJALl5XM3M3xulACbg8wTGs/V3xM5iZTKIt90RkRP1HKtEP+rDVIdXnk5E0lauFosClOOdYyLaHDAJFDNM0MIlczciumESEK1CbBqQnCXLa+SbrPhOg33rllrXZdxVNApOkMXyEWXqIVuURt1EEWP6Bm9ojfryXqx3q2PReuaVc6coD+wPn8AKe6bng==</latexit><latexit sha1_base64="gqM4wGTzZhanf6v7cpjROx5z1bA=">AAACDXicbVC7TsMwFHV4lvIKMLJYtEhMVdIFxgoWxiLRh9RGlePctFYdJ7IdpCjqD7DwKywMIMTKzsbf4LQZoOVIlo7Ovdf3nuMnnCntON/W2vrG5tZ2Zae6u7d/cGgfHXdVnEoKHRrzWPZ9ooAzAR3NNId+IoFEPoeeP70p6r0HkIrF4l5nCXgRGQsWMkq0kUZ2vT7UE5AQxhLqOICIiACb70JMY6HMfhA0G9k1p+HMgVeJW5IaKtEe2V/DIKZpBEJTTpQauE6ivZxIzSiHWXWYKkgInZIxDAwVJALl5XM3M3xulACbg8wTGs/V3xM5iZTKIt90RkRP1HKtEP+rDVIdXnk5E0lauFosClOOdYyLaHDAJFDNM0MIlczciumESEK1CbBqQnCXLa+SbrPhOg33rllrXZdxVNApOkMXyEWXqIVuURt1EEWP6Bm9ojfryXqx3q2PReuaVc6coD+wPn8AKe6bng==</latexit><latexit sha1_base64="gqM4wGTzZhanf6v7cpjROx5z1bA=">AAACDXicbVC7TsMwFHV4lvIKMLJYtEhMVdIFxgoWxiLRh9RGlePctFYdJ7IdpCjqD7DwKywMIMTKzsbf4LQZoOVIlo7Ovdf3nuMnnCntON/W2vrG5tZ2Zae6u7d/cGgfHXdVnEoKHRrzWPZ9ooAzAR3NNId+IoFEPoeeP70p6r0HkIrF4l5nCXgRGQsWMkq0kUZ2vT7UE5AQxhLqOICIiACb70JMY6HMfhA0G9k1p+HMgVeJW5IaKtEe2V/DIKZpBEJTTpQauE6ivZxIzSiHWXWYKkgInZIxDAwVJALl5XM3M3xulACbg8wTGs/V3xM5iZTKIt90RkRP1HKtEP+rDVIdXnk5E0lauFosClOOdYyLaHDAJFDNM0MIlczciumESEK1CbBqQnCXLa+SbrPhOg33rllrXZdxVNApOkMXyEWXqIVuURt1EEWP6Bm9ojfryXqx3q2PReuaVc6coD+wPn8AKe6bng==</latexit><latexit sha1_base64="gqM4wGTzZhanf6v7cpjROx5z1bA=">AAACDXicbVC7TsMwFHV4lvIKMLJYtEhMVdIFxgoWxiLRh9RGlePctFYdJ7IdpCjqD7DwKywMIMTKzsbf4LQZoOVIlo7Ovdf3nuMnnCntON/W2vrG5tZ2Zae6u7d/cGgfHXdVnEoKHRrzWPZ9ooAzAR3NNId+IoFEPoeeP70p6r0HkIrF4l5nCXgRGQsWMkq0kUZ2vT7UE5AQxhLqOICIiACb70JMY6HMfhA0G9k1p+HMgVeJW5IaKtEe2V/DIKZpBEJTTpQauE6ivZxIzSiHWXWYKkgInZIxDAwVJALl5XM3M3xulACbg8wTGs/V3xM5iZTKIt90RkRP1HKtEP+rDVIdXnk5E0lauFosClOOdYyLaHDAJFDNM0MIlczciumESEK1CbBqQnCXLa+SbrPhOg33rllrXZdxVNApOkMXyEWXqIVuURt1EEWP6Bm9ojfryXqx3q2PReuaVc6coD+wPn8AKe6bng==</latexit><latexit sha1_base64="gqM4wGTzZhanf6v7cpjROx5z1bA=">AAACDXicbVC7TsMwFHV4lvIKMLJYtEhMVdIFxgoWxiLRh9RGlePctFYdJ7IdpCjqD7DwKywMIMTKzsbf4LQZoOVIlo7Ovdf3nuMnnCntON/W2vrG5tZ2Zae6u7d/cGgfHXdVnEoKHRrzWPZ9ooAzAR3NNId+IoFEPoeeP70p6r0HkIrF4l5nCXgRGQsWMkq0kUZ2vT7UE5AQxhLqOICIiACb70JMY6HMfhA0G9k1p+HMgVeJW5IaKtEe2V/DIKZpBEJTTpQauE6ivZxIzSiHWXWYKkgInZIxDAwVJALl5XM3M3xulACbg8wTGs/V3xM5iZTKIt90RkRP1HKtEP+rDVIdXnk5E0lauFosClOOdYyLaHDAJFDNM0MIlczciumESEK1CbBqQnCXLa+SbrPhOg33rllrXZdxVNApOkMXyEWXqIVuURt1EEWP6Bm9ojfryXqx3q2PReuaVc6coD+wPn8AKe6bng==</latexit>

multiply by "̇ and use,
<latexit sha1_base64="04zt787MkBgbfYNYq94+Q0scBtE=">AAACEHicbVC7TsMwFHXKq5RXgJHFokUwoCrpAmMFC2OR6ENqo8pxnNaq40T2TaWo6iew8CssDCDEysjG3+C2GaDlSJaOzrkP3+MngmtwnG+rsLa+sblV3C7t7O7tH9iHRy0dp4qyJo1FrDo+0UxwyZrAQbBOohiJfMHa/uh25rfHTGkeywfIEuZFZCB5yCkBI/Xt8ygVwBORYT/DlV4QA+6NiWKJ5iKWFUxkgFPNLvt22ak6c+BV4uakjHI0+vaXGUbTiEmggmjddZ0EvAlRwKlg01LPTE0IHZEB6xoqScS0N5kfNMVnRglwGCvzJOC5+rtjQiKts8g3lRGBoV72ZuJ/XjeF8NqbcJmkwCRdLApTgSHGs3RwwBWjYNIIOKGKm79iOiSKUDAZlkwI7vLJq6RVq7pO1b2vles3eRxFdIJO0QVy0RWqozvUQE1E0SN6Rq/ozXqyXqx362NRWrDynmP0B9bnD8PenGA=</latexit><latexit sha1_base64="04zt787MkBgbfYNYq94+Q0scBtE=">AAACEHicbVC7TsMwFHXKq5RXgJHFokUwoCrpAmMFC2OR6ENqo8pxnNaq40T2TaWo6iew8CssDCDEysjG3+C2GaDlSJaOzrkP3+MngmtwnG+rsLa+sblV3C7t7O7tH9iHRy0dp4qyJo1FrDo+0UxwyZrAQbBOohiJfMHa/uh25rfHTGkeywfIEuZFZCB5yCkBI/Xt8ygVwBORYT/DlV4QA+6NiWKJ5iKWFUxkgFPNLvt22ak6c+BV4uakjHI0+vaXGUbTiEmggmjddZ0EvAlRwKlg01LPTE0IHZEB6xoqScS0N5kfNMVnRglwGCvzJOC5+rtjQiKts8g3lRGBoV72ZuJ/XjeF8NqbcJmkwCRdLApTgSHGs3RwwBWjYNIIOKGKm79iOiSKUDAZlkwI7vLJq6RVq7pO1b2vles3eRxFdIJO0QVy0RWqozvUQE1E0SN6Rq/ozXqyXqx362NRWrDynmP0B9bnD8PenGA=</latexit><latexit sha1_base64="04zt787MkBgbfYNYq94+Q0scBtE=">AAACEHicbVC7TsMwFHXKq5RXgJHFokUwoCrpAmMFC2OR6ENqo8pxnNaq40T2TaWo6iew8CssDCDEysjG3+C2GaDlSJaOzrkP3+MngmtwnG+rsLa+sblV3C7t7O7tH9iHRy0dp4qyJo1FrDo+0UxwyZrAQbBOohiJfMHa/uh25rfHTGkeywfIEuZFZCB5yCkBI/Xt8ygVwBORYT/DlV4QA+6NiWKJ5iKWFUxkgFPNLvt22ak6c+BV4uakjHI0+vaXGUbTiEmggmjddZ0EvAlRwKlg01LPTE0IHZEB6xoqScS0N5kfNMVnRglwGCvzJOC5+rtjQiKts8g3lRGBoV72ZuJ/XjeF8NqbcJmkwCRdLApTgSHGs3RwwBWjYNIIOKGKm79iOiSKUDAZlkwI7vLJq6RVq7pO1b2vles3eRxFdIJO0QVy0RWqozvUQE1E0SN6Rq/ozXqyXqx362NRWrDynmP0B9bnD8PenGA=</latexit><latexit sha1_base64="04zt787MkBgbfYNYq94+Q0scBtE=">AAACEHicbVC7TsMwFHXKq5RXgJHFokUwoCrpAmMFC2OR6ENqo8pxnNaq40T2TaWo6iew8CssDCDEysjG3+C2GaDlSJaOzrkP3+MngmtwnG+rsLa+sblV3C7t7O7tH9iHRy0dp4qyJo1FrDo+0UxwyZrAQbBOohiJfMHa/uh25rfHTGkeywfIEuZFZCB5yCkBI/Xt8ygVwBORYT/DlV4QA+6NiWKJ5iKWFUxkgFPNLvt22ak6c+BV4uakjHI0+vaXGUbTiEmggmjddZ0EvAlRwKlg01LPTE0IHZEB6xoqScS0N5kfNMVnRglwGCvzJOC5+rtjQiKts8g3lRGBoV72ZuJ/XjeF8NqbcJmkwCRdLApTgSHGs3RwwBWjYNIIOKGKm79iOiSKUDAZlkwI7vLJq6RVq7pO1b2vles3eRxFdIJO0QVy0RWqozvUQE1E0SN6Rq/ozXqyXqx362NRWrDynmP0B9bnD8PenGA=</latexit><latexit sha1_base64="04zt787MkBgbfYNYq94+Q0scBtE=">AAACEHicbVC7TsMwFHXKq5RXgJHFokUwoCrpAmMFC2OR6ENqo8pxnNaq40T2TaWo6iew8CssDCDEysjG3+C2GaDlSJaOzrkP3+MngmtwnG+rsLa+sblV3C7t7O7tH9iHRy0dp4qyJo1FrDo+0UxwyZrAQbBOohiJfMHa/uh25rfHTGkeywfIEuZFZCB5yCkBI/Xt8ygVwBORYT/DlV4QA+6NiWKJ5iKWFUxkgFPNLvt22ak6c+BV4uakjHI0+vaXGUbTiEmggmjddZ0EvAlRwKlg01LPTE0IHZEB6xoqScS0N5kfNMVnRglwGCvzJOC5+rtjQiKts8g3lRGBoV72ZuJ/XjeF8NqbcJmkwCRdLApTgSHGs3RwwBWjYNIIOKGKm79iOiSKUDAZlkwI7vLJq6RVq7pO1b2vles3eRxFdIJO0QVy0RWqozvUQE1E0SN6Rq/ozXqyXqx362NRWrDynmP0B9bnD8PenGA=</latexit>

take logarithm
<latexit sha1_base64="oao2xhozExk7aKQAAdKmviwEQOE=">AAAB9XicbVA9SwNBEN3zM8avqKXNYhCswl0aLYM2lhHMByRnmNtskiW7t8funBKO/A8bC0Vs/S92/hs3yRWa+GDg8d4MM/OiRAqLvv/tra1vbG5tF3aKu3v7B4elo+Om1alhvMG01KYdgeVSxLyBAiVvJ4aDiiRvReObmd965MYKHd/jJOGhgmEsBoIBOukBYcyp1EMwAkeqVyr7FX8OukqCnJRJjnqv9NXta5YqHiOTYG0n8BMMMzAomOTTYje1PAE2hiHvOBqD4jbM5ldP6blT+nSgjasY6Vz9PZGBsnaiItepAEd22ZuJ/3mdFAdXYSbiJEUes8WiQSopajqLgPaF4QzlxBFg7nHBKBuBAYYuqKILIVh+eZU0q5XArwR31XLtOo+jQE7JGbkgAbkkNXJL6qRBGDHkmbySN+/Je/HevY9F65qXz5yQP/A+fwCb1ZKQ</latexit><latexit sha1_base64="oao2xhozExk7aKQAAdKmviwEQOE=">AAAB9XicbVA9SwNBEN3zM8avqKXNYhCswl0aLYM2lhHMByRnmNtskiW7t8funBKO/A8bC0Vs/S92/hs3yRWa+GDg8d4MM/OiRAqLvv/tra1vbG5tF3aKu3v7B4elo+Om1alhvMG01KYdgeVSxLyBAiVvJ4aDiiRvReObmd965MYKHd/jJOGhgmEsBoIBOukBYcyp1EMwAkeqVyr7FX8OukqCnJRJjnqv9NXta5YqHiOTYG0n8BMMMzAomOTTYje1PAE2hiHvOBqD4jbM5ldP6blT+nSgjasY6Vz9PZGBsnaiItepAEd22ZuJ/3mdFAdXYSbiJEUes8WiQSopajqLgPaF4QzlxBFg7nHBKBuBAYYuqKILIVh+eZU0q5XArwR31XLtOo+jQE7JGbkgAbkkNXJL6qRBGDHkmbySN+/Je/HevY9F65qXz5yQP/A+fwCb1ZKQ</latexit><latexit sha1_base64="oao2xhozExk7aKQAAdKmviwEQOE=">AAAB9XicbVA9SwNBEN3zM8avqKXNYhCswl0aLYM2lhHMByRnmNtskiW7t8funBKO/A8bC0Vs/S92/hs3yRWa+GDg8d4MM/OiRAqLvv/tra1vbG5tF3aKu3v7B4elo+Om1alhvMG01KYdgeVSxLyBAiVvJ4aDiiRvReObmd965MYKHd/jJOGhgmEsBoIBOukBYcyp1EMwAkeqVyr7FX8OukqCnJRJjnqv9NXta5YqHiOTYG0n8BMMMzAomOTTYje1PAE2hiHvOBqD4jbM5ldP6blT+nSgjasY6Vz9PZGBsnaiItepAEd22ZuJ/3mdFAdXYSbiJEUes8WiQSopajqLgPaF4QzlxBFg7nHBKBuBAYYuqKILIVh+eZU0q5XArwR31XLtOo+jQE7JGbkgAbkkNXJL6qRBGDHkmbySN+/Je/HevY9F65qXz5yQP/A+fwCb1ZKQ</latexit><latexit sha1_base64="oao2xhozExk7aKQAAdKmviwEQOE=">AAAB9XicbVA9SwNBEN3zM8avqKXNYhCswl0aLYM2lhHMByRnmNtskiW7t8funBKO/A8bC0Vs/S92/hs3yRWa+GDg8d4MM/OiRAqLvv/tra1vbG5tF3aKu3v7B4elo+Om1alhvMG01KYdgeVSxLyBAiVvJ4aDiiRvReObmd965MYKHd/jJOGhgmEsBoIBOukBYcyp1EMwAkeqVyr7FX8OukqCnJRJjnqv9NXta5YqHiOTYG0n8BMMMzAomOTTYje1PAE2hiHvOBqD4jbM5ldP6blT+nSgjasY6Vz9PZGBsnaiItepAEd22ZuJ/3mdFAdXYSbiJEUes8WiQSopajqLgPaF4QzlxBFg7nHBKBuBAYYuqKILIVh+eZU0q5XArwR31XLtOo+jQE7JGbkgAbkkNXJL6qRBGDHkmbySN+/Je/HevY9F65qXz5yQP/A+fwCb1ZKQ</latexit><latexit sha1_base64="oao2xhozExk7aKQAAdKmviwEQOE=">AAAB9XicbVA9SwNBEN3zM8avqKXNYhCswl0aLYM2lhHMByRnmNtskiW7t8funBKO/A8bC0Vs/S92/hs3yRWa+GDg8d4MM/OiRAqLvv/tra1vbG5tF3aKu3v7B4elo+Om1alhvMG01KYdgeVSxLyBAiVvJ4aDiiRvReObmd965MYKHd/jJOGhgmEsBoIBOukBYcyp1EMwAkeqVyr7FX8OukqCnJRJjnqv9NXta5YqHiOTYG0n8BMMMzAomOTTYje1PAE2hiHvOBqD4jbM5ldP6blT+nSgjasY6Vz9PZGBsnaiItepAEd22ZuJ/3mdFAdXYSbiJEUes8WiQSopajqLgPaF4QzlxBFg7nHBKBuBAYYuqKILIVh+eZU0q5XArwR31XLtOo+jQE7JGbkgAbkkNXJL6qRBGDHkmbySN+/Je/HevY9F65qXz5yQP/A+fwCb1ZKQ</latexit>
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from the power-law trend (indicated by a dashed line). This
transition diameter, or the smallest diameter unambigu-
ously continuing the power-law trend, is not constant
and appears to decrease with increasing strain rate:
Dt ! 150 nm for 10"3 s"1; Dt ! 125 nm for 10"3 s"1; and
Dt ! 675 nm for 10"2 s"1. Precise identification of the
transition diameter is challenging; however, there is a clear
trend that faster strain rates result in smaller transition
diameters.

3.3. Strain-rate sensitivity and activation volume

A material’s strain-rate dependence is usually quantified
through an empirical fit of r ¼ r 0 _em where m is the com-
monly reported strain-rate sensitivity. The strain-rate
dependence, indicative of the rate-controlling mechanism,
for dislocation source operation can also be described by
an Arrhenius form that connects the shear strain rate, _c,
to the applied shear stress, s [21]:

_c ¼ _c0 exp "Q$ " sXðs; T Þ
kBT

! "
ð1Þ

where _c0 is a constant related to the source’s attempt
frequency, Q$ is the activation energy, kB is Boltzmann’s
constant, and T is the temperature. The activation volume
expressed above describes how the activation free energy
changes with shear stress or Xðs; T Þ ' "@Q

@s

##
T , and thus

can be used to determine the activation volumes in nanopil-
lar compression experiments through conducting tests at
different constant strain rates [7]. Specifically Eq. (1) can
be rewritten to show that [21]:

X ¼ kBT
@ lnð _cÞ
@s

ð2Þ

We determined the strain-rate sensitivity and activation
volumes for all of our compression tests at different strain
rates, spanning over three orders of magnitude. The exper-
imental data for the flow stress at 10% strain as a function
of strain rate for five different diameters is shown on a
log–log plot in Fig. 5A. In Fig. 5A, the slopes of the curves
correspond to the strain-rate sensitivity, m. It is noteworthy
that at high strain rates _e P 10"1 s"1, corresponding to
power-law behavior for all diameters tested (Fig. 4A), all
pillar diameters show an increasing rate dependence with
decreasing diameter, with m ranging between !0.027 and
!0.057; these values are all >5-fold greater than that of
bulk single-crystalline Cu (!0.006) [27]. This finding sug-
gests that as the size is reduced, not only does the strength
increase, but the strain-rate dependence of fcc materials
emerges and increases as well. Furthermore, at intermedi-
ate strain rates _e < 10"2 s"1, the two smallest diameters,
75 and 125 nm, show a discrete transition to a much stron-
ger rate dependence, !0.11, than the m at the three larger
diameters, 0.027–0.04, suggesting a transition to a different
deformation mechanism. The precise choice of transition
strain rate is difficult to determine due to the inherent sto-
chastic response of these compression tests. A first approx-
imation of the transition strain rate for a given diameter
was estimated from Fig. 4A. Subsequently, best fits of the
stress vs. strain rate data were determined as common
mechanisms are assumed to maintain similar trends in both
strength and strain-rate sensitivity with size.

It may be possible to gain insights into the microstruc-
tural plasticity mechanisms responsible for this surprising
strain-rate sensitivity by analyzing the activation volume.
The experimental results of the activation volume, along
with error bars corresponding to the accuracy of the fit,
for each diameter at high strain rates, _e P 10"1 s"1 are

Fig. 5. (a) Flow stress at 10% strain as a function of strain rate for five different pillar diameters shown around each data set. The extracted activation
volumes for each diameter at strain rates of (b) 10"1 s"1 and (c) 10"2 s"1. These activation volumes may correspond to two distinct plasticity mechanisms:
surface dislocation nucleation vs. collective DD.

A.T. Jennings et al. / Acta Materialia 59 (2011) 5627–5637 5631

We further estimated the activation volume to be !6b3

for the group of !200–300 nm and !3b3 for the group of
!100 nm on the basis of Eq. (2), where b is the Burgers vec-
tor length of a {111}h112i partial dislocation in Ni. Unlike
the body-centered cubic (BCC) metals such as Mo,22 the
trend of the smaller sample with the smaller activation vol-
ume is expected in FCC metals. In bulk FCC crystals, the
forest dislocation interaction dominates the plastic deforma-
tion when the grain size is in the micrometer range, and the
activation volume is relatively large !100–1000b3. Thus,
the thermal contribution is nearly negligible to the yield
strength. However, grain refinement from the micrometer to
the nanometer scale can lead to a decrease in activation vol-
ume by two orders of magnitude. Ma et al. showed that the
activation volume can be as small as 20b3 in the nanocrystal-
line Ni of 30 nm in grain size,20 and the dominant deforma-
tion mechanism is changed to grain boundary-mediated
dislocation activities. Moreover, Lu et al. obtained the simi-
larly small activation volume !20b3 in the nanotwinned Cu
samples,19 and attributed the controlling mechanism to the
twin boundary-mediated dislocation processes. In our single-
crystal Ni NWs, the measured activation volume of !10b3 is
on the same order of that in nanocrystalline and nanotwinned
FCC metals. These measured small activation volumes sug-
gest that the rate-controlling deformation mechanism is tran-
sitioning from the typical process of forest dislocation
cutting in coarse-grained bulk metals to the nucleation-
controlled dislocation process in nanostructured and nano-
sized metals.18 Generally, the controlling mechanism is
expected to relate to the interface dislocation process in
nanocrystalline and nanotwinned metals, and to the surface
one in small-sized nanowires.

To gain mechanistic insights into the measured high
strain-rate sensitivity and small activation volume in Ni nano-
wires, we conducted the molecular dynamics (MD) simula-
tions with an empirical interatomic potential of Ni23 to
identify the representative dislocation processes that might be
strength and strain rate controlling. With these unit processes

as input, we further performed the NEB calculations to quan-
tify the associated activation volumes for correlation with ex-
perimental measurements.4,5 For single-crystal Ni NWs with
the cross-sectional size of !10 nanometers, our MD simula-
tions indicate that the individual dislocations inside NWs are
not stable and tend to escape from the free surface, leading to
dislocation starvation. Such dislocation-starved state arises
owing to the large attractive image force of the free surface
that destabilizes the dislocation inside the NWs, as well as the
lack of effective mechanisms of dislocation blocking and
multiplication within the small-sized NWs. To sustain the
continued plastic deformation, the free surface of the nano-
wire acts as a source of dislocations. The representative unit
process typically involves the dislocation nucleation from a
free surface, gliding into the bulk, and annihilation at the op-
posite free surface of the NW. Among these three steps, the
surface dislocation nucleation is most difficult and thus rate
controlling.

Using the free-end NEB method,4,5 we calculate the
activation energy of surface nucleation as a function of the
applied tensile stress for both [112] and [111]-orientated Ni
NWs, as shown in Figs. 3(a) and 3(c). The activation vol-
umes are then estimated by taking the numerical derivative
of activation energy with respect to stress. Notice that the
activation volume is also a function of stress. Thus, we
define the yield stress as the tensile load giving the activation
energy of 0.7 eV for surface dislocation nucleation; this char-
acteristic activation energy corresponds to !30kBT at room
temperature, giving the nucleation rate relevant to the labora-
tory experiments according to transition state theory. On this
basis, we obtain the activation volume of 2.4b3 and 2.1b3 for
the [112] and [111] nanowire, respectively. Figs. 3(b) and
3(d) show the corresponding saddle-point state with a partial
dislocation loop nucleating from the NW surface. Our stud-
ies of dislocation nucleation from other side faces indicate
that the above results of calculated activation volumes are
insensitive to the specific nucleation site on the surface.

To gain a physical understanding of the characteristi-
cally small activation volume associated with plastic yield-
ing in FCC Ni NWs, we note that the atomic volume
enclosed by the dislocation loop in Figs. 3(b) and 3(d) repre-
sents the activation volume of surface nucleation. In a ther-
mally activated process, the resolved shear stress does work
on this volume to lower the activation energy and thereby
facilitates dislocation nucleation. Our calculated activation
volumes fall in the range of 1–10b3, consistent with the pre-
vious atomistic study of surface dislocation nucleation in
FCC Cu nanowires.4,5 Compared to coarse-grained Ni, the
reduced activation volume and correspondingly increased
rate sensitivity in small-sized NWs can be attributed to the
ultra-high yield stress on the order of Gigapascals. As a
result, the work done by such ultra-high stress on a small
activation volume of surface nucleation is sufficient to lower
its activation energy to the order of 0.7 eV, in order for the
nucleation rate and associated plastic strain rate matching
the externally applied loading rate.

However, we note that the tensile yield stresses in our
NEB calculations (i.e., the stress of surface nucleation with
activation energy around 0.7 eV) are around 15 GPa. They
are markedly larger than the experimentally measured

FIG. 2. 0.2% offset yield stress as the function of strain rate. The samples
were grouped into two branches, 100 nm and 200–300 nm groups. For the
samples of 100 nm group, the activation volume v* is about 3b3, the strain
rate sensitivity m¼ 0.098; and for the samples of 200–300 nm group, the
activation volume v* is about 6b3, the strain rate sensitivity m¼ 0.080. All
the calculations are based on partial dislocation scenario.
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from the power-law trend (indicated by a dashed line). This
transition diameter, or the smallest diameter unambigu-
ously continuing the power-law trend, is not constant
and appears to decrease with increasing strain rate:
Dt ! 150 nm for 10"3 s"1; Dt ! 125 nm for 10"3 s"1; and
Dt ! 675 nm for 10"2 s"1. Precise identification of the
transition diameter is challenging; however, there is a clear
trend that faster strain rates result in smaller transition
diameters.

3.3. Strain-rate sensitivity and activation volume

A material’s strain-rate dependence is usually quantified
through an empirical fit of r ¼ r 0 _em where m is the com-
monly reported strain-rate sensitivity. The strain-rate
dependence, indicative of the rate-controlling mechanism,
for dislocation source operation can also be described by
an Arrhenius form that connects the shear strain rate, _c,
to the applied shear stress, s [21]:

_c ¼ _c0 exp "Q$ " sXðs; T Þ
kBT

! "
ð1Þ

where _c0 is a constant related to the source’s attempt
frequency, Q$ is the activation energy, kB is Boltzmann’s
constant, and T is the temperature. The activation volume
expressed above describes how the activation free energy
changes with shear stress or Xðs; T Þ ' "@Q

@s

##
T , and thus

can be used to determine the activation volumes in nanopil-
lar compression experiments through conducting tests at
different constant strain rates [7]. Specifically Eq. (1) can
be rewritten to show that [21]:

X ¼ kBT
@ lnð _cÞ
@s

ð2Þ

We determined the strain-rate sensitivity and activation
volumes for all of our compression tests at different strain
rates, spanning over three orders of magnitude. The exper-
imental data for the flow stress at 10% strain as a function
of strain rate for five different diameters is shown on a
log–log plot in Fig. 5A. In Fig. 5A, the slopes of the curves
correspond to the strain-rate sensitivity, m. It is noteworthy
that at high strain rates _e P 10"1 s"1, corresponding to
power-law behavior for all diameters tested (Fig. 4A), all
pillar diameters show an increasing rate dependence with
decreasing diameter, with m ranging between !0.027 and
!0.057; these values are all >5-fold greater than that of
bulk single-crystalline Cu (!0.006) [27]. This finding sug-
gests that as the size is reduced, not only does the strength
increase, but the strain-rate dependence of fcc materials
emerges and increases as well. Furthermore, at intermedi-
ate strain rates _e < 10"2 s"1, the two smallest diameters,
75 and 125 nm, show a discrete transition to a much stron-
ger rate dependence, !0.11, than the m at the three larger
diameters, 0.027–0.04, suggesting a transition to a different
deformation mechanism. The precise choice of transition
strain rate is difficult to determine due to the inherent sto-
chastic response of these compression tests. A first approx-
imation of the transition strain rate for a given diameter
was estimated from Fig. 4A. Subsequently, best fits of the
stress vs. strain rate data were determined as common
mechanisms are assumed to maintain similar trends in both
strength and strain-rate sensitivity with size.

It may be possible to gain insights into the microstruc-
tural plasticity mechanisms responsible for this surprising
strain-rate sensitivity by analyzing the activation volume.
The experimental results of the activation volume, along
with error bars corresponding to the accuracy of the fit,
for each diameter at high strain rates, _e P 10"1 s"1 are

Fig. 5. (a) Flow stress at 10% strain as a function of strain rate for five different pillar diameters shown around each data set. The extracted activation
volumes for each diameter at strain rates of (b) 10"1 s"1 and (c) 10"2 s"1. These activation volumes may correspond to two distinct plasticity mechanisms:
surface dislocation nucleation vs. collective DD.
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We further estimated the activation volume to be !6b3

for the group of !200–300 nm and !3b3 for the group of
!100 nm on the basis of Eq. (2), where b is the Burgers vec-
tor length of a {111}h112i partial dislocation in Ni. Unlike
the body-centered cubic (BCC) metals such as Mo,22 the
trend of the smaller sample with the smaller activation vol-
ume is expected in FCC metals. In bulk FCC crystals, the
forest dislocation interaction dominates the plastic deforma-
tion when the grain size is in the micrometer range, and the
activation volume is relatively large !100–1000b3. Thus,
the thermal contribution is nearly negligible to the yield
strength. However, grain refinement from the micrometer to
the nanometer scale can lead to a decrease in activation vol-
ume by two orders of magnitude. Ma et al. showed that the
activation volume can be as small as 20b3 in the nanocrystal-
line Ni of 30 nm in grain size,20 and the dominant deforma-
tion mechanism is changed to grain boundary-mediated
dislocation activities. Moreover, Lu et al. obtained the simi-
larly small activation volume !20b3 in the nanotwinned Cu
samples,19 and attributed the controlling mechanism to the
twin boundary-mediated dislocation processes. In our single-
crystal Ni NWs, the measured activation volume of !10b3 is
on the same order of that in nanocrystalline and nanotwinned
FCC metals. These measured small activation volumes sug-
gest that the rate-controlling deformation mechanism is tran-
sitioning from the typical process of forest dislocation
cutting in coarse-grained bulk metals to the nucleation-
controlled dislocation process in nanostructured and nano-
sized metals.18 Generally, the controlling mechanism is
expected to relate to the interface dislocation process in
nanocrystalline and nanotwinned metals, and to the surface
one in small-sized nanowires.

To gain mechanistic insights into the measured high
strain-rate sensitivity and small activation volume in Ni nano-
wires, we conducted the molecular dynamics (MD) simula-
tions with an empirical interatomic potential of Ni23 to
identify the representative dislocation processes that might be
strength and strain rate controlling. With these unit processes

as input, we further performed the NEB calculations to quan-
tify the associated activation volumes for correlation with ex-
perimental measurements.4,5 For single-crystal Ni NWs with
the cross-sectional size of !10 nanometers, our MD simula-
tions indicate that the individual dislocations inside NWs are
not stable and tend to escape from the free surface, leading to
dislocation starvation. Such dislocation-starved state arises
owing to the large attractive image force of the free surface
that destabilizes the dislocation inside the NWs, as well as the
lack of effective mechanisms of dislocation blocking and
multiplication within the small-sized NWs. To sustain the
continued plastic deformation, the free surface of the nano-
wire acts as a source of dislocations. The representative unit
process typically involves the dislocation nucleation from a
free surface, gliding into the bulk, and annihilation at the op-
posite free surface of the NW. Among these three steps, the
surface dislocation nucleation is most difficult and thus rate
controlling.

Using the free-end NEB method,4,5 we calculate the
activation energy of surface nucleation as a function of the
applied tensile stress for both [112] and [111]-orientated Ni
NWs, as shown in Figs. 3(a) and 3(c). The activation vol-
umes are then estimated by taking the numerical derivative
of activation energy with respect to stress. Notice that the
activation volume is also a function of stress. Thus, we
define the yield stress as the tensile load giving the activation
energy of 0.7 eV for surface dislocation nucleation; this char-
acteristic activation energy corresponds to !30kBT at room
temperature, giving the nucleation rate relevant to the labora-
tory experiments according to transition state theory. On this
basis, we obtain the activation volume of 2.4b3 and 2.1b3 for
the [112] and [111] nanowire, respectively. Figs. 3(b) and
3(d) show the corresponding saddle-point state with a partial
dislocation loop nucleating from the NW surface. Our stud-
ies of dislocation nucleation from other side faces indicate
that the above results of calculated activation volumes are
insensitive to the specific nucleation site on the surface.

To gain a physical understanding of the characteristi-
cally small activation volume associated with plastic yield-
ing in FCC Ni NWs, we note that the atomic volume
enclosed by the dislocation loop in Figs. 3(b) and 3(d) repre-
sents the activation volume of surface nucleation. In a ther-
mally activated process, the resolved shear stress does work
on this volume to lower the activation energy and thereby
facilitates dislocation nucleation. Our calculated activation
volumes fall in the range of 1–10b3, consistent with the pre-
vious atomistic study of surface dislocation nucleation in
FCC Cu nanowires.4,5 Compared to coarse-grained Ni, the
reduced activation volume and correspondingly increased
rate sensitivity in small-sized NWs can be attributed to the
ultra-high yield stress on the order of Gigapascals. As a
result, the work done by such ultra-high stress on a small
activation volume of surface nucleation is sufficient to lower
its activation energy to the order of 0.7 eV, in order for the
nucleation rate and associated plastic strain rate matching
the externally applied loading rate.

However, we note that the tensile yield stresses in our
NEB calculations (i.e., the stress of surface nucleation with
activation energy around 0.7 eV) are around 15 GPa. They
are markedly larger than the experimentally measured

FIG. 2. 0.2% offset yield stress as the function of strain rate. The samples
were grouped into two branches, 100 nm and 200–300 nm groups. For the
samples of 100 nm group, the activation volume v* is about 3b3, the strain
rate sensitivity m¼ 0.098; and for the samples of 200–300 nm group, the
activation volume v* is about 6b3, the strain rate sensitivity m¼ 0.080. All
the calculations are based on partial dislocation scenario.
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from the power-law trend (indicated by a dashed line). This
transition diameter, or the smallest diameter unambigu-
ously continuing the power-law trend, is not constant
and appears to decrease with increasing strain rate:
Dt ! 150 nm for 10"3 s"1; Dt ! 125 nm for 10"3 s"1; and
Dt ! 675 nm for 10"2 s"1. Precise identification of the
transition diameter is challenging; however, there is a clear
trend that faster strain rates result in smaller transition
diameters.

3.3. Strain-rate sensitivity and activation volume

A material’s strain-rate dependence is usually quantified
through an empirical fit of r ¼ r 0 _em where m is the com-
monly reported strain-rate sensitivity. The strain-rate
dependence, indicative of the rate-controlling mechanism,
for dislocation source operation can also be described by
an Arrhenius form that connects the shear strain rate, _c,
to the applied shear stress, s [21]:

_c ¼ _c0 exp "Q$ " sXðs; T Þ
kBT

! "
ð1Þ

where _c0 is a constant related to the source’s attempt
frequency, Q$ is the activation energy, kB is Boltzmann’s
constant, and T is the temperature. The activation volume
expressed above describes how the activation free energy
changes with shear stress or Xðs; T Þ ' "@Q

@s

##
T , and thus

can be used to determine the activation volumes in nanopil-
lar compression experiments through conducting tests at
different constant strain rates [7]. Specifically Eq. (1) can
be rewritten to show that [21]:

X ¼ kBT
@ lnð _cÞ
@s

ð2Þ

We determined the strain-rate sensitivity and activation
volumes for all of our compression tests at different strain
rates, spanning over three orders of magnitude. The exper-
imental data for the flow stress at 10% strain as a function
of strain rate for five different diameters is shown on a
log–log plot in Fig. 5A. In Fig. 5A, the slopes of the curves
correspond to the strain-rate sensitivity, m. It is noteworthy
that at high strain rates _e P 10"1 s"1, corresponding to
power-law behavior for all diameters tested (Fig. 4A), all
pillar diameters show an increasing rate dependence with
decreasing diameter, with m ranging between !0.027 and
!0.057; these values are all >5-fold greater than that of
bulk single-crystalline Cu (!0.006) [27]. This finding sug-
gests that as the size is reduced, not only does the strength
increase, but the strain-rate dependence of fcc materials
emerges and increases as well. Furthermore, at intermedi-
ate strain rates _e < 10"2 s"1, the two smallest diameters,
75 and 125 nm, show a discrete transition to a much stron-
ger rate dependence, !0.11, than the m at the three larger
diameters, 0.027–0.04, suggesting a transition to a different
deformation mechanism. The precise choice of transition
strain rate is difficult to determine due to the inherent sto-
chastic response of these compression tests. A first approx-
imation of the transition strain rate for a given diameter
was estimated from Fig. 4A. Subsequently, best fits of the
stress vs. strain rate data were determined as common
mechanisms are assumed to maintain similar trends in both
strength and strain-rate sensitivity with size.

It may be possible to gain insights into the microstruc-
tural plasticity mechanisms responsible for this surprising
strain-rate sensitivity by analyzing the activation volume.
The experimental results of the activation volume, along
with error bars corresponding to the accuracy of the fit,
for each diameter at high strain rates, _e P 10"1 s"1 are

Fig. 5. (a) Flow stress at 10% strain as a function of strain rate for five different pillar diameters shown around each data set. The extracted activation
volumes for each diameter at strain rates of (b) 10"1 s"1 and (c) 10"2 s"1. These activation volumes may correspond to two distinct plasticity mechanisms:
surface dislocation nucleation vs. collective DD.
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We further estimated the activation volume to be !6b3

for the group of !200–300 nm and !3b3 for the group of
!100 nm on the basis of Eq. (2), where b is the Burgers vec-
tor length of a {111}h112i partial dislocation in Ni. Unlike
the body-centered cubic (BCC) metals such as Mo,22 the
trend of the smaller sample with the smaller activation vol-
ume is expected in FCC metals. In bulk FCC crystals, the
forest dislocation interaction dominates the plastic deforma-
tion when the grain size is in the micrometer range, and the
activation volume is relatively large !100–1000b3. Thus,
the thermal contribution is nearly negligible to the yield
strength. However, grain refinement from the micrometer to
the nanometer scale can lead to a decrease in activation vol-
ume by two orders of magnitude. Ma et al. showed that the
activation volume can be as small as 20b3 in the nanocrystal-
line Ni of 30 nm in grain size,20 and the dominant deforma-
tion mechanism is changed to grain boundary-mediated
dislocation activities. Moreover, Lu et al. obtained the simi-
larly small activation volume !20b3 in the nanotwinned Cu
samples,19 and attributed the controlling mechanism to the
twin boundary-mediated dislocation processes. In our single-
crystal Ni NWs, the measured activation volume of !10b3 is
on the same order of that in nanocrystalline and nanotwinned
FCC metals. These measured small activation volumes sug-
gest that the rate-controlling deformation mechanism is tran-
sitioning from the typical process of forest dislocation
cutting in coarse-grained bulk metals to the nucleation-
controlled dislocation process in nanostructured and nano-
sized metals.18 Generally, the controlling mechanism is
expected to relate to the interface dislocation process in
nanocrystalline and nanotwinned metals, and to the surface
one in small-sized nanowires.

To gain mechanistic insights into the measured high
strain-rate sensitivity and small activation volume in Ni nano-
wires, we conducted the molecular dynamics (MD) simula-
tions with an empirical interatomic potential of Ni23 to
identify the representative dislocation processes that might be
strength and strain rate controlling. With these unit processes

as input, we further performed the NEB calculations to quan-
tify the associated activation volumes for correlation with ex-
perimental measurements.4,5 For single-crystal Ni NWs with
the cross-sectional size of !10 nanometers, our MD simula-
tions indicate that the individual dislocations inside NWs are
not stable and tend to escape from the free surface, leading to
dislocation starvation. Such dislocation-starved state arises
owing to the large attractive image force of the free surface
that destabilizes the dislocation inside the NWs, as well as the
lack of effective mechanisms of dislocation blocking and
multiplication within the small-sized NWs. To sustain the
continued plastic deformation, the free surface of the nano-
wire acts as a source of dislocations. The representative unit
process typically involves the dislocation nucleation from a
free surface, gliding into the bulk, and annihilation at the op-
posite free surface of the NW. Among these three steps, the
surface dislocation nucleation is most difficult and thus rate
controlling.

Using the free-end NEB method,4,5 we calculate the
activation energy of surface nucleation as a function of the
applied tensile stress for both [112] and [111]-orientated Ni
NWs, as shown in Figs. 3(a) and 3(c). The activation vol-
umes are then estimated by taking the numerical derivative
of activation energy with respect to stress. Notice that the
activation volume is also a function of stress. Thus, we
define the yield stress as the tensile load giving the activation
energy of 0.7 eV for surface dislocation nucleation; this char-
acteristic activation energy corresponds to !30kBT at room
temperature, giving the nucleation rate relevant to the labora-
tory experiments according to transition state theory. On this
basis, we obtain the activation volume of 2.4b3 and 2.1b3 for
the [112] and [111] nanowire, respectively. Figs. 3(b) and
3(d) show the corresponding saddle-point state with a partial
dislocation loop nucleating from the NW surface. Our stud-
ies of dislocation nucleation from other side faces indicate
that the above results of calculated activation volumes are
insensitive to the specific nucleation site on the surface.

To gain a physical understanding of the characteristi-
cally small activation volume associated with plastic yield-
ing in FCC Ni NWs, we note that the atomic volume
enclosed by the dislocation loop in Figs. 3(b) and 3(d) repre-
sents the activation volume of surface nucleation. In a ther-
mally activated process, the resolved shear stress does work
on this volume to lower the activation energy and thereby
facilitates dislocation nucleation. Our calculated activation
volumes fall in the range of 1–10b3, consistent with the pre-
vious atomistic study of surface dislocation nucleation in
FCC Cu nanowires.4,5 Compared to coarse-grained Ni, the
reduced activation volume and correspondingly increased
rate sensitivity in small-sized NWs can be attributed to the
ultra-high yield stress on the order of Gigapascals. As a
result, the work done by such ultra-high stress on a small
activation volume of surface nucleation is sufficient to lower
its activation energy to the order of 0.7 eV, in order for the
nucleation rate and associated plastic strain rate matching
the externally applied loading rate.

However, we note that the tensile yield stresses in our
NEB calculations (i.e., the stress of surface nucleation with
activation energy around 0.7 eV) are around 15 GPa. They
are markedly larger than the experimentally measured

FIG. 2. 0.2% offset yield stress as the function of strain rate. The samples
were grouped into two branches, 100 nm and 200–300 nm groups. For the
samples of 100 nm group, the activation volume v* is about 3b3, the strain
rate sensitivity m¼ 0.098; and for the samples of 200–300 nm group, the
activation volume v* is about 6b3, the strain rate sensitivity m¼ 0.080. All
the calculations are based on partial dislocation scenario.

083102-3 Peng et al. Appl. Phys. Lett. 102, 083102 (2013)Ni nano-wires Cu nano-pillars
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EXPLICIT “TAKE AWAYS”
➤ There exists a hidden first order transition between a rigid and a stress free 

crystal. All solids flow because a rigid solid is always in a metastable phase, 
which decays over time depending on the amount of deformation. 

➤ Both equilibrium and non equilibrium aspects of this transition may be 
understood using  a new collective variable X to distinguish affine and non-
affine displacements. 

➤  Quantitative prediction of rate dependent initiation of plasticity for the first 
time. Properties of dislocations not needed to discuss onset of plasticity of 
ideal crystals. Dislocations appear only at coexistence and only at the stress 
interface.    

➤ New “picture” for deformation. Unifying plasticity with first-order phase 
transitions. To understand plasticity, concentrate on the equilibrium transition.  

➤ May serve as a language for plasticity in solids where dislocations cannot be 
defined (glasses?).



FROM CRYSTAL TO GLASS:  
EFFECT OF A SINGLE FROZEN-IN DISLOCATION PAIR
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<latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit>

N = 1024
<latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit>
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<latexit sha1_base64="Jz8ts9fLFhOs5glfG9SGO7IiPz8=">AAAB8XicbZDLSgMxFIbP1Futt6pLN6FFqIhlphtdFt24rGAv2BlKJs20oZlkSDJCGfoWblwoxa1v4863Mb0stPWHwMf/n0POOWHCmTau++3kNja3tnfyu4W9/YPDo+LxSUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN3N8vYzVZpJ8WjGCQ1iPBAsYgQbaz1d+VwOUKPSuegVy27VnQutg7eEcr3kX04BoNErfvl9SdKYCkM41rrruYkJMqwMI5xOCn6qaYLJCA9o16LAMdVBNp94gs6t00eRVPYJg+bu744Mx1qP49BWxtgM9Wo2M//LuqmJboKMiSQ1VJDFR1HKkZFotj7qM0WJ4WMLmChmZ0VkiBUmxh6pYI/gra68Dq1a1bP84JXrt7BQHs6gBBXw4BrqcA8NaAIBAS/wBu+Odl6dqfOxKM05y55T+CPn8wf+L5FI</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="iIevnTKoq+4aApwfnUj7o7kmoUU=">AAAB8XicbZC7SgNBFIbPxluMt6ilzWAQYmHYtdEyaGMZwVwwWcLsZDYZMpdlZlYIS97CxkIRW9/GzrdxkmyhiT8MfPznHOacP0o4M9b3v73C2vrG5lZxu7Szu7d/UD48ahmVakKbRHGlOxE2lDNJm5ZZTjuJplhEnLaj8e2s3n6i2jAlH+wkoaHAQ8liRrB11uNFj6shalQ75/1yxa/5c6FVCHKoQK5Gv/zVGyiSCiot4diYbuAnNsywtoxwOi31UkMTTMZ4SLsOJRbUhNl84yk6c84AxUq7Jy2au78nMiyMmYjIdQpsR2a5NjP/q3VTG1+HGZNJaqkki4/ilCOr0Ox8NGCaEssnDjDRzO2KyAhrTKwLqeRCCJZPXoXWZS1wfB9U6jd5HEU4gVOoQgBXUIc7aEATCEh4hld484z34r17H4vWgpfPHMMfeZ8/67CPvw==</latexit>

X
<latexit sha1_base64="jAS47+ycS3WW/nxBnq34rs7GgPg=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zVyyZm/v2N0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIrg2rvvt5FZW19Y38puFre2d3b3i/kFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsObSd58QKV5LO/MKEE/on3JQ86osVat1S2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmmE0jBBtW57bmL8jCrDmcBxoZNqTCgb0j62LUoaofaz6aBjcmKdHgljZZ80ZOr+7shopPUoCmxlRM1AL2YT87+snZrwws+4TFKDks0+ClNBTEwmW5MeV8iMGFmgTHE7K2EDqigz9jYFewRvceVlaJyVPcs1r1S5hpnycATHcAoenEMFbqEKdWCA8AQv8OrcO8/Om/M+K805855D+CPn4wckEo6m</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="spMmOf8IWjkgFTYSNeDZxzND2FQ=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtFz0SvXiExAIJNGS7TGFlu212tyak4Rd48aAxXv1J3vw3LtCDgm+yyZN3ZrIzb5gKro3rfjuljc2t7Z3ybmVv/+DwqHp80tZJphj6LBGJ6oZUo+ASfcONwG6qkMahwE44uZvXO0+oNE/kg5mmGMR0JHnEGTXWanUH1Zpbdxci6+AVUINCzUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seiMXFhnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELmV5MhV8iMmFqgTHG7K2FjqigzNpuKDcFbPXkd2ld1z3LLqzVuizjKcAbncAkeXEMD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sj5/AG0y4zZ</latexit>

hX = �5, " = .02
<latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit>

N = 1024
<latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit>
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<latexit sha1_base64="Jz8ts9fLFhOs5glfG9SGO7IiPz8=">AAAB8XicbZDLSgMxFIbP1Futt6pLN6FFqIhlphtdFt24rGAv2BlKJs20oZlkSDJCGfoWblwoxa1v4863Mb0stPWHwMf/n0POOWHCmTau++3kNja3tnfyu4W9/YPDo+LxSUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN3N8vYzVZpJ8WjGCQ1iPBAsYgQbaz1d+VwOUKPSuegVy27VnQutg7eEcr3kX04BoNErfvl9SdKYCkM41rrruYkJMqwMI5xOCn6qaYLJCA9o16LAMdVBNp94gs6t00eRVPYJg+bu744Mx1qP49BWxtgM9Wo2M//LuqmJboKMiSQ1VJDFR1HKkZFotj7qM0WJ4WMLmChmZ0VkiBUmxh6pYI/gra68Dq1a1bP84JXrt7BQHs6gBBXw4BrqcA8NaAIBAS/wBu+Odl6dqfOxKM05y55T+CPn8wf+L5FI</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="iIevnTKoq+4aApwfnUj7o7kmoUU=">AAAB8XicbZC7SgNBFIbPxluMt6ilzWAQYmHYtdEyaGMZwVwwWcLsZDYZMpdlZlYIS97CxkIRW9/GzrdxkmyhiT8MfPznHOacP0o4M9b3v73C2vrG5lZxu7Szu7d/UD48ahmVakKbRHGlOxE2lDNJm5ZZTjuJplhEnLaj8e2s3n6i2jAlH+wkoaHAQ8liRrB11uNFj6shalQ75/1yxa/5c6FVCHKoQK5Gv/zVGyiSCiot4diYbuAnNsywtoxwOi31UkMTTMZ4SLsOJRbUhNl84yk6c84AxUq7Jy2au78nMiyMmYjIdQpsR2a5NjP/q3VTG1+HGZNJaqkki4/ilCOr0Ox8NGCaEssnDjDRzO2KyAhrTKwLqeRCCJZPXoXWZS1wfB9U6jd5HEU4gVOoQgBXUIc7aEATCEh4hld484z34r17H4vWgpfPHMMfeZ8/67CPvw==</latexit>

X
<latexit sha1_base64="jAS47+ycS3WW/nxBnq34rs7GgPg=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zVyyZm/v2N0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIrg2rvvt5FZW19Y38puFre2d3b3i/kFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsObSd58QKV5LO/MKEE/on3JQ86osVat1S2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmmE0jBBtW57bmL8jCrDmcBxoZNqTCgb0j62LUoaofaz6aBjcmKdHgljZZ80ZOr+7shopPUoCmxlRM1AL2YT87+snZrwws+4TFKDks0+ClNBTEwmW5MeV8iMGFmgTHE7K2EDqigz9jYFewRvceVlaJyVPcs1r1S5hpnycATHcAoenEMFbqEKdWCA8AQv8OrcO8/Om/M+K805855D+CPn4wckEo6m</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="spMmOf8IWjkgFTYSNeDZxzND2FQ=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtFz0SvXiExAIJNGS7TGFlu212tyak4Rd48aAxXv1J3vw3LtCDgm+yyZN3ZrIzb5gKro3rfjuljc2t7Z3ybmVv/+DwqHp80tZJphj6LBGJ6oZUo+ASfcONwG6qkMahwE44uZvXO0+oNE/kg5mmGMR0JHnEGTXWanUH1Zpbdxci6+AVUINCzUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seiMXFhnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELmV5MhV8iMmFqgTHG7K2FjqigzNpuKDcFbPXkd2ld1z3LLqzVuizjKcAbncAkeXEMD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sj5/AG0y4zZ</latexit>

hX = �5, " = .02
<latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit>

N = 1024
<latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit>
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<latexit sha1_base64="Jz8ts9fLFhOs5glfG9SGO7IiPz8=">AAAB8XicbZDLSgMxFIbP1Futt6pLN6FFqIhlphtdFt24rGAv2BlKJs20oZlkSDJCGfoWblwoxa1v4863Mb0stPWHwMf/n0POOWHCmTau++3kNja3tnfyu4W9/YPDo+LxSUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN3N8vYzVZpJ8WjGCQ1iPBAsYgQbaz1d+VwOUKPSuegVy27VnQutg7eEcr3kX04BoNErfvl9SdKYCkM41rrruYkJMqwMI5xOCn6qaYLJCA9o16LAMdVBNp94gs6t00eRVPYJg+bu744Mx1qP49BWxtgM9Wo2M//LuqmJboKMiSQ1VJDFR1HKkZFotj7qM0WJ4WMLmChmZ0VkiBUmxh6pYI/gra68Dq1a1bP84JXrt7BQHs6gBBXw4BrqcA8NaAIBAS/wBu+Odl6dqfOxKM05y55T+CPn8wf+L5FI</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="iIevnTKoq+4aApwfnUj7o7kmoUU=">AAAB8XicbZC7SgNBFIbPxluMt6ilzWAQYmHYtdEyaGMZwVwwWcLsZDYZMpdlZlYIS97CxkIRW9/GzrdxkmyhiT8MfPznHOacP0o4M9b3v73C2vrG5lZxu7Szu7d/UD48ahmVakKbRHGlOxE2lDNJm5ZZTjuJplhEnLaj8e2s3n6i2jAlH+wkoaHAQ8liRrB11uNFj6shalQ75/1yxa/5c6FVCHKoQK5Gv/zVGyiSCiot4diYbuAnNsywtoxwOi31UkMTTMZ4SLsOJRbUhNl84yk6c84AxUq7Jy2au78nMiyMmYjIdQpsR2a5NjP/q3VTG1+HGZNJaqkki4/ilCOr0Ox8NGCaEssnDjDRzO2KyAhrTKwLqeRCCJZPXoXWZS1wfB9U6jd5HEU4gVOoQgBXUIc7aEATCEh4hld484z34r17H4vWgpfPHMMfeZ8/67CPvw==</latexit>

X
<latexit sha1_base64="jAS47+ycS3WW/nxBnq34rs7GgPg=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zVyyZm/v2N0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIrg2rvvt5FZW19Y38puFre2d3b3i/kFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsObSd58QKV5LO/MKEE/on3JQ86osVat1S2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmmE0jBBtW57bmL8jCrDmcBxoZNqTCgb0j62LUoaofaz6aBjcmKdHgljZZ80ZOr+7shopPUoCmxlRM1AL2YT87+snZrwws+4TFKDks0+ClNBTEwmW5MeV8iMGFmgTHE7K2EDqigz9jYFewRvceVlaJyVPcs1r1S5hpnycATHcAoenEMFbqEKdWCA8AQv8OrcO8/Om/M+K805855D+CPn4wckEo6m</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="spMmOf8IWjkgFTYSNeDZxzND2FQ=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtFz0SvXiExAIJNGS7TGFlu212tyak4Rd48aAxXv1J3vw3LtCDgm+yyZN3ZrIzb5gKro3rfjuljc2t7Z3ybmVv/+DwqHp80tZJphj6LBGJ6oZUo+ASfcONwG6qkMahwE44uZvXO0+oNE/kg5mmGMR0JHnEGTXWanUH1Zpbdxci6+AVUINCzUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seiMXFhnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELmV5MhV8iMmFqgTHG7K2FjqigzNpuKDcFbPXkd2ld1z3LLqzVuizjKcAbncAkeXEMD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sj5/AG0y4zZ</latexit>

hX = �5, " = .02
<latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit>

N = 1024
<latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit>
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<latexit sha1_base64="Jz8ts9fLFhOs5glfG9SGO7IiPz8=">AAAB8XicbZDLSgMxFIbP1Futt6pLN6FFqIhlphtdFt24rGAv2BlKJs20oZlkSDJCGfoWblwoxa1v4863Mb0stPWHwMf/n0POOWHCmTau++3kNja3tnfyu4W9/YPDo+LxSUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN3N8vYzVZpJ8WjGCQ1iPBAsYgQbaz1d+VwOUKPSuegVy27VnQutg7eEcr3kX04BoNErfvl9SdKYCkM41rrruYkJMqwMI5xOCn6qaYLJCA9o16LAMdVBNp94gs6t00eRVPYJg+bu744Mx1qP49BWxtgM9Wo2M//LuqmJboKMiSQ1VJDFR1HKkZFotj7qM0WJ4WMLmChmZ0VkiBUmxh6pYI/gra68Dq1a1bP84JXrt7BQHs6gBBXw4BrqcA8NaAIBAS/wBu+Odl6dqfOxKM05y55T+CPn8wf+L5FI</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="iIevnTKoq+4aApwfnUj7o7kmoUU=">AAAB8XicbZC7SgNBFIbPxluMt6ilzWAQYmHYtdEyaGMZwVwwWcLsZDYZMpdlZlYIS97CxkIRW9/GzrdxkmyhiT8MfPznHOacP0o4M9b3v73C2vrG5lZxu7Szu7d/UD48ahmVakKbRHGlOxE2lDNJm5ZZTjuJplhEnLaj8e2s3n6i2jAlH+wkoaHAQ8liRrB11uNFj6shalQ75/1yxa/5c6FVCHKoQK5Gv/zVGyiSCiot4diYbuAnNsywtoxwOi31UkMTTMZ4SLsOJRbUhNl84yk6c84AxUq7Jy2au78nMiyMmYjIdQpsR2a5NjP/q3VTG1+HGZNJaqkki4/ilCOr0Ox8NGCaEssnDjDRzO2KyAhrTKwLqeRCCJZPXoXWZS1wfB9U6jd5HEU4gVOoQgBXUIc7aEATCEh4hld484z34r17H4vWgpfPHMMfeZ8/67CPvw==</latexit>

X
<latexit sha1_base64="jAS47+ycS3WW/nxBnq34rs7GgPg=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zVyyZm/v2N0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIrg2rvvt5FZW19Y38puFre2d3b3i/kFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsObSd58QKV5LO/MKEE/on3JQ86osVat1S2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmmE0jBBtW57bmL8jCrDmcBxoZNqTCgb0j62LUoaofaz6aBjcmKdHgljZZ80ZOr+7shopPUoCmxlRM1AL2YT87+snZrwws+4TFKDks0+ClNBTEwmW5MeV8iMGFmgTHE7K2EDqigz9jYFewRvceVlaJyVPcs1r1S5hpnycATHcAoenEMFbqEKdWCA8AQv8OrcO8/Om/M+K805855D+CPn4wckEo6m</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="spMmOf8IWjkgFTYSNeDZxzND2FQ=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtFz0SvXiExAIJNGS7TGFlu212tyak4Rd48aAxXv1J3vw3LtCDgm+yyZN3ZrIzb5gKro3rfjuljc2t7Z3ybmVv/+DwqHp80tZJphj6LBGJ6oZUo+ASfcONwG6qkMahwE44uZvXO0+oNE/kg5mmGMR0JHnEGTXWanUH1Zpbdxci6+AVUINCzUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seiMXFhnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELmV5MhV8iMmFqgTHG7K2FjqigzNpuKDcFbPXkd2ld1z3LLqzVuizjKcAbncAkeXEMD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sj5/AG0y4zZ</latexit>

hX = �5, " = .02
<latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit>

N = 1024
<latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit>
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<latexit sha1_base64="Jz8ts9fLFhOs5glfG9SGO7IiPz8=">AAAB8XicbZDLSgMxFIbP1Futt6pLN6FFqIhlphtdFt24rGAv2BlKJs20oZlkSDJCGfoWblwoxa1v4863Mb0stPWHwMf/n0POOWHCmTau++3kNja3tnfyu4W9/YPDo+LxSUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN3N8vYzVZpJ8WjGCQ1iPBAsYgQbaz1d+VwOUKPSuegVy27VnQutg7eEcr3kX04BoNErfvl9SdKYCkM41rrruYkJMqwMI5xOCn6qaYLJCA9o16LAMdVBNp94gs6t00eRVPYJg+bu744Mx1qP49BWxtgM9Wo2M//LuqmJboKMiSQ1VJDFR1HKkZFotj7qM0WJ4WMLmChmZ0VkiBUmxh6pYI/gra68Dq1a1bP84JXrt7BQHs6gBBXw4BrqcA8NaAIBAS/wBu+Odl6dqfOxKM05y55T+CPn8wf+L5FI</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="iIevnTKoq+4aApwfnUj7o7kmoUU=">AAAB8XicbZC7SgNBFIbPxluMt6ilzWAQYmHYtdEyaGMZwVwwWcLsZDYZMpdlZlYIS97CxkIRW9/GzrdxkmyhiT8MfPznHOacP0o4M9b3v73C2vrG5lZxu7Szu7d/UD48ahmVakKbRHGlOxE2lDNJm5ZZTjuJplhEnLaj8e2s3n6i2jAlH+wkoaHAQ8liRrB11uNFj6shalQ75/1yxa/5c6FVCHKoQK5Gv/zVGyiSCiot4diYbuAnNsywtoxwOi31UkMTTMZ4SLsOJRbUhNl84yk6c84AxUq7Jy2au78nMiyMmYjIdQpsR2a5NjP/q3VTG1+HGZNJaqkki4/ilCOr0Ox8NGCaEssnDjDRzO2KyAhrTKwLqeRCCJZPXoXWZS1wfB9U6jd5HEU4gVOoQgBXUIc7aEATCEh4hld484z34r17H4vWgpfPHMMfeZ8/67CPvw==</latexit>

X
<latexit sha1_base64="jAS47+ycS3WW/nxBnq34rs7GgPg=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zVyyZm/v2N0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIrg2rvvt5FZW19Y38puFre2d3b3i/kFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsObSd58QKV5LO/MKEE/on3JQ86osVat1S2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmmE0jBBtW57bmL8jCrDmcBxoZNqTCgb0j62LUoaofaz6aBjcmKdHgljZZ80ZOr+7shopPUoCmxlRM1AL2YT87+snZrwws+4TFKDks0+ClNBTEwmW5MeV8iMGFmgTHE7K2EDqigz9jYFewRvceVlaJyVPcs1r1S5hpnycATHcAoenEMFbqEKdWCA8AQv8OrcO8/Om/M+K805855D+CPn4wckEo6m</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="spMmOf8IWjkgFTYSNeDZxzND2FQ=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtFz0SvXiExAIJNGS7TGFlu212tyak4Rd48aAxXv1J3vw3LtCDgm+yyZN3ZrIzb5gKro3rfjuljc2t7Z3ybmVv/+DwqHp80tZJphj6LBGJ6oZUo+ASfcONwG6qkMahwE44uZvXO0+oNE/kg5mmGMR0JHnEGTXWanUH1Zpbdxci6+AVUINCzUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seiMXFhnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELmV5MhV8iMmFqgTHG7K2FjqigzNpuKDcFbPXkd2ld1z3LLqzVuizjKcAbncAkeXEMD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sj5/AG0y4zZ</latexit>

hX = �5, " = .02
<latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit>

N = 1024
<latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit>
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<latexit sha1_base64="Jz8ts9fLFhOs5glfG9SGO7IiPz8=">AAAB8XicbZDLSgMxFIbP1Futt6pLN6FFqIhlphtdFt24rGAv2BlKJs20oZlkSDJCGfoWblwoxa1v4863Mb0stPWHwMf/n0POOWHCmTau++3kNja3tnfyu4W9/YPDo+LxSUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN3N8vYzVZpJ8WjGCQ1iPBAsYgQbaz1d+VwOUKPSuegVy27VnQutg7eEcr3kX04BoNErfvl9SdKYCkM41rrruYkJMqwMI5xOCn6qaYLJCA9o16LAMdVBNp94gs6t00eRVPYJg+bu744Mx1qP49BWxtgM9Wo2M//LuqmJboKMiSQ1VJDFR1HKkZFotj7qM0WJ4WMLmChmZ0VkiBUmxh6pYI/gra68Dq1a1bP84JXrt7BQHs6gBBXw4BrqcA8NaAIBAS/wBu+Odl6dqfOxKM05y55T+CPn8wf+L5FI</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="iIevnTKoq+4aApwfnUj7o7kmoUU=">AAAB8XicbZC7SgNBFIbPxluMt6ilzWAQYmHYtdEyaGMZwVwwWcLsZDYZMpdlZlYIS97CxkIRW9/GzrdxkmyhiT8MfPznHOacP0o4M9b3v73C2vrG5lZxu7Szu7d/UD48ahmVakKbRHGlOxE2lDNJm5ZZTjuJplhEnLaj8e2s3n6i2jAlH+wkoaHAQ8liRrB11uNFj6shalQ75/1yxa/5c6FVCHKoQK5Gv/zVGyiSCiot4diYbuAnNsywtoxwOi31UkMTTMZ4SLsOJRbUhNl84yk6c84AxUq7Jy2au78nMiyMmYjIdQpsR2a5NjP/q3VTG1+HGZNJaqkki4/ilCOr0Ox8NGCaEssnDjDRzO2KyAhrTKwLqeRCCJZPXoXWZS1wfB9U6jd5HEU4gVOoQgBXUIc7aEATCEh4hld484z34r17H4vWgpfPHMMfeZ8/67CPvw==</latexit>

X
<latexit sha1_base64="jAS47+ycS3WW/nxBnq34rs7GgPg=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zVyyZm/v2N0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIrg2rvvt5FZW19Y38puFre2d3b3i/kFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsObSd58QKV5LO/MKEE/on3JQ86osVat1S2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmmE0jBBtW57bmL8jCrDmcBxoZNqTCgb0j62LUoaofaz6aBjcmKdHgljZZ80ZOr+7shopPUoCmxlRM1AL2YT87+snZrwws+4TFKDks0+ClNBTEwmW5MeV8iMGFmgTHE7K2EDqigz9jYFewRvceVlaJyVPcs1r1S5hpnycATHcAoenEMFbqEKdWCA8AQv8OrcO8/Om/M+K805855D+CPn4wckEo6m</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="spMmOf8IWjkgFTYSNeDZxzND2FQ=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtFz0SvXiExAIJNGS7TGFlu212tyak4Rd48aAxXv1J3vw3LtCDgm+yyZN3ZrIzb5gKro3rfjuljc2t7Z3ybmVv/+DwqHp80tZJphj6LBGJ6oZUo+ASfcONwG6qkMahwE44uZvXO0+oNE/kg5mmGMR0JHnEGTXWanUH1Zpbdxci6+AVUINCzUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seiMXFhnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELmV5MhV8iMmFqgTHG7K2FjqigzNpuKDcFbPXkd2ld1z3LLqzVuizjKcAbncAkeXEMD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sj5/AG0y4zZ</latexit>

hX = �5, " = .02
<latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit>

N = 1024
<latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit>
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<latexit sha1_base64="Jz8ts9fLFhOs5glfG9SGO7IiPz8=">AAAB8XicbZDLSgMxFIbP1Futt6pLN6FFqIhlphtdFt24rGAv2BlKJs20oZlkSDJCGfoWblwoxa1v4863Mb0stPWHwMf/n0POOWHCmTau++3kNja3tnfyu4W9/YPDo+LxSUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN3N8vYzVZpJ8WjGCQ1iPBAsYgQbaz1d+VwOUKPSuegVy27VnQutg7eEcr3kX04BoNErfvl9SdKYCkM41rrruYkJMqwMI5xOCn6qaYLJCA9o16LAMdVBNp94gs6t00eRVPYJg+bu744Mx1qP49BWxtgM9Wo2M//LuqmJboKMiSQ1VJDFR1HKkZFotj7qM0WJ4WMLmChmZ0VkiBUmxh6pYI/gra68Dq1a1bP84JXrt7BQHs6gBBXw4BrqcA8NaAIBAS/wBu+Odl6dqfOxKM05y55T+CPn8wf+L5FI</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="iIevnTKoq+4aApwfnUj7o7kmoUU=">AAAB8XicbZC7SgNBFIbPxluMt6ilzWAQYmHYtdEyaGMZwVwwWcLsZDYZMpdlZlYIS97CxkIRW9/GzrdxkmyhiT8MfPznHOacP0o4M9b3v73C2vrG5lZxu7Szu7d/UD48ahmVakKbRHGlOxE2lDNJm5ZZTjuJplhEnLaj8e2s3n6i2jAlH+wkoaHAQ8liRrB11uNFj6shalQ75/1yxa/5c6FVCHKoQK5Gv/zVGyiSCiot4diYbuAnNsywtoxwOi31UkMTTMZ4SLsOJRbUhNl84yk6c84AxUq7Jy2au78nMiyMmYjIdQpsR2a5NjP/q3VTG1+HGZNJaqkki4/ilCOr0Ox8NGCaEssnDjDRzO2KyAhrTKwLqeRCCJZPXoXWZS1wfB9U6jd5HEU4gVOoQgBXUIc7aEATCEh4hld484z34r17H4vWgpfPHMMfeZ8/67CPvw==</latexit>

X
<latexit sha1_base64="jAS47+ycS3WW/nxBnq34rs7GgPg=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zVyyZm/v2N0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIrg2rvvt5FZW19Y38puFre2d3b3i/kFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsObSd58QKV5LO/MKEE/on3JQ86osVat1S2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmmE0jBBtW57bmL8jCrDmcBxoZNqTCgb0j62LUoaofaz6aBjcmKdHgljZZ80ZOr+7shopPUoCmxlRM1AL2YT87+snZrwws+4TFKDks0+ClNBTEwmW5MeV8iMGFmgTHE7K2EDqigz9jYFewRvceVlaJyVPcs1r1S5hpnycATHcAoenEMFbqEKdWCA8AQv8OrcO8/Om/M+K805855D+CPn4wckEo6m</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="spMmOf8IWjkgFTYSNeDZxzND2FQ=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtFz0SvXiExAIJNGS7TGFlu212tyak4Rd48aAxXv1J3vw3LtCDgm+yyZN3ZrIzb5gKro3rfjuljc2t7Z3ybmVv/+DwqHp80tZJphj6LBGJ6oZUo+ASfcONwG6qkMahwE44uZvXO0+oNE/kg5mmGMR0JHnEGTXWanUH1Zpbdxci6+AVUINCzUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seiMXFhnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELmV5MhV8iMmFqgTHG7K2FjqigzNpuKDcFbPXkd2ld1z3LLqzVuizjKcAbncAkeXEMD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sj5/AG0y4zZ</latexit>

hX = �5, " = .02
<latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit>

N = 1024
<latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit>
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<latexit sha1_base64="Jz8ts9fLFhOs5glfG9SGO7IiPz8=">AAAB8XicbZDLSgMxFIbP1Futt6pLN6FFqIhlphtdFt24rGAv2BlKJs20oZlkSDJCGfoWblwoxa1v4863Mb0stPWHwMf/n0POOWHCmTau++3kNja3tnfyu4W9/YPDo+LxSUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN3N8vYzVZpJ8WjGCQ1iPBAsYgQbaz1d+VwOUKPSuegVy27VnQutg7eEcr3kX04BoNErfvl9SdKYCkM41rrruYkJMqwMI5xOCn6qaYLJCA9o16LAMdVBNp94gs6t00eRVPYJg+bu744Mx1qP49BWxtgM9Wo2M//LuqmJboKMiSQ1VJDFR1HKkZFotj7qM0WJ4WMLmChmZ0VkiBUmxh6pYI/gra68Dq1a1bP84JXrt7BQHs6gBBXw4BrqcA8NaAIBAS/wBu+Odl6dqfOxKM05y55T+CPn8wf+L5FI</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="UdD/MAClMBgT9zPz+iV2aVjZHG0=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm6FFqIglcaPLoBuXFewFm1Am00k7dDIJMxMhhL5FNy4UcevbuOvbOL0stPWHgY//P4c55wQJZ0rb9tQqbGxube8Ud0t7+weHR+Xjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9H9LG+/UKlYLJ50llA/wgPBQkawNtbzlcfjAWrUOhe9ctWu23OhdXCWUHUr3uVk6maNXvnb68ckjajQhGOluo6daD/HUjPC6bjkpYommIzwgHYNChxR5efzicfo3Dh9FMbSPKHR3P3dkeNIqSwKTGWE9VCtZjPzv6yb6vDWz5lIUk0FWXwUphzpGM3WR30mKdE8M4CJZGZWRIZYYqLNkUrmCM7qyuvQuq47hh+dqnsHCxXhDCpQAwduwIUHaEATCAiYwBu8W8p6tT6sz0VpwVr2nMIfWV8/B6iSzg==</latexit><latexit sha1_base64="iIevnTKoq+4aApwfnUj7o7kmoUU=">AAAB8XicbZC7SgNBFIbPxluMt6ilzWAQYmHYtdEyaGMZwVwwWcLsZDYZMpdlZlYIS97CxkIRW9/GzrdxkmyhiT8MfPznHOacP0o4M9b3v73C2vrG5lZxu7Szu7d/UD48ahmVakKbRHGlOxE2lDNJm5ZZTjuJplhEnLaj8e2s3n6i2jAlH+wkoaHAQ8liRrB11uNFj6shalQ75/1yxa/5c6FVCHKoQK5Gv/zVGyiSCiot4diYbuAnNsywtoxwOi31UkMTTMZ4SLsOJRbUhNl84yk6c84AxUq7Jy2au78nMiyMmYjIdQpsR2a5NjP/q3VTG1+HGZNJaqkki4/ilCOr0Ox8NGCaEssnDjDRzO2KyAhrTKwLqeRCCJZPXoXWZS1wfB9U6jd5HEU4gVOoQgBXUIc7aEATCEh4hld484z34r17H4vWgpfPHMMfeZ8/67CPvw==</latexit>

X
<latexit sha1_base64="jAS47+ycS3WW/nxBnq34rs7GgPg=">AAAB6HicbZC7SwNBEMbn4ivGV9TSZjEIVuHORhsxaGOZgHlAcoS9zVyyZm/v2N0TwhGwt7FQxNZ/xt7O/8bNo9DEDxZ+fN8MOzNBIrg2rvvt5FZW19Y38puFre2d3b3i/kFDx6liWGexiFUroBoFl1g33AhsJQppFAhsBsObSd58QKV5LO/MKEE/on3JQ86osVat1S2W3LI7FVkGbw6lq8/C5SMAVLvFr04vZmmE0jBBtW57bmL8jCrDmcBxoZNqTCgb0j62LUoaofaz6aBjcmKdHgljZZ80ZOr+7shopPUoCmxlRM1AL2YT87+snZrwws+4TFKDks0+ClNBTEwmW5MeV8iMGFmgTHE7K2EDqigz9jYFewRvceVlaJyVPcs1r1S5hpnycATHcAoenEMFbqEKdWCA8AQv8OrcO8/Om/M+K805855D+CPn4wckEo6m</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="pZTDSqigLe8xGwFdLVL8L5Jp5Vk=">AAAB6HicbZC7SgNBFIbPeo3rLWppMxgEq7Bro40YtLFMwFwgCWF2cjYZMzu7zMwKYckT2FgoYqsPY28jvo2TS6GJPwx8/P85zDknSATXxvO+naXlldW19dyGu7m1vbOb39uv6ThVDKssFrFqBFSj4BKrhhuBjUQhjQKB9WBwPc7r96g0j+WtGSbYjmhP8pAzaqxVaXTyBa/oTUQWwZ9B4fLDvUjev9xyJ//Z6sYsjVAaJqjWTd9LTDujynAmcOS2Uo0JZQPaw6ZFSSPU7Wwy6IgcW6dLwljZJw2ZuL87MhppPYwCWxlR09fz2dj8L2umJjxvZ1wmqUHJph+FqSAmJuOtSZcrZEYMLVCmuJ2VsD5VlBl7G9cewZ9feRFqp0XfcsUvlK5gqhwcwhGcgA9nUIIbKEMVGCA8wBM8O3fOo/PivE5Ll5xZzwH8kfP2AxWhkBo=</latexit><latexit sha1_base64="spMmOf8IWjkgFTYSNeDZxzND2FQ=">AAAB6HicbZBNT8JAEIan+IX4hXr0spGYeCKtFz0SvXiExAIJNGS7TGFlu212tyak4Rd48aAxXv1J3vw3LtCDgm+yyZN3ZrIzb5gKro3rfjuljc2t7Z3ybmVv/+DwqHp80tZJphj6LBGJ6oZUo+ASfcONwG6qkMahwE44uZvXO0+oNE/kg5mmGMR0JHnEGTXWanUH1Zpbdxci6+AVUINCzUH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9i5LGqIN8seiMXFhnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELmV5MhV8iMmFqgTHG7K2FjqigzNpuKDcFbPXkd2ld1z3LLqzVuizjKcAbncAkeXEMD7qEJPjBAeIZXeHMenRfn3flYtpacYuYU/sj5/AG0y4zZ</latexit>

hX = �5, " = .02
<latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit><latexit sha1_base64="iaktN2zCp+pQXQhQaqN0kdl19io=">AAACB3icbVDLSsNAFJ3UV62vqEtBBhvBhYakILopFN24rGAf0IYwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6N0zYLbT1w4XDOvdx7T5AwKpXjfBuFldW19Y3iZmlre2d3z9w/aMo4FZg0cMxi0Q6QJIxy0lBUMdJOBEFRwEgrGN5O/daICElj/qDGCfEi1Oc0pBgpLfnmsTXw27AKLy6tc2h1R0iQRFIWc1i1nYrlm2XHdmaAy8TNSRnkqPvmV7cX4zQiXGGGpOy4TqK8DAlFMSOTUjeVJEF4iPqkoylHEZFeNvtjAk+10oNhLHRxBWfq74kMRVKOo0B3RkgN5KI3Ff/zOqkKr72M8iRVhOP5ojBlUMVwGgrsUUGwYmNNEBZU3wrxAAmElY6upENwF19eJs2K7Tq2e18p127yOIrgCJyAM+CCK1ADd6AOGgCDR/AMXsGb8WS8GO/Gx7y1YOQzh+APjM8fDB+WOw==</latexit>

N = 1024
<latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit><latexit sha1_base64="4YMr6bGjnXWWyDpjyDywtOFIF5I=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgF6EoBdPEsE8IFnC7KQ3GTI7u87MCiHkJ7x4UMSrv+PNv3GS7EETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRjczv/WESvNYPphxgn5EB5KHnFFjpfYduSKeW6n2iiW37M5BVomXkRJkqPeKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/md87JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJL/0Jl0lqULLFojAVxMRk9jzpc4XMiLEllClubyVsSBVlxkZUsCF4yy+vkmal7Lll775aql1nceThBE7hHDy4gBrcQh0awEDAM7zCm/PovDjvzseiNedkM8fwB87nD5nsjlw=</latexit>



Change in equilibrium phase boundary: M phase more stable. 
Barrier height becomes 1/5th: yield threshold decreases 
Kamer’s regimes appears at much lower strain rates and spinodal 
regime becomes more dominant. 
Appearance of extra minima. 
Can already see what is expected for a glass! 

SINGLE “FROZEN-IN” DISLOCATION DIPOLE



WHAT IS GOING ON?  
A superconductor analogy ?



• Superconductivity is associated with “gauge-symmetry breaking”.

• London equation j = �(nse2/m)A holds only in the Coulomb gauge,

namely r ·A = 0.

• This leads to the Meissner e↵ect i.e. elimination of flux.

• Gauge fixing happens naturally.

• Our case is analogous.

• Choosing reference lattice and hX “fixes” a certain indexing. Local per-

mutation symmetry is broken.

• Artificial gauge fixing ! stress Meissner e↵ect?

• In the real world only kinetic e↵ects of this phase transition is felt.
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Customarily, crystalline solids are defined to be rigid since they
resist changes of shape determined by their boundaries. How-
ever, rigid solids cannot exist in the thermodynamic limit where
boundaries become irrelevant. Particles in the solid may rearrange
to adjust to shape changes eliminating stress without destroying
crystalline order. Rigidity is therefore valid only in the metastable
state that emerges because these particle rearrangements in
response to a deformation, or strain, are associated with slow
collective processes. Here, we show that a thermodynamic col-
lective variable may be used to quantify particle rearrangements
that occur as a solid is deformed at zero strain rate. Advanced
Monte Carlo simulation techniques are then used to obtain the
equilibrium free energy as a function of this variable. Our results
lead to a unique view on rigidity: While at zero strain a rigid
crystal coexists with one that responds to infinitesimal strain by
rearranging particles and expelling stress, at finite strain the rigid
crystal is metastable, associated with a free energy barrier that
decreases with increasing strain. The rigid phase becomes ther-
modynamically stable when an external field, which penalizes
particle rearrangements, is switched on. This produces a line of
first-order phase transitions in the field–strain plane that inter-
sects the origin. Failure of a solid once strained beyond its elastic
limit is associated with kinetic decay processes of the metastable
rigid crystal deformed with a finite strain rate. These processes
can be understood in quantitative detail using our computed
phase diagram as reference.

rigidity | plasticity | first-order transitions | colloidal crystals

The ability to resist changes of shape, or rigidity, has been
explained as a consequence of the spontaneous breaking of

continuous translational symmetry in crystalline solids (1, 2).
Quite surprisingly, this result is at the same time paradoxical. It
may be shown quite rigorously (3) that any homogeneous bulk
deformation created within a solid to conform to changes of shape
of the boundary may always be accommodated instead by surface
distortions involving particle rearrangements (4, 5). This automat-
ically suggests that any internal stress generated in equilibrium
within a macroscopically large solid in response to a change of
shape must necessarily vanish (4). Given enough time, a solid
always flows to release this stress under any external mechanical
load, however small (5). The emergence of rigid solids is therefore
associated with inherently long-lived metastable states (4, 6).

While the immediate paradox is resolved, we still need to
address the question of how a rigid crystal, when deformed,
releases internal stress and transforms to a flowing state (7, 8).
A fundamental understanding of this process should also reveal
under what conditions thermodynamically stable rigid crystals
may exist. Here, a comparison with fluids in the limit of zero strain
rate is very instructive. While fluids subjected to small stresses
exhibit Newtonian flow with a constant viscosity (1), no such
regime exists for stressed solids whose viscosity diverges with van-
ishing stress (5). Does this singular behavior of the viscosity imply
an underlying phase transition? Moreover, distinct from the fluid
state, flow in a crystal is triggered by the formation of slip planes (4)
causing rearrangements of particle neighborhoods. Rigid solids

composed of distinguishable particles are thus also associated with
the breaking of discrete permutation symmetry.

In this work, we show that a phase transition indeed occurs
at zero strain rate. A static, equilibrium, first-order phase tran-
sition describes the transformation of one crystal to another
with identical crystal structure but with differently arranged local
neighborhoods. Stress relaxation occurs as a consequence of
these rearrangements. As expected for a first-order transition,
the transformation kinetics of the metastable rigid solid to the
stable unstressed solid at finite and sufficiently small strain rates
may be described by a nucleation process. A parameter-free
prediction of the strain-rate–dependent, mean, limiting deforma-
tion beyond which this nucleation occurs and a rigid crystal first
begins to flow is one of the verifiable outcomes of our work.

Essential for these findings is the identification of a thermo-
dynamic variable X , the order parameter of the transition, and
its conjugated field hX , which we define shortly. We show that
thermodynamically stable rigid solids exist for finite, negative
hX . In addition, we also obtain a line of first-order transitions
from a rigid solid to a solid state with zero stress. In the ther-
modynamic limit, this phase boundary extrapolates to hX ! 0

�,
giving rise to the aforementioned, experimentally observable
transition associated with stress relaxation. We thus follow here
a procedure analogous to many other condensed-matter sys-
tems (for a classic example see ref. 9) wherein deeper insight is
obtained, leading to quantitative predictions, by first introduc-
ing a field hX and then letting hX ! 0 after taking the thermo-
dynamic limit.

Significance

While common sense says that solids are rigid, careful argu-
ments show that all solids under infinitesimal strain must
eventually flow. Resolution of this paradoxical result lies at
the core of our understanding of the behavior of solids under
deformation. We provide a framework within which the para-
dox is reconciled and extract conditions wherein stable, rigid,
crystalline solids are possible. Failure of ideal crystals is deter-
mined by a kinetic process similar to the decay of supercooled
phases following quenches across a first-order phase bound-
ary. This fresh conceptual viewpoint curiously allows us to
study failure of perfect crystalline solids in quantitative detail
without invoking specifics of many-body, defect–defect inter-
actions, raising hope of a more unified description of materials
in the future.
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There is no such thing as a rigid solid.
How's that for a provocative, click-bait headline?

More than any other branch of physics, condensed matter physics
highlights universality, the idea that some properties crop up repeatedly, in many
physical systems, independent of and despite the differences in the microscopic building
blocks of the system.  One example that affects you pretty much all the time is
emergence of rigid solids from the microscopic building blocks that are atoms and
molecules.  You may never think about it consciously, but mechanically rigid solids make
up much of our environment - our buildings, our furniture, our roads, even ourselves.

A quartz crystal is an example of a rigid solid. By solid, I mean that the material
maintains its own shape without confining walls, and by rigid, I mean that it “resists
deformation”. Deforming the crystal – stretching it, squeezing it, bending it – involves
trying to move some piece of the crystal relative to some other piece of the crystal. If you
try to do this, it might flex a little bit, but the crystal pushes back on you. The ratio
between the pressure (say) that you apply and the percentage change in the crystal’s
size is called an elastic modulus, and it’s a measure of rigidity. Diamond has a big elastic
modulus, as does steel. Rubber has a comparatively small elastic modulus – it’s
squishier. Rigidity implies solidity. If a hunk of material has rigidity, it can withstand forces
acting on it, like gravity.  (Note that I'm already assuming that atoms can't pass through
each other, which turns out to be a macroscopic manifestation of quantum mechanics,
even though people rarely think of it that way.  I've discussed this recently here.)

Take away the walls of an aquarium, and the rectangular “block” of water in there can’t
resist gravity and splooshes all over the table. In free fall as in the International Space
Station, a blob of water will pull itself into a sphere, as it doesn’t have the rigidity to resist
surface tension, the tendency of a material to minimize its surface area.

Rigidity is an emergent property. One silicon or oxygen atom isn’t rigid, but somehow,
when you put enough of them together under the right conditions, you get a
mechanically solid object. A glass, in contrast to a crystal, looks very different if you
zoom in to the atomic scale. In the case of silicon dioxide, while the detailed bonding of
each silicon to two oxygens looks similar to the case of quartz, there is no long-range
pattern to how the atoms are arranged. Indeed, while it would be incredibly difficult to do
experimentally, if you could take a snapshot of molten silica glass at the atomic scale,
from the positions of the atoms alone, you wouldn’t be able to tell whether it was molten
or solidified.   However, despite the structural similarities to a liquid, solid glass is
mechanically rigid. In fact, some glasses are actually far more stiff than crystalline solids
– metallic glasses are highly prized for exactly this property – despite having a
microscopic structure that looks like a liquid.  

Somehow, these two systems (quartz and silica glass), with very different detailed
structures, have very similar mechanical properties on large scales. Maybe this example
isn't too convincing. After all, the basic building blocks in both of those materials are
really the same. However, mechanical rigidity shows up all the time in materials with
comparatively high densities. Water ice is rigid. The bumper on your car is rigid. The
interior of a hard-boiled egg is rigid. Concrete is rigid. A block of wood is rigid. A vacuum-
packed bag of ground espresso-roasted coffee is rigid. Somehow, mechanical rigidity is
a common collective fate of many-particle systems. So where does it originate? What
conditions are necessary to have rigidity?

Interestingly, this question remains one that is a subject of research.  Despite my click-
bait headline, it sure looks like there are materials that are mechanically rigid.  However,
it can be shown mathematically (!) that "equilibrium states of matter that break
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At Fc we predict the slip-rate power spectra Pð!;FcÞ
[i.e., the absolute square of the Fourier transform of the
time dependent slip rate dð!m um Þ=dt] to scale with fre-
quency ! as Pð!;FcÞ #!$2. For F < Fc the power law
levels off at frequencies below a cutoff !min # ðFc $ FÞ!z
with !z ¼ 1. This is captured by the functional form
Pð!;FÞ #!$2fcn½!=ðFc $ FÞ'where fcnðxÞ is a univer-
sal scaling function. The insets of Fig. 1 show Dðs; FÞ and
Pð!;FÞ at various stresses F. Note the respective power
law scaling regimes with crossover to a stress dependent
large avalanche cutoff and a low frequency cutoff for
Dðs; FÞ and Pð!;FÞ, respectively [10]. Predictions can
also be made for the roughness on the surface of the
deforming material and for the average amount of slip at
a slipping site huis for an avalanche of size s: huis #
s"#! # s0 since " ¼ 0 [1,4]. The distribution of ava-
lanche durations T is expected to scale as DðTÞ #
1=T$D½TðFc $ FÞ!z'with $ ¼ 2, !z ¼ 1, and DðxÞ a
universal scaling function. For " ¼ 0 the slip in the system
is, on average, distributed uniformly over the sample (duc-
tile deformation). Simulations of the slip distribution of
two similar models [1,5] indicate that the average propa-
gation direction of individual slip avalanches tends to be
parallel to the shear direction. Chen et al. [5] conjectured
that adding weakening to their model would lead to slip
localization.

Results for weakening (with " > 0, %s;‘ > %d;‘).—For
"> 0 we find scaling behavior similar to the " ¼ 0 case
prior to macroscopic failure. Here the deformation mode is
different and is associated with brittle failure. Starting from

a relaxed state, initially the material responds to an in-
creasing shear stress F < Fcð"Þwith small avalanches, just
as in the " ¼ 0 case. Their sizes are power-law distributed
up to a stress dependent cutoff size smax # "$2SððFc $
FÞ="Þ. They are nucleated randomly throughout the system
and thus lead, on average, to a uniform strain distribution
across the sample, similar to the situation for zero weak-
ening. The scaling form of the avalanche size distribution
in this regime, for example, is given byDðsÞ # 1=s%Dw½s(
ðFc $ FÞ1=#, s("2], with the same values % ¼ 1:5 and
1=# ¼ 2 as in the zero weakening case. The yield stress
Fcð"Þ, is of order " lower than the yield stress Fc for " ¼ 0
[4]. At Fcð"Þ ) Fc $ Oð"Þ the material breaks in brittle
failure; i.e., the slip suddenly localizes in a system span-
ning avalanche that forms a narrow weakened failure or
‘‘fault zone.’’ The shear modulus just before failure is G#
Oð"Þ. The system undergoes a discontinuous (first order)
transition at Fcð"Þ. (Note that MFT may not capture cor-
rectly the detailed behavior in the brittle case just before
localization when the dislocation density is very high in the
localization region. Clarifying these details is subject of
future numerical work.) After the system spanning fracture
avalanche took place, continuous slip can be maintained at
stresses that are Oð"Þ less than the yield stress Fcð"Þ. The
corresponding stress-strain curve is shown in Fig. 2(a).
Results for slip hardening (with " < 0, %s;‘ > %d;‘).—

Hardening can be introduced in this model in the following
way: if a site slips the failure threshold of all other sites is
either increased by an amount proportional to j"j=N, or
equivalently, the stresses at all cells are reduced by an
amountOð"=NÞ [9]. In crystals, this global stress reduction
or threshold strengthening may be due to the creation of
dislocation pairs in the bulk that reduce the overall stress.
This can lead to dislocation entanglement, so that higher
stress than in nonhardening systems is needed to trigger
further events [12]. From the general discussion of hard-
ening in [1] we conclude that j"j=N is proportional to the
hardening coefficient & of the material. Starting from a
relaxed state, for slowly increasing shear stress F, the
system first responds with small avalanches, like in the " ¼
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FIG. 2. Stress-strain curves for " > 0 [(a) brittle] and " < 0
[(b) hardening] as obtained from MFT.

FIG. 1 (color online). Stress-strain curve for " ¼ 0 in MFT for
slowly increasing applied shear stress. The two insets show log-
log plots of the avalanche size distribution DðsÞ and the power
spectrum Pð!Þ: the four size distributions arranged from left to
right and the power spectra arranged from bottom to top are
obtained from four different, narrow stress windows that are
centered around stresses 0<F1 <F2 <F3 <F4 ¼ Fc, respec-
tively. Note how bothDðsÞ and Pð!Þ approach power law scaling
as F ! Fc.
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FIG. 2. Stress-strain curves for " > 0 [(a) brittle] and " < 0
[(b) hardening] as obtained from MFT.

FIG. 1 (color online). Stress-strain curve for " ¼ 0 in MFT for
slowly increasing applied shear stress. The two insets show log-
log plots of the avalanche size distribution DðsÞ and the power
spectrum Pð!Þ: the four size distributions arranged from left to
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tively. Note how bothDðsÞ and Pð!Þ approach power law scaling
as F ! Fc.
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relaxed state, for slowly increasing shear stress F, the
system first responds with small avalanches, like in the " ¼

stress  

slope
~| |

Fc( )

~

strain 

(a)

strain

stress (b)

FIG. 2. Stress-strain curves for " > 0 [(a) brittle] and " < 0
[(b) hardening] as obtained from MFT.

FIG. 1 (color online). Stress-strain curve for " ¼ 0 in MFT for
slowly increasing applied shear stress. The two insets show log-
log plots of the avalanche size distribution DðsÞ and the power
spectrum Pð!Þ: the four size distributions arranged from left to
right and the power spectra arranged from bottom to top are
obtained from four different, narrow stress windows that are
centered around stresses 0<F1 <F2 <F3 <F4 ¼ Fc, respec-
tively. Note how bothDðsÞ and Pð!Þ approach power law scaling
as F ! Fc.
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