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Termodinámica Clásica (Callen)

(2.7) and (2.8). There are, however, instantaneous departures from such an equilibrium state

whose occurrence cannot be predicted by a deterministic law, and hence, the thermodynamic

variables [E,N] have to be regarded in general as random variables, subject to a probability

distribution P [E,N]. The first moment of this probability distribution is the mean value

[E,N], which is identified with the equilibrium state [Eeq,Neq]. The discussion of the higher-

order moments of these variables requires the application of the thermodynamic theory of

fluctuations.

A. Covariance of the fluctuations and stability matrix.

For notational convenience let us now define the M-component vector A (with M = 2C)

as A ≡ [E,N]. Besides determining the mean value Aeq through Eqs. (2.7) and (2.8),

the fundamental thermodynamic relation S = S[A] also determines the full form of the

probability distribution P [A], according to the thermodynamic theory of fluctuations. The

central principle is Boltzmann’s identification of the entropy as a measure of the number

Ω[A] of microscopic states consistent with the macroscopic state A through his celebrated

relation S[A] = kB lnΩ[A]. For an isolated system, P [A] is postulated to be proportional

to Ω[A], i.e., P [A] = Ω[A]/ {
!

A′ Ω[A′]}. Assuming that for given internal and external

constraints the equilibrium state Aeq has the property that Ω[Aeq] >>> Ω[A], we have the

following exact and general Boltzmann-Planck expression for P [A],

P [A] = (const.)exp [(S[A] − S[Aeq]) /kB] . (3.1)

We may now use this expression for P [A] to calculate the MxM covariance matrix

(δA)(δA)T of the fluctuations, with elements defined as

δAiδAj ≡
"

A

P [A](Ai − Aeq
i )(Aj − Aeq

j ), i, j = 1, 2, ..., M, (3.2)

with the following exact and totally general result,

(δA)(δA)T ◦ Eeq = I (3.3)

where I is the M × M identity matrix and Eeq is equilibrium stability matrix, defined as

Eeq
ij ≡ −

1

kB

#
∂2S[A]

∂Ai∂Aj

$

A=Aeq

. (3.4)
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FOR	EQUILIBRIUM,	
MANY	FORMATS	TO	
PLAY	BOLTZMANN’S	

GAME!



u(r)

Ecuaciones 
de Estado

Diagramas de Fase 
de Equilibrio

StatisticalThermodynamics

MINIMIZING	FREE	ENERGY



u(r)

Ecuaciones 
de Estado

Diagramas de Fase 
de Equilibrio

StatisticalThermodynamics

DENSITY	FUNCTIONAL	THEORY



u(r)

Ecuaciones 
de Estado

Diagramas de Fase 
de Equilibrio

StatisticalThermodynamics

MONTECARLO	SIMULATIONS



LENNARD-JONES POTENTIAL

u(r)



Equilibrium Phase Diagram



Thermodynamic equilibrium states :	STATIONARY	 and	PREPARATION-INDEPENDENT

Equilibrium Phase Diagram



Equilibrium Phase Diagram
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Equilibrium Phase Diagram



BUT….!



Sometimes things go wrong!



Sometimes ….



Sometimes ….
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Amorphous Solidification:



Or, instead of gas-liquid, ….





NON-EQUILIBRIUM AMORPHOUS 
SOLIDS 

I. Are not stationary (Aging)



NON-EQUILIBRIUM AMORPHOUS 
SOLIDS 

II. Depend on preparation protocol.
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Comparison	with	Experiment:	Hard-Sphere	
System	at	the	Transition
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JPCM, 21: 75101 (2008))
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Classical Thermodynamics
(Callen)

(2.7) and (2.8). There are, however, instantaneous departures from such an equilibrium state

whose occurrence cannot be predicted by a deterministic law, and hence, the thermodynamic

variables [E,N] have to be regarded in general as random variables, subject to a probability

distribution P [E,N]. The first moment of this probability distribution is the mean value

[E,N], which is identified with the equilibrium state [Eeq,Neq]. The discussion of the higher-

order moments of these variables requires the application of the thermodynamic theory of

fluctuations.

A. Covariance of the fluctuations and stability matrix.

For notational convenience let us now define the M-component vector A (with M = 2C)

as A ≡ [E,N]. Besides determining the mean value Aeq through Eqs. (2.7) and (2.8),

the fundamental thermodynamic relation S = S[A] also determines the full form of the

probability distribution P [A], according to the thermodynamic theory of fluctuations. The

central principle is Boltzmann’s identification of the entropy as a measure of the number

Ω[A] of microscopic states consistent with the macroscopic state A through his celebrated

relation S[A] = kB lnΩ[A]. For an isolated system, P [A] is postulated to be proportional

to Ω[A], i.e., P [A] = Ω[A]/ {
!

A′ Ω[A′]}. Assuming that for given internal and external

constraints the equilibrium state Aeq has the property that Ω[Aeq] >>> Ω[A], we have the

following exact and general Boltzmann-Planck expression for P [A],

P [A] = (const.)exp [(S[A] − S[Aeq]) /kB] . (3.1)

We may now use this expression for P [A] to calculate the MxM covariance matrix

(δA)(δA)T of the fluctuations, with elements defined as

δAiδAj ≡
"

A

P [A](Ai − Aeq
i )(Aj − Aeq

j ), i, j = 1, 2, ..., M, (3.2)

with the following exact and totally general result,

(δA)(δA)T ◦ Eeq = I (3.3)

where I is the M × M identity matrix and Eeq is equilibrium stability matrix, defined as

Eeq
ij ≡ −

1

kB

#
∂2S[A]

∂Ai∂Aj

$

A=Aeq

. (3.4)
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Fundamental	Thermodynamic Relation:

=[A1 ,	A2 ,…,	AM].		
(And	the energy is one of	them.)



Thermodynamic Theory of Fluctuations
(Components of ,	random variables)
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order moments of these variables requires the application of the thermodynamic theory of

fluctuations.

A. Covariance of the fluctuations and stability matrix.
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as A ≡ [E,N]. Besides determining the mean value Aeq through Eqs. (2.7) and (2.8),

the fundamental thermodynamic relation S = S[A] also determines the full form of the

probability distribution P [A], according to the thermodynamic theory of fluctuations. The

central principle is Boltzmann’s identification of the entropy as a measure of the number

Ω[A] of microscopic states consistent with the macroscopic state A through his celebrated

relation S[A] = kB lnΩ[A]. For an isolated system, P [A] is postulated to be proportional

to Ω[A], i.e., P [A] = Ω[A]/ {
!

A′ Ω[A′]}. Assuming that for given internal and external

constraints the equilibrium state Aeq has the property that Ω[Aeq] >>> Ω[A], we have the

following exact and general Boltzmann-Planck expression for P [A],

P [A] = (const.)exp [(S[A] − S[Aeq]) /kB] . (3.1)

We may now use this expression for P [A] to calculate the MxM covariance matrix
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"

A

P [A](Ai − Aeq
i )(Aj − Aeq

j ), i, j = 1, 2, ..., M, (3.2)

with the following exact and totally general result,

(δA)(δA)T ◦ Eeq = I (3.3)

where I is the M × M identity matrix and Eeq is equilibrium stability matrix, defined as

Eeq
ij ≡ −

1

kB

#
∂2S[A]

∂Ai∂Aj

$

A=Aeq

. (3.4)
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Thermodynamic Theory of	Fluctuations
(Components of	 ,	random variables)

EQUILIBRIUM	CONDITION	FOR	THE	SECOND	MOMENTS

(2.7) and (2.8). There are, however, instantaneous departures from such an equilibrium state

whose occurrence cannot be predicted by a deterministic law, and hence, the thermodynamic

variables [E,N] have to be regarded in general as random variables, subject to a probability

distribution P [E,N]. The first moment of this probability distribution is the mean value

[E,N], which is identified with the equilibrium state [Eeq,Neq]. The discussion of the higher-

order moments of these variables requires the application of the thermodynamic theory of

fluctuations.

A. Covariance of the fluctuations and stability matrix.

For notational convenience let us now define the M-component vector A (with M = 2C)

as A ≡ [E,N]. Besides determining the mean value Aeq through Eqs. (2.7) and (2.8),

the fundamental thermodynamic relation S = S[A] also determines the full form of the

probability distribution P [A], according to the thermodynamic theory of fluctuations. The

central principle is Boltzmann’s identification of the entropy as a measure of the number

Ω[A] of microscopic states consistent with the macroscopic state A through his celebrated

relation S[A] = kB lnΩ[A]. For an isolated system, P [A] is postulated to be proportional

to Ω[A], i.e., P [A] = Ω[A]/ {
!

A′ Ω[A′]}. Assuming that for given internal and external

constraints the equilibrium state Aeq has the property that Ω[Aeq] >>> Ω[A], we have the

following exact and general Boltzmann-Planck expression for P [A],

P [A] = (const.)exp [(S[A] − S[Aeq]) /kB] . (3.1)
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kB

#
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$

A=Aeq

. (3.4)
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The presence of external fields may, however, cause spatial inhomogeneities in the dis-

tribution of matter and energy. The description of the possible thermodynamic states of

this system then requires of more information than that contained in the value of the total

properties E, N , and V . For this reason, we mentally partition the volume V in a num-

ber C of smaller portions (or cells), whose internal energy, particle number, and volume,

we denote by E(r), N (r) and V (r), respectively, with r = 1, 2, ..., C. Then, the fundamental

thermodynamic relation of this system reads S = S[E,N,V], where E, N and V are C -

dimensional vectors with components E(r), N (r), and V (r) (r = 1, 2, ..., C). For the sake of

simplicity let us assume that the volumes V (r) are all equal, V (r) = ∆V = V/C, and remain

fixed, so that only the variables [E,N] are needed to define a thermodynamic state. Specific

values given to each of the components N (r) of the vector N define a particle number profile,

and specific value of the components E(r) define a specific energy profile E. The set of all

possible thermodynamic states of the system, referred to as as the entire thermodynamic

state space T , is then identical to the set of all particle and energy profiles that result from

giving the components E(r), N (r) any value in the range 0 ≤ E(r) < ∞ and 0 ≤ N (r) < ∞.

The fundamental thermodynamic relation of this system, which then reads

S = S[E,N], (2.1)

assigns a value of the entropy S of the system to any possible thermodynamic state [E,N] ∈

T .

None of the thermodynamic states in T is a priori an equilibrium or a non-equilibrium

state. The second law of thermodynamics can determine which element of T is the ther-

modynamic equilibrium state only when a specific array of external and internal constraints

imposed on the system has been specified. These constraints may be imposed by external

or internal boundaries and/or external mechanical fields, but they can also originate from

the interactions between the particles (for example, particles may exclude each other from

a given cell if the size ∆V is of the order of the hard-core volume of the particles).

An important global constraint that may be imposed on the system is total isolation,

which prevents the system (of fixed total volume V ) from exchanging matter and energy

with external reservoirs. Thus, the total energy E and particle number N are constant,

3

Example: A simple liquidThe presence of external fields may, however, cause spatial inhomogeneities in the dis-

tribution of matter and energy. The description of the possible thermodynamic states of

this system then requires of more information than that contained in the value of the total

properties E, N , and V . For this reason, we mentally partition the volume V in a num-

ber C of smaller portions (or cells), whose internal energy, particle number, and volume,

we denote by E(r), N (r) and V (r), respectively, with r = 1, 2, ..., C. Then, the fundamental
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(Equilibrium condition for the static structure factor)

Example: A simple liquid



• https://www.dropbox.com/sh/dnub6awebf71
5rt/AAAhmk6-u611s7l1J-09lxFDa?dl=0

• medina@ifisica.uaslp.mx
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With f(t) being a “white” noise: Gaussian, stationary,
and δ-correlated   (         ).)()0()( tftf γδ=〉〈

),...,2,1()( mitai =δ

The Ornstein-Uhlenbeck process δa(t) thus
defined is Gaussian, stationary, and Markovian



Important properties of an 
Ornstein-Uhlenbeck process:

(0): The fluctuation-dissipation Theorem:

Tssss HH ⋅+⋅= σσγ
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Important properties of an 
Ornstein-Uhlenbeck process:

(I)  On the mean value:

-



(II) On the covariance
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(III) On the structure of the relaxation matrix:

(IV) On the structure of the “linear laws”:
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Onsager’s Theory of	
Thermal fluctuations



Onsager’s	Theory:	

€ 

σss = 〈δa(t)δa(t)〉ss

I.	Thermal fluctuations behave as	an
Ornstein-Uhlenbeck process

II.	Thermodynamic equilibrium:

is given by	

With

€ 

σeq = ε −1



(IV) On the structure of the “linear laws”:
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(IV) On the structure of the “linear laws”:
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Thus, linear laws of irreversible thermodynamics
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THEOREM	OF	STATIONARITY





Fundamental	vs.	Phenomenological
• Generalized Langevin Equation

• “Rigorous”	point of	view (Kirkwood,	Mori,	
Zwanzig,	….)

• “Phenomenological”	point of	view (Langevin,	
Onsager,	Fox-Uhlenbeck,	Keizer,	…)
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Self-consistent	generalized	Langevin	
equation	(SCGLE)	theory

(PRE 67: 021108(2003); PRE 76: 062502 (2007))
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Stationary solutions:	

Thermodynamic Equilibrium states:

Dynamically arrested states:
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WE EXTENDED 
ONSAGER’S THEORY OF THERMAL 

FLUCTUATIONS TO 

NON-STATIONARY AND 
NON-EQUILIBRIUM CONDITIONS



THE RESULTING 
NON-EQUILIBRIUM THEORY:

TIME-EVOLUTION EQUATIONS FOR 

(I) THE MEAN VALUE  

(II) THE COVARIANCE



…IT	BECOMES	
A	GENERIC	

THEORY	OF	LIQUIDS

APPLIED TO THE  VARIABLE 
n(r,t) = Local number density 

OF A LIQUID, …
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Estrategy: write

n(r,t)=	n	+	Δn(r,t),
b(r,t)=	b(t)	+	Δb(r,t),	

and	start by neglecting
Δn(r,t)	y	Δb(r,t)
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TWO KINDS OF STATIONARY STATES:

(I). EQUILIBRIUM STATES:

= 0

(II). ARRESTED STATES:

b(t)            0
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Alpha-Relaxation Time as a Function 
of Waiting Time
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Tiempo de relajación (o viscosidad)
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Separación Gas-Líquido:
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POROUS	GLASSES
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AND	HOW	ABOUT	
KINETICS?



Separación Gas-Líquido en el 
Fluido de Lennard-Jones
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Dynamical

Heterogeneity





Strategy: write
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Strategy: write

n(r,t)=	n	+	Δn(r,t),

but now do	not neglect
Δn(r,t)!....



Instead, linearize this
equation, 

in Δn(r,t)



φ=0.20
φ=0.40

T=0.70 T=0.50 T=0.30 T=0.30

t=0.0

t=1.34

t=10.74

t=171.80

t=1374.39





Dipolar	Janus
Particles



(HS	+	Dipolar)	Interaction

u(1,2)	=	uHS(r12)	+	f(r12)	D(r,µ1,	µ2)	

with

and												f(r)=	1/r3



u(1,2)	=	uHS(r12)	+	f(r12)	D(r,µ1,	µ2)	

with

and												f(r)=	e-zr/r	

(HS	+	Shoulder)	Interaction



Anisotropic	interaction:	Yukawa-like	
potential	

Dynamical Arrest Diagram: Equilibrium vs. Non
equilibriumSCGLE
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with
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(HS	+	Well)	Interaction



Anisotropic	interaction:	Yukawa-like	
potential	
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CONCLUSIONS

• The NE-SCGLE theory describes non-
equilibrium processes from first principles.

• It describes a number of relevant well-known and 
relevant signatures of the glass and gel 
transitions.

• It is flexible enough to be extended in various
other directions (molecular systems, 
heterogeneous conditions, arbitrary non-
equilibrium protocols, etc.)


