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Berthier and Ediger, Physics Today (2016)



A glass is characterized by a lack of long-range order (“looks 
like a liquid”) but has yield stress (“feels like a solid”).

Glass problem (chem. phys.)

insight review articles
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response to an imposed deformation) can often be described by the
stretched exponential, or Kohlrausch–Williams–Watts (KWW)
function26,27

F(t)!exp["(t/#)$]   ($ < 1) (2)

where F(t)![%(t)"%(& )]/[%(0)"%(& )] and % is the measured
quantity (for example, the instantaneous stress following a step
change in deformation). # in equation (2) is a characteristic relax-
ation time, whose temperature dependence is often non-Arrhenius
(exhibiting fragile behaviour). The slowing down of long-time 
relaxation embodied in equation (2) contrasts with the behaviour of
liquids above the melting point, which is characterized by simple
exponential relaxation. Experimental and computational evidence
indicates that this slow-down is related to the growth of distinct
relaxing domains28–39 (spatial heterogeneity). Whether each of these
spatially heterogeneous domains relaxes exponentially or not is a
matter of considerable current interest38,39.

Decouplings
In supercooled liquids below approximately 1.2Tg there occurs a
decoupling between translational diffusion and viscosity, and
between rotational and translational diffusion30,39,40. At higher 
temperatures, both the translational and the rotational diffusion
coefficients are inversely proportional to the viscosity, in agreement
with the Stokes–Einstein and Debye equations, respectively. Below
approximately 1.2Tg, the inverse relationship between translational
motion and viscosity breaks down, whereas that between rotational
motion and viscosity does not. Near Tg, it is found that molecules
translate faster than expected based on their viscosity, by as much as
two orders of magnitude. This therefore means that, as the 
temperature is lowered, molecules on average translate progressively
more for every rotation they execute. Yet another decoupling occurs
in the moderately supercooled range. At sufficiently high 
temperature the liquid shows a single peak relaxation frequency 
(Fig. 3), indicative of one relaxation mechanism. In the moderately
supercooled regime, however, the peak splits into slow (') and fast
($) relaxations41–43. The former exhibit non-Arrhenius behaviour
and disappear at Tg; the latter continue below Tg and display 
Arrhenius behaviour44.

Thermodynamics
The entropy of a liquid at its melting temperature is higher than that
of the corresponding crystal. Because the heat capacity of a liquid is
higher than that of the crystal, this entropy difference decreases upon
supercooling (Box 1). Figure 4 shows the temperature dependence of
the entropy difference between several supercooled liquids and their
stable crystals45. For lactic acid this entropic surplus is consumed so

fast that a modest extrapolation of experimental data predicts its
impending vanishing. In practice, the glass transition intervenes, and
(S does not vanish. If the glass transition did not intervene, the liquid
entropy would equal the crystal’s entropy at a nonzero temperature
TK (the Kauzmann temperature.) Because the entropy of the crystal
approaches zero as T tends to zero, the entropy of the liquid would
eventually become negative upon cooling if this trend were to contin-
ue. Because entropy is an inherently non-negative quantity (Box 1),
the state of affairs to which liquids such as lactic acid are tending when
the glass transition intervenes is an entropy crisis46–48. The extrapola-
tion needed to provoke conflict with the third law is quite modest for
many fragile liquids49, and the imminent crisis is thwarted by a 
kinetic phenomenon, the glass transition. This suggests a connection
between the kinetics and the thermodynamics of glasses47. The 
thermodynamic viewpoint that emerges from this analysis50

considers the laboratory glass transition as a kinetically controlled
manifestation of an underlying thermodynamic transition to an
ideal glass with a unique configuration.

A formula of Adam and Gibbs51 provides a suggestive connection
between kinetics and thermodynamics:

t!Aexp(B/T sc) (3)

In this equation, t is a relaxation time (or, equivalently, the viscosity)
and A and B are constants. sc, the configurational entropy, is related to
the number of minima of the system’s multidimensional potential
energy surface (Box 2). According to the Adam–Gibbs picture, the
origin of viscous slow-down close to Tg is the decrease in the number
of configurations that the system is able to sample. At the Kauzmann
temperature the liquid would have attained a unique, non-crystalline
state of lowest energy, the ideal glass. Because there is no configura-
tional entropy associated with confinement in such a state, the
Adam–Gibbs theory predicts structural arrest to occur at TK. In their
derivation of equation (3), Adam and Gibbs invoked the concept of a
cooperatively rearranging region (CRR)51. A weakness of their 
treatment is the fact that it provides no information on the size of
such regions. The fact that the CRRs are indistinguishable from each
other is also problematic, in light of the heterogeneity that is believed
to underlie stretched exponential behaviour8. 

Figure 1 Temperature
dependence of a
liquid’s volume v or
enthalpy h at constant
pressure. Tm is the
melting temperature. 
A slow cooling rate
produces a glass
transition at Tga; a 
faster cooling rate 
leads to a glass
transition at Tgb. 
The thermal 
expansion coefficient
'p!()lnv/)T )p and 
the isobaric heat capacity cp!()h/)T )p change abruptly but continuously at Tg.
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Figure 2 Tg-scaled Arrhenius representation of liquid viscosities showing Angell’s
strong–fragile pattern. Strong liquids exhibit approximate linearity (Arrhenius
behaviour), indicative of a temperature-independent activation energy
E!dln*/d(1/T ) ≈ const. Fragile liquids exhibit super-Arrhenius behaviour, their
effective activation energy increasing as temperature decreases. (Adapted from 
refs 9 and 11.)
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Super-Arrhenius 
relaxation: slows very 
rapidly (with decreasing T 
or increasing density) with 
little apparent structural 
change.



Is there a relationship between low-T glasses and granular 
systems? [Can that explain the boson peak and TLS?]

Glass problem (low-T phys.)

Behringer (Duke); Liu and Nagel (1998)
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sandpile, the material is fragile in the sense
that a slight change in direction of the
applied stress will change the entire structure
of the force chains that give the pile its rigidi-
ty. Because there is no obvious relation con-
necting stress to strain throughout the pile,
Cates et al. bypass the strain altogether and
propose a relation between different compo-
nents of the stress tensor2,3. This continues to
be a hotly debated assumption4,6–8.

Cates et al. suggest that one way to re-
concile the two approaches is to allow the
particles to deform, so that the material
can respond elastically to sufficiently small
loads. One example of a system that is
jammed and yet not fragile is foam. Shaving
foam, for example, is jammed because the
bubbles are tightly packed together under an
isotropic stress, namely atmospheric pres-
sure. If it were fragile, it would respond plas-
tically to a shear stress, no matter how small.
However, because bubbles deform, foam
actually responds elastically as long as the
stress is below a threshold value. Sand grains
also deform slightly. Hence, for real systems,
a continuum elastic description will always
be useful. However, the new concept of
fragile matter brings a valuable perspective
from the opposite limit of completely non-
deformable particles.

We would like to point out that the class of
jammed materials may actually be broader
than the authors suggest. They consider
jamming only in systems with no attractive
interactions (where the particle dynamics
are constrained through an applied stress)
and where the individual particles are large

news and views
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Nonlinear dynamics

Jamming is not just cool any more
Andrea J. Liu and Sidney R. Nagel

so that there is no thermal motion. These two
constraints may not be essential. 

We know from studies of liquids and
glasses that a system with attractive interac-
tions often behaves in the same way as anoth-
er that has only repulsive forces but is con-
fined in a container (that constrains its den-
sity). In the case of jamming, the opposite
situation may be possible: that is, one might
be able to replace the constraints of an exter-
nal pressure or stress with an attractive inter-
action between the particles. Thus, a super-
cooled liquid can be jammed into a glass sim-
ply by lowering the temperature, not by
applying a stress. When a liquid is cooled
below its freezing point, its viscosity increas-
es rapidly. Eventually, it falls out of equilibri-
um into a disordered solid, or glass, where it
only explores a small part of phase space, just
as in the case of a jammed granular material
or foam.

So might the concept of jamming and
fragility include microscopic systems with
attractive interactions, which unjam as one
raises the temperature, as well as stressed
macroscopic systems with repulsive interac-
tions, which unjam as one applies an incom-
patible stress? We have sketched a speculative
phase diagram for jamming (Fig. 1) that ties
the different systems together. This phase
diagram depends on temperature, load and
density. 

According to this picture, jamming can
occur only when the density is high enough.
One can then unjam the system either by
raising temperature or by applying a stress.
The phase diagram raises some interesting
questions: for example, a glass may have a
lower glass transition temperature under
high shear stress. Likewise, a jammed granu-
lar material or foam may have a lower yield
stress when random motions (that is, ther-
mal fluctuations) are present. This would
explain the beneficial role of banging on
jammed conduits on the factory floor.

Whether jammed systems indeed share
features that can be described by a phase dia-
gram is an open question, but if our specula-
tion has any merit it would bring together
several different types of behaviour under
one rubric. Are the dynamics of different
systems approaching the jammed state also
similar? If temperature and applied stress
play similar roles in unjamming systems, is it
possible that driven, macroscopic, athermal
systems like granular materials and foams
might be described in terms of an effective
temperature? Is statistical mechanics useful
at all in describing these systems? These  and
related questions will take years to resolve,
but the picture of Cates et al. helps to point
out some of the interesting conceptual
problems that need to be addressed.
Andrea J. Liu is in the Department of Chemistry
and Biochemistry, University of California at Los
Angeles, Los Angeles, California 90095-1569, USA.
e-mail: liu@chem.ucla.edu

All around us, things seem to be getting
jammed. We travel on a highway and
we are caught in traffic jams. At the

wholefoods counter, grains and beans jam as
they refuse to flow out of the bottom of the
hopper into our bags. In factories,  powdered
raw materials clog the conduits that were
designed to carry them smoothly. Our
recourse in all these situations is to pound on
our conduits, hoppers and dashboards until
the jam miraculously disappears. We are
usually so irritated that we have not really
noticed that the jammed state, in all of these
situations, has common properties. For
example, the vibrations from the pounding
actually do some good in reinitiating flow —
except in the case of the traffic jam. Does the
jammed solid then have different properties
from the solids we normally encounter in the
laboratory?

Writing in Physical Review Letters, Cates,
Wittmer, Bouchaud and Claudin1 contend
that these jammed systems really belong to a
new class of materials: ‘fragile matter’. These
systems resemble solids because the particles
are driven into a jammed state by an exter-
nally applied stress. When jammed, the dis-
ordered system is caught in a small region of
phase space with no possibility of escape. 

Cates et al. propose that jammed systems
are fundamentally different from ordinary
solids in that, if the direction of the applied
stress changes even by a small amount, then
the jam will break up. A canonical example is
a pile of sand, which appears solid: the upper
surface slopes and sustains its shape despite
the force of gravity, which one would expect
to level the pile. But if one tilts or vibrates the
pile, the grains shift and the solid melts. The
authors argue that the unusual mechanical
properties of fragile matter require a new
theoretical description, which they first
applied to a heap created by pouring sand
onto the apex of a pile2,3. 

Traditionally, the forces within such a
pile have been described using continuum
elastoplastic theories. These are similar to
models that describe ordinary solids4: every
increment of stress in the material is related
to a corresponding deformation, or strain5.
The approach of Cates et al. is to start from a
pile of completely non-deformable parti-
cles, for which strain is not an obviously use-
ful variable. Their simple model of a chain of
hard particles insists that the jammed system
cannot be considered as an elastic body.
Although it can support a large applied load
in the same direction as the original jam-
ming forces, the chain will fall apart if even
an infinitesimal force is applied in a different
direction. For an extended material such as a

Figure 1 A possible phase diagram for jamming.
The jammed region, near the origin, is enclosed
by the depicted surface. The line in the
temperature–load plane is speculative, and
indicates how the yield stress might vary for
jammed systems in which there is thermal
motion.
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Weeks et al. (2000); 

Chang, NYT, 29/07/2008

”[T]here were almost as many  

versions of the phlogiston theory as 

there were pneumatic chemists. That 

proliferation of versions of a theory is 

a very usual symptom of crisis." 
-- Kuhn, The Structure of Scientific Revolutions (1962)



Paradigm Shift: d!1 HS PD

First formulation and analytical attempt: Kirkpatrick and Wolynes, 1987; Parisi, Zamponi et al., (2005-2016): Dr. Zamponi’s lectures
Exact Realization of the RFOT scenario from Kirkpatrick, Thirumalai and Wolynes (1989)
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Bridging between mean-field and real glasses

Patrick Charboneau1, 2, ⇤

1Department of Chemistry, Duke University, Durham, North Carolina 27708, USA
2Department of Physics, Duke University, Durham, North Carolina 27708, USA

(Dated: August 28, 2018)

I. INTRODUCTION

Recent years have seen remarkable advances in the mean-field theory of glasses. Dr. Zamponi’s lectures have detailed
how we now have nearly complete theoretical control over the mean-field, d ! 1 limit of simple structural glasses.
His forthcoming book further describes how for (properly-defined) spherically symmetric potential, one can obtain
analytical expressions for the equilibrium partition function and equilibrium dynamics as well as a complete static
description of the regime of metastable equilibrium. 1

Beyond the elegance of these theoretical predictions, do they actually explain the behavior of real physical systems?
In truth, it’s hard to say. While the d ! 1 results are crisp and fresh, measurements of real physical systems are not.
Precise interaction forms and the measurement of observables, in particular, are challenging to access experimentally.
Physics being an experimental science, the study of actual glassy materials has long dominated the discussion, but
because of these limitations numerical simulations have grown to play a key role over time.

Yet even computer idealizations have di�culties. Despite the exponential growth in computational capabilities over
that period, the limited range of length and time scales available to simulations has hindered progress. Dr. Berthier’s
lectures detail how very recent algorithmic and conceptual advances have managed to bypass some of these long-
standing limitations. This breakthrough has brought about unprecedented clarity over some of the features predicted
by the mean-field description, notably the configurational entropy and the Gardner/jamming regime, but some of the
aspects of glass formation, most notably the dynamical slowdown of supercooled liquids, remain murky.

In some ways the mean-field, d ! 1 description itself hints that the dynamics of finite-dimensional systems should
di↵er markedly from its predictions. It can anticipate a number of e↵ects: RFOT-like nucleation, (avoided) critical
fluctuations, lower critical dimension, etc. When faced with simulation results, no single explanation recapitulates
fully the observations, and theory cannot (yet) predict the relative importance of these di↵erent process. In fact, it
does not make clear testable predictions for some of these processes, and there’s not even complete confidence that
the e↵ects identified exhaust the possible ones.

Ideally, a fully developed theoretical framework would resolve these issues. But such advances have not emerged
from the last half century of consideration and may never do. This is a truly di�cult theoretical problem. Other
approaches to the “dirty work” of disentangling the putative contributions are more likely to succeed. In this context,
the d ! 1 solution does o↵er a paradigm shift. By o↵ering a firm ground on which to stand, it opens systematic
avenues to explore deviations from it. It plays a role akin to that of the ideal gas in understanding real gases. Or, as
others might prefer, as the Curie-Weiss solution to understanding d = 3 Ising criticality.

TABLE I: Presence of processes that complicates the theoretical description of the dynamics of glass formers.
Checkmarks denote the presence of the e↵ect, crosses denote their absolute absence, and their relative degree of

smallness is denoted as such.

Method Cryst. Nucl. Complex Struct. Comp. Act. d < du RFOT Nucl. Hopping Facilitation
HS in d = 2 and 3 3 3 3 3 3 3 3
HS in 4  d < 6 small small small 3 small small small
HS in 6  d < 8 small small small 3 small small small

HS in d � 8 small small small 7 small small small

HS/MK in d ! 1 7 7 7 7 7 7 7

MK in d = 3 7 7 3 7 7 3 small

⇤
https://chem.duke.edu/labs/charbonneau

1
One might wonder what new physics might emerge of d ! 1 systems that do not have spherically symmetric interactions. Early results

suggest that a rich and complex phenomenology ensues. The d ! 1 limit seemingly o↵ers a bottomless mine of exact results for glasses!
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FIG. 1: (top) (left) Equations of state and phase diagram of d = 3 hard spheres as a function of packing fraction
(here ⌘). Source: Wikipedia. (right) Nucleation barriers computed for d = 3 hard spheres at various degrees of

supersaturation [2]. (bottom) Same quantities for d = 4.

In these lectures, we will examine this line of thought. More specifically, we will describe numerical and theoretical
tools that systematically interpolate between one limit, d ! 1 and the other, d = 3 [1] in supercooled liquids. 2

Tuning (i) spatial dimension and (ii) interaction range will help identify some of the more robust features of the
d ! 1 solution. Table I, which summarizes the current understanding of how di↵erent processes contribute to the
dynamics of various intermediate models, will serve as guide. Most of its entries are likely obscure at this point; the
coming lectures will hopefully elucidate the di↵erent grey zones. For now, the key point it illustrates is the di�culty
of relating the exact d ! 1 solution to actual glass formers in d = 3. Our exploration will only consider the simplest
model glass former: hard sphere fluids. This model has the advantage of having a single equilibrium tuning parameter
and of o↵ering crisper insights into physical phenomena that fall beyond the mean-field description, but its properties
are not fundamentally di↵erent from those of other simple glass forming liquids.

II. CRYSTAL NUCLEATION

Some of the first computer simulations studied the crystal assembly of hard spheres. Just before WWII, Kirkwood
and Monroe proposed that at su�ciently high packing fraction hard spheres should spontaneously crystallize in
face-centered cubic (or related) crystal upon compression. The computer technology that emerged from the war

2
While Dr. Berthier’s lectures mostly focus on the (equilibrium) properties of glassy states, mines mostly touch on the dynamical slowdown

of an (metastable) equilibrium liquid.
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form a thermodynamically stable loop due to the interface
free energy. The pressure loop in the coexistence window of
a finite system is caused by the curved interface between a
bubble of minority phase and the surroundingmajority phase
[see Fig. 2(b) and 2(d)]. In a system with periodic boundary
conditions, the pressure loop contains a horizontal piece
corresponding to the ‘‘stripe’’ regime, where the interfaces
are flat. This is visible near !! 0:708 for the largest sys-
tems in Fig. 2. In a finite system, the Maxwell construction
suppresses the interface effects. For the equation of state of
Fig. 2(a), this construction confirms the boundary densities
! ¼ 0:700 and ! ¼ 0:716 of Fig. 1 for the coexistence
interval, with very small finite-size effects. The interface
free energy per disk, the hatched area in Fig. 2, depends on
the length /

ffiffiffiffi
N

p
of the interface in the stripe regime so that

!f ¼ !F=N / 1=
ffiffiffiffi
N

p
[see Fig. 2(f)].

The first-order nature of the transition involving the
liquid is thus established by (i) the visual evidence of phase
coexistence in Fig. 1, (ii) the / 1=

ffiffiffiffi
N

p
scaling of the inter-

face free energy per disk [23], and (iii) the characteristic
shape of the equation of state in a finite periodic system
[24–26]. We stress that the system size is larger than the
physical length scales so that the results hold in the ther-
modynamic limit (see [22]).
In the coexistence interval, the individual phases are

difficult to analyze at large length scales because of the
fluctuating interface, and only the low-density coexisting
phase is identified as a liquid with orientational correlations
below a scale of !100" [see Figs. 1(a) and 1(d)]. Unlike
constant NV simulations, Gibbs ensemble simulations can
have phase coexistence without interfaces, but these

FIG. 2 (color). Equilibrium equation of state for hard disks.
The pressure is plotted vs volume per particle [v ¼ V=N) (lower
scale) and density ! (upper scale)]. In the coexistence region, the
strong system-size dependence stems from the interface free
energy. The Maxwell constructions (horizontal lines) suppress
the interface effects (with a convex free energy) for each N.
Stripe [(c), for N ¼ 10242] and bubble configurations (b), (d) are
shown in the coexistence region, together with two single-phase
configurations (a), (e). The interface free energy per disk #!f
(hatched area) scales as 1=

ffiffiffiffi
N

p
(f).

FIG. 1 (color). Phase coexistence for 10242 thermalized hard disks at density ! ¼ 0:708. (a) Color-coded local orientations "k

showing long orientational correlations [blue region, see (b), (c)] coexisting with short-range correlations [see (d)]. (e) Local densities
(averaged over a radius of 50"), demonstrating the connection between density and local orientation (see [22]). In (b), (c), and (d),
disks with five (seven) neighbors are colored in gray (black).

PRL 107, 155704 (2011) P HY S I CA L R EV I EW LE T T E R S
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FIG. 2: (left) Crystal order (yelow) blends almost seemlessly with liquid order (green) in d = 2 hard disks. a. A
recent study of that transition confirms that the two transitions are either continuous or very weakly first-order [4].

(center) The fluid (blue) and crystal (red) phases of hard spheres in d = 3 develop a clear interface [5]b; (right)
Orientational order parameters describing the liquid and the crystal order in d = 3 to 6 [6]. While the liquid (red)
and the equilibrium crystal (blue) in d = 3 have some similarities, for d > 4 not such ambiguity exists. A similar

plot for d = 2 would show a nearly complete overlap of the curves.
a

Image source: http://lesterhedges.net/miscellanea/structural/

b
Image source: http://www.uni-mainz.de/presse/17291_ENG_HTML.php

• In d = 1, there is no such mismatch, �` = 0.

• In d = 2, the mismatch is very small. The di↵erence in order between the fluid-hexatic-crystal phases is
correspondingly very small, requiring sensitive order parameters to even detect the distinction between the two
phases.

• In d = 3 clear interfaces can be observed, but careful design of order parameters must still be considered.

• Although going to higher d might be di�cult to visualize, relevant order parameters become much simpler to
design. Separating the fluid from the crystal phase can be done without any ambiguity. In other words, it is
trivial to identify clusters of ordered regions, but these do not grow into a full phase.

The key point from this discussion is that �` does vanish but grows with d. (It likely asymptotes to a constant.)
As a result, nucleation is readily suppressed as d increases. In fact, it makes the nucleation pathway of fluids in

d = 3 somewhat singular. In d = 2, crystallization is nearly continuous, and thus critical clusters hard to identify; in
d � 4, the process is truly rare (and gets exponentially more so with increasing d); d = 3 is the marginal case. The
counterpart of this statement is that hard sphere fluids in d > 3 are great glass formers!

III. COMPLEX STRUCTURE

A notion core to liquid state theory is that of liquid structure (Fig. 3). Physical chemists describe this structure as
being formed of shells. (This shell structure plays key role in describing how water solvates small and large molecules,
such as proteins.) Aspects of this structure can also play key roles in the dynamics of supercooled liquids. How
tightly a given particle is surrounded by its neighbors, for instance, has long been understood to play a measurable
role in the local dynamics. The extent of icosahedral order was initially thought to play a key dynamical role, but this
idea has by now largely been invalidated. More refined and sophisticated analysis of the locally preferred structures
(LFS) have since been proposed, and have found more meaningful correlations (Fig. 3). While it is clear that local
structure does influence the dynamics to some degree in d = 2 and 3, isolating its contribution from that of other
e↵ects is nontrivial. Is there a growing cooperativity between the relaxation of these LFSs or is there some other
type of growing amorphous order that is becoming prevalent that controls the dynamics? Although the concepts
and methodology for measuring the latter (point-to-set (PTS) correlations) emerged in the last 15 years and has
markedly improved over the last few years – as Dr. Berthier highlighted in his lectures – the question remains open
to some degree. Systematic analysis of the LFS, PTS and dynamics in well-controlled systems remain too sparse for
a definitive conclusion to be reached.

Bernard and Krauth (2011); Schmitz et al. (2014)
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and the equilibrium crystal (blue) in d = 3 have some similarities, for d > 4 not such ambiguity exists. A similar

plot for d = 2 would show a nearly complete overlap of the curves.
a

Image source: http://lesterhedges.net/miscellanea/structural/

b
Image source: http://www.uni-mainz.de/presse/17291_ENG_HTML.php

• In d = 1, there is no such mismatch, �` = 0.

• In d = 2, the mismatch is very small. The di↵erence in order between the fluid-hexatic-crystal phases is
correspondingly very small, requiring sensitive order parameters to even detect the distinction between the two
phases.

• In d = 3 clear interfaces can be observed, but careful design of order parameters must still be considered.

• Although going to higher d might be di�cult to visualize, relevant order parameters become much simpler to
design. Separating the fluid from the crystal phase can be done without any ambiguity. In other words, it is
trivial to identify clusters of ordered regions, but these do not grow into a full phase.

The key point from this discussion is that �` does vanish but grows with d. (It likely asymptotes to a constant.)
As a result, nucleation is readily suppressed as d increases. In fact, it makes the nucleation pathway of fluids in

d = 3 somewhat singular. In d = 2, crystallization is nearly continuous, and thus critical clusters hard to identify; in
d � 4, the process is truly rare (and gets exponentially more so with increasing d); d = 3 is the marginal case. The
counterpart of this statement is that hard sphere fluids in d > 3 are great glass formers!

III. COMPLEX STRUCTURE

A notion core to liquid state theory is that of liquid structure (Fig. 3). Physical chemists describe this structure as
being formed of shells. (This shell structure plays key role in describing how water solvates small and large molecules,
such as proteins.) Aspects of this structure can also play key roles in the dynamics of supercooled liquids. How
tightly a given particle is surrounded by its neighbors, for instance, has long been understood to play a measurable
role in the local dynamics. The extent of icosahedral order was initially thought to play a key dynamical role, but this
idea has by now largely been invalidated. More refined and sophisticated analysis of the locally preferred structures
(LFS) have since been proposed, and have found more meaningful correlations (Fig. 3). While it is clear that local
structure does influence the dynamics to some degree in d = 2 and 3, isolating its contribution from that of other
e↵ects is nontrivial. Is there a growing cooperativity between the relaxation of these LFSs or is there some other
type of growing amorphous order that is becoming prevalent that controls the dynamics? Although the concepts
and methodology for measuring the latter (point-to-set (PTS) correlations) emerged in the last 15 years and has
markedly improved over the last few years – as Dr. Berthier highlighted in his lectures – the question remains open
to some degree. Systematic analysis of the LFS, PTS and dynamics in well-controlled systems remain too sparse for
a definitive conclusion to be reached.

van Meel et al. (2010)
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To distinguish between fluidlike and solidlike particles
with square (□) and triangular (△) symmetries,
we calculate the bond orientational order ψmj ¼PNbðjÞ

k¼1 exp ðimθkÞ=NbðjÞ of each particle j with m ¼
4; 6 for solidlike particles with four- and sixfold sym-
metries, where θj is the angle between the bond of particles
i and j with an arbitrary reference axis, and NbðjÞ denotes
the number of nearest neighbors of particle j [34]. We
divide the system into five and four layers for the
calculation of ψ4 and ψ6, respectively. In addition, a
crystalline bond with m-fold symmetry is defined if jψ $

mi ·
ψmjj > 0.5 [26]. We define particles as △-solid-like if the
number of crystalline bonds with triangular symmetry
ξ
△

≥ 3, and as □-solid-like if the number of crystalline
bonds with square symmetry ξ

□

≥ 2. All other particles are
defined as liquidlike. The criteria guarantee that no particle
is both□-solid-like and△-solid-like. Liquid- and△-solid-
like particles are considered to belong to the same cluster
if the distance between any two particles is less than 1.5σ.
We perform Monte Carlo (MC) simulations using the

umbrella sampling technique in the isothermal-isobaric
(NPT) ensemble, with the number of particles
N ¼ 2000, the reduced 2D lateral pressure P$ ¼ 40, and
the temperature T fixed. Figure 1(a)–1(c) show typical
configurations along the nucleation pathway in MC sim-
ulations. Nucleation studies usually focus on a one-
dimensional free-energy barrier using the total cluster size,
Ncl, as the reaction coordinate. Hence, we calculate the free
energy, βΔGðNclÞ ¼ − logPðNclÞ, where PðNclÞ is the
probability of observing a cluster of size Ncl ¼ NL þ N

△

.

We use two different biasing potentials: WðNclÞ ¼
1
2 kðNcl − Ncl0Þ2 and WðNLÞ ¼ 1

2 kðNL − NL0Þ2. The first
biasing potential is designed to follow the growth of a
binary cluster and the second the possible nucleation of a
liquid cluster, but we stress that the potential does not
prevent the growth of △-solid-like particles. Ncl0 and NL0
are the umbrella window centers for the total cluster size
and the number of liquid particles in the cluster, respec-
tively. The sampling is performed using 60 umbrella
centers, equally spaced in the region Ncl; NL ∈ ½0; 300'.
For each umbrella window, the data are harvested from
10000 equilibrium configurations and averaged over ten
independent runs. The free energies from each umbrella
window are combined into a single curve using the
multistage Bennet acceptance ratio method [35].
Figure 2 shows that the two biasing schemes give similar

free energies for cluster sizes up to ∼100, where the cluster
consists solely of liquidlike particles [Figs. 1(a) and 1(b)].
At larger cluster sizes, the two free-energy curves begin to
diverge with the emergence of △-solid-like particles in the
Ncl biasing scheme but not in the NL biasing scheme,
which suggests a degree of hysteresis. If both schemes were
fully equilibrated, we would expect them to yield similar
free energies, but the newly emerged △-solid particles are
not easily sampled when the NL biasing potential is
employed. N

△

increases rapidly for both biasing schemes
at the free-energy maximum, where N$

cl ∼ 175, but
Fig. 2(b) also shows that N

△

is already increasing, even
before the maximum under Ncl biasing.
More insight into the nucleation mechanism can be

obtained by calculating the two-dimensional free-energy

FIG. 1 (color online). Typical configurations of the solid-solid transition. Configurations obtained by umbrella sampling in MC
simulations with a bias towards cluster sizes of (a) Ncl ¼ 60, (b)Ncl ¼ 120, and (c) Ncl ¼ 180 particles. (d) A configuration obtained by
EDMD simulation at t ¼ 518τ for η ¼ 0.490. Side (e) and top (f) views of a liquid nucleus in an EDMD simulation. Side (g) and top
(h) views of a △-solid nucleus in an EDMD simulation. (i) A solid consisting of four △ layers arranged in both fcc and hcp structures
from EDMD simulations. In (a)–(d), multilayer particles are projected onto the xy plane. □-solid, △-solid and liquidlike particles are
colored in blue, green, and red, respectively. Particles not belonging to the largest cluster are drawn small.
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Fig. 12. Frustration in polytetrahedra in Euclidean d = 3. (a) The pentagonal bipyramid ‘‘7A’’ is constructed with five tetrahedra (b) which leads to a gap
of 7.4� . (c) 13-membered icosahedron. (d) Icosahedra have bonds between particles in the shell stretched by 5% with respect to the bonds between the
central particle and the shell particles.

6 edges, termed 5-fold and 6-fold vertices, S5, S6. Given this they were able to limit themselves to 4 possible topological
structures in terms of the nearest neighbour network. The first of these is the icosahedron which has no S6 vertices, thus for
coordination number Z = 12 we have n6 = 0, there is no Z = 13 satisfying the above assumptions, there is one possible
Z = 14 with n6 = 2, a Z = 15 with n6 = 3, and finally a Z = 16 with n6 = 4. In all cases the S6 vertices are arranged
in a specific relation to each other, making each of these structures unique. These structures all obey the simple relation
n6 = Z � 12.

From here the implications on the entire condensed phase were considered. The atoms with a coordination number
of 12 are termed minor sites and those with more are termed major sites. An atom at a minor site has no neighbour for
which it has a further 6 neighbours in common, therefore the edge between any two atoms which have 6 neighbours in
common is termed a major ligand. The entire systems bond network may then be specified in terms of the major ligands.
The major ligands obey a valence type principle, as used in chemistry. However there is no case with n6 = 1 and thus the
major ligands cannot be terminated. This means that long strings of major ligands must run through the condensed phase
which are termed themajor skeleton. In terms of crystal phases the possibility of long strings, which come around and close
themselves, was ruled improbable and it was therefore concluded that layering of the major skeletonmust occur. This leads
directly to the Frank–Kasper phase.

3.7. Geometric frustration

The theory of geometric frustration develops Frank’s ideas in a more formal manner [137,138]. In essence, it is assumed
that the system ‘‘wants’’ to form locally favoured structures, such as icosahedra but considerations of Euclidean geometry
prevent a transition to a fully icosahedral state. However, in curved space it is possible to have a fully icosahedral state [139].
So one can consider a system in curved space, and extrapolate back to Euclidean space. Geometric frustration boils down to
the following [137]:

1. A liquid is characterised by locally favoured structures (LFS) which minimise the (free) energy of a small number of
particles (13 in the ‘‘canonical’’ case of icosahedra).

2. These LFS do not tile Euclidean space. The growth of domains of LFS, which induces strain, is thus the essence of
frustration. This strain (free) energy suppresses the formation of an ‘‘LFS-state’’.

3. There exists a reference system (which may not be experimentally realisable, for example it may reside in curved space)
inwhich the LFS do tile space. In that system there is a ‘‘critical point’’ Tc at temperatures belowwhich there is a transition
(which is continuous or weakly first-order) to the LFS-state.

Let us explore the meaning of these concepts by analogy to known systems [137]. Locally favoured structures adopted in
the liquid become prevalent below Tc . Examples of systems where the LFS is unfrustrated in Euclidean space include discs
in 2d, where the 2d simplex, a triangle of discs, tessellates to form the hexatic phase in a weakly first-order transition from
the disordered fluid [140,141]. Another example is cubes whose orientation is constrained to follow Cartesian axes. In that
case the freezing transition is continuous [142].

Now the simplex in 3d is the tetrahedron. As Fig. 12 shows, placing 5 tetrahedra together to form a pentagonal bipyramid
leads to a gap of 7.4�. In the case of icosahedra, the separation of particles in the first shell is around 1.05 times that of the
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Fig. 22. Some of the structures detected by the TCC. Letters correspond to different models, numbers to the number of atoms in the cluster. K is the
Kob–Andersen model, W is theWahnströmmodel [80]. Other letters correspond to the variable-rangedMorse potential, letters at the start of the alphabet
are long-ranged interactions, letters at the end are short-ranged interactions, following Doye et al. [145]. Also shown are common crystal structures.

discuss strategies by which this bond network may be identified. In the case of the TCC the reader is directed to [211] in
which a detailed discussion is presented.

There are two commonmethods, one is a Voronoi construction and the other is to set a bond length and consider particles
closer than the bond length to be bonded. In the latter, so-called simple bond approach, clearly whether particles are bonded
depends on the bond length. Typically one aims to consider all particles in the first neighbour shell as bonded, thus the bond
length is typically set to be a little larger than the first maximum on the radial distribution function, and the first minimum
is often chosen. Of these twomethods, the Voronoi construction is better defined and leads to a unique bond network under
certain criteria, on the other hand in the case of the simple bond the network is clearly dependent on the bond length. In
practice this oftenmakes little difference. One can combine the Voronoi methodwith a simple bond, in particular to define a
maximumbond length. This can be very useful in the case of colloidal gels, for example, where particles far apart on opposite
sides of a void for example would be considered to be bonded. In dense liquids as well the use of a maximum bond length
can be useful to accelerate the computational time to analyse the data. We have found that there are no bonds longer than
1.8� in a monodisperse Lennard-Jones liquid and that there are very few longer than 1.4� [211].

4.7. Order-agnostic approaches

All themethods discussed so far have some specific structure inmind. However, in general one does not know the locally
favoured structure a priori, and these are only known in a few systems in any case. The dynamic TCC outlined in the previous
section provides one means to identify structures relevant to dynamic arrest from a pre-specified set of clusters (Fig. 22).
Other more general ‘‘order-agnostic’’ methods have been developed, which rely not on a specific structure but on generic
properties. Often these methods amount to extracting a structural lengthscale. Kurchan and Levine [215] used the Renyi
entropy to identify a lengthscale where the structure changes from non-extensive (regime of local order) to extensive.
Dunleavy et al. [196] used mutual information to determine structural lengthscales in 2D glassformers, Cammarota and
Biroli used related methods in a lattice (plaquette) model [47]. Mutual information is an information theoretic quantity
based on the Shannon entropy H [216]. The Shannon entropy of a random variable X with a probability distribution p(x)
over a support (here the support is the configurational phase space) X is given by H(X) = �

P
x2X p(x) log2 p(x). This

quantity is larger for a uniform probability distribution over a broad support and smaller when the distribution becomes
more peaked. It is a measure of the uncertainty of the outcome of drawing a sample from the distribution.

Mutual information can be used to investigate how the structure in one part of a system affects the structure in another.
In other words, it is a general means of accessing structural correlations. If the structure, X , in some part of the system
influences that in another part, Y , then it will be the case that when X is held constant the range of possible values of
Y is smaller than when X can take any value. This reduction in uncertainty can be quantified by treating configurations
as random variables and taking the mutual information [47,196,217]. The mutual information between two random
variables measures the entropy difference between the marginal probability distribution of a variable, and its conditional
distribution.

I(X; Y ) = H(X) � H(X |Y ) = H(Y ) � H(Y |X) (26)
= H(X) + H(Y ) � H(X, Y ) (27)

=

X

x2X,y2Y

p(x, y) log2
p(x, y)
p(x)p(y)

. (28)

FIG. 3: (top) (left) Schematc of the solvation shell for d = 2 hard disks [7]. (center) Cross-section of the solvation of
a hard sphere in d = 3 [8]; (bottom) Icosaheral cluster detail and collection of possible first-solvation shell in dense

fluids [9].

The study of high-dimensional systems sheds some light on the question. As you might remember from Dr. Zam-
poni’s lectures, high-dimensional liquids have a trivial structure that is controlled only by pair interactions, i.e., their
radial distribution function is exactly

g(r) = e��v(r), (7)

which for a hard sphere potential gives

g(r) = ⇥(r � �), (8)

and therefore bears no hint of solvation shells. Higher-order correlations are also completely trivial, in the sense that
they are indistinguishable from those observed in an ideal gas.

Figure 4 illustrates how quickly the liquid structure trivializes as d increases. In other words, while in d = 3 and
d = 2 local structure is rich (and even has crystal-like regions, according to Fig. 2), as d increases the local order gets
to be increasingly trivial. Because the sheer number of neighbors increases with dimension, we also expect each of
these local order to be increasingly alike one another. Remarkably, as these correlations systematically decrease, most
qualitative features of the liquid slowdown appear unchanged. While this does not mean that structural correlations
have little to no role to play in d = 3, it at least suggests that the relevance of other mechanisms should be carefully
assessed before a convincing assessment of their importance can be made.

IV. INTERLUDE: SIMULATING HIGH-DIMENSIONAL HARD SPHERE FLUIDS

Before moving forward, let’s briefly consider how one might simulate high-dimensional fluids. Because at fixed
number density the number of particles in a cubic box of side L grows exponentially with dimension, a key concern
of these simulation is to use a box as small as is physically reasonable. For balancing physical requirements with
computational convenience, the box should be as large as, but not much larger than, the largest correlation length in
the system. In that context, here are some of the guidelines to consider.

• Finite-size E↵ect: Equilibrium thermodynamic quantities in the thermodynamic limit are approached as
1/N ⇠ 1/Ld, at their fastest. As long as the system contains a few thousand particles, this contribution is
typically numerically unnoticeable.

Complex Liquid Structure

Cf poster.

Chandler (1988); Qi et al. (2015); Royall and Williams (2015)
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FIG. 4: (top) Radial distribution function for polydisperse mixtures of hard spheres near the dynamical arrest and
of a d ! 1 fluid. Source: Joyjit Kundu, unpublished. (bottom) (left) High-order structure contrasted with the ideal

gas limit and an ideal (generalized) icosahedral order [10]; (right) Growth of the structural relaxation time with
pressure for the same systems as in (left). While small di↵erences are noted, overall the process are fairly similar.

• Structural Correlations: As we have seen above, simple high-order structural correlations vanish with in-
creasing d. As long as the box is su�ciently large to avoid introducing these correlations (e.g., a particles
interacting with two copies of another particle under periodic boundary conditions), then the simulation should
be una↵ected by this e↵ect.

• Dynamical Criticality: A dynamical correlation length diverges upon approaching a dynamical critical point.
The critical regime, however, gets increasingly narrow as dimension increases. As long as one stays su�ciently
far from the critical point, then this e↵ect should not impact the simulation results.

• Point-to-set Correlations: Although simple structural correlations vanish, a PTS length is nonetheless ex-
pected to diverge upon approaching the Kauzmann transition. Because the spacing between the dynamical
transition and the Kauzmann transition grows with d and because the critical region concurrently shrinks, PTS
correlations should not constrain the choice of box size in the dynamically accessible regime.

• Hydrodynamic Interactions: Particle self-di↵usion is a↵ected by the long-range hydrodynamic backflow that
accompanies the displacement of a particle. (By conservation of momentum, the displacement of a particle must
be matched by a flow of the surrounding particles in the other direction.) This flow decays like 1/rd�2, which
results in fairly long-range interactions in d = 3. The net result is an apparent lower di↵usion coe�cient than
the thermodynamic one, D0

D(L) = D0 � (`hydro/L)d�2 (9)

As d increases, however, the scaling for this e↵ect approaches 1/Ld and thus becomes numerically unnotice-
able [12]. Interestingly, viscosity shows no comparable finite-size e↵ect.

Kundu and Charbonneau, unpublished
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pressure for the same systems as in (left). While small di↵erences are noted, overall the process are fairly similar.

• Structural Correlations: As we have seen above, simple high-order structural correlations vanish with in-
creasing d. As long as the box is su�ciently large to avoid introducing these correlations (e.g., a particles
interacting with two copies of another particle under periodic boundary conditions), then the simulation should
be una↵ected by this e↵ect.

• Dynamical Criticality: A dynamical correlation length diverges upon approaching a dynamical critical point.
The critical regime, however, gets increasingly narrow as dimension increases. As long as one stays su�ciently
far from the critical point, then this e↵ect should not impact the simulation results.

• Point-to-set Correlations: Although simple structural correlations vanish, a PTS length is nonetheless ex-
pected to diverge upon approaching the Kauzmann transition. Because the spacing between the dynamical
transition and the Kauzmann transition grows with d and because the critical region concurrently shrinks, PTS
correlations should not constrain the choice of box size in the dynamically accessible regime.

• Hydrodynamic Interactions: Particle self-di↵usion is a↵ected by the long-range hydrodynamic backflow that
accompanies the displacement of a particle. (By conservation of momentum, the displacement of a particle must
be matched by a flow of the surrounding particles in the other direction.) This flow decays like 1/rd�2, which
results in fairly long-range interactions in d = 3. The net result is an apparent lower di↵usion coe�cient than
the thermodynamic one, D0

D(L) = D0 � (`hydro/L)d�2 (9)

As d increases, however, the scaling for this e↵ect approaches 1/Ld and thus becomes numerically unnotice-
able [12]. Interestingly, viscosity shows no comparable finite-size e↵ect.

Charbonneau et al. (2013)
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• Dynamical Criticality: A dynamical correlation length diverges upon approaching a dynamical critical point.
The critical regime, however, gets increasingly narrow as dimension increases. As long as one stays su�ciently
far from the critical point, then this e↵ect should not impact the simulation results.

• Point-to-set Correlations: Although simple structural correlations vanish, a PTS length is nonetheless ex-
pected to diverge upon approaching the Kauzmann transition. Because the spacing between the dynamical
transition and the Kauzmann transition grows with d and because the critical region concurrently shrinks, PTS
correlations should not constrain the choice of box size in the dynamically accessible regime.

• Hydrodynamic Interactions: Particle self-di↵usion is a↵ected by the long-range hydrodynamic backflow that
accompanies the displacement of a particle. (By conservation of momentum, the displacement of a particle must
be matched by a flow of the surrounding particles in the other direction.) This flow decays like 1/rd�2, which
results in fairly long-range interactions in d = 3. The net result is an apparent lower di↵usion coe�cient than
the thermodynamic one, D0

D(L) = D0 � (`hydro/L)d�2 (9)

As d increases, however, the scaling for this e↵ect approaches 1/Ld and thus becomes numerically unnotice-
able [12]. Interestingly, viscosity shows no comparable finite-size e↵ect.

Charbonneau et al. (2013)



In Summary

d=2 has very strong local order, with well defined solvation 
shells of growing order even in the liquid state.

d=3 has some local order, but of a rich diversity. Clear first 
and second solvation shells at high density.

d=4 (and up) shrinking local order. Only one solvation shell 
left in d=8.
• Interfacial free energy is markedly larger.

High-dimensional liquids have a trivial structure and thus 
equation of state.
• Ideal for Cracking the Glass Problem(s)



Interlude: High-Dimensional Simulations
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Figure EI: The Verlet list: a particle i interacts with those particles within 
the cutoff radius r c ; the Verlet list contains all the particles within a sphere 
with radius rv > r c . 

troduced, and before we calculate the interactions, a list is made (the Verlet 
list) of all particles within a radius r v of particle i. In the subsequent calcula-
tion of the interactions, only those particles in this list have to be considered. 
Until now we have not saved any CPU time. We ga in such time when we 
next calculate the interactions; if the maximum displacement of the particles 
is less than r v - r c , then we have to consider only the particles in the Verlet 
list of particle i. This is a calculation of order N. As soon as one of the par-
ticles is displaced more than rv - r c , we have to update the Verlet list. The 
latter operation is of order N2, and although this step is not performed each 
time an inter action is calculated, it will dominate for a very large number of 
particles. 

The Verlet list can be used for both Molecular Dynamics and Monte Carlo 
simulations. However, there are some small differences in the implemen-
tation. For example, in a Molecular Dynamics simulation, the force on all 
particles is calculated at the same time. It is sufficient therefore to have a 
Verlet list with half the number of particles for each particle as long as the 
inter action i-j is accounted for in either the list of particle i or that of j. In a 
Monte Carlo simulation each particle is considered separately, therefore it is 
convenient to have for each particle the complete list. Algorithm 33 shows 
the use of the Verlet list in a Monte Carlo simulation. 

Bekker et al. have developed an elegant extension of the Verlet list for 
systems with periodic boundary conditions [530]. To calculate the force or 
potential energy of particle i one has to locate the nearest image of the par-
ticles in the Verlet list of particle j (see, Algorithm 34). Bekker et al. have 
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Figure F.3: The ceHlist: the simulation ceH is divided into ceHs of size r c x r c; 
a particle i interacts with those particles in the same ceH or neighboring cells 
(in 2D there are 9 ceHs; and in 3D, 27 ceHs). 

use the nearest image operation during the calculation of the force or energy. 
In [530] the use of these lists is shown to speed up an MD simulation by a 
factor 1.5. In addition, Bekker et al. have shown that a similar trick can be 
used to take the calculation of the virial (pressure) out of the inner loop. 

F.2 Cell Lists 
An algorithm that scales with N is the ceHlist or linked-list method [24]. The 
idea of the ceHlist is iHustrated in Figure F.3. The simulation box is divided 
into ceHs with a size equal to or slightly larger than the cutoff radius rc; 
each particle in a given ceH interacts with only those particles in the same or 
neighboring ceHs. Since the allocation of a particle to a ceH is an operation 
that scales with N and the total number of ceHs that needs to be considered 
for the calculation of the interaction is independent of the system size, the 
celllist method scales as N. Algorithm 36 shows how a celllist can be used 
in a Monte Carlo simulation. 

F.3 Combining the Verlet and Cell Lists 
It is instructive to compare the efficiency of the Verlet list and ceHlist in more 
detail. In the Verlet list the number of particles for which the distance needs 
to be calculated is in three dimensions, given by 

_ 4 3. n v - 37tprvI 

Frenkel and Smit (2002)
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Figure 1
(a) Time evolution of the mean-square displacement !(t) in the liquid phase for d = 6. As density increases, the caging regime that
separates the short-time ballistic, ∼dt2, and the long-time diffusive regimes, ∼Dt, grows longer. Adapted from Reference 34 with
permission. (b) The decay of the diffusivity becomes more power law–like as dimension increases in the dynamical regime accessible in
simulations. Adapted from Reference 34 with permission. (c) The critical mode-coupling theory exponent γ extracted from simulations
steadily approaches the prediction for d → ∞ (red line) as d increases. Adapted from Reference 35 with permission. (d ) The
relationship between the transport coefficients D and ηS has a nontrivial density dependence that qualitatively follows the high-d
prediction (red line). Adapted from Reference 36 with permission.

transition one can study the dynamical susceptibility

χ4(t) = N
!
!2(t) −!(t)

2"
, (10)

where the overline denotes averaging a quantity over both the system thermal history, ⟨·⟩, and initial
configurations {xi (0)}. χ4(t) encodes the fluctuations of dynamical correlators, here represented
by the mean-square displacement.

In the glass phase, the long-time limit of this susceptibility goes to a constant, i.e.,
limt→∞ χ4(t) = χ , that diverges upon approaching the dynamical transition from the glass phase
(#ϕ → #ϕ +

d ) as χ ∼ |#ϕ −#ϕd|−1/2. Approaching the dynamical point from the liquid side instead,

270 Charbonneau et al.

A
nn

u.
 R

ev
. C

on
de

ns
. M

at
te

r P
hy

s. 
20

17
.8

:2
65

-2
88

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.o

rg
 A

cc
es

s p
ro

vi
de

d 
by

 D
uk

e 
U

ni
ve

rs
ity

 o
n 

04
/0

3/
17

. F
or

 p
er

so
na

l u
se

 o
nl

y. Dynamical Criticality

Charbonneau et al. (2017)
Memoryless liquid state derivation: Charbonneau et al. (2018)



CO08CH13-Charbonneau ARI 24 February 2017 16:4

d → ∞

High-d prediction

a d = 6 b

dc

~dt 2

φ

~Dt

d = 3 to 8

d = 3 to 8d = 3 to 8

10−3

10−1

100

101

∆(
t)

10−2 10−1 100 101 102 103 104 105

t

1.5

2.0

2.5

γ

d

10−5

10−4

10−3

10–2

D

10−2 10−1

(φd − φ)/φd

0.0

0.1

0.2

0.3

0.4

βD
η S

2dφ

10

9876543 0 5 10 15 20

Figure 1
(a) Time evolution of the mean-square displacement !(t) in the liquid phase for d = 6. As density increases, the caging regime that
separates the short-time ballistic, ∼dt2, and the long-time diffusive regimes, ∼Dt, grows longer. Adapted from Reference 34 with
permission. (b) The decay of the diffusivity becomes more power law–like as dimension increases in the dynamical regime accessible in
simulations. Adapted from Reference 34 with permission. (c) The critical mode-coupling theory exponent γ extracted from simulations
steadily approaches the prediction for d → ∞ (red line) as d increases. Adapted from Reference 35 with permission. (d ) The
relationship between the transport coefficients D and ηS has a nontrivial density dependence that qualitatively follows the high-d
prediction (red line). Adapted from Reference 36 with permission.

transition one can study the dynamical susceptibility

χ4(t) = N
!
!2(t) −!(t)

2"
, (10)

where the overline denotes averaging a quantity over both the system thermal history, ⟨·⟩, and initial
configurations {xi (0)}. χ4(t) encodes the fluctuations of dynamical correlators, here represented
by the mean-square displacement.

In the glass phase, the long-time limit of this susceptibility goes to a constant, i.e.,
limt→∞ χ4(t) = χ , that diverges upon approaching the dynamical transition from the glass phase
(#ϕ → #ϕ +

d ) as χ ∼ |#ϕ −#ϕd|−1/2. Approaching the dynamical point from the liquid side instead,

270 Charbonneau et al.

A
nn

u.
 R

ev
. C

on
de

ns
. M

at
te

r P
hy

s. 
20

17
.8

:2
65

-2
88

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.o

rg
 A

cc
es

s p
ro

vi
de

d 
by

 D
uk

e 
U

ni
ve

rs
ity

 o
n 

04
/0

3/
17

. F
or

 p
er

so
na

l u
se

 o
nl

y.

CO08CH13-Charbonneau ARI 24 February 2017 16:4

d → ∞

High-d prediction

a d = 6 b

dc

~dt 2

φ

~Dt

d = 3 to 8

d = 3 to 8d = 3 to 8

10−3

10−1

100

101

∆(
t)

10−2 10−1 100 101 102 103 104 105

t

1.5

2.0

2.5

γ

d

10−5

10−4

10−3

10–2

D

10−2 10−1

(φd − φ)/φd

0.0

0.1

0.2

0.3

0.4

βD
η S

2dφ

10

9876543 0 5 10 15 20

Figure 1
(a) Time evolution of the mean-square displacement !(t) in the liquid phase for d = 6. As density increases, the caging regime that
separates the short-time ballistic, ∼dt2, and the long-time diffusive regimes, ∼Dt, grows longer. Adapted from Reference 34 with
permission. (b) The decay of the diffusivity becomes more power law–like as dimension increases in the dynamical regime accessible in
simulations. Adapted from Reference 34 with permission. (c) The critical mode-coupling theory exponent γ extracted from simulations
steadily approaches the prediction for d → ∞ (red line) as d increases. Adapted from Reference 35 with permission. (d ) The
relationship between the transport coefficients D and ηS has a nontrivial density dependence that qualitatively follows the high-d
prediction (red line). Adapted from Reference 36 with permission.

transition one can study the dynamical susceptibility

χ4(t) = N
!
!2(t) −!(t)

2"
, (10)

where the overline denotes averaging a quantity over both the system thermal history, ⟨·⟩, and initial
configurations {xi (0)}. χ4(t) encodes the fluctuations of dynamical correlators, here represented
by the mean-square displacement.

In the glass phase, the long-time limit of this susceptibility goes to a constant, i.e.,
limt→∞ χ4(t) = χ , that diverges upon approaching the dynamical transition from the glass phase
(#ϕ → #ϕ +

d ) as χ ∼ |#ϕ −#ϕd|−1/2. Approaching the dynamical point from the liquid side instead,

270 Charbonneau et al.

A
nn

u.
 R

ev
. C

on
de

ns
. M

at
te

r P
hy

s. 
20

17
.8

:2
65

-2
88

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.o

rg
 A

cc
es

s p
ro

vi
de

d 
by

 D
uk

e 
U

ni
ve

rs
ity

 o
n 

04
/0

3/
17

. F
or

 p
er

so
na

l u
se

 o
nl

y.

Charbonneau et al. (2017)



The MFT for Dynamics

Dynamical solution

• Using non-trivial liquid structure 
leads to some quantitative 
improvements, but systematic 
improvements are hard.

“Götze MCT” in
• Unphysical cages

The Mode-Coupling Theory of supercooled liquids:
Does it wear any clothes?

Glass transition of hard spheres in high dimensions,
Authors: Bernhard Schmid, Rolf Schilling
arXiv:1003.4559.

Mode-Coupling Theory as a Mean-Field Description of the Glass Transition
Authors: Atsushi Ikeda, Kunimasa Miyazaki
arXiv:1003.5472

A critical test of the mode-coupling theory of the glass transition
Authors: Ludovic Berthier, Gilles Tarjus
arXiv:1005.0914

Recommended with a commentary by Jean-Philippe Bouchaud,
CFM, Paris

The Mode-Coupling Theory (MCT) is considered by many to be the only
available “first principles” approach to account for the complex dynamics of
super-cooled liquids [1]. It is based on a somewhat uncontrolled closure scheme
of the exact equations of motion that describe the time evolution of the dynami-
cal structure function S(k, t) (i.e. the k-dependent density correlation function).
The resulting self-consistent equations have several remarkable properties. They
predict that as the temperature is reduced (or the density is increased) a plateau
appears in S(k, t) at intermediate times, before the final relaxation to zero on
time scales that diverge as one approaches the so-called MCT transition point,
beyond which the system should be in a dynamically arrested (glass) state. Al-
though this transition is now recognized to be an artefact of neglecting “activated
processes”, the promoters of MCT insist that the theory is quantitatively valid
in the weakly supercooled regime, i.e. the early stages of the slowdown of the
dynamics, where these activated processes should not play a major role.

There is indeed a vast body of experimental data that can be reasonably
well fitted by MCT, in a restricted regime of temperatures or densities where
the relaxation time increases by a factor 100 to 1000 from its value in the low-
viscosity liquid. One of the important features of the theory is that all dynamical
properties can be computed from the knowledge of the static structure factor,
S(k, t = 0). This leads to falsifiable predictions, concerning for example the

1

Bouchaud, Condensed Matter Journal Club, June 2010;

1

d ! 1
1

d ! 1

Ikeda and Miyazaki  (2010); Schmidt and Schhilling (2010)



This Matters Even Away from

Charbonneau et al. (2011, 2012, 0214)

Yet the core physics behind the two descriptions is consistent.

One should like to fix MCT to reconcile the two.

1

d ! 1

Fortuitous cancellation 
of errors (of uncertain 
origin) likely gives rise 
to near-quantitative 
predictions for MCT in 
d=3.

dimension ðpd ∼ dÞ, the typical channel width is expected to stay
roughly constant. The topology of the cage network, however, has
a larger dimensional dependence. The cage network at percola-
tion, for instance, has a fractal dimension df # d (52); e.g., df = 4
for d≥ du = 6. Although this result is valid only at φp proper, the
local network structure persists at smaller φ because the loss of
the cage network fractality takes place through the single-point
inclusion of nonpercolating clusters (52). The network topology is
therefore such that the hopping channels (even assuming that
their cross section remains constant) cover a vanishingly small
fraction of the cage surface as d increases. The limited number of
ways out of a local cage thus entropically suppresses hopping.

SER Breakdown
With hopping events clearly identified, it becomes possible to isolate
the pure critical iRFOT (or mode-coupling) regime. Within this
regime, we obtain a power-law scaling that is consistent with φd
(details in SI Text, section II.B), and the SER is followed. Devi-
ations from the extrapolated critical scaling coincide with the SER
breakdown in all d. Although ~φonset occurs at a roughly constant
distance from φd, the SER breakdown occurs in systems that are
increasingly sluggish with d, φSER →φd, and thus properly con-
verges to the idealized mean-field behavior as d→∞. In the MK
model, the SER breakdown is thus clearly due to hopping.
By modifying the cavity reconstruction analysis, a self-consis-

tent caging determination of φd and φp should also be possible
for standard finite-dimensional HS. We do not attempt such a
computation here, but instead use the insights gained from the
MK model to associate the SER breakdown in HS with hopping.
We fit the dynamical data from the regime over which the SER is
obeyed to extract φd and γ and the full dynamical regime to
extract ~φd and ~γ (38). As for the MK model, the two procedures
converge as d increases (Fig. 5), whereas ~φonset clearly remains
distant, as is observed in many other glass formers (55, 56). In-
terestingly, for HS, φSER and φd are relatively close to begin with.
The fairly structured pair correlation function in HS and the
much larger pressure at φd lead to smaller interparticle gaps. Par-
ticles are thus caged more efficiently, which suppresses hopping.
Contrasting Figs. 1D and 5A suggests that near φSER the SER

breakdown exponent ω is similar for HS and the MK model. In
this regime, HS hopping is consistent with MK-like hopping. In
HS, however, single-particle hopping leaves an actual structural
void that enhances the correlation (and hence the facilitation) of
hopping events (27–29). As HS become more sluggish, cooper-
ativity plays a growing role. As a result, a pronounced difference
between HS and MK hopping for φ $ φSER can be observed. The

lack of a notable dimensional dependence of the master curve
suggests that if the SER breakdown is also affected by critical
fluctuations, as suggested in ref. 17, that effect may be hard to
detect. In contrast to ref. 16, we now understand the reduction of
the measured ω as d increases to a delayed onset of hopping.

Conclusions
Wehave numerically and theoretically studied amodel glass former in
which it is possible to isolate hopping from the critical mode-coupling
dynamical slowing down and in which no other dynamical effects are
present besides these two. The results illuminate the key role played
by hopping in suppressing the iRFOTdynamical transition in finite
d and in breaking the SER scaling. The MK model gives an ex-
ample where single-particle hopping is sufficient to cause the SER
breakdown, but in HS facilitation likely amplifies the effect, which
may explain the dependence of ω on density (Fig. 5) (57).
For standard finite-dimensional HS and other structural glass

formers, we expect the situation to be made more complex by the
other dynamical processes mentioned in the Introduction. One
might then conjecture the existence of at least three dynamical
regimes for glass formers, upon increasing density: (i) an iRFOT/
mode-coupling regime below φSER; (ii) a MK-like hopping re-
gime around φSER, where hopping is the dominant correction to
the iRFOT description, the mode-coupling critical scaling holds,
but the apparent mode-coupling transition shifts to higher densi-
ties and the effective exponent γ changes, and the SER breakdown
is incipient [in this regime the hopping timescale increases (ex-
ponentially) quickly with density (Fig. 3D); we expect this increase
to be similar for HS and MK liquids, because the probability of
finding a neighboring cage is roughly expð−φÞ for both models];
and (iii) at yet higher densities, hopping becomes too slow and
other dynamical effects likely become important. If glass–glass
nucleation barriers do not grow as quickly as the hopping bar-
riers, then these processes may eventually become the dominant
relaxation mechanism, following the RFOT prediction (5, 12, 31).
In this regime (and hence in deeply supercooled liquids much
below Td) the VTF law and the associated Adam–Gibbs relation
should be reasonably well obeyed. Note that other processes such
as cooperative hopping dressed by elasticity might also occur in
this regime (26). Note also that these different regimes are probably
not separated by sharp boundaries in realistic systems, and hence
all these relaxation processes might coexist, making their iden-
tification quite challenging.
We also stress, in line with previous studies, that VTF fits of the

structural relaxation time in regimes i and ii should not be used
to extract the putative Kauzmann transition point. In our opinion
it makes no sense to test the Adam–Gibbs relation in these dy-
namical regimes. In the MK model, although the VTF law can be
used to fit the dynamical data, there is no associated Adam–
Gibbs relation and thus φ0 has no thermodynamic meaning. In
particular, φ0 is not associated with a Kauzmann transition
[which in the MK model happens only at φ=∞ (44)]. This
observation is particularly important for numerical simulations
and experiments on colloids and granular systems, which are
most often performed in the vicinity of φd and φSER and hence
are found within the first two regimes.
Finally, we note that the MK model could also serve as a test

bench for descriptions of hopping (24, 25, 58), as well as for re-
lating percolation and glassy physics more broadly (59). These
studies may further clarify other finite-dimensional effects,
such as the correlation observed between local structure and
dynamics (30).
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A B

Fig. 5. (A) Dimensional rescaling of the SER (black) and SER breakdown regimes
for standard finite-dimensional HS. The early deviation exponent ω is consistent
with hopping in theMKmodel with ω= 0:22 (red line, Fig. 1D), but a growing de-
viation is observed as φ increases. (B) The dimensional scaling of HS results for ~φd,
φd, and φSER converges as d increases, whereas ~φonset remains distinctly smaller
(compare with Fig. 1C). Note that in d=8, ~φd, φd, and φSER are numerically
indistinguishable. (Inset) Dimensional evolution of γ and ~γ, both of which are
consistent with the d=∞ result (dashed line). Solid lines are guides for the eye.
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Linking dynamical heterogeneity to static amorphous order
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where the integral is evaluated by Monte Carlo integration with 105 points, and then 
further average over time

¯ ( )
/

( )
/
∫τ

≡
α

τα
q tq tr r
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2
d ; ,dyn 0

0

2

dyn 0 (10)

which we here implement by averaging over configurations between times 0 and /τα 2. 
Note that our sampling time, τ∼ αt 0.1rec , is rather coarse and thus a large residual ther-
mal noise remains in our evaluation of time averages, especially at high temperatures. 
As temperature decreases, however, the signal to noise ratio increases and we are then 
able to pick up the correlation between statics and dynamics.

In a region with high mobility the dynamical overlap decays relatively quickly with 
time, resulting in a low q̄dyn, while in a region of low mobility it retains a large value for 
a relatively long time, resulting in a high q̄dyn. Local sluggishness can thus be quantified 
by considering ¯ ( )q rdyn 0 .

4.2. Local PTS correlations

PTS correlations characterize the local free-energy landscape around a point r0, 
within a configuration X0. In order to measure this purely static correlation, we pin 
particles outside a cavity of radius R centered at r0, sample new configurations 
∼
X within that cavity, and measure the statistics of the overlap field ( )∼q rX X,0

. 
Equilibration inside the cavity is carried out following the parallel-tempering scheme 
presented in [50] and using the same parameters, except for T  =  0.8 and R  =  1.1, 
which is new here. In this case, temperatures and shrinking parameters for replicas, 

Figure 2. Dynamical heterogeneity in the Kob–Andersen liquid seen through the 
dynamical overlap field. (a) Dynamical correlation function at τ≈ αt . Color codes 
are the same as in figure 1. (b) The growing dynamical length, ξdyn (navy blue-
triangle), is compared to the PTS length, ξPTS (purple-pentagram), extracted as 
in [50]. The length extracted from the two-point density-density static correlation 
function, ξ2 (orange-asterisk), is also included for reference from [31]. Note that all 
are rescaled to unity at T0  =  0.8, where the onset of glassy physics gives rise to a 
clear separation between PTS and two-point lengths [31].

G
4(

r 
,t
a
)

Fig. 0.1 Three examples of dynamical heterogeneity. In all cases, the figures high-

light the clustering of particles with similar mobility. (Left) Granular fluid of ball
bearings, with a colour scale showing a range of mobility increasing from blue to

red (Keys et al., 2007). (Centre) Colloidal hard sphere suspension, with most mobile particles

highlighted (Weeks et al., 2000). (Right) Computer simulation of a two-dimensional system
of repulsive disks. The colour scheme indicates the presence of particles for which motion is

reproducibly immobile or mobile, respectively from blue to red (Widmer-Cooper et al., 2008).

0.1 Introduction

0.1.1 Dynamical heterogeneity in glassy materials

The glass transition is often cited as a profound outstanding problem in condensed
matter physics. This field may be contrasted with that of simple liquids, for which the
broad picture is now well-established, and appropriate theoretical methods are well-
developed (Hansen and McDonald, 1986). Why, then, is the glass problem so difficult?

From a theoretical perspective, a central difficulty arises from the importance of
fluctuations in glassy systems. Both the liquid and the glass have disordered structure,
so even if all molecules in the system are identical, they experience different local
environments. In the liquid, these differences can be neglected: one may infer the
behaviour of the system from that of a typical particle in a typical environment. Thus,
for example, microscopic properties, such as the rate with which particles diffuse in
the liquid, are directly related to bulk properties, such as the viscosity. However, as the
glass transition is approached, it becomes increasingly difficult to characterise ‘typical’
particles and ‘typical’ environments because a variety of different behaviors emerges.
Within a given interval of time, some particles may move distances comparable to their
size, while others remain localised near their original positions. Thus, on these time
scales, we can refer to ‘mobile’ and ‘immobile’ particles. Of course, on long enough
time scales, ergodicity ensures that particles become statistically identical.

In case this discussion seems rather abstract, we refer the reader to Fig. 0.1. Here,
we show several systems in which mobile and immobile particles can be identified in
particular trajectories using different methods. Strikingly, these images reveal that par-
ticles with different mobilities do not appear randomly in space but are clustered. This
observation suggests that structural relaxation in disordered systems is a nontrivial
dynamical process. In its narrow sense, the term ‘dynamical heterogeneity’ encapsu-
lates the spatial correlations observed in Fig. 0.1. However, the term is frequently

Mean-field prediction is for the presence of dynamical 
heterogeneity in absence of structural heterogeneity. 
Observations in d=2 and 3 are thence always complex 
to interpret.

Charbonneau et al. (2016); Berthier et al. (2011)
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In Summary

Complex activated processes get increasingly suppressed 
with dimension, which reveals a growing power-law scaling 
regime.

Yet quantitative tests of that criticality are not (yet) 
convincing, because the critical exponents are not 
predicted with sufficient precision.

Complex structure and non-mean-field criticality are real 
impediments. Full solution of the equilibrium dynamics 
would also help for some observables.

Swap MC should allow to revisit some of these issues and 
obtain a sharper critical description.



124504-3 Dynamical transition of glasses J. Chem. Phys. 135, 124504 (2011)

FIG. 2. Left: Effective three-body correlation in a finite-dimensional hard-
sphere system (with no random shifts), leading to corrections beyond the first
virial term. Center: Same situation in the random shift model, from the point
of view of particle 1. Particle 1 sees particles 2 and 3 nearby. Right: From the
point of view of particle 2, there is no effective three-body interaction, as the
random shifts displace particle 3 very far from particle 2.

goes from a finite dimensional system (λ = 0) to a mean-field
realization of the same system (λ → ∞).

In the liquid phase, the mean-field limit of the model has
an entropy of an ideal gas plus only the first virial correction,
just like a van der Waals gas. Physically, this comes from the
fact that it is very unlikely that three (or more) spheres effec-
tively interact simultaneously with one another, as is sketched
in Fig. 2. For instance, in the hard-sphere case, one would
need to have, for particles i, j, and k (having a diameter D),

|xi −xj −Aij | ∼D,

|xj −xk −Ajk | ∼D,

|xk −xi −Aki | ∼D,
(4)

which requires that the random shifts satisfy |Aij + Ajk

+ Aki | ∼D. This, of course, is very unlikely for shifts |A|
∼L, where L is the linear size of the system.

In this work, we will concentrate mostly on the hard-
sphere potential, but the procedure is a very generic way to
obtain a mean-field limit, and can even be generalized to ob-
jects with rotational degrees of freedom, where one can in-
troduce a rotational disorder. We studied both a monodisperse
system, for conceptual simplicity; and a bidisperse one, to be
able to work with arbitrary small λ without having to deal
with crystallisation.

From now on, we set the diameter D of a sphere (in the
monodisperse case) to D = 1, which will be used as length
scale. The temperature T is set to 1 almost everywhere, as it
is irrelevant for hard spheres. The only part where we keep
it explicit is in the section dealing with the dynamics of the
model. For simplicity, we introduce the following notations:
a sphere with diameter 1 in dimension d has a volume 2−dvd

and a surface sd.

II. STATICS OF THE LIQUID PHASE

A. Grand-canonical formalism and Mayer expansion

In this section, we work with a monodisperse system. We
note V (u) the interaction potential,

V (u) =
∣∣∣∣
∞, if u > 1,

0, otherwise.
(5)

The canonical partition function of the system reads

Z{A} =
∫ ∏

k

dxk exp

⎛

⎝−
∑

ij

V (xi −xj −Aij )

⎞

⎠. (6)

One would like to study the entropy of the system averaged
over disorder,

S = −ln Z{A}. (7)

In the liquid phase and for large λ, we can treat this average
as an annealed average over the disorder,

S = San = −ln Z{A}. (8)

So the problem reduces to the study of

Z{A} = 1
N !

∫ ∏

lm

P (Alm)dAlm

∫ ∏

k

dxk

× exp

⎛

⎝−
∑

ij

V (xi −xj −Aij )

⎞

⎠. (9)

We introduced a 1/N ! prefactor to be able to perform the next
step, a Mayer expansion. We just have to remember to com-
pensate this factor at the end of the computation. To do the
Mayer expansion, we have to translate our problem in a grand-
canonical formalism. We introduce the grand-canonical parti-
tion function,

" =
∑

N

zNZ{A}, (10)

where z is the activity, related to the chemical potential µ by
z = eµ, and we rewrite Eq. (9) as

Z{A} =
∫ ∏

k

dxk

∏

ij

[
f (xi −xj ) + 1

]
, (11)

where f is an annealed Mayer function,

f (x−y) =
∫

dAP (A)
[
exp (−V (x−y−A)) −1

]

= −
∫

dAP (A)χ (|x−y−A|), (12)

with χ (r) the step function such that χ (r) = 1 if r < 1
and χ (r) = 0 otherwise. We can then introduce a diagram-
matic representation to express the grand-canonical potential
G = ln" as usual,27

(13)

where the diagram vertices represent a factor z while the
bonds represent the Mayer function f .

B. Mean-field equation of state

As already noted by Kraichnan,3 only the first virial cor-
rection survives in the mean-field limit. The entropy can then
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FIG. 2. Left: Effective three-body correlation in a finite-dimensional hard-
sphere system (with no random shifts), leading to corrections beyond the first
virial term. Center: Same situation in the random shift model, from the point
of view of particle 1. Particle 1 sees particles 2 and 3 nearby. Right: From the
point of view of particle 2, there is no effective three-body interaction, as the
random shifts displace particle 3 very far from particle 2.

goes from a finite dimensional system (λ = 0) to a mean-field
realization of the same system (λ → ∞).

In the liquid phase, the mean-field limit of the model has
an entropy of an ideal gas plus only the first virial correction,
just like a van der Waals gas. Physically, this comes from the
fact that it is very unlikely that three (or more) spheres effec-
tively interact simultaneously with one another, as is sketched
in Fig. 2. For instance, in the hard-sphere case, one would
need to have, for particles i, j, and k (having a diameter D),

|xi −xj −Aij | ∼D,

|xj −xk −Ajk | ∼D,

|xk −xi −Aki | ∼D,
(4)

which requires that the random shifts satisfy |Aij + Ajk

+ Aki | ∼D. This, of course, is very unlikely for shifts |A|
∼L, where L is the linear size of the system.

In this work, we will concentrate mostly on the hard-
sphere potential, but the procedure is a very generic way to
obtain a mean-field limit, and can even be generalized to ob-
jects with rotational degrees of freedom, where one can in-
troduce a rotational disorder. We studied both a monodisperse
system, for conceptual simplicity; and a bidisperse one, to be
able to work with arbitrary small λ without having to deal
with crystallisation.

From now on, we set the diameter D of a sphere (in the
monodisperse case) to D = 1, which will be used as length
scale. The temperature T is set to 1 almost everywhere, as it
is irrelevant for hard spheres. The only part where we keep
it explicit is in the section dealing with the dynamics of the
model. For simplicity, we introduce the following notations:
a sphere with diameter 1 in dimension d has a volume 2−dvd

and a surface sd.

II. STATICS OF THE LIQUID PHASE

A. Grand-canonical formalism and Mayer expansion

In this section, we work with a monodisperse system. We
note V (u) the interaction potential,

V (u) =
∣∣∣∣
∞, if u > 1,

0, otherwise.
(5)

The canonical partition function of the system reads

Z{A} =
∫ ∏

k

dxk exp

⎛

⎝−
∑

ij

V (xi −xj −Aij )

⎞

⎠. (6)

One would like to study the entropy of the system averaged
over disorder,

S = −ln Z{A}. (7)

In the liquid phase and for large λ, we can treat this average
as an annealed average over the disorder,

S = San = −ln Z{A}. (8)

So the problem reduces to the study of

Z{A} = 1
N !

∫ ∏

lm

P (Alm)dAlm

∫ ∏

k

dxk

× exp

⎛

⎝−
∑

ij

V (xi −xj −Aij )

⎞

⎠. (9)

We introduced a 1/N ! prefactor to be able to perform the next
step, a Mayer expansion. We just have to remember to com-
pensate this factor at the end of the computation. To do the
Mayer expansion, we have to translate our problem in a grand-
canonical formalism. We introduce the grand-canonical parti-
tion function,

" =
∑

N

zNZ{A}, (10)

where z is the activity, related to the chemical potential µ by
z = eµ, and we rewrite Eq. (9) as
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ij

[
f (xi −xj ) + 1

]
, (11)
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∫
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]

= −
∫

dAP (A)χ (|x−y−A|), (12)

with χ (r) the step function such that χ (r) = 1 if r < 1
and χ (r) = 0 otherwise. We can then introduce a diagram-
matic representation to express the grand-canonical potential
G = ln" as usual,27

(13)

where the diagram vertices represent a factor z while the
bonds represent the Mayer function f .

B. Mean-field equation of state

As already noted by Kraichnan,3 only the first virial cor-
rection survives in the mean-field limit. The entropy can then
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FIG. 7: (Left) E↵ective three-body correlation in a finite-dimensional hard- sphere system

(with no random shifts), leading to corrections beyond the first virial term. (Center) Same

situation in the random shift model, from the point of view of particle 1. Particle 1 sees

particles 2 and 3 nearby. (Right) From the point of view of particle 2, there is no e↵ective

three-body interaction, as the random shifts displace particle 3 very far from particle 2 [17].

dependence is rather exponential, which makes tuning d a particularly productive way to

distinguish these processes from the perturbative ones. Tuning d, however, does not allow to

distinguish easily between di↵erent nonperturbative processes, if more than one type exists.

VII. MARI-KURCHAN MODEL

One of the epistemological challenges of assessing the validity of the d ! 1 description

is the absence of a finite-dimensional model for which the dynamical transition exists. In

their hope of defining such a model, however, Mari and Kurchan (MK) have paved the way

for profound novel insight into the nature of activated processes to emerge.

The MK model modifies the hard sphere Hamiltonian as

H{~⇤} =
NX

i

|~pi|2
2m

+
NX

i<j

u(|~rij + ~⇤ij|), (16)

where u(x) is the standard hard sphere interaction potential and with uniform random shift

variables ~⇤ij 2 [0, L]d. Because ~⇤ is selected randomly and independently for each pair of

particles, two particles in contact with a third are very unlikely to be also in contact with

each another (see Fig. 7). As a result, only pair correlations are non trivial in this model.

As we discussed above, this absence of correlation results in the radial distribution function
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an entropy of an ideal gas plus only the first virial correction,
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fact that it is very unlikely that three (or more) spheres effec-
tively interact simultaneously with one another, as is sketched
in Fig. 2. For instance, in the hard-sphere case, one would
need to have, for particles i, j, and k (having a diameter D),
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+ Aki | ∼D. This, of course, is very unlikely for shifts |A|
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In this work, we will concentrate mostly on the hard-
sphere potential, but the procedure is a very generic way to
obtain a mean-field limit, and can even be generalized to ob-
jects with rotational degrees of freedom, where one can in-
troduce a rotational disorder. We studied both a monodisperse
system, for conceptual simplicity; and a bidisperse one, to be
able to work with arbitrary small λ without having to deal
with crystallisation.

From now on, we set the diameter D of a sphere (in the
monodisperse case) to D = 1, which will be used as length
scale. The temperature T is set to 1 almost everywhere, as it
is irrelevant for hard spheres. The only part where we keep
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Mayer expansion, we have to translate our problem in a grand-
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tion function,
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where z is the activity, related to the chemical potential µ by
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where f is an annealed Mayer function,

f (x−y) =
∫

dAP (A)
[
exp (−V (x−y−A)) −1

]

= −
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and χ (r) = 0 otherwise. We can then introduce a diagram-
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Figure EI: The Verlet list: a particle i interacts with those particles within 
the cutoff radius r c ; the Verlet list contains all the particles within a sphere 
with radius rv > r c . 

troduced, and before we calculate the interactions, a list is made (the Verlet 
list) of all particles within a radius r v of particle i. In the subsequent calcula-
tion of the interactions, only those particles in this list have to be considered. 
Until now we have not saved any CPU time. We ga in such time when we 
next calculate the interactions; if the maximum displacement of the particles 
is less than r v - r c , then we have to consider only the particles in the Verlet 
list of particle i. This is a calculation of order N. As soon as one of the par-
ticles is displaced more than rv - r c , we have to update the Verlet list. The 
latter operation is of order N2, and although this step is not performed each 
time an inter action is calculated, it will dominate for a very large number of 
particles. 

The Verlet list can be used for both Molecular Dynamics and Monte Carlo 
simulations. However, there are some small differences in the implemen-
tation. For example, in a Molecular Dynamics simulation, the force on all 
particles is calculated at the same time. It is sufficient therefore to have a 
Verlet list with half the number of particles for each particle as long as the 
inter action i-j is accounted for in either the list of particle i or that of j. In a 
Monte Carlo simulation each particle is considered separately, therefore it is 
convenient to have for each particle the complete list. Algorithm 33 shows 
the use of the Verlet list in a Monte Carlo simulation. 

Bekker et al. have developed an elegant extension of the Verlet list for 
systems with periodic boundary conditions [530]. To calculate the force or 
potential energy of particle i one has to locate the nearest image of the par-
ticles in the Verlet list of particle j (see, Algorithm 34). Bekker et al. have 
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Figure F.3: The ceHlist: the simulation ceH is divided into ceHs of size r c x r c; 
a particle i interacts with those particles in the same ceH or neighboring cells 
(in 2D there are 9 ceHs; and in 3D, 27 ceHs). 

use the nearest image operation during the calculation of the force or energy. 
In [530] the use of these lists is shown to speed up an MD simulation by a 
factor 1.5. In addition, Bekker et al. have shown that a similar trick can be 
used to take the calculation of the virial (pressure) out of the inner loop. 

F.2 Cell Lists 
An algorithm that scales with N is the ceHlist or linked-list method [24]. The 
idea of the ceHlist is iHustrated in Figure F.3. The simulation box is divided 
into ceHs with a size equal to or slightly larger than the cutoff radius rc; 
each particle in a given ceH interacts with only those particles in the same or 
neighboring ceHs. Since the allocation of a particle to a ceH is an operation 
that scales with N and the total number of ceHs that needs to be considered 
for the calculation of the interaction is independent of the system size, the 
celllist method scales as N. Algorithm 36 shows how a celllist can be used 
in a Monte Carlo simulation. 

F.3 Combining the Verlet and Cell Lists 
It is instructive to compare the efficiency of the Verlet list and ceHlist in more 
detail. In the Verlet list the number of particles for which the distance needs 
to be calculated is in three dimensions, given by 
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should first perform the thermal ensemble average hFi for a
given realization of disorder and then repeat this operation
for many extractions of fΛijg to average over the disorder. In
simulations, however, once fΛijg is fixed, equilibrating indepen-
dent configurations at large φ is very time consuming, because one
should first anneal the system quasi-statically slowly up to the de-
sired density.
Let us define the so-called “annealed” average:

hFia ≡
R QN

i<jdΛijP
!
Λij
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i=1driFe−βH
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Λij
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Λij
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e−βH

:

[S5]

This average corresponds to a very different situation, where
the averages over frig and fΛijg are interchangeable. Physically,
this describes a situation where both variables and disorder fluc-
tuate together; their timescales are indistinguishable. Mathe-
matically, the last equality in Eq. S5 shows that the integration
measure can be obtained by first extracting a uniformly random
configuration frig and next extracting a configuration fΛijg from
the distribution

P
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Λij
$%%frig
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i< j
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Λij
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i< j
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[S6]

Because PðfΛijgjfrigÞ is factorized, each Λij must be extracted
independently, uniformly in the volume V with the constraint that
jri − rj +Λijj> σ. In summary, we use the following procedure to
compute hFia:

Procedure—planting MK.

i) Generate N particle positions frig according to a Poisson
(ideal gas) process.

ii) For each pair of particles i and j, randomly and independently
draw a vector Λij, uniformly in the subregion of the whole
volume V that is compatible with ri and rj, jri − rj +Λijj> σ.

iii) Starting from the state given by frig, and for the given fΛijg,
compute the time evolution friðtÞg from MD simulations.
From this trajectory compute F .

iv) Repeat steps i–iii to average over disorder and initial
configurations.

The key to the success of this approach is determining if, and
under what conditions, the quenched and the annealed aver-
ages over the disorder are the same, hFiΛ = hFia. Eqs. S4 and
S5 coincide if the equality logZΛ = logZΛ holds, where Z=R QN

i=1drie
−βH is the partition function for given fΛijg (9–11).

This situation arises if the fluctuations of Z induced by the
fluctuations of quenched disorder fΛijg are very weak in the
thermodynamic limit. This condition is satisfied in the liquid
phase, but is violated in the glass phase away from the equi-
librium liquid line (9–11).
According to the analysis of ref. 9, to check numerically that

the annealed and the quenched average coincide, one should
compute the vibrational (internal) entropy of the planted glass
state. This can be done, for example, using the procedure described
in ref. 12. If the internal entropy of the glass turns out to be
larger than the liquid entropy given by Eq. S3, then the annealing
average does not coincide with the quenched average (9). Fortu-
nately, in the MK model the liquid entropy per particle diverges
proportionally to logN (Eq. S3), whereas the glass entropy per
particle is finite, because particles cannot exchange (at least if

one neglects hopping, as discussed below). Therefore, for N→∞
the liquid entropy is always larger than the glass entropy, and the
annealed average is correct. In other words, because the Kauzmann
transition for the MK model is located at infinite density (1), the
procedure is valid.
Numerical simulations show that the annealed average done

using the planting procedure discussed above is in perfect agreement
with the liquid EOS, Eq. S3 (Fig. S2). This result is not a surprise,
because it can easily be shown that the annealed equation leads
to the same liquid EOS in Eq. S3, but it is a consistency test for
the numerical procedure. Note that the pressure remains stable
over time, as it should be if one initializes the MD simulation in
an equilibrium configuration.

C. Basic Phenomenology of Glassy Behavior and Definitions of Physical
Quantities. Before turning to a more detailed explanation of our
results, in this section we summarize the main physical observ-
ables that we investigate in this study, with a short account of their
definition and of the main results.
1. Mean square displacement and cage sizes. Despite its trivial liquid
phase, theMKmodel presents a complex glass-forming and glassy
behavior. Above the onset ~φonset of sluggish dynamics (definition
in SI Text, section I.C.3), we can distinguish three main regimes
in the mean square displacement,

ΔðtÞ= 1
N

XN

i=1

D
jriðtÞ− rið0Þj2

E
: [S7]

(i) a ballistic regime with ΔðtÞ= dt2; (ii) a caging regime with a
plateau ΔðtÞ∼Δ, where Δ is the mean cage size; and (iii)
a diffusive regime with ΔðtÞ= 2dDt, where D is the diffusivity.
According to mode-coupling theory (MCT), the plateau be-
comes asymptotically stable beyond the dynamical transition
φd (SI Text, section II.B.1). We can then formally define the
mean cage size as the infinite time limit of the mean square dis-
placement (MSD),

Δ≡ lim
t→∞

ΔðtÞ; [S8]

and the individual cage size Δi of each particle i,
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From this definition and the equilibrium conditions hrið0Þi= hriðtÞi
and hjrið0Þj2i= hjriðtÞj2i, we obtain another expression for Δi,
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The definition of Δi in Eq. S9 can be directly used to measure
individual cage sizes in numerical simulations. Eq. S10 also suggests
that Δi is twice the variance of the distribution of particle positions
within a cage. In theoretical calculations, a cage form ansatz
fAðrÞ is usually used for this distribution. Two commonly used
functions are the Gaussian

fGA ðrÞ= e−ðr2=2AÞ

ð2πAÞd=2
[S11]

and the ball functions
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should first perform the thermal ensemble average hFi for a
given realization of disorder and then repeat this operation
for many extractions of fΛijg to average over the disorder. In
simulations, however, once fΛijg is fixed, equilibrating indepen-
dent configurations at large φ is very time consuming, because one
should first anneal the system quasi-statically slowly up to the de-
sired density.
Let us define the so-called “annealed” average:

hFia ≡
R QN

i<jdΛijP
!
Λij

"R QN
i=1driFe−βH

R QN
i<jdΛijP

!
Λij

"R QN
i=1drie−βH

=

R QN
i=1dri

R QN
i<jdΛijP

!
Λij

"
e−βHF

R QN
i=1dri

R QN
i<jdΛijP

!
Λij

"
e−βH

:

[S5]

This average corresponds to a very different situation, where
the averages over frig and fΛijg are interchangeable. Physically,
this describes a situation where both variables and disorder fluc-
tuate together; their timescales are indistinguishable. Mathe-
matically, the last equality in Eq. S5 shows that the integration
measure can be obtained by first extracting a uniformly random
configuration frig and next extracting a configuration fΛijg from
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Because PðfΛijgjfrigÞ is factorized, each Λij must be extracted
independently, uniformly in the volume V with the constraint that
jri − rj +Λijj> σ. In summary, we use the following procedure to
compute hFia:

Procedure—planting MK.

i) Generate N particle positions frig according to a Poisson
(ideal gas) process.

ii) For each pair of particles i and j, randomly and independently
draw a vector Λij, uniformly in the subregion of the whole
volume V that is compatible with ri and rj, jri − rj +Λijj> σ.

iii) Starting from the state given by frig, and for the given fΛijg,
compute the time evolution friðtÞg from MD simulations.
From this trajectory compute F .

iv) Repeat steps i–iii to average over disorder and initial
configurations.

The key to the success of this approach is determining if, and
under what conditions, the quenched and the annealed aver-
ages over the disorder are the same, hFiΛ = hFia. Eqs. S4 and
S5 coincide if the equality logZΛ = logZΛ holds, where Z=R QN
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−βH is the partition function for given fΛijg (9–11).

This situation arises if the fluctuations of Z induced by the
fluctuations of quenched disorder fΛijg are very weak in the
thermodynamic limit. This condition is satisfied in the liquid
phase, but is violated in the glass phase away from the equi-
librium liquid line (9–11).
According to the analysis of ref. 9, to check numerically that

the annealed and the quenched average coincide, one should
compute the vibrational (internal) entropy of the planted glass
state. This can be done, for example, using the procedure described
in ref. 12. If the internal entropy of the glass turns out to be
larger than the liquid entropy given by Eq. S3, then the annealing
average does not coincide with the quenched average (9). Fortu-
nately, in the MK model the liquid entropy per particle diverges
proportionally to logN (Eq. S3), whereas the glass entropy per
particle is finite, because particles cannot exchange (at least if

one neglects hopping, as discussed below). Therefore, for N→∞
the liquid entropy is always larger than the glass entropy, and the
annealed average is correct. In other words, because the Kauzmann
transition for the MK model is located at infinite density (1), the
procedure is valid.
Numerical simulations show that the annealed average done

using the planting procedure discussed above is in perfect agreement
with the liquid EOS, Eq. S3 (Fig. S2). This result is not a surprise,
because it can easily be shown that the annealed equation leads
to the same liquid EOS in Eq. S3, but it is a consistency test for
the numerical procedure. Note that the pressure remains stable
over time, as it should be if one initializes the MD simulation in
an equilibrium configuration.

C. Basic Phenomenology of Glassy Behavior and Definitions of Physical
Quantities. Before turning to a more detailed explanation of our
results, in this section we summarize the main physical observ-
ables that we investigate in this study, with a short account of their
definition and of the main results.
1. Mean square displacement and cage sizes. Despite its trivial liquid
phase, theMKmodel presents a complex glass-forming and glassy
behavior. Above the onset ~φonset of sluggish dynamics (definition
in SI Text, section I.C.3), we can distinguish three main regimes
in the mean square displacement,

ΔðtÞ= 1
N

XN

i=1

D
jriðtÞ− rið0Þj2

E
: [S7]

(i) a ballistic regime with ΔðtÞ= dt2; (ii) a caging regime with a
plateau ΔðtÞ∼Δ, where Δ is the mean cage size; and (iii)
a diffusive regime with ΔðtÞ= 2dDt, where D is the diffusivity.
According to mode-coupling theory (MCT), the plateau be-
comes asymptotically stable beyond the dynamical transition
φd (SI Text, section II.B.1). We can then formally define the
mean cage size as the infinite time limit of the mean square dis-
placement (MSD),

Δ≡ lim
t→∞

ΔðtÞ; [S8]

and the individual cage size Δi of each particle i,

Δi ≡ lim
t→∞

D
jriðtÞ− rið0Þj2

E
: [S9]

From this definition and the equilibrium conditions hrið0Þi= hriðtÞi
and hjrið0Þj2i= hjriðtÞj2i, we obtain another expression for Δi,

Δi = lim
t→∞

hD
jriðtÞj2

E
− 2hriðtÞ · rið0Þi+

D
jrið0Þj2

Ei

= 2 lim
t→∞

hD
jriðtÞj2

E
− jhriðtÞij2

i
:

[S10]

The definition of Δi in Eq. S9 can be directly used to measure
individual cage sizes in numerical simulations. Eq. S10 also suggests
that Δi is twice the variance of the distribution of particle positions
within a cage. In theoretical calculations, a cage form ansatz
fAðrÞ is usually used for this distribution. Two commonly used
functions are the Gaussian

fGA ðrÞ= e−ðr2=2AÞ

ð2πAÞd=2
[S11]

and the ball functions

f bAðrÞ=
θ
!
A− r2

"

Vd
! ffiffiffiffi

A
p " : [S12]
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SI Text

I. Introduction
A. The Model. The infinite-range variant of the Mari–Kurchan
(MK) model (1) is defined by adding to the distances between
pairs of particles an additional quenched random shift that spans
the whole system size (Fig. S1A). The potential energy contri-
bution to the Hamiltonian for N hard spheres (HS) is thus

H=
XN

i< j

U
!""ri − rj +Λij

""#; [S1]

where UðrÞ for jrj= r is the HS potential ðe−βUðrÞ = θðr− σÞÞ, for
spheres of diameter σ, and Λij is a uniformly distributed vector
within the system volume V, i.e., with a probability distribution
PðΛijÞ= 1=V . Note that the standard HS model corresponds
to Λij = 0.
Note that even if in principle all particles interact with all

others, in practice because UðrÞ is short ranged, a given particle
interacts directly only with a finite number of neighbors (the first
coordination shell), as in usual liquids. Hence, the model is akin
to a mean-field spin-glass model with finite connectivity with the
connectivity depending on the number of neighbors in the first
coordination shell and thus on both density and dimension.
MK liquids have a simple structure in all spatial dimensions d,

because random shifts eliminate higher-order correlations. For
example, consider two particles j and k both near particle I; i.e.,
jri − rj +Λijj≈ σ and jri − rk +Λik j≈ σ. Unlike in regular HS, in
the MK model particles j and k have a negligible probability of
being near each other ðjrj − rk +Λjk j> σÞ, because their effective
distance is shifted by Λjk , which is of the order of the system size.
This argument can also be generalized to interactions between
more particles. Particle i thus has hard-core interactions with its
neighbors, but with probability one in the thermodynamic limit
these neighbors can overlap with each other. The two-point
correlation function seen from one particle is simply

g2ðrÞ=
*
1
N

X

i≠ j

δ
!
rij − r

#
+Λ

= θðjrj− σÞ; [S2]

where rij = ri − rj +Λij.
Let Vdðσ=2Þ be the volume of a d-dimensional ball of diameter

σ, and Vd =Vdð1Þ. For the MK model, the virial expansion of the
equation of state (EOS) terminates at the second-order

p= 1+B2ρ= 1+ 2d−1φ;
SMK
liq = 1− log ρλd − 2d−1φ+ lnN;

[S3]

where p= βP=ρ is the reduced pressure with β the inverse temper-
ature and ρ=N=V the number density, φ= ρVdðσ=2Þ= ρVd2−d is
the packing fraction (we set σ = 1), SMK

liq is the liquid entropy per
particle, λ is the thermal de Broglie wavelength, and B2 =Vd=2
is the HS second virial coefficient.
Compared with HS, theMKmodel has several unique features:

(i) Although monodisperse HS easily crystallize in low dimensions,
the random shifts in the MK model impose a quenched disorder
that is incompatible with crystal symmetry and thus fully sup-
presses the crystal phase. (ii) Glass–glass nucleation (2, 3) is also
suppressed, because if a nucleus forms around a particle, the

particles inside this nucleus are actually randomly distributed in
real space and thus no surface can be formed (Fig. S1). The free
energy cost of forming a nucleus hence scales with the system size
and diverges in the thermodynamic limit. (iii) Particle hopping is
much less correlated. By contrast to HS, where the hopping of
a particle increases the chance that one of its neighbors also hops
due to the real-space void it leaves behind, facilitation is limited
to unblocking an escape channel in the MK model (Fig. S1B).
(iv) MK particles are distinguishable because the quenched shifts
fΛijg are fixed. Besides the lack of structure, the partition function
Z of the MK model is therefore different from that of HS by
a factor of N!, i.e., ZMK=N!∼ZHS, and hence SMK

liq ∼ SHS
liq + lnN.

As a result, the density of the Kauzmann transition in MK di-
verges in the thermodynamic limit (1).
Introducing a set of quenched random shifts brings two key

advantages from a methodological point of view. First, in com-
puter simulations, it is convenient to “plant” an equilibrated MK
configuration (SI Text, section I.B.2). Planting avoids the (cir-
cular) difficulty encountered in most other glass-forming liquids
of equilibrating an initial liquid configuration before studying
its equilibrium relaxation dynamics. Second, one can map the
model onto a constraint satisfaction problem defined on a ran-
dom graph (Bethe lattice). It is therefore possible to study its
properties with the cavity method (SI Text, section II.A.2), which
is, in principle, exactly solvable.

B. Simulation Details. 1. Molecular dynamics simulations.We adapt the
event-driven molecular dynamics (MD) algorithm of refs. 4–6 for
HS to simulate the MK model in dimensions d= 2− 6 with
N = 4;000 particles. Periodic boundary conditions with the
minimum image convention are implemented on the shifted
distances jri − rj +Λijj. For each φ, we perform eight indepen-
dent realizations, each corresponding to a different set fΛijg
for a planted initial configuration (SI Text, section I.B.2).
Simulations are run at constant unit β, for a time t (given in
units of

ffiffiffiffiffiffiffiffiffiffiffi
βmσ2

p
, where the particle mass m is also set to unity)

sufficiently long to reach either the diffusive regime in the
liquid or the asymptotic plateau in the glass. As described in
refs. 6 and 7, HS data are obtained from simulations of N = 8;000
identical particles in d= 4− 8 and, to prevent the system from
crystallizing (8), from a HS binary mixture with diameter ratio
σ2=σ1 = 1:2 in d= 3 (7).
2. Planting. Planting, which here consists of switching the order of
determining initial particle positions frig and constraints fΛijg, is
an expedient technique for studying equilibrium ensembles in
random constraint satisfaction problems (9). In general, the
planted ensemble is different from the annealed ensemble, but
for the liquid phase it can be shown that both are equivalent, as
we detail below.
In the following, we are interested in physical observables F

that depend on some initial condition frig and on their time evo-
lution under deterministic MD dynamics, e.g., the mean square
displacement defined in Eq. S7. In the presence of disorder,
the average of physical observables should be measured by the
so-called “quenched” average

hFiΛ ≡
Z YN

i< j

dΛijP
!
Λij

#
 R QN

i=1driFe−βH
R QN

i=1drie−βH

!

; [S4]

where F and H depend on both frig and fΛijg. In fact, because
the disorder is independent of time for a given sample, one
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should first perform the thermal ensemble average hFi for a
given realization of disorder and then repeat this operation
for many extractions of fΛijg to average over the disorder. In
simulations, however, once fΛijg is fixed, equilibrating indepen-
dent configurations at large φ is very time consuming, because one
should first anneal the system quasi-statically slowly up to the de-
sired density.
Let us define the so-called “annealed” average:

hFia ≡
R QN

i<jdΛijP
!
Λij

"R QN
i=1driFe−βH

R QN
i<jdΛijP

!
Λij

"R QN
i=1drie−βH

=

R QN
i=1dri

R QN
i<jdΛijP

!
Λij

"
e−βHF

R QN
i=1dri

R QN
i<jdΛijP

!
Λij

"
e−βH

:

[S5]

This average corresponds to a very different situation, where
the averages over frig and fΛijg are interchangeable. Physically,
this describes a situation where both variables and disorder fluc-
tuate together; their timescales are indistinguishable. Mathe-
matically, the last equality in Eq. S5 shows that the integration
measure can be obtained by first extracting a uniformly random
configuration frig and next extracting a configuration fΛijg from
the distribution

P
!#

Λij
$%%frig

"
=

"
YN

i< j

P
!
Λij

"
#

e−βH =
YN

i< j

h
P
!
Λij

"
e−βUðjri−rj+Λij

%%Þ
i
:

[S6]

Because PðfΛijgjfrigÞ is factorized, each Λij must be extracted
independently, uniformly in the volume V with the constraint that
jri − rj +Λijj> σ. In summary, we use the following procedure to
compute hFia:

Procedure—planting MK.

i) Generate N particle positions frig according to a Poisson
(ideal gas) process.

ii) For each pair of particles i and j, randomly and independently
draw a vector Λij, uniformly in the subregion of the whole
volume V that is compatible with ri and rj, jri − rj +Λijj> σ.

iii) Starting from the state given by frig, and for the given fΛijg,
compute the time evolution friðtÞg from MD simulations.
From this trajectory compute F .

iv) Repeat steps i–iii to average over disorder and initial
configurations.

The key to the success of this approach is determining if, and
under what conditions, the quenched and the annealed aver-
ages over the disorder are the same, hFiΛ = hFia. Eqs. S4 and
S5 coincide if the equality logZΛ = logZΛ holds, where Z=R QN

i=1drie
−βH is the partition function for given fΛijg (9–11).

This situation arises if the fluctuations of Z induced by the
fluctuations of quenched disorder fΛijg are very weak in the
thermodynamic limit. This condition is satisfied in the liquid
phase, but is violated in the glass phase away from the equi-
librium liquid line (9–11).
According to the analysis of ref. 9, to check numerically that

the annealed and the quenched average coincide, one should
compute the vibrational (internal) entropy of the planted glass
state. This can be done, for example, using the procedure described
in ref. 12. If the internal entropy of the glass turns out to be
larger than the liquid entropy given by Eq. S3, then the annealing
average does not coincide with the quenched average (9). Fortu-
nately, in the MK model the liquid entropy per particle diverges
proportionally to logN (Eq. S3), whereas the glass entropy per
particle is finite, because particles cannot exchange (at least if

one neglects hopping, as discussed below). Therefore, for N→∞
the liquid entropy is always larger than the glass entropy, and the
annealed average is correct. In other words, because the Kauzmann
transition for the MK model is located at infinite density (1), the
procedure is valid.
Numerical simulations show that the annealed average done

using the planting procedure discussed above is in perfect agreement
with the liquid EOS, Eq. S3 (Fig. S2). This result is not a surprise,
because it can easily be shown that the annealed equation leads
to the same liquid EOS in Eq. S3, but it is a consistency test for
the numerical procedure. Note that the pressure remains stable
over time, as it should be if one initializes the MD simulation in
an equilibrium configuration.

C. Basic Phenomenology of Glassy Behavior and Definitions of Physical
Quantities. Before turning to a more detailed explanation of our
results, in this section we summarize the main physical observ-
ables that we investigate in this study, with a short account of their
definition and of the main results.
1. Mean square displacement and cage sizes. Despite its trivial liquid
phase, theMKmodel presents a complex glass-forming and glassy
behavior. Above the onset ~φonset of sluggish dynamics (definition
in SI Text, section I.C.3), we can distinguish three main regimes
in the mean square displacement,

ΔðtÞ= 1
N

XN

i=1

D
jriðtÞ− rið0Þj2

E
: [S7]

(i) a ballistic regime with ΔðtÞ= dt2; (ii) a caging regime with a
plateau ΔðtÞ∼Δ, where Δ is the mean cage size; and (iii)
a diffusive regime with ΔðtÞ= 2dDt, where D is the diffusivity.
According to mode-coupling theory (MCT), the plateau be-
comes asymptotically stable beyond the dynamical transition
φd (SI Text, section II.B.1). We can then formally define the
mean cage size as the infinite time limit of the mean square dis-
placement (MSD),

Δ≡ lim
t→∞

ΔðtÞ; [S8]

and the individual cage size Δi of each particle i,

Δi ≡ lim
t→∞

D
jriðtÞ− rið0Þj2

E
: [S9]

From this definition and the equilibrium conditions hrið0Þi= hriðtÞi
and hjrið0Þj2i= hjriðtÞj2i, we obtain another expression for Δi,

Δi = lim
t→∞

hD
jriðtÞj2

E
− 2hriðtÞ · rið0Þi+

D
jrið0Þj2

Ei

= 2 lim
t→∞

hD
jriðtÞj2

E
− jhriðtÞij2

i
:

[S10]

The definition of Δi in Eq. S9 can be directly used to measure
individual cage sizes in numerical simulations. Eq. S10 also suggests
that Δi is twice the variance of the distribution of particle positions
within a cage. In theoretical calculations, a cage form ansatz
fAðrÞ is usually used for this distribution. Two commonly used
functions are the Gaussian

fGA ðrÞ= e−ðr2=2AÞ

ð2πAÞd=2
[S11]

and the ball functions

f bAðrÞ=
θ
!
A− r2

"

Vd
! ffiffiffiffi

A
p " : [S12]
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the cavity reconstruction formalism to relax both assumptions
(42). Above ~φd, we can build the equilibrated neighborhood of
particle i to self-consistently determine the overall cage size and/or
shape distribution Pf ðΔÞ (details in SI Text, section II.A). The
process involves placing Poisson-distributed neighbors j that are
randomly assigned a cage size Δj from a prior guess of ~Pf ðΔÞ,
with a fixed function shape fAjðrÞ (a Gaussian or a ball function,
for instance). Averaging over the vibrational relaxation of each
neighboring particle gives the cavity field ψðrÞ felt by particle i,
which is the probability density of the particle being at position r
(Fig. 2A). The existence of a cage centered around i is guaranteed
by the cavity reconstruction procedure. The variance hδr2i=
hr2i− hri2 associated with the evolution of particle i within this
cage, which can be computed through simple Monte Carlo sam-
pling, provides the posterior caging radius Δi. Sufficient repeats of
this determination provide a new estimate of ~PðΔÞ, and iterating
the overall procedure eventually converges to a fixed-point dis-
tribution Pf ðΔÞ. We find that both Gaussian and ball caging
functions give the same size distribution Pf ðΔÞ (Fig. 2B) and that
Pf ðΔÞ is reasonably well approximated by a gamma distribution
for all φ>φd (Fig. 2C). The average cage size Δ also quantita-
tively agrees with the analytical prediction of refs. 8 and 45 (Fig.
2D), including its characteristic square-root singularity upon
approaching φd; i.e., ΔðφdÞ−ΔðφÞ∼ ffiffiffiffiffiffiffiffiffiffiffiffiffi

φ−φd
p . We thus conclude

that the theoretical prediction of Δ and φd is fairly insensitive to
both the caging form and the second (or higher) moments of the

cage size distribution, as well as to the theoretical method chosen
(SI Text, section II.A).
It follows that deviations from the d→∞ scenario ought to be

ascribed to an imperfect caging above φd in finite-dimensional
systems. Microscopically, these imperfections correspond to par-
ticles trapped for a finite time before escaping to another cage
through a narrow passage (Fig. 3A). Because the above calcu-
lations solely consider single-cage forms, a fixed-point distribu-
tion Pf ðΔÞ can only be reached by removing these “hopping”
segments of the particle trajectories (details in SI Text, section II.A).
Not only does ~φd then appear at higher densities, but as long as
the network of connected cages percolates, dynamical arrest is
also formally impossible. In that context, it is interesting to note
that for a prior ~Pf ðΔÞ= δðΔÞ, the first iteration of the cavity re-
construction formalism is analogous to the void (Swiss-cheese)
percolation setup for a Poisson process (49). In addition, for a
nontrivial distribution of cage sizes, thresholding volume exclu-
sion maps cavity reconstruction onto void percolation for poly-
disperse spheres (50) (SI Text, section II.C). This equivalence
between cavity reconstruction and void percolation sheds light
on the single-cage assumption. In the iRFOT description, the
MSD of each particle should remain finite when φ>φd, but by
construction the MSD can be truly bounded only if (minimally)
φ>φp, the void percolation transition.
From MD simulations of the MK model, we detect the first

hopping event of each particle (details in SI Text, section III.A).
Around φd, mode-coupling and hopping processes mix, but hop-
ping quickly dominates the dynamics upon increasing φ. Although
the hopping of a particle does not leave an empty void in the
MK model, it can nonetheless unblock a channel for a neigh-
boring particle to leave its cage and hence facilitate its hop-
ping. Facilitation is thus present, but weaker than in standard
finite-dimensional HS, especially at high densities. Weakened

A C

B D

Fig. 1. (A) MSD of the MK model in d = 3 for φ = 0.40, 1.00, 1.40, 1.65, 1.72,
1.78, 1.84, 1.93, 2.00, 2.20, and 2.50, from top to bottom. The onset of caging
~φonset (red), the theoretical dynamical transition φd (blue), and its dynamical
estimate ~φd (magenta) are highlighted. Note that at ~φd and beyond a steady
drift of the MSD plateau can be detected. (B) Power-law scaling in d = 3 of
the characteristic time τD determined by fitting ~φd =1:93 and ~γ = 4:95 and by
using the idealized mean-field result φd = 1:78 and by fitting γ = 3.27. (Inset)
Dimensional evolution of γ and ~γ. The dashed line indicates the d =∞ result,
γ = 2.33786 (34). Solid lines are guides for the eye. (C) The dimensional
scaling of ~φd, φd, and φSER converges as d increases, whereas the onset of
caging at ~φonset remains clearly distinct. The dashed line is the replica result
φd = 4:8d2−d (8, 10). Solid lines are guides for the eye. (D) Dimensional re-
scaling of the SER (black) and SER breakdown (red) regimes for the MK
model with ω = 0.22. (Inset) The ratio τSER=τ0 grows exponentially with
d (solid line), where τSER = τDðφSERÞ and τ0 is the microscopic time, i.e., the
characteristic time for the decay of the velocity autocorrelation function (48)
(details in SI Text, section I.C.2). A

B D

C

Fig. 2. (A) Illustration of a cavity reconstruction in d = 2 for a perfectly caged
particle at the center. Neighboring particles at their equilibrium positions
(circles) provide an effective field ψðrÞ that cages the trajectory of the central
particle (red line). (B) Examples of Pf ðΔÞ in d = 3 from the cavity recon-
struction formalism for Gaussian (straight lines) and ball (dashed lines) cage
shapes compared with MD results (symbols). (C) Rescaled Pf ðΔÞ superimposed
with a log-normal distribution (dashed line). (D) Density evolution of Δ mea-
sured from MD simulations (symbols) superimposed on the theoretical pre-
dictions of refs. 8 and 45 (lines).
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sponding particle as a reversible jumper for the entire time
window.

IV. NUMBER OF JUMPING PARTICLES

We apply now the above definitions to identify all jumps
occurring in our simulations. The number of identified jumps
depends on the time interval of the production runs and,
since the system is out of equilibrium, also on the waiting
time before the production runs. The straightforward count-
ing of jump events would give reversible jumpers !which
sometimes jump many times" a larger weight. We therefore
present the number of jumping particles. Figure 3 shows the
number of jumping particles normalized by the number N#
of particles in the system of type #!$A ,B%. With increasing
temperature T the number of jumping particles increases
consistent with an increasing number of relaxation processes.
A similar temperature dependence has been found indirectly
via the participation ratio in the work.3,72,73 More surpris-
ingly, we find that not only the small B particles are jumping
but also a considerable fraction of A particles. However, the
fraction of jumping B particles is larger than the fraction of
jumping A particles due to the smaller size and therefore
higher mobility of the B particles. Furthermore, both irre-
versible and reversible jumps are not only occurring in a
certain temperature range but at all temperatures.

Figure 4 illustrates the fraction of these jumping par-
ticles that are irreversible jumpers. At low to intermediate
temperatures this ratio is, within the large error bars, roughly
constant. At intermediate to larger temperatures irreversible
jumpers become more likely than reversible jumpers with
increasing temperature. This increase is even more pro-
nounced for all temperatures if one considers the number of
irreversible jump events !instead of jumping particles" di-
vided by the number of all jump events !see inset of Fig. 4".
Gaukel et al.6,8,21 come to a similar conclusion via a model
for their simulation data. Their irreversible jumps become
more likely with increasing temperature. We interpret this

increase in the fraction of irreversible jumps as sketched in
Fig. 5. Both irreversible and reversible jumps start out the
same, with the jumping particle leaving the cage !formed by
the neighboring particles" possibly through an opening in the
cage. In the case of the irreversible jump, the entrance of the
cage gets meanwhile blocked by a particle, loosely speaking
the door gets closed, and the jumping particle can no longer
return and has successfully escaped its cage. With increasing
temperature all particles become more mobile, which in-
creases the likelihood of the blockage of the entrance back
into the cage which in turn leads to an increase in the fraction
of irreversible jumps as shown in Fig. 4. We do not intend to
make here a statement about the exact geometric process, for
example, that a door made up of a single particle gets open
and closed, but more generally the process of rearrangement
of the cage. Interestingly enough, this blockage happens
more often in the case of the larger A than the smaller B
particles which leads to larger ratios for A than B particles in
Fig. 4.

V. NUMBER OF AVERAGE POSITIONS

With each jump a particle either returns to one of its
former average positions within a cage or to a new overall
average position. We call the average positions before and
after a jump &ri'i and &ri'f !for details about the time aver-
ages &•'i,f see Fig. 11 and Sec. VII". We use as criterion for
two average positions to be the same that the distance be-
tween them (&ri'!!&ri'f"&ri'i! and the average fluctuations
before the jump &) i

2'i !for the definition of ) i
2 see Ref. 70"

satisfy ((&ri')2*5&) i
2'i . Figure 6!a" shows an average of

FIG. 3. Number of jumping particles normalized by the number of corre-
sponding particle type as a function of temperature T . Irreversible and re-
versible jumpers are distinguished.

FIG. 4. Number of irreversible jumping particles divided by the number of
both reversible and irreversible jumping particles. The inset shows the num-
ber of irreversible jump events divided by the number of jump events.

FIG. 5. This picture illustrates our interpretation of irreversible and revers-
ible jumps and Fig. 4.
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which in this context has also been termed the ‘‘Swiss
cheese’’ model [20]. These authors conjectured that the
transport properties close to the percolation threshold can
be obtained by analyzing an equivalent random resistor
network. The equivalence, however, has been shown only
for geometric properties close to the percolation point [23].
As a peculiarity of continuum percolation, differences to
lattice percolation may arise due to power-law tails in the
probability distribution of the conductances (‘‘narrow
gaps’’). Such random resistor networks have been inves-
tigated extensively by means of Monte Carlo simulations
[24,25] and renormalization group techniques [26,27],
providing reliable numeric and analytic results for the
critical behavior [28].

In this Letter, we present a direct numerical analysis of
the dynamic properties of the Lorentz model without re-
sorting to random resistor networks. By means of extensive
MD simulations, we obtain a quantitative description of the
dynamic properties over the full density range, in particu-
lar, focusing on both sides of the critical region. This
allows for a quantitative test of the conjectured mappings
to continuum percolation theory. Furthermore, we explore
the range of validity of the dynamic scaling hypothesis for
the Lorentz model [29]. The probability distribution of
particle displacements, i.e., the van Hove self-correlation
function, G!r; t" :# h!!r $ !R!t""i, and its second mo-
ment, the mean-square displacement (MSD), !r2!t" :#
hj!R!t"j2i, are the appropriate quantities for this purpose;
!R!t" # R!t" $ R!0" denotes the displacement of the test
particle at time t.

Over a wide range of obstacle densities, we have simu-
lated several hundred trajectories in three dimensions,
employing an event-oriented MD algorithm. For each of
Nr different realizations of the obstacle disorder, a set ofNt
trajectories with different initial conditions is simulated.
Below the critical density, we have chosen Nr % 25 and
Nt % 4. At very high densities, where the phase space is
highly decomposed, these values have been increased up to
Nr & Nt # 600. In order to minimize finite-size effects,
the size of the simulation box, Lbox , has been chosen
significantly larger than the correlation length ", Lbox #
200#' " [30].

The results for the MSD cover a nontrivial time window
of more than seven decades for densities close to the
transition, see Fig. 2(a). At low densities, one observes
only a trivial crossover from ballistic motion, !r2!t" #
v2t2, to diffusion, !r2!t" (t, near the mean collision
time $ # 1=%nv#2 as expected from Boltzmann theory.
With increasing density, an intermediate time window
opens where motion becomes subdiffusive, !r2!t" (t2=z
with z > 2. This time window extends to larger and larger
times upon approaching a certain critical density n)c. For
the density n) # 0:84, the subdiffusive behavior is obeyed
over more than five decades and is compatible with a value
of z * 6:25. The power law, !r2!t" (t2=z, indicated in
Fig. 2(a), nicely discriminates trajectories above and below

n)c. One also observes a density-dependent length scale l
characterizing the end of the subdiffusive regime by
!r2!t" ’ l2; upon approaching n)c this crossover length
scale l is found to diverge. For long times, the dynamics
eventually becomes either diffusive or localized for den-
sities below or above n)c, respectively.

The diffusion coefficient D has been extracted from the
long-time limit of !r2!t"=6t; in Fig. 3, D is shown in units
of the Boltzmann result, D0 # $v2=3. With increasing
density, D is more and more suppressed until it vanishes
at n)c as a power law, D(j"j&, where " :# !n) $ n)c"=n)c
defines the separation parameter. Anticipating the expo-
nent & from percolation theory, a fit to our data yields the
critical density, n)c # 0:839!4" [31], and the power-law
behavior is confirmed over five decades in D. Above the
critical density, the long-time limit of the MSD is compat-
ible with a power law over more than one decade, l(
"$ '+ (=2, where ' $ (=2 * 0:68 (bottom inset in Fig. 3).
Our finding of n)c coincides with the percolation point of
the void space [18,19,32]. This provides clear evidence for
the intimate connection between continuum percolation

FIG. 2 (color). (a) MSD !r2!t" for various obstacle densities
n) varying from 0.30 (top) to 1.10 (bottom). The thick black line
represents a power law, !r2!t" (t2=z with z # 6:25. (b) Scaling
functions !r̂2

, !t̂" for the MSD. Right panels include corrections
to scaling at leading order. Units are chosen such that v # # #
1; color key as in Fig. 2(a).
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FIG. 8: (a) Original and (b) rescaled time and MSD for d = 3, 4, 5. The percolation threshold pc is referred from
Ref. [12]. The dashed-line in (b) indicates the scaling of subdi↵usion D̃ ⇠ t̃

2/d0
w .PC: in b please add a dashed
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obscure the scalings.YH: One di�culty of presenting closer p to pc in panel (b) is that the rescaled t̃

becomes too small. See the yellow line of (5D) plot: it is already far from the plateau regime within
t = 230.
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Meet the cousin: 
Ant-in-a-labyrinth

La transition sol-gel du latex
permet aux Indiens d'Amazonie
de se faire des bottes ä peu de frais.
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changent de facon spectaculaire quand
le taux de réaction p traverse la valeur
critique pc. Pour p < pc. on a une
solution qui est un liquide tout â fait
usuel (sol). Pour p > pc, on obtient une
sorte de gelée. qui résiste si on la
soumet â une traction : un gel.
Ces transitions sol-gel ne se ren-

contrent pas seulement au cours d'une
polymérisation. Ainsi la gélatine uti-
iisée en cuisine et en photographie est
â haute température une solution de
chaînes de collagène. Mais par refroi-
dissement ces chaînes s'associent en-
tre elles, et l'on aboutit â un gel. En
chimie minérale aussi, les gels iouent
un rôle important : de nombreux cata-
lyseurs industriels, par exemple, sont
formés sur des gels d'alumine.
Dans tous ces cas, en faisant varier

un paramètre physique comme la tem-
pérature ou le taux de réaction, on
rencontre une transition sol-gel très
analogue dans son principe au seuil ._

de percolation. Cette similarité a été
notée récemment par plusieurs au-‘
teurs et notamment par D. Stauffer è
Saarbruck. Les principales mesures
que l'on peut effectuer sont ici d'ordre
ræécanique :

Quand on approche la transition du
côté sol, la viscosité croît et devient
infiniment grande au seuil.
Quand on dépasse le seuil, on peut

mesurer le module d'élasticité G de
la phase gel : il part de zéro et croît
avec le taux de réaction.
Nous allons maintenant décrire une

situation physique apparemment com-
plexe, mais finalement assez simple,
où apparaît un autre seuil de perco-
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Au voisinage
du seuil
de percolation

I L'étude des amas au voisinage du seuil
a été faite grâce è des calculs
statistiques rigoureux; par exemple par
Domb, Sykse et Essam en Grande-Bretagne.
La méthode consiste a décrire
exactement les petits amas. iusqu'è
environ une dlzalne de sites, puis è
extrapoler cette description aux amas
plus grands qui apparaissent au voisinage
de la transition.
Pour discuter des résultats. prenons

pour fixer les idées. l'exemple de la
figure 2 : percolation des‘ liaisons. è deux
dimensions sur un réseau carré. On trouve
que i'amas infini apparaît lorsque le
pourcentage des liaisons actives est
p = p‘ = 1/2. Ce résultat très simple est
spécifique du réseau carré. SI l'on prend
(touiours a deux dimensions) un réseau
hexagonal où chaque nœud est entouré
de six autres. on trouve une valeur plus
faible du seuil (D. = 0,35). D'une facon
générale, plus le nombre de voisins d'un
site est élevé, plus p, est faible.
Une quantité particulièrement intéres-

sante est ia probabilité pour un site donné
d'appartenir è i'amas Infini : nous
appellerons cette probabilité Soc (pi.
Evldemment, pour p < p, elle est
identiquement nulle. Mais pour p > p0

Soo (p) croît rapidement avec p. On
trouve que S oo (D) = const. (p—p,iB
(p voisin de p,).
L'exposant p est le même pour tous les

réseaux a deux dimensions. et pour tous

les types de percolation (des sites. des
liaisons, etc.). On trouve fi, a: 0.14.
Pour tous les réseaux è trois dimensions
on a aussi. sembie-t-il. une seule valeur

B; s 0,40.
Une autre propriété très intéressante

est la conductance macroscopique î 5€

réseaux électriques. Pour p < p‘, elle
est nulle. Pour p > p.. on trouve
E = const. (p-pclu
où p, est un autre exposant critique. nul

lui aussi, paraît ne dépendre que de la

dimension spatiale. A deux dimensions.
p, a 1,1. è trois dimensions p, u 1&4!
valeurs de p. sont encore assez L’

imprécises, mais une méthode nùlinbfili“
nouvelle. due è l'Anglais Stinchoombe.‘
peut-être permettre de les affiner.‘
il est intéressant de comparer il

croissance de Z s: celle de la fractiiifl
Soc de sites qui participent a i'amas
lnflnl. z croît bien moins vite quejSqo
(fig. A). Cela a été observé et int ;
premier par Thouless et Last. Si" '

regarde l'aspect de i'amas Infini
peu supérieur è p; on voit qu'il
une sorte de filet lâche. Aux brirlîüfi‘
sont en plus attachés des cbrim"
pendants D (fig. B). Seul le filet en uni
dans la conduction : les brins pendait!
sont des cuis-de-sac. ils participent au

décompte de Soc mais représentsntdi
bras morts pour l'écoulement du coure‘
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Figure 3. Sur ce réseau carre. chaque
site est soit libre, soit occupé par un

Ce calcul statistique sur ordinateur
permet de décrire schématiquement la

sites) qui a lieu par exemple dans un

d'atomes métalliques. Au-deia d'une
concentration seuil p... l'alliage devient

infini d'atomes métalliques.

des amas petits. certains amas ont été
entourés de couleur pour être rendus
-plus visibles.

critique p,= 59 %. On voit apparaître

de la figure, utilisent uniquement des
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(Clerc, Giraud et Roussenq,
communication privée.)
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Donc Z est très inférieur a Soc.
Une expérience apparemment très

différente, que nous avons citée. consiste
a mesurer ie module d'élasticité G du gel
au-dessus du seuil. Mais, en fait, on peut
démontrer - au moins sur des modèles
simples - que le comportement de G
dans un gel doit être du même type que
le comportement de la conductance 2
dans un réseau partiellement conducteur :

tousdeux sont régis par le même
exposant u. Nous rencontrons Ici un
rapprochement Instructif entre des
domaines d'études qui paraissent éloignés
au premier abord z nous aurons encore
l'occasion d'en voir d'autres.
Les exposants (3 et p, caractérisent le

comportement un peu au-dessus du seuil.
il y a aussi des propriétés intéressantes è
déterminer au-deasous du seuil, où l'on a
des amas finie. mais grande. Cela peut
être caractérisé de deux facons :

— Le nombre moyen de sites connectés a
un site N diverge lorsque p tend vers p,
comme une certaine puissance de
i/lpc-Dl : N in) =_-= i/lm-Dl?
- La distance moyenne g entre deux
nœuds quelconques d'un même amas
diverge avec un autre exposant :

E (p) = Vina-piv-
A deux dimensions. on estime y, u 2.4
et v, a 1,3. A trois dimensions, y, a 1,7
et v, æ 0.8. On volt apparaître toute une
floraison d'exposants critiques. Certains
d'entre eux sont heureusement liés par des
relations, et il suffit en pratique de
connaître trois exposants critiques pour
pouvoir déterminer tous les autres.

7
‘>

amas finis
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atome, symbolisé ici par une petite croix.

transition de percolation (percolation de

alliage contenant un certain pourcentage

conducteur par la formation d'un amas

3A. Le pourcentage de sites actifs p
est faible (40 %). Les sites actifs forment

3B. La valeur de p est iuste la valeur

des amas grands. En particulier, il existe
un chemin s. nectant le haut et le bas

atomes «actifs», et marqué en couleur.
3C. Pour p nettement au-dessus de p_

(ici p = 70 %), on voit nettement un amas
infini et encore un certain nombre d'amas

Transitions de phases

Iation. Il s'agit ici de la fabrication du
caoutchouc.
Les indiens de i'Amazonie utilisaient

la sève de i’hévéa _(latex) pour se faire
des bottes. assez rustiques, de la facon
suivante. Le pied que l'on veut chaus-
ser est recouvert d'une couche de latex
liquide. Au bout d'un moment celle-ci
durcit â l'air, et le pied est chaussé.
il s'agit d'une transition sol-gel. au
cours de laquelle de longues chaînes
d'isoprène sont attachées les unes aux
autres par des ponts oxygène (fig. 5).
La méthode amazonienne n'est pas

très efficace : l'oxygène poursuit son
action au-delè du stade de la figure 5
et finit par détruire les chaînes : la
botte est fragile. C'est le grand mérite
de Goodyear, en 1839, d'avoir remar-
qué que le soufre était capable de
ponter les chaînes sans ensuite les
détruire. Le traitement au soufre des
latex constitue ce qu'on appelle la vul-
canisation. De notre point de vue géo-
métrique, il s'agit encore d'une tran-
sition de percolation, mais ici les
éléments de construction sont de très
longues chaînes flexibles.
On peut citer encore une illustration

biologique du concept de percoiation.
Pour se défendre contre une bactérie
B, notre organisme synthétise un anti-
corps spécifique An : c'est une molé-
cule protéique complexe. Sa propriété
essentielle est de s'attacher (forte-
ment) par deux extrémités aux bacté-
ries B qu'elle est chargée de combattre.
L'anticorps An îoue ici un rôle ana-
logue au biacide de l'exemple cité
plus haut. La bactérie B, elle. peut
s'attacher séparément â de nombreu-
ses molécules d'anticorps : elle ioue
un rôle analogue au triaicooi de
l'exemple précédent (qui pouvait, lui.
s'attacher ä trois fonctions acide).
Lorsqu'on aioute une concentration

très faible d'anticorps â une suspen-
sion de la bactérie B correspondante.
on obtient ainsi des amas de bactéries
soudées entre elles par des molécules
An. Très vite on parvient è un amas
«infini» qui se signale par l'apparition
d'un trouble dans la solution. Ce mé-
canisme dit de séro-agglutination est
très important en pratique, par exem-
ple pour l'identification des souches
microbiennes. Nous voyons que, lui
aussi, il fait intervenir un seuil de per-
colation.

Uapproxlmatlon des arbres
et l'analogie avec le magnétisme.

Du point de vue théorique comme
du point de vue expérimental, on s'in-
téresse particulièrement au voisinage
du seuil de percolation, ou les amas
sont grands. Nous avons déia cité quel-
ques méthodes expérimentales (mesu- _

res électriques sur des réseaux. méca-
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Wikipedia; de Gennes (1976); Biroli, Charbonneau, Hu (2018)

For d>du=6, 1/z=0, but a logarithmic correction subsists up to d->infty



In Summary

A finite-dimensional realization of the mean-field scenario 
is not yet possible, but some tests of the critical regime can 
still be made.

Activated processes have long been suggested to be more 
complex than glass nucleation, the MK model 
demonstrates unambiguously the contribution of hopping 
(~30 years after their first description) and facilitation.

A high-d solution of the random Lorentz gas could provide 
a starting point to describe hopping more generally. The 
solution of its lattice cousin -- the ant-in-a-labyrinth -- in 
that same limit suggests the existence of interesting 
physics.

Better theoretical estimates for finite d would still 
definitely help.



Testing Predictions for d=3 HS

0.0

0.01

0.02

0.03

0.04

0.05

1/
p

0.58 0.6 0.62 0.64 0.66 0.68 0.7 0.72
'

Equilibrium Glass

Liquid

2) Jamming Universality

1) Gardner Hints

Standard
Simulation 
Mess



Glass Compression

Something must happen under compression, because 
neighbors can’t approach one another isotropically.

Gardner Transition

Between the liquid and jamming, 
something must happen, because
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Detour: Crystal Compression

Polydisperse crystalMonodisperse crystal

Something must happen upon compression, because 
neighbors can’t approach one another isotropically. Charbonneau et al. (2018)



Gardner Transition
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FIG. 2. (a) �(t, 0) (squares) and �AB(t) ⌘ �(1, 0) (lines) for HS1 crystals with s = 0.02. As ' increases (from top to bottom)
the behavior of �(t, 0) crosses over from having a well-defined long-time plateau to displaying logarithmic aging at 'G ⇡ 0.72.
(b) Evolution of �AB and (early) plateau values of �(t, tw) with pressure for s = 0.01 (blue), 0.02 (red) and 0.03 (green).
(c) The skewness, �AB , of the distributions of �AB for each polydispersity peaks, which defines 'G (vertical lines) in (b) and
(c). (d) The pressure, PG, corresponding to 'G increases with decreasing polydispersity. The red line is a fit to an inverse
relationship, which suggests that the anomalous regime only vanishes for s ! 0, where PG ! 1. For reference, in previous
works (with uniformly distributed polydispersity), equilibrium polydisperse FCC crystals become unstable to fractionation
around s ⇠ 0.08 [23, 24], and the athermal amorphization transition occurs around s ⇠ 0.11 [19].

treatment of Refs. [9, 10, 26] is seemingly independent of
the degree of disorder. A possible resolution of this co-
nundrum is that the gap distribution might inadvertently
blend two distinct microscopic processes and thus an ef-
fective exponent could hide the proper �. Were that to
be the case, orders of magnitude increase in numerical ac-
curacy might be needed to resolve the proper small-gap
behavior. From a theoretical standpoint, however, the
origin of such putative microscopic distinction remains
elusive.

Harmonic excitations.– As a further test of the sim-
ilarity between polydisperse crystals and amorphous
solids, we consider the low-energy excitations around the
jammed minima [14, 16]. The eigenvalues �k and eigen-
vectors {~ui}k of the Hessian computed from the contact
vectors provide the harmonic frequencies, !k =

p
�k, and

normal modes, respectively. As in amorphous solids, we
find the spectra of vibrational states to be flat at low fre-
quencies (Fig. 3d), and the spatial extent of the normal
modes to be nontrivial (Fig. 3d, inset). The eigenmodes,
{~ui(!k)}k, at a given !k indeed have an inverse partici-
pation ratio (IPR)

Y (!) =

PN
i |~ui(!)|4

[
PN

i |~ui(!)|2]2
, (5)

consistent with them being mostly delocalized at in-
termediate frequencies with some degree of quasi-
localization at low frequencies [18, 27–29] ([22,
Sect. IIIB]). Remarkably, the high-frequency localized
peaks of the crystal structure are also preserved. A simi-
lar normal mode distribution was observed in slightly dis-
ordered FCC packings[30], thus connoting that the den-
sity of vibrational states is likely universal in marginally
stable packings.

Conclusion.– Our work provides evidence that mi-

nuscule amounts of disorder are su�cient to blend the
physics of crystals with that of amorphous solids. Per-
fect crystals are therefore singular. Because relating mi-
croscopic features with macroscopic rheology is still un-
solved, it is unclear whether our findings relate with those
of the universality class proposed in Ref. 19, but this hy-
pothesis deserves further consideration. The apparent
violation of the stability bounds for marginal solids ob-
served in these systems should also motivate additional
study.

The many structural and dynamical similitudes be-
tween crystals of polydisperse spheres and amorphous
solids suggest that the former could be used to better un-
derstand the latter. The simplicity and stability of poly-
disperse crystals make them ideal for exploring the MFT
Gardner transition scenario. Resolving whether a ther-
modynamic transition exists in finite-dimension [31–35]
and for what interaction types [36], in particular, are of
acute interest. In practice, commercially manufactured
colloids and ball bearings have nominal polydispersities
on the order of or larger than what we study here. Such
easily accessible experimental systems could thus also be
investigated to expand our understanding of rigidity in
the entire spectrum from perfect order to maximal dis-
order [37].
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FIG. 3. Cumulative distribution function, CDF(x) =
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0
PDF(x0)dx0, of contact forces between pairs of particles associated

with (a) extended floppy modes and (b) localized floppy modes for s = 0.01 (blue squares), 0.02 (red triangles) and 0.03
(green circles). (c) CDF for small interparticle gaps in the same systems. MFT predictions for the power-law exponents,
1 + ✓MFT

e = 1.42311, 1 + ✓MFT
` = 1.17462 and 1� �MFT = 1� 0.41269, are given as black solid lines. While close agreement in

observed in (a) and (b), a significant discrepancy is seen in (c). (d) The probability distribution of the frequency of harmonic
vibrations has a spectrum identical to that of a disordered jammed packing for all polydispersities, while a standard Debye
scaling would have ⇠ !d�1. (inset) Evolution of the average IPR with frequency. Low-frequency modes tend to be quasi-
localized, as are those of fully amorphous solids. By contrast, at high frequency both the spectra and the IPR display crystal
peaks.
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SUPPLEMENTARY MATERIAL FOR:
GARDNER PHASE IN MINIMALLY

POLYDISPERSE CRYSTALLINE SYSTEMS

This Supplementary Material details the crystal struc-
ture and the choice of polydispersity as well as the ther-
mal hard sphere simulation and athermal soft spheres
energy minimization schemes.

POLYDISPERSE CRYSTAL

The binary crystal studied in this work is based on
the Hudson Structure One (HS1) [21], whose unit cell
contains four larger particles and 12 smaller particles.
It has orthorhombic periodicity with dimensions a : b :
c = 1 : 1.4980 : 2.6014 and for a ratio of smaller to larger
particle diameter �S/�L

.
= 0.5147 the HS1 crystal attains

close packing with 'cp
.
= 0.7573.

In order to introduce polydispersity in this crystal, the
particle diameter (�L or �S) of each particle is rescaled

�i = �L/S ⇥R,

where R is a log-normal distributed random variable with
unit mean and standard deviation s. This choice of dis-
tribution is fairly generic and avoids the generation of
negative diameters.

SIMULATION METHODS

Gardner Phenomenology

Simulations are initialized from a perfectly ordered
HS1 binary crystal with a lattice spacing just large
enough for the overlaps resulting from the instance of
polydispersity to be eliminated. Isothermal-isobaric, con-
stant NPT , Monte Carlo (MC) simulations are then run
to reach a target '. Pressure P is kept constant by stan-
dard logarithmically-sampled volume moves. Because
the initial configurations are well-ordered, conventional
MC moves with a ratio between particle moves and vol-
ume moves being N : 10 (N being the number of parti-
cles) su�ce to e�ciently compress the system. Once the
target density is reached, constant NV T simulations are
performed using a local Metropolis dynamics. Step sizes
of the di↵erent MC moves are tuned to ensure that the
acceptance ratio stays between 40% and 50%.

Mean-Squared Displacement

A standard order parameter for glassiness is the
plateau height of the mean-squared displacement of par-
ticles,

�(t, tw) =
1

N

NX

i=1

⌦
|~ri(t+ tw)� ~ri(tw)|2

↵
,

where tw is the waiting time after the target pressure
or density is reached and ~ri is the position of particle i.
We measure the early plateau height of �(t, tw = 0) for
di↵erent '. For ' <⇠ 'G, the early plateau height can
be easily estimated because the �(t, 0) quickly reaches a

Marginally stable solid with anomalous exponents that 
disobey MF-like bounds of Wyart et al. Charbonneau et al. (2018)



AT/Gardner Universality Class
du=6
e=du-d

d=3

One-loop RG Two-loop RG

Charbonneau and Yaida (2017); Charbonneau et al. (2018)

2

(a) One-loop RG, d < 6 (b) Two-loop RG, d = 3 (c) Two-loop RG, d = 5 (d) Two-loop RG, d = 5.5

FIG. 1. RG flows in the space of couplings for (a) the one-loop calculation in d < 6 and for the two-loop calculation in (b)
d = 3, (c) d = 5 and (d) d = 5.5 Arrows denote flow toward longer length scales; background shading denotes the intensity of

the flow quantified by
�
�I
�2

+
�
�II

�2
, and normalized by ✏�3 in (a). At one-loop order the Gaussian fixed point (red dot) is

unstable and the flow cascades toward infinity. For d = 3 and d = 5, a nontrivial fixed point (blue dot) is stable and lies at
strong coupling. Its basin of attraction is delineated by two thick lines: one precisely along gI = 0 and the other approximately
along gI ⇡ gII. For d = 5, the flow spirals into the nontrivial fixed point, while at d = 5.5 both fixed points are unstable.

(i) and unstable for (ii). At two-loop order, however, a
stable fixed point can also exist for case (ii) if �2�loop > 0
(see Ref. [29, Fig. 1]). While this CBZ fixed point gener-
ically lies in the strong-coupling regime, which falls be-
yond the designed range of a perturbative calculation, its
existence is corroborated by adiabatically connecting it
to a perturbative fixed point [30], supported by lattice
simulations even in the strong-coupling regime [31], and
established beyond reasonable doubt in supersymmetric
theories [32, 33].

In short, higher-order calculations may find fixed
points that are missed by one-loop analysis, but addi-
tional lines of evidence are then needed to confirm the
result. In this letter, we present field-theoretic calcula-
tions that capture the physics of both AT transitions in
spin glasses and Gardner transitions in structural glasses.
Like for the CBZ fixed point, our two-loop calculation
identifies a critical fixed point for d < du that is missed
by the one-loop RG flow. A nonperturbative RG analysis
further supports the existence of this critical fixed point
for the AT/Gardner universality class.

Field-Theory Setup– The finite-dimensional generaliza-
tion of the mean-field Edwards-Anderson order param-
eter for glasses is the replicated overlap field, qab (x).
This field characterizes the similarity at positions x be-
tween pairs of distinct replicated configurations through
an n-by-n symmetric matrix with a null diagonal; the
zero replica limit, n ! 0, is taken at the end of the
calculations in order to properly average over disorder
(see Appendix A). In general, field fluctuations can be
subdivided into longitudinal, anomalous, and replicon
modes [34, 35]. At AT and Gardner transitions only
replicon modes become critical (massless); the other two
remain short-ranged (massive) and can thus be neglected
at long distances. We henceforth focus on the replicon
field, �ab (x), defined by the condition

Pn
b=1 �ab = 0 for

all a = 1, . . . , n, thus leaving n(n � 3)/2 degrees of free-
dom.

In order to investigate the putative critical point, we
seek infrared-stable fixed points of the RG flow within
the critical surface on which the replicon field remains
massless. Within this surface, the field theory is governed
by the bare action S =

R
dxL with [36]

L =
1

2

nX

a,b=1

(r�ab)
2 (2)
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�ab�bc�ca
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which is here the most generic cubic action [21]. The ef-
fective description of the system then depends on the
energy scale, µ, probed. This dependence is encoded
in the RG flow of dimensionless couplings, gX (µ) with
X 2 {I, II}, that are related to bare couplings, g

X
bare,

in Eq. (2) (see Appendix B). Governing the flow are
�
X ⌘ µ@g

X
/@µ, hence flow stops at fixed points whereat

�
I
�
g
I
?, g

II
?

�
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II
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I
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�
= 0 . For all d a Gaussian fixed

point with g
I
? = g

II
? = 0 exists, which is stable for d > 6

and unstable for d < 6 [20].
Two-loop RG– Inspired by the CBZ fixed point, we

compute the �-functions up to two-loop order for the
replica field theory in Eq. (2), using the dimensional reg-
ularization scheme [29, 37–42] (see Appendix B). As ex-
pected [20–22], no stable fixed point can be found at one-
loop order for d < 6 (Fig. 1a). For d < d0 ⇡ 5.4, however,
the two-loop RG flow locates a stable fixed point with
a finite basin of attraction (Figs. 1b and c). A system
lying within this basin eventually approaches the fixed
point upon rescaling and is thus critical. Interestingly,
the basin is delineated approximately by the tree-level
condition for a critical transition into a RSB phase, i.e.,
0 < g

I
/g

II
< 1 [43]. This close match, together with

the observation that the one-loop RG flow almost has a
fixed point (Fig. 1a), suggests that higher-order correc-
tions may accidentally be small near the critical point.
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(i) and unstable for (ii). At two-loop order, however, a
stable fixed point can also exist for case (ii) if �2�loop > 0
(see Ref. [29, Fig. 1]). While this CBZ fixed point gener-
ically lies in the strong-coupling regime, which falls be-
yond the designed range of a perturbative calculation, its
existence is corroborated by adiabatically connecting it
to a perturbative fixed point [30], supported by lattice
simulations even in the strong-coupling regime [31], and
established beyond reasonable doubt in supersymmetric
theories [32, 33].

In short, higher-order calculations may find fixed
points that are missed by one-loop analysis, but addi-
tional lines of evidence are then needed to confirm the
result. In this letter, we present field-theoretic calcula-
tions that capture the physics of both AT transitions in
spin glasses and Gardner transitions in structural glasses.
Like for the CBZ fixed point, our two-loop calculation
identifies a critical fixed point for d < du that is missed
by the one-loop RG flow. A nonperturbative RG analysis
further supports the existence of this critical fixed point
for the AT/Gardner universality class.

Field-Theory Setup– The finite-dimensional generaliza-
tion of the mean-field Edwards-Anderson order param-
eter for glasses is the replicated overlap field, qab (x).
This field characterizes the similarity at positions x be-
tween pairs of distinct replicated configurations through
an n-by-n symmetric matrix with a null diagonal; the
zero replica limit, n ! 0, is taken at the end of the
calculations in order to properly average over disorder
(see Appendix A). In general, field fluctuations can be
subdivided into longitudinal, anomalous, and replicon
modes [34, 35]. At AT and Gardner transitions only
replicon modes become critical (massless); the other two
remain short-ranged (massive) and can thus be neglected
at long distances. We henceforth focus on the replicon
field, �ab (x), defined by the condition

Pn
b=1 �ab = 0 for

all a = 1, . . . , n, thus leaving n(n � 3)/2 degrees of free-
dom.

In order to investigate the putative critical point, we
seek infrared-stable fixed points of the RG flow within
the critical surface on which the replicon field remains
massless. Within this surface, the field theory is governed
by the bare action S =

R
dxL with [36]
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which is here the most generic cubic action [21]. The ef-
fective description of the system then depends on the
energy scale, µ, probed. This dependence is encoded
in the RG flow of dimensionless couplings, gX (µ) with
X 2 {I, II}, that are related to bare couplings, g
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Two-loop RG– Inspired by the CBZ fixed point, we

compute the �-functions up to two-loop order for the
replica field theory in Eq. (2), using the dimensional reg-
ularization scheme [29, 37–42] (see Appendix B). As ex-
pected [20–22], no stable fixed point can be found at one-
loop order for d < 6 (Fig. 1a). For d < d0 ⇡ 5.4, however,
the two-loop RG flow locates a stable fixed point with
a finite basin of attraction (Figs. 1b and c). A system
lying within this basin eventually approaches the fixed
point upon rescaling and is thus critical. Interestingly,
the basin is delineated approximately by the tree-level
condition for a critical transition into a RSB phase, i.e.,
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the observation that the one-loop RG flow almost has a
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Supplementary Figure 3: Growth of the isostaticity z̄ � 2d (solid lines) plateau with d=3–10 for (a) HS at p = 1010 and (b)
SS at e � 10�20. The HS-SS contact regime (c)-(d) collapses remarkably well for all d, and the G-RT predictions (red line)
are similarly accurate as in d = 3. The plateau height also consistently decay from d=3 to 8 (insets). (e)-(f) The HS-SS
quasi-contact power-law growth is also robustly conserved, with a constant � = 0.42(2) (blue line). The fit to Eq. (B8) is also
provided (green line). (g) The quasi-contact coe�cient C⇥ is such that the region where this regime can be observed shrinks
with increasing d.
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Supplementary Figure 4: (a) Fraction of rattlers in HS com-
pressions (dashed line) and in SS energy minimizations from
above (solid line). The fraction of particles left outside of the
force network, the rattlers, also vanish with increasing d. For
both protocols, the results suggest their fraction disappears
exponentially with d. (b) Diminishing fraction of 3-member
force loops (triangle) and growing fraction of 4-member force
loops (square) with d for the two protocols. The force net-
work, which is another observable for comparing the jammed
packings, supports their structural similarity. The length of
the force loops is also a simple measure of structural correla-
tions. In the mean-field high d limit these loops are expected
to become increasingly large, as the structural correlations
vanish. The decrease in the fraction of 3-member loops and
the growth of the fraction of 4-member loops, accompanied
by a constant growth of the average length of the loops, is
consistent with this scenario.

to the soft sphere potential v(r) = (1� r)2⇤(1� r)

q(A, T ; r) =
⇧ ⇤

0
du e��v(u)

�u

r

⇥ d�1
2 e�

(r�u)2
4A

⇧
4⌅A

⇥

⇥
⇤
e�

ru
2A

⌃
⌅

ru

A
I d�2

2

� ru

2A

⇥⌅
.

(C2)

The above equations (C1) and (C2) are the starting
point of all the needed replica calculations for our anal-
ysis, and because we focus on the “jamming limit” of
these equations, we take T ⇤ 0 with ⇧ = T/m and
� = A/m held constant [7]. In Ref. [7] this limit was
taken using a simplified form of Eq. (C2) for d = 3, but
we here generalize the calculation to arbitrary d. The
crucial observation [11, Eq. (C21)] is that when z ⇤⌅,
e�z
⇧

2⌅zIn(z) ⇤ 1. In the jamming limit the term in
the second line of Eq. (C2) therefore disappears, be-
cause A ⇤ 0 while r and u are of order 1. The re-
maining integral can then be evaluated via the saddle
point approximation, because both ⇥ and 1/A diverge.
Consider first the case r < 1. Assuming that the sad-
dle point u⇥ < 1, one has to maximize the function
�⇥(1�u)2� (r�u)2/(4A) which consistently maximizes
u⇥ = (4⇥A + r)/(1 + 4⇥A) = (4� + ⇧r)/(4� + ⇧) < 1.
Consider next the case r > 1. Assuming that in this
case u⇥ > 1, we have v(u) = 0 and we thus consistently
find u⇥ = r > 1. Replacing these expressions for u⇥ in

Charbonneau et al. (2012 & 2015)
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Supplementary Figure 6. Growth of the isostaticity z̄ ∼ 2d (solid lines) plateau with d=3–10 for (a) HS at p = 1010 and (b)
SS at e ∼ 10−20. The HS-SS contact regime (c)-(d) collapses remarkably well for all d, and the G-RT predictions (red line)
are similarly accurate as in d = 3. The plateau height also consistently decay from d=3 to 8 (insets). (e)-(f) The HS-SS
quasi-contact power-law growth is also robustly conserved, with a constant α = 0.42(2) (blue line). The fit to Eq. (B8) is also
provided (green line). (g) The quasi-contact coefficient C′ is such that the region where this regime can be observed shrinks
with increasing d.
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Supplementary Figure 7. (a) Fraction of rattlers in HS com-
pressions (dashed line) and in SS energy minimizations from
above (solid line). The fraction of particles left outside of the
force network, the rattlers, also vanish with increasing d. For
both protocols, the results suggest their fraction disappears
exponentially with d. (b) Diminishing fraction of 3-member
force loops (triangle) and growing fraction of 4-member force
loops (square) with d for the two protocols. The force net-
work, which is another observable for comparing the jammed
packings, supports their structural similarity. The length of
the force loops is also a simple measure of structural correla-
tions. In the mean-field high d limit these loops are expected
to become increasingly large, as the structural correlations
vanish. The decrease in the fraction of 3-member loops and
the growth of the fraction of 4-member loops, accompanied
by a constant growth of the average length of the loops, is
consistent with this scenario.

find u∗ = r > 1. Replacing these expressions for u∗ in
Eq. (C2) and taking the jamming limit we obtain

q(A, T ; r)m → e−
(1−r)2

4α+τ θ(1−r) , (C3)

and Eq. (C1) reduces to

S0(α, τ ;ϕ) = −
d

2
[log(2πα) + 1] + Sliq(τ,ϕ)

+ 2d−1ϕyHS
liq (ϕ)G0(α, τ) ,

G0(α, τ) = d

! 1

0
dr rd−1 [e−

(1−r)2

4α+τ − e−
(1−r)2

τ ] ,

(C4)

which replaces [10, Eqs. (D3) and (D4)].
The approach to jamming from above is described by

the small τ limit [10, Appendix D.2]. In this limit we can
consider the SS Mayer function as a small perturbation of
the HS one and use standard liquid perturbation theory
to write

Sliq(τ,ϕ) = SHS
liq (ϕ)+d 2d−1ϕyHS

liq (ϕ)

! 1

0
dr rd−1e−(1−r)2/τ .

(C5)
Plugging this result in Eq. (C4) we then get

S0(α, τ ;ϕ) = −
d

2
[log(2πα) + 1] + SHS

liq (ϕ)

+ 2d−1ϕyHS
liq (ϕ)d

! 1

0
dr rd−1 e−

(1−r)2

4α+τ .
(C6)
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Exponentially decreasing number of low-connectivity species, 
such as rattlers and bucklers.

We analyze the contact network at φJ by first eliminating
particles with Z < dþ 1 contacts, i.e., the rattlers (Fig. 2)
[23,24]. After this step, most configurations have
Nc ¼ ðN − 1Þdþ 1, where N is the number of remaining
particles. We discard the configurations for which this
condition is not satisfied [[10] Sec. IIC]. In principle, the
minimization procedure also outputs the force vector ~f,
but extracting small forces from it requires an even heavier
use of quad-precision arithmetics than what we have used
for the energy minimization [[10] Sec. IIC]. Instead, we
determine ~f as the zero mode of N for this packing [[10]
Sec. IF], for which double precision arithmetics suffices.
Because N is sparse, the eigenvector corresponding to
the zero mode can efficiently be extracted with the
Lanczos algorithm [[10] Sec. IIC], as implemented in
MATHEMATICA [33,34].
Results.—Figure 1 gives the cumulative force distribu-

tion GðfÞ ¼
R f
0 Pðf0Þdf0 for d ¼ 2, 3, and 4. In all cases, a

power-law scaling at weak forces is detected, but the value
of θf is found to increase with d. Recall that, over the same
d range, γ remains robustly constant [22] and is consistent
with γ ¼ 0.412 69 from the d ¼ ∞ solution [8,9]. The
changing value of θf with d is, therefore, inconsistent with
the scaling relations between exponents θ and γ in a
marginally stable phase [13–16].
Soft mode excitations suggest a possible way to resolve

this paradox [13,15,16]. The proposed mechanism for
localized excitations is for a particle to have all but one
of its contact vectors be nearly coplanar [13]. The remain-
ing contact must necessarily be weak (by force balance).
Breaking that contact should then result in facile back and
forth buckling. Because this motion does not affect the
rest of the packing much, the resulting excitation is fairly
localized (Fig. 2). Although a nearly coplanar arrangement

of neighbors is formally possible for a particle with any Z,
in a sufficiently disordered (noncrystalline) system, it
grows increasingly unlikely with Z. This arrangement is,
therefore, most likely to occur for particles that have the

FIG. 1 (color online). Cumulative force distribution GðfÞ for d ¼ 2, 3, and 4, in (a), (b), and (c), respectively. The distributions PðfÞ
(square), PlðfÞ (circle), and PeðfÞ (triangle) all show power-law scalings at small forces (in d ¼ 2, squares and circles are nearly
superimposed because of the large proportion of bucklers), but with different exponents. For the combined distribution, θf grows
steadily with d, but PlðfÞ and PeðfÞ are consistent with the exponents obtained by combining the d ¼ ∞ solution with marginal
stability arguments, i.e., θl ¼ 0.17462 and θe ¼ 0.42311, respectively. In d ¼ 2, the results for θe are consistent with those obtained by
ranking contacts based on the coupling of their related soft modes to external forces [13]. In d ¼ 3, comparing two system sizes,
Ni ¼ 16 384 (full symbols) and Ni ¼ 1024 (empty symbols), confirms the absence of significant finite-size effects.

FIG. 2 (color online). Schematic depiction of (left) rattlers and
(right) bucklers. At jamming, rattlers (also known as floaters—
green) are not part of the force network. Their neighbors (grey) are
part of the force network (red lines) and form a rigid cage within
which the rattler can freely move (dashed green line). By contrast,
bucklers are part of the force network (red and green lines), but
breaking their weakest contact (dotted-dashed green line) only
creates a localized excitation (top and bottom). Bucklers are, thus,
typically particles with d nearly coplanar stronger contacts and a
weaker dþ 1th contact that balances the resulting normal force.
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Conclusions and open questions
• Jamming exponents are remarkably robust in 

amorphous systems. How does marginal stability 
impact partially ordered systems? What about 
quantum fluctuation? Two-level systems?
• Gardner transition leaves a low-d trace, even in 

experiments. Is it a real thermodynamic transition?
• What is the role of long-length scale fluctuations in 

low d? Lower critical dimension?
Recent Review: Charbonneau et al. Ann. Rev. Cond. Matt. 
Phys. (2017)


