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Shell, JCP (2008); Carmichael and Shell, JPCB (2012); Carmichael and Shell, JCP (2015) 
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all-atom configuration space

𝑈𝐴𝐴

coarse-grained configuration space

UCG
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resolution of model

“intrinsic resolution”

Designing coarse grained

models with the relative entropy

𝑈     

𝑆rel = ෍

𝑖

𝑝𝐴𝐴 𝑖 ln
𝑝𝐴𝐴 𝑖

𝑝𝐶𝐺 𝑖





mapping function

𝐑 = 𝐌(𝐫)

(ALA)15

𝐫 𝐑



An important point:
multiple AA configurations map to the same CG one



𝑈𝐶𝐺 𝐑 → 𝑃𝑀𝐹 𝐑 = −𝑘 𝑇 lnන𝑒
−𝛽𝑈𝐴𝐴 𝐫 𝛿 𝐌 𝐫 − 𝐑 𝑑𝐫

𝐫
𝐑



𝑈𝐶𝐺 𝐑 → 𝑃𝑀𝐹 𝐑 = −𝑘 𝑇 lnන𝑒
−𝛽𝑈𝐴𝐴 𝐫 𝛿 𝐌 𝐫 − 𝐑 𝑑𝐫



𝑈𝐶𝐺(𝐑; 𝜆1 𝜆2 … )



information 
loss

Shell, JCP (2008); Carmichael and Shell, JPCB (2012); Carmichael and Shell, JCP (2015) 



𝑆rel = ෍

configs 𝑖

𝑝𝐴𝐴 𝑖 ln
𝑝𝐴𝐴 𝑖

𝑝𝐶𝐺 𝑖
≥ 0

Shell, JCP (2008); Chaimovich and Shell, PRE (2010); Chaimovich and Shell, JCP (2011)
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𝑆rel = ෍

CG configs 𝑖

𝑝𝐴𝐴
′ 𝑖 ln

𝑝𝐴𝐴
′ 𝑖

𝑝𝐶𝐺 𝑖
+ 𝑆map

Shell, JCP (2008); Chaimovich and Shell, PRE (2010); Chaimovich and Shell, JCP (2011); Rudzinski and Noid, JCP (2011).

𝑝𝐴𝐴
′ projects all atom probabilities  

onto the CG space



𝑆rel = ෍

CG configs 𝑖

𝑝𝐴𝐴
′ 𝑖 ln

𝑝𝐴𝐴
′ 𝑖

𝑝𝐶𝐺 𝑖
+ 𝑆map

Shell, JCP (2008); Chaimovich and Shell, PRE (2010); Chaimovich and Shell, JCP (2011); Rudzinski and Noid, JCP (2011).

𝑈𝐶𝐺 = 𝑃𝑀𝐹 𝑈𝐶𝐺



𝑆rel = 𝛽 𝑈𝐶𝐺 − 𝑈𝐴𝐴 𝐴𝐴 − 𝛽 𝐴𝐶𝐺 − 𝐴𝐴𝐴

𝑝𝐶𝐺 𝑖 ∝ 𝑒−𝛽𝑈𝐶𝐺 𝑖𝑝𝐴𝐴 𝑖 ∝ 𝑒−𝛽𝑈𝐴𝐴 𝑖

𝜕𝑆rel
𝜕𝜆

= 𝛽
𝜕𝑈𝐶𝐺
𝜕𝜆

𝐴𝐴

− 𝛽
𝜕𝑈𝐶𝐺
𝜕𝜆

𝐶𝐺



= 𝛽
𝜕𝑈𝐶𝐺
𝜕𝜆

𝐶𝐺

− 𝛽
𝜕𝑈𝐶𝐺
𝜕𝜆

𝐴𝐴



𝜕𝑆rel
𝜕𝜆

= 𝛽
𝜕𝑈𝐶𝐺
𝜕𝜆

𝐴𝐴

− 𝛽
𝜕𝑈𝐶𝐺
𝜕𝜆

𝐶𝐺



CG (ALA)15



CG (ALA)15

𝑆rel



(AEAAKA)4

9 bead types
81 potential terms
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𝑆rel



𝑆rel~ lnℒ





𝑆rel
ln
𝑛eff
𝑛

= −𝑆rel



𝑆rel

𝑆rel

𝑊rev
𝑘 𝑇

=
Δ𝐹

𝑘 𝑇
= 𝑆rel



𝑆rel

𝑆rel

𝑆rel

𝑋𝐴𝐴 − 𝑋𝐶𝐺 ≤ 𝑐𝑋 2𝑆rel



Chaimovich and Shell, JCP (2011)
see also: Rudzinski and Noid, JCP 135, 214101 (2011)



𝑆rel path = ෍

paths 𝑖

𝒫𝐴𝐴 𝑖 ln
𝒫𝐴𝐴 𝑖

𝒫𝐶𝐺 𝑖
≈ ෍

𝑥

𝑝𝐴𝐴 𝑥 ෍

𝑥′

𝑝𝐴𝐴 𝑥 → 𝑥′ ln
𝑝𝐴𝐴 𝑥 → 𝑥′

𝑝𝐶𝐺 𝑥 → 𝑥′

𝑆rel
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resolution of model

“intrinsic resolution”

Coarse-graining 

with the relative entropy

𝑈     

𝑆rel = ෍

𝑖

𝑝𝐴𝐴 𝑖 ln
𝑝𝐴𝐴 𝑖

𝑝𝐶𝐺 𝑖





𝑈𝐶𝐺 𝐑 → 𝑃𝑀𝐹 𝐑 = −𝑘 𝑇 lnන𝑒
−𝛽𝑈𝐴𝐴 𝐫 𝛿 𝐌 𝐫 − 𝐑 𝑑𝐫

-
+

+



atomistic
SPC/E water

coarse-grained
single-site pairwise

Chaimovich and Shell, PCCP (2009)



σ𝑗𝜙 𝑟𝑖𝑗 count of neighbors

𝑈 = ෍

𝑖<𝑗

𝑢𝑝𝑎𝑖𝑟 𝑟𝑖𝑗 +෍

𝑖

𝐹 𝜌𝑖

embedding 

function





𝑈 = ෍

𝑖<𝑗

𝑢𝑝𝑎𝑖𝑟 𝑟𝑖𝑗 +෍

𝑖

𝑓 𝜌𝑖

𝑟𝑐
𝑟𝑐

𝑟𝑐



𝑆rel



𝑆rel

𝑓 𝜌
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test at 90% 
benzene

model developed at 10% benzene

CG pair

CG pair+LD
all-atom



test at 90% 
benzene

model developed at 10% benzene

CG pair

CG pair+LD
all-atom

CG pair

CG pair+LD



model developed at 90% benzene

test at 90% 
benzene

test at 10% benzene

model developed at 10% benzene

CG pair

CG pair+LD
all-atom

all-atom
CG pair+LD

CG pair

CG pair
CG pair

CG pair+LD CG pair+LD



𝑧(Å)

density 

(g/cc)

benzene phase water phase







all-atom
system

coarse-grained 
hydrogens

coarse-grained 
functional groups

coarse-grained 
amino acid residues
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𝑝𝐴𝐴 𝐌 ҧ𝑝𝐴𝐴

Rudzinski and Noid, JCP (2011); Foley, Shell, and Noid JCP (2015).

𝑆map = ෍

𝑖

𝑝𝐴𝐴 𝑖 ln
𝑝𝐴𝐴 𝑖

ҧ𝑝𝐴𝐴 𝑖



𝑆map = ෍

𝑖

𝑝𝐴𝐴 𝑖 ln
𝑝𝐴𝐴 𝑖

ҧ𝑝𝐴𝐴 𝑖

𝑃𝑀𝐹 = 𝑈𝐴𝐴 + 𝑇𝑆map

•

•

• 𝑆map



𝑈𝐴𝐴 =
1

2
𝐫 − 𝐫0

𝑡𝐚(𝐫 − 𝐫0)



𝑈𝐶𝐺 = 𝑃𝑀𝐹 =
1

2
𝐑 − 𝐑0

𝑡𝐀(𝐑 − 𝐑0)



𝑆 m
ap

number of CG sites

Foley, Shell, Noid, J. Chem. Phys. (2015)
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Foley, Shell, Noid, J. Chem. Phys. (2015)
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number of CG sites

Foley, Shell, Noid, J. Chem. Phys. (2015)

“intrinsic resolution”



𝑆map

𝑈𝐶𝐺
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resolution of model

“intrinsic resolution”

The relative entropy provides both 

fundamental theory and practical CG’ing

strategies for all kinds of models.

𝑈     

𝑆rel = ෍

𝑖

𝑝𝐴𝐴 𝑖 ln
𝑝𝐴𝐴 𝑖

𝑝𝐶𝐺 𝑖


