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In the zone

trino” billiards �Berry and Modragon, 1987; Miao et al.,
2007�. It has also been suggested that Coulomb interac-
tions are considerably enhanced in smaller geometries,
such as graphene quantum dots �Milton Pereira et al.,
2007�, leading to unusual Coulomb blockade effects
�Geim and Novoselov, 2007� and perhaps to magnetic
phenomena such as the Kondo effect. The transport
properties of graphene allow for their use in a plethora
of applications ranging from single molecule detection
�Schedin et al., 2007; Wehling et al., 2008� to spin injec-
tion �Cho et al., 2007; Hill et al., 2007; Ohishi et al., 2007;
Tombros et al., 2007�.

Because of its unusual structural and electronic flex-
ibility, graphene can be tailored chemically and/or struc-
turally in many different ways: deposition of metal at-
oms �Calandra and Mauri, 2007; Uchoa et al., 2008� or
molecules �Schedin et al., 2007; Leenaerts et al., 2008;
Wehling et al., 2008� on top; intercalation �as done in
graphite intercalated compounds �Dresselhaus et al.,
1983; Tanuma and Kamimura, 1985; Dresselhaus and
Dresselhaus, 2002��; incorporation of nitrogen and/or
boron in its structure �Martins et al., 2007; Peres,
Klironomos, Tsai, et al., 2007� �in analogy with what has
been done in nanotubes �Stephan et al., 1994��; and using
different substrates that modify the electronic structure
�Calizo et al., 2007; Giovannetti et al., 2007; Varchon et
al., 2007; Zhou et al., 2007; Das et al., 2008; Faugeras et
al., 2008�. The control of graphene properties can be
extended in new directions allowing for the creation of
graphene-based systems with magnetic and supercon-
ducting properties �Uchoa and Castro Neto, 2007� that
are unique in their 2D properties. Although the
graphene field is still in its infancy, the scientific and
technological possibilities of this new material seem to
be unlimited. The understanding and control of this ma-
terial’s properties can open doors for a new frontier in
electronics. As the current status of the experiment and
potential applications have recently been reviewed
�Geim and Novoselov, 2007�, in this paper we concen-
trate on the theory and more technical aspects of elec-
tronic properties with this exciting new material.

II. ELEMENTARY ELECTRONIC PROPERTIES OF
GRAPHENE

A. Single layer: Tight-binding approach

Graphene is made out of carbon atoms arranged in
hexagonal structure, as shown in Fig. 2. The structure
can be seen as a triangular lattice with a basis of two
atoms per unit cell. The lattice vectors can be written as

a1 =
a

2
�3,�3�, a2 =

a

2
�3,− �3� , �1�

where a�1.42 Å is the carbon-carbon distance. The
reciprocal-lattice vectors are given by

b1 =
2�

3a
�1,�3�, b2 =

2�

3a
�1,− �3� . �2�

Of particular importance for the physics of graphene are
the two points K and K� at the corners of the graphene
Brillouin zone �BZ�. These are named Dirac points for
reasons that will become clear later. Their positions in
momentum space are given by

K = �2�

3a
,

2�

3�3a
�, K� = �2�

3a
,−

2�

3�3a
� . �3�

The three nearest-neighbor vectors in real space are
given by

�1 =
a

2
�1,�3� �2 =

a

2
�1,− �3� �3 = − a�1,0� �4�

while the six second-nearest neighbors are located at
�1�= ±a1, �2�= ±a2, �3�= ± �a2−a1�.

The tight-binding Hamiltonian for electrons in
graphene considering that electrons can hop to both
nearest- and next-nearest-neighbor atoms has the form
�we use units such that �=1�

H = − t �
�i,j�,�

�a�,i
† b�,j + H.c.�

− t� �
��i,j��,�

�a�,i
† a�,j + b�,i

† b�,j + H.c.� , �5�

where ai,� �ai,�
† � annihilates �creates� an electron with

spin � ��= ↑ , ↓ � on site Ri on sublattice A �an equiva-
lent definition is used for sublattice B�, t��2.8 eV� is the
nearest-neighbor hopping energy �hopping between dif-
ferent sublattices�, and t� is the next nearest-neighbor
hopping energy1 �hopping in the same sublattice�. The
energy bands derived from this Hamiltonian have the
form �Wallace, 1947�

E±�k� = ± t�3 + f�k� − t�f�k� ,

1The value of t� is not well known but ab initio calculations
�Reich et al., 2002� find 0.02t� t��0.2t depending on the tight-
binding parametrization. These calculations also include the
effect of a third-nearest-neighbors hopping, which has a value
of around 0.07 eV. A tight-binding fit to cyclotron resonance
experiments �Deacon et al., 2007� finds t��0.1 eV.
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FIG. 2. �Color online� Honeycomb lattice and its Brillouin
zone. Left: lattice structure of graphene, made out of two in-
terpenetrating triangular lattices �a1 and a2 are the lattice unit
vectors, and �i, i=1,2 ,3 are the nearest-neighbor vectors�.
Right: corresponding Brillouin zone. The Dirac cones are lo-
cated at the K and K� points.
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trino” billiards �Berry and Modragon, 1987; Miao et al.,
2007�. It has also been suggested that Coulomb interac-
tions are considerably enhanced in smaller geometries,
such as graphene quantum dots �Milton Pereira et al.,
2007�, leading to unusual Coulomb blockade effects
�Geim and Novoselov, 2007� and perhaps to magnetic
phenomena such as the Kondo effect. The transport
properties of graphene allow for their use in a plethora
of applications ranging from single molecule detection
�Schedin et al., 2007; Wehling et al., 2008� to spin injec-
tion �Cho et al., 2007; Hill et al., 2007; Ohishi et al., 2007;
Tombros et al., 2007�.

Because of its unusual structural and electronic flex-
ibility, graphene can be tailored chemically and/or struc-
turally in many different ways: deposition of metal at-
oms �Calandra and Mauri, 2007; Uchoa et al., 2008� or
molecules �Schedin et al., 2007; Leenaerts et al., 2008;
Wehling et al., 2008� on top; intercalation �as done in
graphite intercalated compounds �Dresselhaus et al.,
1983; Tanuma and Kamimura, 1985; Dresselhaus and
Dresselhaus, 2002��; incorporation of nitrogen and/or
boron in its structure �Martins et al., 2007; Peres,
Klironomos, Tsai, et al., 2007� �in analogy with what has
been done in nanotubes �Stephan et al., 1994��; and using
different substrates that modify the electronic structure
�Calizo et al., 2007; Giovannetti et al., 2007; Varchon et
al., 2007; Zhou et al., 2007; Das et al., 2008; Faugeras et
al., 2008�. The control of graphene properties can be
extended in new directions allowing for the creation of
graphene-based systems with magnetic and supercon-
ducting properties �Uchoa and Castro Neto, 2007� that
are unique in their 2D properties. Although the
graphene field is still in its infancy, the scientific and
technological possibilities of this new material seem to
be unlimited. The understanding and control of this ma-
terial’s properties can open doors for a new frontier in
electronics. As the current status of the experiment and
potential applications have recently been reviewed
�Geim and Novoselov, 2007�, in this paper we concen-
trate on the theory and more technical aspects of elec-
tronic properties with this exciting new material.

II. ELEMENTARY ELECTRONIC PROPERTIES OF
GRAPHENE

A. Single layer: Tight-binding approach

Graphene is made out of carbon atoms arranged in
hexagonal structure, as shown in Fig. 2. The structure
can be seen as a triangular lattice with a basis of two
atoms per unit cell. The lattice vectors can be written as

a1 =
a

2
�3,�3�, a2 =

a

2
�3,− �3� , �1�

where a�1.42 Å is the carbon-carbon distance. The
reciprocal-lattice vectors are given by

b1 =
2�

3a
�1,�3�, b2 =
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3a
�1,− �3� . �2�

Of particular importance for the physics of graphene are
the two points K and K� at the corners of the graphene
Brillouin zone �BZ�. These are named Dirac points for
reasons that will become clear later. Their positions in
momentum space are given by

K = �2�

3a
,
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3�3a
�, K� = �2�
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The three nearest-neighbor vectors in real space are
given by

�1 =
a

2
�1,�3� �2 =

a

2
�1,− �3� �3 = − a�1,0� �4�

while the six second-nearest neighbors are located at
�1�= ±a1, �2�= ±a2, �3�= ± �a2−a1�.

The tight-binding Hamiltonian for electrons in
graphene considering that electrons can hop to both
nearest- and next-nearest-neighbor atoms has the form
�we use units such that �=1�

H = − t �
�i,j�,�

�a�,i
† b�,j + H.c.�

− t� �
��i,j��,�

�a�,i
† a�,j + b�,i

† b�,j + H.c.� , �5�

where ai,� �ai,�
† � annihilates �creates� an electron with

spin � ��= ↑ , ↓ � on site Ri on sublattice A �an equiva-
lent definition is used for sublattice B�, t��2.8 eV� is the
nearest-neighbor hopping energy �hopping between dif-
ferent sublattices�, and t� is the next nearest-neighbor
hopping energy1 �hopping in the same sublattice�. The
energy bands derived from this Hamiltonian have the
form �Wallace, 1947�

E±�k� = ± t�3 + f�k� − t�f�k� ,

1The value of t� is not well known but ab initio calculations
�Reich et al., 2002� find 0.02t� t��0.2t depending on the tight-
binding parametrization. These calculations also include the
effect of a third-nearest-neighbors hopping, which has a value
of around 0.07 eV. A tight-binding fit to cyclotron resonance
experiments �Deacon et al., 2007� finds t��0.1 eV.
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FIG. 2. �Color online� Honeycomb lattice and its Brillouin
zone. Left: lattice structure of graphene, made out of two in-
terpenetrating triangular lattices �a1 and a2 are the lattice unit
vectors, and �i, i=1,2 ,3 are the nearest-neighbor vectors�.
Right: corresponding Brillouin zone. The Dirac cones are lo-
cated at the K and K� points.
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f�k� = 2 cos��3kya� + 4 cos��3
2

kya�cos�3
2

kxa� , �6�

where the plus sign applies to the upper ��*� and the
minus sign the lower ��� band. It is clear from Eq. �6�
that the spectrum is symmetric around zero energy if t�
=0. For finite values of t�, the electron-hole symmetry is
broken and the � and �* bands become asymmetric. In
Fig. 3, we show the full band structure of graphene with
both t and t�. In the same figure, we also show a zoom in
of the band structure close to one of the Dirac points �at
the K or K� point in the BZ�. This dispersion can be
obtained by expanding the full band structure, Eq. �6�,
close to the K �or K�� vector, Eq. �3�, as k=K+q, with
�q � � �K� �Wallace, 1947�,

E±�q� � ± vF�q� + O��q/K�2� , �7�

where q is the momentum measured relatively to the
Dirac points and vF is the Fermi velocity, given by vF
=3ta /2, with a value vF�1�106 m/s. This result was
first obtained by Wallace �1947�.

The most striking difference between this result and
the usual case, ��q�=q2 / �2m�, where m is the electron
mass, is that the Fermi velocity in Eq. �7� does not de-
pend on the energy or momentum: in the usual case we
have v=k /m=�2E /m and hence the velocity changes
substantially with energy. The expansion of the spectrum
around the Dirac point including t� up to second order
in q /K is given by

E±�q� � 3t� ± vF�q� − �9t�a2

4
±

3ta2

8
sin�3�q���q�2, �8�

where

�q = arctan�qx

qy
� �9�

is the angle in momentum space. Hence, the presence of
t� shifts in energy the position of the Dirac point and
breaks electron-hole symmetry. Note that up to order
�q /K�2 the dispersion depends on the direction in mo-
mentum space and has a threefold symmetry. This is the
so-called trigonal warping of the electronic spectrum
�Ando et al., 1998, Dresselhaus and Dresselhaus, 2002�.

1. Cyclotron mass

The energy dispersion �7� resembles the energy of ul-
trarelativistic particles; these particles are quantum me-
chanically described by the massless Dirac equation �see
Sec. II.B for more on this analogy�. An immediate con-
sequence of this massless Dirac-like dispersion is a cy-
clotron mass that depends on the electronic density as its
square root �Novoselov, Geim, Morozov, et al., 2005;
Zhang et al., 2005�. The cyclotron mass is defined, within
the semiclassical approximation �Ashcroft and Mermin,
1976�, as

m* =
1

2�
� �A�E�

�E
�

E=EF

, �10�

with A�E� the area in k space enclosed by the orbit and
given by

A�E� = �q�E�2 = �
E2

vF
2 . �11�

Using Eq. �11� in Eq. �10�, one obtains

m* =
EF

vF
2 =

kF

vF
. �12�

The electronic density n is related to the Fermi momen-
tum kF as kF

2 /�=n �with contributions from the two
Dirac points K and K� and spin included�, which leads to

m* =
��

vF

�n . �13�

Fitting Eq. �13� to the experimental data �see Fig. 4�
provides an estimation for the Fermi velocity and the

FIG. 3. �Color online� Electronic dispersion in the honeycomb
lattice. Left: energy spectrum �in units of t� for finite values of
t and t�, with t=2.7 eV and t�=−0.2t. Right: zoom in of the
energy bands close to one of the Dirac points.

FIG. 4. �Color online� Cyclotron mass of charge carriers in
graphene as a function of their concentration n. Positive and
negative n correspond to electrons and holes, respectively.
Symbols are the experimental data extracted from the tem-
perature dependence of the SdH oscillations; solid curves are
the best fit by Eq. �13�. m0 is the free-electron mass. Adapted
from Novoselov, Geim, Morozov, et al., 2005.
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For this
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How does one think of glassy systems!
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Electronic Glass

D. E. Polk, Journal of non-crystalline solids 5 (1971) 365–376
Cohen, Physics Today 24, 5, 26 (1971)
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Band gap in a glass?!

Marian S. Rothenberg, Physics Today 24, 11, 17 (1971)
Weaire and Thorpe, Phys. Rev. B. 4, (1971)
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Gap in a glass

Tauc, Physics Today 29, 10, 23 (1976)
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The Question

Is that all? What are the electronic phases possible in such systems?

Are topological phases possible in glasses?
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• Invitation
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• Building a toy glass
I Hamiltonian construction
I Symmetries and length scales
I Parameters and their twists

• Phenomenology and diagnostics
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I Z2 topological glass
I Higher order generalizations

• Broad strokes, conclusion
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Recap: how to cook a topological phase?
Take a Hamiltonian. Periodic system will be an insulator.
The same system with boundaries will have midgap states.
These midgap states will live on the boundary.

If this happens then the system can be characterized by a nontrivial
topological invariant for the periodic system – involves an integral over
Brillouin zone or similar things.
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Our system
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Set up a Hamiltonian

R

12



hopping between two sites

δ

θ

x

y

δ

θ

φ

x

y

z

Every site has a set of "orbitals"

tαβ(δ) = tr (δ)tθαβ(θ)

tr (δ) ∼ e−δ/ro

ro is a length scale characterising strength of coupling between sites
(ro < R).
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Tuning Bohr’s radius

not just on paper

δ doped amorphous systems @IISc, Bangalore

S. Shamim et al. PRL 112, 236602 (2014)
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chemistry of hopping between two sites

δ

θ

x

y

δ

θ

φ

x

y

z

tαβ(δ) = tr (δ)tθαβ(θ) tr (δ) ∼ e−δ/ro

H =
∑
Iα

∑
J 6=Iβ

tαβ(rIJ)c†I ,αcJ,β +
∑
Iα,β

εαβ(rIJ)c†I ,αcI ,β .

tθαβ(θ) =?

εα,β =?

need to put in the symmetries and appropriate physics in
15



The other periodic table

Based on three symmetries – "time reversal, charge conjugation and sublattice"
and spatial dimension

Class (T,C,S) d=0 d=1 d=2 d=3 d=4 d=5 d=6 d=7
A (0,0,0) Z 0 Z 0 Z 0 Z 0
AIII (0,0,1) 0 Z 0 Z 0 Z 0 Z
AI (+1,0,0) Z 0 0 0 2Z 0 Z2 Z2

BDI (+1,+1,1) Z2 Z 0 0 0 2Z 0 Z2

D (0,+1,0) Z2 Z2 Z 0 0 0 2Z 0
DIII (-1,+1,1) 0 Z2 Z2 Z 0 0 0 2Z
AII (-1,0,0) 2Z 0 Z2 Z2 Z 0 0 0
CII (-1,-1,1) 0 2Z 0 Z2 Z2 Z 0 0
C (0,-1,0) 0 0 2Z 0 Z2 Z2 Z 0
CI (+1,-1,1) 0 0 0 2Z 0 Z2 Z2 Z

Kitaev(2009); Ryu, Ludwig, Furusaki, Schnyder(2008); Moore, Ryu, Ludwig(2012)
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Brief recap: symmetries

Usual symmetries: UψU−1 ∼ ψ
Transposing symmetries: UψU−1 ∼ ψ†
Linear symmetries: U iU−1 ∼ i
Antilinear symmetries: U iU−1 ∼ −i

Transposing

Symmetry Operations

Linear(UL)

Usual

Antilinear(UA) Linear(TL) Antilinear(TA)

ORDINARY NON-ORDINARY

Usual antilinear: Time Reversal (T )
Transposing linear: Charge Conjugation (C)

Transposing antilinear: Sublattice (S)

17



chemistry of hopping between two sites

Usual:
UHU−1 = H

Transposing:
: UHU−1 := H

Example: For C2 = −1

Cc†I ,αC−1 = αcI ,ᾱ

CcI ,αC−1 = αc†I ,ᾱ.

−tαβ(rIJ)αβ = tβ̄ᾱ(rJI ).

Structures like this constraint the forms of tIJ in all classes.

AA et al. 1606.05483
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chemistry of hopping between two sites

In two dimensions five classes are topological.

Class
(par) εαβ tαβ(r̂)

A
(λ,M, t2)

(
2 + M (1− i)λ

(1 + i)λ −(2 + M)

) (
−1+t2

2
−ie−iθ+λ(sin2 θ(1+i)−1)

2
−ie iθ+λ(sin2 θ(1−i)−1)

2
1+t2

2

)
AII

(λ,M,
t2, g)


2 + M + 2t2 −i2λ 0 0

i2λ −(2 + M) + 2t2 0 0
0 0 2 + M + 2t2 i2λ
0 0 −i2λ −(2 + M) + 2t2



− 1

2 − t2
2 − i

2e
−iθ + iλ

2 0 − ig
2 e
−iθ

− i
2e

iθ − iλ
2

1
2 − t2

2 − ig
2 e
−iθ 0

0 − ig
2 e

iθ − 1
2 − t2

2
i
2e

iθ − iλ
2

− ig
2 e

iθ 0 i
2e
−iθ + iλ

2
1
2 − t2

2


D

(µ,∆)

(
2− µ 0
0 −(2− µ)

) (
− 1

2 ∆e iθ

−∆e−iθ 1
2

)
DIII

(M, g) AII(λ = 0, t2 = 0) AII(λ = 0, t2 = 0)

C
(M)

(
2 + M 0

0 −(2 + M)

) (
− 1

2 − 1
2e
−i2θ

− 1
2e

i2θ 1
2

)

Notice the terms which build in real space “twists”.

Note a mass term M which will take the system to "gapped" trivial
phase. Generic to systems we will consider.

AA et al. 1701.00374
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Diagonalize, with and without PBC
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Diagonalize, with and without PBC
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The edge
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Conductance
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Topological invariant – Bott Index
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Hastings and Loring, EPL (2010)
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Edges
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"edges" are the most delocalized states! Bulk is localized!

(All classes in 2D show such phases!)

AA et al. 1701.00374
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The electron glass
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The electron glass
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When the glass is half-filled

What are the phases and phase transitions possible?

tune ro (Bohr’s radius or density) and onsite energy M.

2 orbitals per site. Spinful electrons.
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ro is zero

All sites are decoupled. Two orbitals gapped via a parameter M – just
cross each other.
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slight hopping

expectation: two bands of localized states
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increase more

expectation: delocalized states with Lifshitz tails
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this topological glass is half-filled
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Witten effect

We are describing a insulator.

Effective electromagnetic action contains a π(0)E .B term.

Put a magnetic monopole inside the glass!
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Formation of dyon
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Witten charge
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0.5 charge! Z2 topological glass!
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Metal and Lifshitz dominated localized phase
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Higher order phases

crystalline symmetries are crucial to realise these phases. Can one realise
them in amorphous systems?

Scramble the system!

Rs
L
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Higher order phases
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The state remain stable right upto the boundary!

What one needs is the symmetry to be respected at the "boundary".
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Why is the phase stable at all?
Symmetry remains in a statistical sense.

A quantum spin Hall insulator produces a higher order phase with a term
of the kind ∼ g(cos kx − cos ky )

How to put this in the local “chemistry"?

δ

θ

x

y

g

g

−g

−g

∼ g(cos(2θ) + iα sin(2θ))

In fact for (a fine tuned) α = 0 HOTI gets stabilized for fully amorphous
system! (why?)
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Similar story in three dimensions
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How to characterise these (HOTI) phases?

All through, we are trying to characterize insulators!

In amorphous cases – how do we do this with no reference to Brillouin
zones?

Electromagnetic "response" of (localized?) many-body wavefunctions.

39



Polarization

Lets visit a one-dimensional system

A constant electric field will imply a increasing real space potential (∝ x)
– in a periodic system?

then instead thread a magnetic flux!

∼ tijc
†
i cj → tije

i

(
A(xi )−A(xj )

)
/L
c†i cj

A operator which implements constant flux φ = 2π through this –

O = e i
2π
L

∑
i nixi
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Polarization

Take a wavefunction |Ψ〉

Calculate

〈Ψ|O|Ψ〉 = 〈Ψ|e i 2π
L

∑
i nixi |Ψ〉 = e iP

Compactified "Polarization"!
Becomes winding number in periodic systems!

In two dimensions these two polarization operators do not commute and
gives the Bott index!

Vanderbilt, Resta, Oskhikawa, Loring and Hastings(2010), Toniolo (2017).
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Quadrupolar and Octopolar moments

〈Ψ|O|Ψ〉 = 〈Ψ|e i 2π
L2

∑
i nixiyi |Ψ〉 = e iQxy

〈Ψ|O|Ψ〉 = 〈Ψ|e i 2π
L3

∑
i nixiyi zi |Ψ〉 = e iQxyz

Similar quantities seem to characterize amorphous higher order phases!
(appropriately accounting for atomic limit)
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Vanderbilt, Resta, Oskhikawa, Hastings, Gill Young Cho (2019), Watanabe (2019)
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Summary: looking through a topological glass

• Symmetries, parameters and local twists. Symmetry classification.

• Forming appropriate Hamiltonians are rich topological phases.
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• Diagnostics – conductances, witten effect, higher-order
electromagnetic moments to characterize these.
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Thoughts, yet to crystallize

• Generic phases and phase transitions in such systems? Scaling
theory?

• Response functions. Specially for higher order systems.

• Role of interactions? Strong disorder renormalization group?

————————————
References: arXiv: 1606.05483, 1701.00374, 1902.00507, 190X.XX
Early part in – Thesis: Excursions in ill condensed quantum matter.

Related works: Fractals – 1803.01404, Percolating clusters – 1612.01847

Mixed Topology (coexistence of d − 1 and d − 2 states), Continuum
versions (nXX.XXXX)
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So do we have all the topological phases of electron glasses?

..there are interesting things here..
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Thank you
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