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THE STUDY OF SCATTERING AMPLITUDES HAS SEEN
ENORMOUS PROGRESS OVER THE LAST DECADE.

THIS RESEARCH HAS REVEALED NEW STRUCTURES IN GAUGE
AND GRAVITY THEORIES.

VERY POWERFUL COMPUTATIONAL TECHNIQUES HAVE BEEN
DEVELOPED THAT HAS BEEN VERY USEFUL FOR COMPUTING
PROCESSES IN LHC.

THERE HAD BEEN A LOT OF PROGRESS IN THEORIES WITH
MAXIMAL SUSY BOTH AT TREE LEVEL AND LOOP LEVEL.

TODAY WE WILL CONCENTRATE ONLY ON TREE LEVEL
AMPLITUDES.
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MOTIVATION



(J TREE LEVEL GLUON SCATTERING AMPLITUDES IN N=4
SYM IN PLANAR LIMIT

J CoLOR ORDERED SUBAMPLITUDE

> AP ) T[T L T

all permutations of {1,2,...,n}

J SPINOR HELICITY
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Soft Limit in Gauge Theories:

Soft Limit of Gauge Theories ---- Very Useful in
constraining various aspects of amplitudes and consistency
check

lim A(L,....i, 5.k, ...,n) :ﬂ(—z'e(]) n k'e(]))A(1,...,z',3,k,...,n)

Jj—0 Sij Sjk

Universal Soft Factor in Spinor Helicity:

Vo RN, J

Sij Sk (27) (k)

Weinberg



Recent idea — “ INVERSE SOFT LIMIT”

!

Add particle to lower point amplitudes!

J USED IN THE RECENT GRASSMANNIAN PICTURE OF AMPLITUDES :
RESIDUES HAVE AN INTERPRETATION IN TERMS OF INVERSE SOFT
LIMIT.

J ALSO USED TO CONSTRUCT CERTAIN CLASS OF LEADING
SINGULARITIES.

J SOME RECENT ATTEMPTS TO CONSTRUCT AMPLITUDES UP TO NMHYV.

Arkani-Hamed,Cachazo,Cheung,Kaplan;Arkani-Hamed; Bullimore; Boucher-
Veroneau,Larkoski; Bourjaily,Cheung,Kaplan






Can we construct amplitudes using Soft Limit %



INVERSE SOFT
LIMIT and
BCFW



BCEFW Detour:

" Study analytic structure of amplitudes — external
momenta undergoes complex deformation.

= Factorization channel gives amplitude as products
of lower point amplitudes via recursion relation.

Xl — XI(Z) — Xl -+ an
An — An(2) = A — 20

Britto,Cachazo,Feng,Witten
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Now let us look at the supersymmetric version



2 Channel BCFW diagram

2 3
(1 n] snifs
@
A = A1 — 2An;
i = Ao+ 2\ ;
N = Nn + 271, ! n

A(1L,23,--- ,7) = / 'y sAp (1,2, —P)




Adding + helicity particle
A(1,2]3,-,n) =S+ (n 1 2)Ar(2,3,...,n)

Inverse Soft Limit Shift : momenta + supercharge conserved

~ T <1n) ~ o~ T (12) ~

>\2 — >\2 ! <2n> )\17 >\n — )\n | <n2> )\1
IR | (1n> IR . (12}

712 T2 <2n) My Tn N (n2> m



& Channel BCFW
diagram

[1 n) shift

-

_ ~ MHV
M o= A — 2 (o)
/\ﬁ — )‘n + Z/\l

771 — 7]1 T Z'r]n- 1 P

AT 203,....7) =8 (n12A2, ..., (n—1),n)




Adding - helicity particle

" Increases R-charge by 1!

Inverse Soft Limit Shift : momenta + supercharge conserved

21]
2n]

| 1n]

)\n—))\nl )\1,)\2—))\2| [2])\1
T




MOMENTUM TWISTOR :

In
>
Pn
I
Y P1
Ty
P2
>
T3

= Manifest Dual Superconformal Symmetry,
* Region momenta x; corresponds to lines X,
= Intersection defines momentum twistors



Wi = (Nia» 155 X3

pe = —izf e XE = =02\

1

\ (0 =1, 0)pip1 + (E+ 10— Dy + (G0 4+ Lpiy

3, —

z G— LG+ 1)

: (= Lxit1 + G+ 11— xa + (5,0 + L)xi—1

U = . T .
(t—1,4) (i, + 1)




= Contour integral for dual formulation of all loop
leading singularities in the space Grassmannain G(k,n)
using Twistors

1 denCaa
‘Cn,k(Wa) —

vol(GL(k))/(12---k)(23---k+1)---(nl---k—l)

k n
x - [16MQ CaalVa),
a=1 a=1

Arkani-Hamed,
Bourlaily, Cachazo,Trnka



" Contour integral for dual formulation of all loop
leading singularities in the space Grassmannian
G(k-2,n) using Momentum Twistors

d(k—2)XnD

1
Enk :AMHVvol(GL(k—2))_/(12---k—2)(23---k—l)---(nl---k—3)

k—2
X H 54l4(D&aZa),
a=1



YANGIAN INVARIANTS in MOMENTUM TWISTOR :

= k- preserving
/
n,k:(th Tt :Zn—l: Z'n,) — Yn—l,k(Zl, “ e Zn—l)
" k- increasing
YTZ,k( ’ "Zn_l’Zn7ZI7 . ) — [n_2 n—1n1l 2]}/’n—l,k—l(' .- 3Z’n—laz’7\17 e )

Shifts are:
ZzZl(Qn—Qn—ln)—l—Zg(n—Qn—ln1)

—_—

Zn1=2p0n—1n12)+2, 1{(nl2n-—2),

M (na(b ¢ d €) + cyclic)
(a b cdybcde)lcdea)ldeabeabdoc)

abcdel=

Arkani-Hamed, Bourjaily,Cachazo,Caron-Huot,Trnka



CONSTRUCTING
TREE AMPLITUDES
BY INVERSE SOFT
LIMIT



How to construct multi-particle
channel BCFW diagrams ?

-1

To construct generic diagram Ap(1,2,--- ,m, p)ﬁAR(_p’m_,_l, o on—1,7)
= Start with 2 channel diagram
- ~ 1 . N
Ar(1,m, P)ﬁAR(—P,m—i—l, o on—1,n) =S(n1m)Ar(m',m+l,--- ,n—1,n').

= Add particles between 1 and m

An =Y (IS I8k Avme (@, i+1,7)
LR L R

b )




Now let us work out an example: \N[HV

2 3

O——C >

= Start with 3 point MHV amplitude wmp Aqy(545)

= Add particle 17 wh Aygy(1848)



_ (53) 6% (Aarmar + Aama + )\5'775')\
8% (A1 + Asm3 + Aama + Ass) - S+ (513) Aay (345)
- (13)(34){(45)(51) |

= Add 2 particle =» Ag, . ,(12345)

A (12345) = S_(123) Avmy (1/3'45)

_ 0% (m[23] + n2[31] + 773[12])58(Z?=1 Ai")i)
[12][23][34][45][51](45)4

General Anti-MHV Amplitude:

S ) T 0% Ol + 1] + mifi + 11] + maa [14))

Asrro(1,2, -+
mav(1.2,--.n) (n—1n)A T, [id + 1 [T=2[1 4




Construct MHV Amplitude:

= Two possible diagrams for 2 types of shifts Aygy(l.. m)X Ap(m+1......n)

m m+1 m m+1

—
i
=0

AI(\T})IV = {1+12_v3+v to >(m_1)+} A%\/TP%V = {1_>2+7 T a(m_1)+}



How to relate Inverse Soft with BCFW in
Momentum Twistor ¢

Mn,k(17 e ’n) — Mn—l,k(2,' .. ,n)
+ Z []_'_1 .7 21 n]MnL,kL(]-j-i-l) e 7ja Ij+l)MnR,kR(Ij+17j+17“ ’ 7n)

nr.kRr:j

np+np=n+2k,+kp=k—1 11 = (12)(Gi+1n), iy = (i+1) [ |(n12)

MHV: My iy (L1, 5. L) =1
+
/ -
M ( y T n) n 1k(2 )
+ > [+l 21 M Mopen (L1, j+1,-+ - ;)
ng,kR:j

Connection not clear beyond {1+’ 2-, 3+’ cee (j_1)+}.
MHV !



Construct NMHV Amplitude:

m m+1 m-—1 m [ 1+ 1
//’ >N //" //' >
e [ () () )
\\ _,/ \\ \\ _,/

1 n 1 m+ 1 1 m+ 1

(a) (b) (c)

ATy = {17, (m — )" AR (1)}

m—2
£ 3 {1 R AR T Ay ()
1=2



Solution NMHYV

m—1 1—2
Al(\InI:/}HV - Z Z{l_a (m - 1)+7 to )i+)j+7 (.7 + 1)_7 (.7 + 2)+7 T ’(Z o 1)+
i—4 =2

+ Z_:{l_’i+7 (7’ + 1)_’ (Z + 2)+’ U 7(m o 1)+’2+7 o ’(i a 1)+}

m  1—2
=3 Y {1 m =Dt i G+ DT R

i=4 j=2



Aty = {1727, RAGR )]}

m—1
+3° {1t i, RAGS T )], Ay ()
1=3

Solution NMHV
AI(\InI:/%HV Z{1+ - (.+1)+v"' a(m_1)+’2_7RT}
i=3

m—11—1

3N a2 (m - 1)t L+ D)L (G + 1) 7, R

a—A a—2



Construct N* kMHV Amplitude:

1 m+ 1 1 m+1
(a) (b)

NkMHV = {17, (m-1)", ANT:MIIRW(Y/ )}

k- m—k+1-2
DI AG R )] ARy (7))
=1 i=l+2

(2fori=1)



Al
HV — = {1,
2~
R [AN’ZM”
v
)|}

On
k
+
l—
1 forl=
k)

D}
i=l+2 {1+
ngTn ) 7722'-—1
Nk) [A(m_
MHV )
A
o N
_BM )}
v

-



ISL shifts & BCFW deformations: equivalence




Amplitudes from ISL.

AL(1,2,--- i, P) = Ar(— P,i+1,--- ,7)

P2

A, = Z (HS}J) (Hs;z) Asro (7, i+1,7)

;LR L

Add between i+l
and n. to get Ag \
use A(n—i)

Add between 1
k—n—Fk+1 and i. to get A;

use & (3)

-

Start with this-
By construction
15% Particle 1-

between i and n



CONSTRUCTING
FORM FACTORS



Matrix elements of a gauge invariant, composite operator between
the vacuum and some external scattering states

2?;1 Pi = ¢ QQ #* 0.

<17 27 U n|O(Q)|O>

N=4 SYM : Supersymmetric form factors

F(Qa 7+71~2~ :n) — <1323 *n|7-(q’f}/+)|0>

Chiral part of Stress Tensor: 7 (z,0%) = T(x,9+,0_ = 0)

Brandhuber, Gurdogan,Mooney,Travaglini,Yang; Brandhuber,Travaglini,Yang;
Maldacena,Zhibodev; Bork,Kazakov,Vartanov; Sen;Sterman;Catani,Trentadue;
Magnea,Sterman.



Supersymmetric BCFW for Form Factors:

F(Q*7+71ﬂ2 ,’I’l) — Z [/dllnF(Q*ﬁl—'_viQ ’7717P)A(—p’ (7714‘1)’---
7
+/d47)A(I,2, e ,m,f))F(q, ~t:—P, (m+1),---
m m+1 m m+ 1
//’_‘ ~\\\ ///-‘ \\\
—P(FL)—U‘D ) ’\ @H—(Fk)d—
\ // \\ //
1 i 1 i

(a) (b)



MHV Example of super Form Factor

_ (T Aihi — @8 (T A )3 (T, i — )
(12)(23) - - - (n1)

FMHV(Q: 7+; 1? 23 Tt an)

= Analogous to Parke-Taylor Formula
= Conservation Delta Functions different
= Many Properties same as amplitudes

Form Factor : Same soft limit by taking external particle soft !



ISL for Form Factors :

F(g,7"1,2,---,n) = ) [(HS;{>F(Q,’Y+;1,,2,"' ,m, (m+1)")

+(HS£)F(qa'}’+;m', (m+ ]_), ,n—].,n')
L

= Add particles from both sides of BCFW
diagram

=Jse recursion relation for [1 n> and <1
n] shifts

nfg: If adding particle “i” from left, need
to add from right another particle “n+1-i”



ISL for Form Factors : Self Dual Field Strength

Funvav (g3 1, -+ n) = (1-+ - n|Tr(Fgp)[0) mnvmy -

n n A
3 q
FMNMHV(Q; 1, S ,n) = 58 (Z )\z‘nz') 54(2 )\z')\z' — Q) [12] T [nl] TfII T 77;11
i=1 i=1

= Only 2 particle channel BCFW diagram

Funvav(¢;1,2,---.n) =8_(n 1 2)Funvav(¢: 2,3, -+ . n')



CONCLUSION



J LooP INTEGRANDS

UGRAVITY THEORY

(J CAN WE CONSTRUCT AMPLITUDES SOLELY FROM SOFT
LIMITS FOR LESS SUPERSYMMETRY

J UNDERLYING GEOMETRIC PICTURE®
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A/In,k,f(la--wn) — A/In—l,k,f(lv"an_ 1)

+ Y GiHin=1n ] ME o (.5 0) x ME 4 (1, 5+, ., )
nr,kr.fL;j

+ / [AB n~1n 1] X Mpyoxt16-1(1,- .., 748, A, B).
GL(2)

np +np=n+2, k +kp=k—1, 0 +lp =21,

nj = (n—1n)((j j+11), I;=(j j+1) N (n-1n1)
fiag = (n—1 n)N(AB 1), A= (AB)N(n-1n1).



