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SYSTEMATIC NETWORK RECONSTRUCTION
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MOVING TO FREQUENCY DOMAIN

Eigenvalues of the (infinite-dim) variance-covariance matrix constitute the

spectral density function of a stochastic process over w € [-m, )

Cross-spectral density (Squared) Coherence
L5 - [Sij(w)[?
Sijw) = 5= oyllle Cij(w) = |rij (W) = =
T = J 8ii(w) S5 (w)
Partial cross-spectral density (Squared) Partial Coherence
— . 2
Sijw(w) = S5ij(w) — Siw(w)Swlw(w)SWj (w) PC;i(w) = [Sij wlw)]
Siiw (W) Sj5.w (W)

Advantages of frequency-domain analysis:
® Filtering characteristics of the connectivity (system) can be computed.
® Good separation of signal and noise components in the spectral domain

® Can easily detect lagged relations (without knowing the lag)

® Fairly robust methods exist for estimating spectral densities
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WIENER-GRANGER CAUSALITY

WGC is a “prediction-based” causality measure.
Given a multivariate time-series {zi[k]},i=1,2,...,Mand k=0, I, ..., N-I

Construct two predictions for zjlk] - one based on exclusion of

past of zi[k] and the other including it.

If the prediction after inclusion is improved, then z[k] Granger-
causes zjlk].
Comparison of predictions is usually based on
prediction-error variance

® A signal zj[k] Granger causing another signal zj[k] does not necessarily imply
physical causality.

® The causal relations detected, of course, is subject to change if the variable set
is changed (exclusion or inclusion of variables).
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TESTS FOR GC

There exists several tests for GC:
® Variance-based tests

» Time-domain ratios-of-variance and spectral WGC tests by Geweke (1980s)

» Granger-Sargent and Granger-Wald tests

» Granger causality index (GCI)
® Model-based tests (significance of parameter estimates of vector TS models)
® Partial directed correlation (with significance tests)

® Frequency-domain methods (with appropriate hypothesis tests)

» Partial directed coherence

» Direct pathway functions
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PARAMETRIC IMPLEMENTATION: VAR MODELS

® Vector auto-regressive (VAR) models are often used for forecasting

» Easy to estimate and interpret

® VAR(p) Model: p

p
A(g Mzlkl =elk], A(g")=T1-> A.q"
r=1
where e[k] is a (possibly spatially correlated) vector VN process.

® Assumptions:

» Joint stationarity, spectral density matrix is factorizable.

z; does not Granger cause z; if and only if a;; . = 0,Vr = 1,---, P
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FREQUENCY-DOMAIN: PARTIAL DIRECTED COHERENCE (PDC)

PDC (Definition)

mij(w) =

aij(w) aij(w)

\/a*.(w)a,j(w) VY )P

-J

p
Aw)=T-Aw)=I-> A/
r=1

z; does not Granger cause z; if and only if |7;;(w)|? =0, Vw

® Bounded and normalized measure

0 < |mij(w)|* <land Y |my(w) =1
1=1

® Factorizes partial coherency:
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VMA REPRESENTATIONS (TOTAL CAUSALITY)

® Dual of VAR models (represent variables as linear mix of innovations)

Q
zk] =) He[k — 1] + e[k]
=1

H, : MA coefficient matrix at lag {
» The element hji[l] contains the total causal influence from e; to z; at lag L.
® Normalized frequency-domain H(w) is the Directed Transfer Function (DTF)

» Measures Sims or total causality

In frequency domain, the relationship between VAR and VMA models is

H(w) = A7 (w), where A(w) =1 — A(w)
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DECOMPOSING TOTAL CAUSALITY

® The total transfer function h;(w) contains contributions from both
direct and indirect pathways.

Total transfer function

B e — () det(¥(@))
hD’l](a)) — -
ﬂ det(A(w))

Direct transfer function hI,l](a)) = hl](a)) — hD,ij(a))

E(0) o) T o)
2 2 2
R hl, i (w) | hlj(a)) | - | hD,lJ(a)) | + | hI,ij(a)) |
Indirect transfer function + 2 | hD,ij(a)) | | h],ij(a)) | COS ¢zj(w)

The direct transfer function hp,ij(.) can serve as a measure of

Granger causality in frequency-domain

AN
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DIRECT PATHWAY FUNCTION

® The (direct) causal relation between two random signals is detected by

hD’l-j(a))

l/fij(a)) =

M
\ Z | hD,ij(G)) |2
i=1

termed as the direct pathway function (DPF).

® The DPF is a measure of Granger causality between zj[k] and z;[k]

» It characterises the direct pathway from the endogenous source ej k| to the variable

(effect) zi[k]

Causality structure and strengths of connectivities can both be obtained
from the DPF ypji(w)
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SIMULATION CASE STUDY
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® N = 1000 observations of a 3-D stationary process

® Goal: Reconstruct a class of networks from correlation to the weighted
causal network
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COHERENCE AND CONDITIONED NETWORKS

Coherence Undirected, confounded network
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TRUE PROCESS

21 k = z21 []C — 1] — 0321 [k — 2] + 04252 [k’ — 2] + 61[]6] + O361[k’ — 1]
z9lk] = —0.421[k — 1] + 0.623]k — 1] + 0.323[k — 1] + ea|k] + 0.4ex[k — 1] 4 0.2e2 |k — 2]

(e1,21)

0.119
(e2,22) > (e3,23)

0.152

True causal network Identified network
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ISSUES AND CHALLENGES

® Confounding
» Spurious Causality

® |nstantaneous causality

® Model-process mismatch

® Network (graphical) representations
® Small sample scenario

® Missing observations

® Effects of measurement errors

® Non-linearities
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CONFOUNDING: EFFECT OF LATENT VARIABLES

® Consider a 5-D process:

(e1,21) (e2,22) ——> (es,25) (e1,21) (e2,22) ——> (es,25)
A A
v v
(32122) > (33123) (32122) > (e3lz3)
True GC graph Reconstructed GC graph
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SUB-GRAPHS (OBTAINED FROM DATA)

1
l \ Omission of latent variables
2 >3 could lead to bi-directional (pair

2-3) and /or “instantaneous”
4 effects (pair 3-4)

Sub-graphs derived from data do not necessarily tally with sub-graphs
derived from the full-set reconstructed graph

This issue is addressed by constructing “mixed” graphs that
are consistent with the data for all pairs. See Eichler (2005).
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MIXED GRAPH: EXAMPLE (EICHLER, 2005)

Z1lk] = azlk — 1] + e, [k] o 1

%[kl = PLIk — 2] + e,[k] / ‘\\
z3[k] = yLIk — 1] 4 8z,[k — 1] + e5[k]

24lk] = e,k : :

Multivariate path diagram
® L is a latent (unobserved)

variable. 2 «------- 3
'I' ’4"‘ k‘
® Both path diagrams are not e
‘¢ ‘.
“consistent” with each other. 1 4
the global Granger-causal
Markov property is more 1 «— 2 <----- 3 «— 4
appropriate. Mixed path diagram
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MISSING OBSERVATIONS

Arun K. Tangirala WORKSHOP ON COMPLEX NETWORKS, ICTS, BENGALURU June 26-30, 2018



FORMULATION

Measurements are obtained as:

inLZ‘Si, i=1,2,...,P
where, L; € RM*XY s the sampling matrix.

Assume signal s; has sparse representation in some “dictionary’ B € CN*V,

S, = BXZ'
y; = LiBx; = D;x;

(CMXN

x; € CN*1 is the sparse representation of s; and D; € Is known as over-

complete dictionary in the compressed sensing literature.

f Given D; (or alternatively given B and L;), we can recover X; by solving the \
following optimization problem:

: 2
argmin | |[x;||, +A]|x;|]5 st y;=Dx;

X;

The signal is reconstructed using:

k s, = Bx. J
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PROPOSED METHOD

1. Generate complete data set S = [s1, so, - - - sp] by incorporating labels
for missing observations.

2. For each signal s;, execute the following sub-algorithm:
(a) Set B to Discrete Fourier Transform (DFT) basis.
(b) Obtain a preliminary estimate of the signals.

arg min ||x;||1 + Al|x;||5 such that y, = D;x;
X;

(c) Update dictionary B using estimates obtained in the first step.

A

b=T[8[k—1] . &[k—r] .. splk—1] . 8p[k—r]]
B;=[B 9

(d) Normalize the columns of updated dictionary B;.

(e) Re-estimate the signals using step 2(b) with the updated dictionary.
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CASE STUDY

Data generating process: VAR(1)
silk] = 0.6s,[k — 1] + 0.4s,[k — 1] + ¢,[X]
solk] = 0.4s,[k — 1] + 0.55,[k — 1] + e,[X]

‘ ® observed datapoints © missing Iocations‘

10+
Time Series for the VAR process
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(a) Complete data record (b) Time-series with missing data
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CASE STUDY: CONTD.

‘ — True Signal —— Estimated Signal‘
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(a) Reconstructed Signal (b) Normalized DPT

(5% missing)

(10% missing)

(20% missing)

(30% missing)

NMSE fit (averaged)

0.989, 0.987

0.977, 0.971

0.950, 0.940

0.931, 0.925

Strength of Connectivity

(averaged)

S1 — So9 = 0.556

so — s, = 0.774

S1 — So = 0.548

so — 851 = 0.757

S1 — So9 = 0.533

so —s1 = 0.737

s — so = 0.517

s, —+s; = 0.721
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COMPARISON (30% MISSING DATA)

Mean imputation method

True Estimated
1 / !
. /_ )
F05 Fos
0 0
0 1 2 3 0 1 2 3

Modified L-S Periodogram method

Y o
& &
= 04 = 04
0.2 0.2

‘MTSDI" method

Mean imputation method

L-S Periodogram

Modified L-S Periodogram

‘MTSDI’ method

NMSE fit (averaged) 0.688, 0.689

0.139, 0.061

0.544, 0.522

0.912, 0.892
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CLIMATE DATA
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(@) Meteorological Time-series (b) Time-series with missing observations

Complete and incomplete time-series (30% missing data)

Note: Missing data located at different locations for each signal
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RESULTS

True Estimated
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(b) Incomplete data case
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NON-LINEARITIES
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HANDLING NON-LINEAR PROCESSES

There exist several approaches to determining causality in non-linear
processes.

® Transfer entropy

® Local linear predictors

® General information theoretic-based measures
® Correlation integrals

® Kernel-based ideas (recent)

See Schindler et al (2007). Causality detection based on information-theoretic approaches in time-series
analysis, Physics Reports, 441, 1-46.
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MOTIVATING THOUGHTS

® Second-order statistics measure linear (directed) relationships (useful for
linear and/or Gaussian processes).

® Information-theoretic tools quantify / detect non-linear connections.

® Entropy / information-based techniques mainly require estimation of joint
density functions -

» Computation for multivariable case (> 3 variables) becomes very cumbersome and
demanding

Idea: Have the simplicity of a linear tool (correlation) and the
capabilities of a non-linear measure (entropy-based)
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CORRENTROPY / GENERALIZED CORRELATION

Correntropy [Santamaria et al., 2006]

It is the covariance between two variables in a “kernel” space

Vz,2, = E(ko(Z; — Z;)) (1)

where K (.) is a kernel function inducing a non-linear mapping to a RKHS

ko (2j — 2i) = (P(25), d(2:))

A translation-invariant Gaussian kernel is commonly used

1 2
Ko(2j — 2) = exp (—HZ] 22“2)

\V2To
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AUTO-CORRENTROPY FUNCTION

Auto-correntropy function

Apply the correntropy in the same way as correlation, to measure lagged effects

Vae(tr,t2) = Elko (2[ta] — 2[t2])]

> e Bl =l -] @)

An unbiased and consistent estimator is given by

V(] = _lek n] — z[n — 1)) (3)
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PROPERTIES

® Has the same interpretation of an auto-covariance function

® Even moments are considered, unlike all moments in an Ml-based

measure
® Higher-order moments allow it to distinguish between distributions
® Linearity makes it computationally elegant

® Non-linearities are captured by working in the kernel space.

For an independent stationary processes z|[k], the auto-correntropy is
independent of the lag:

vli] = VI0]
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EXAMPLE

Chaotic Lorentz attractor system (Santamaria et al, 2006)
oy — ) R=28
o=10
b=10/3

T
y=—y—xz+ Rz

z=uxy — bz

Plot of autocorrelation vs lag for the variables in the Lorentz system Plot of autocorrentropy vs lag for the variables in the Lorentz system
1 0.4 ‘
\-\ X X
0.8F '\ . ' Y 0.35( . | T A 4
\ . z . z
AN
0.6 \ 1 031 -
\
\ ° °
041 \ . 1 0.25¢ .
— ° N - T T =< — !
o e - ~ - o A\
S 0.2 s LR B S 0.2f » 1
o . > \ /7 N\
. / \
of - : - 0.45F "~ Y\ £ .
. / A\
N / \
-0.2 - 0.1 N Lo AR -
N - _ V2 ~ -
0.4} s . ] 0.05} nen TR e
_0.6 | | | 0 | | |
0 5 10 15 20 0 5 10 15 20
lag lag

Arun K. Tangirala (IIT Madras) WORKSHOP ON COMPLEX NETWORKS, ICTS, BENGALURU June 26-30, 2018 62



KERNEL PDC

® ldea: Construct PDC in the kernel space using VAR models on kernel

transformed data.

KPDC

) = al (w) af;(w)
v (@) (w)alt(w) & 2
@) $ )
where
Aﬁb(w) —1— A¢(w), A¢(w) — iA?z—r .

(5)

v
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ESTIMATING KPDC

Idea: Build VAR models using Y-W method on correntropy estimates

» Transformation of variables not explicitly required.

» As in classical VAR modelling, only correntropy estimates are sufficient

For an M -dimensional multivariate process, denote

T
Z:[Zl £2 ottt ZM

The VAR model in the kernel space is given by

z%[k] = — ZP:A;? 2%k — r] + v[k]
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BuiLD VAR MODELS IN KERNEL SPACE

Estimate A, using the Y-W equations in the kernel space

zp: Af V|r| =

r=0
q—1
A? VT —7“—|—ZA¢ r—q—O g=1,---,p (8)
r=0

= T—q

Subsequently, estimate KPDC in a manner similar to estimating PDC
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2-D CASE STUDY

with a = 1.8, s = 0.01 and ¢ = 0.2

1

0.5

0.5

#1
0 0.2 0.4
0 0.2 0.4

0
0 0.2 0.4 0 0.2

Classical PDC Kernel PDC
using o = 0.23

Significance limits are computed using bootstrapping
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3-D CASE STUDY

® Three-variable system with one of the variables having a non-Gaussian
distribution [Duan et al., 2012]

ylk] = 5(z[k — 1] + 7.2)% + 10/ |z[k — 1]| + v1[K]
2] = 1—2[0.5 — (0.8 [k — 1] + 0.4y/2[k — 1])| + vs[k]

#2 #3
1 1
o x[k] € U[4,5]
05 05
® First 3000 samplesare SN - - - - - - o ————

discarded to generate

stationarity of samples. 5| _ 5

® KPDC correctly identifies the
effective connectivity.
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CASE STUDY: BIOREACTOR SYSTEM

A three-state bioreactor model [Enszer et al., 2008, Lin and Stadtherr, 2007a] with con-

centration of the cells (1), the substrate (z2) and the product (x3) as states:

where the growth rate pu is
1 = (u— D)x1

. x X3

T2 = D(x2f — 5132) — % Hmax [1 - ajgm] T2
e — o= ks + L2

t3 = —Dxs + (ap + 8)x1

with z1(0) = 6.50 g/L, ttmas = 0.46, ks = 1.1, z2(0) =5 g/L, z3(0) =15 g/L, Y =04
g/g, B=02hr"', D=0.202hr ', o =2.2g/g, T3m =50 g/L and 22y = 20 g/L.

R. Kannan and A.K. Tangirala (2014). Physical Reviews E, 89,062144. o 02 04 0 02 o4 0 02 o4
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