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SYSTEMATIC NETWORK RECONSTRUCTION
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MOVING TO FREQUENCY DOMAIN

Advantages of frequency-domain analysis:  

Filtering characteristics of the connectivity (system) can be computed. 

Good separation of signal and noise components in the spectral domain 

Can easily detect lagged relations (without knowing the lag) 

Fairly robust methods exist for estimating spectral densities 

… 
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Eigenvalues of the (infinite-dim) variance-covariance matrix constitute the  
spectral density function of a stochastic process over 𝝎 ∈ [-𝜋, 𝜋) 

Sij(!) =
1

2⇡

1X

l=�1
�ij [l]e

�j!l Cij(!) = |ij(!)|2 =
|Sij(!)|2

Sii(!)Sjj(!)

Cross-spectral density (Squared) Coherence

PCij(!) =
|Sij.W(!)|2

Sii.W(!)Sjj.W(!)
Sij.W(!) = Sij(!)� SiW(!)S�1

WW(!)SWj(!)

(Squared) Partial CoherencePartial cross-spectral density
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WGC is a “prediction-based” causality measure.  
Given a multivariate time-series {zi[k]}, i = 1, 2, …, M and k = 0, 1, …, N-1

WIENER-GRANGER CAUSALITY

A signal zi[k] Granger causing another signal zj[k] does not necessarily imply 
physical causality. 

The causal relations detected, of course, is subject to change if the variable set 
is changed (exclusion or inclusion of variables).

�33

1. Construct two predictions for zj[k] - one based on exclusion of 
past of zi[k] and the other including it.

2. If the prediction after inclusion is improved, then zi[k] Granger-
causes zj[k].

Comparison of predictions is usually based on  
prediction-error variance



Arun K. Tangirala WORKSHOP ON COMPLEX NETWORKS, ICTS, BENGALURU June 26-30, 2018

There exists several tests for GC:

TESTS FOR GC

Variance-based tests 

‣ Time-domain	ratios-of-variance	and	spectral	WGC	tests	by	Geweke	(1980s)	

‣ Granger-Sargent	and	Granger-Wald	tests	

‣ Granger	causality	index	(GCI)	

Model-based tests (significance of parameter estimates of vector TS models) 

Partial directed correlation (with significance tests) 

Frequency-domain methods (with appropriate hypothesis tests) 

‣ Partial	directed	coherence	

‣ Direct	pathway	functions

�34
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PARAMETRIC IMPLEMENTATION: VAR MODELS

Vector auto-regressive (VAR) models are often used for forecasting 

‣ Easy	to	estimate	and	interpret	

VAR(p) Model:  
 
 
 
 
where e[k] is a (possibly spatially correlated) vector WN process. 

Assumptions: 

‣ Joint	stationarity,	spectral	density	matrix	is	factorizable.
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z[k] =
pX

r=1

Arz[k � r] + e[k]

A(q�1)z[k] = e[k], A(q�1) = I�
pX

r=1

Arq
�r

zi does not Granger cause zj if and only if aji,r = 0,∀r = 1,⋯, P
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FREQUENCY-DOMAIN: PARTIAL DIRECTED COHERENCE (PDC)

PDC (Definition) 

Bounded and normalized measure 

Factorizes partial coherency:
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0 � |⇡ij(!)|2 � 1 and
mX

i=1

|⇡ij(!)|2 = 1

Ā(!) = I�A(!) = I�
pX

r=1

Are
�j!r

⇡ij(!) =
āij(!)q

ā⇤.j(!)ā.j(!)
=

āij(!)pPm
i=1 |āij(!)|2

PC(!) = ⇧⇤(!)⌃�1
e ⇧(!)

zi does not Granger cause zj if and only if |⇡ji(!)|2 = 0, 8!
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VMA REPRESENTATIONS (TOTAL CAUSALITY)

Dual of VAR models (represent variables as linear mix of innovations) 

‣ The	element	hji[l]	contains	the	total	causal	influence	from	ei	to	zj	at	lag	l.	

Normalized frequency-domain H(ω) is the Directed Transfer Function (DTF) 

‣ Measures	Sims	or	total	causality
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z[k] =
QX

l=1

Hle[k � l] + e[k]

Hr : MA coe�cient matrix at lag l

Time Series Models
VAR, VMA and VARMA Models [Tiao and Box, 1981]

VAR(P ) is represented as,

z[k] =
PX

r=1

Arz[k � r] + e[k]

Ar = AR coe�cient matrix at lag r.

VMA (Q) is represented as,

z[k] =
QX

r=1

Hre[k � r] + e[k]

Hr = MA coe�cient matrix at lag r.

VARMA(P,Q) model is

z[k] =
PX

r=1

Arz[k � r] +
QX

r=1

Hre[k � r] + e[k]

where Ar and Hr are the AR and the MA coe�cient matrices at lag r, respectively.

In frequency domain, the relationship between VAR and VMA models is

H(!) = Ā
�1(!), where Ā(!) = I �A(!)

Kathari & Tangirala, IIT Madras Research Scholars’ Conclave, CoE, Pune March 24, 2017 33/34
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DECOMPOSING TOTAL CAUSALITY

The total transfer function hij(ω) contains contributions from both 
direct and indirect pathways.

�38

Causality Analysis

An exact measure of direct energy transfer

The transfer function hij(!) consists of direct and indirect components
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hij(!) = hD,ij(!) + hI,ij(!)

hD,ij(!) =
�āij(!)det(M̄ji(!))

det(Ā(!))
i 6= j

hI,ij(!) = hij(!)� hD,ij(!)

Structural information and the strengths of connectivities are contained in the

direct transfer function

Arun K. Tangirala, IIT Madras Tutorial Talk, TIMA 2013 December 22, 2013 37

The	direct	transfer	function	hD,ij(.)	can	serve	as	a	measure	of	
Granger	causality	in	frequency-domain

hij(ω) = hD,ij(ω) + hI,ij(ω)

hD,ij(ω) =
−āij(ω) det(M̄ji(ω))

det(Ā(ω))
hI,ij(ω) = hij(ω) − hD,ij(ω)

|hij(ω) |2 = |hD,ij(ω) |2 + |hI,ij(ω) |2

+ 2 |hD,ij(ω) | |hI,ij(ω) |cos ϕij(ω)
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DIRECT PATHWAY FUNCTION

The (direct) causal relation between two random signals is detected by  
 
 
 
 
 
termed as the direct pathway function (DPF). 

The DPF is a measure of Granger causality between zj[k] and zi[k]  

‣ It	characterises	the	direct	pathway	from	the	endogenous	source	ej[k]	to	the	variable	
(effect)	zi[k]		

�39

ψij(ω) ≜
hD,ij(ω)

M

∑
i=1

|hD,ij(ω) |2

Causality	structure	and	strengths	of	connectivities	can	both	be	obtained	
from	the	DPF	𝜓Dij(ω)
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SIMULATION CASE STUDY

N = 1000 observations of a 3-D stationary process 

Goal: Reconstruct a class of networks from correlation to the weighted 
causal network
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COHERENCE AND CONDITIONED NETWORKS

�41
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DIRECTED (CAUSAL) WEIGHTED NETWORKS
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TRUE PROCESS

�43

z1[k] = z1[k � 1]� 0.3z1[k � 2] + 0.4z2[k � 2] + e1[k] + 0.3e1[k � 1]

z2[k] = �0.4z1[k � 1] + 0.6z2[k � 1] + 0.3z3[k � 1] + e2[k] + 0.4e2[k � 1] + 0.2e2[k � 2]

z3[k] = 0.2z1[k � 1]� 0.4z2[k � 2] + 0.3z2[k � 3] + 0.6z3[k � 1] + e3[k]

True	causal	network Identified	network
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ISSUES AND CHALLENGES

Confounding 

‣ Spurious	Causality	

Instantaneous causality 

Model-process mismatch 

Network (graphical) representations  

Small sample scenario 

Missing observations 

Effects of measurement errors 

Non-linearities 

…

�44
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CONFOUNDING: EFFECT OF LATENT VARIABLES

Consider a 5-D process:

�45

z1[k] = 0.7z1[k � 1] + e1[k]

z2[k] = 0.2z1[k � 2] + 0.9z2[k � 1] + e2[k]

z3[k] = 0.2z1[k � 1] + 0.5z2[k � 1] + 0.8z3[k � 2] + e3[k]

z4[k] = 0.5z2[k � 1] + 0.4z3[k � 1] + 0.6z4[k � 1] + e4[k]

z5[k] = 0.7z4[k � 1] + 0.2z5[k � 1] + e5[k]

(e1,z1)

(e2,z2) (e3,z3)

(e4,z4) (e5,z5) (e1,z1)

(e2,z2) (e3,z3)

(e4,z4) (e5,z5)

True	GC	graph Reconstructed	GC	graph
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SUB-GRAPHS (OBTAINED FROM DATA)

Omission of latent variables 
could lead to bi-directional (pair 
2-3) and /or “instantaneous” 
effects (pair 3-4)

�46

1
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4

2 3

2 3

Sub-graphs derived from data do not necessarily tally with sub-graphs 
derived from the full-set reconstructed graph

This issue is addressed by constructing “mixed” graphs that 
are consistent with the data for all pairs. See Eichler (2005).

3 4
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MIXED GRAPH: EXAMPLE (EICHLER, 2005)

L is a latent (unobserved) 
variable. 

Both path diagrams are not 
“consistent” with each other. 

A “mixed” graph based on 
the global Granger-causal 
Markov property is more 
appropriate.

�47
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Multivariate	path	diagram
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Bivariate	path	diagram

21 3 4

Mixed	path	diagram

z1[k] = αz2[k − 1] + e1[k]
z2[k] = βL[k − 2] + e2[k]
z3[k] = γL[k − 1] + δz4[k − 1] + e3[k]
z4[k] = e4[k]
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MISSING OBSERVATIONS
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FORMULATION

�49

Formulation: SPOPT for estimating missing data

Measurements are obtained as:

yi = Lisi, i = 1, 2, . . . , P (2)

where, Li 2 RM⇥N is the sampling matrix.

Assume signal si has sparse representation in some “dictionary” B 2 CN⇥N .

si = Bxi (3)

yi = LiBxi = Dixi

xi 2 CN⇥1 is the sparse representation of si and Di 2 CM⇥N is known as over-

complete dictionary in the compressed sensing literature.

Agarwal & Tangirala (IIT Madras) CSChE 2017 October 30, 2017 14 / 31
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Given Di (or alternatively given B and Li), we can recover xi by solving the  
following optimization problem: 

The signal is reconstructed using: 

arg min
xi

| |xi | |1 + λ | |xi | |2
2 s.t. yi = Dxi

si = Bx̂i
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PROPOSED METHOD

�50

Proposed Method

1. Generate complete data set S = [s1, s2, · · · sP ] by incorporating labels

for missing observations.

2. For each signal si, execute the following sub-algorithm:

(a) Set B to Discrete Fourier Transform (DFT) basis.

(b) Obtain a preliminary estimate of the signals.

arg min
xi

kxik1 + �kxik22 such that yi = Dixi

(c) Update dictionary B using estimates obtained in the first step.

�̂ =
⇥
ŝ1[k � 1] .. ŝ1[k � r] ... ŝP [k � 1] .. ŝP [k � r]

⇤

B1 =
⇥
B �̂

⇤

(d) Normalize the columns of updated dictionary B1.

(e) Re-estimate the signals using step 2(b) with the updated dictionary.

Agarwal & Tangirala (IIT Madras) CSChE 2017 October 30, 2017 17 / 31
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CASE STUDY

�51

Case Study 1

Data generating process VAR(1):

s1[k] = 0.6s1[k � 1] + 0.4s2[k � 1] + e1[k]

s2[k] = 0.4s1[k � 1] + 0.5s2[k � 1] + e2[k] (15)
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(a) Complete data record
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(b) Time-series with missing data

Figure 5: Time-series of the process (30% missing data)

(Case: missing data located at identical locations for all signals)
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Data generating process: VAR(1)
s1[k] = 0.6s1[k − 1] + 0.4s2[k − 1] + e1[k]
s2[k] = 0.4s1[k − 1] + 0.5s2[k − 1] + e2[k]
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CASE STUDY: CONTD.
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Case Study 1

0 100 200 300 400 500

s 1

-5

0

5

Sample Time
0 100 200 300 400 500

s 2

-5

0

5

True Signal Estimated Signal

(a) Reconstructed Signal

ω

0 1 2 3

|ψ
11
|2

0

0.2

0.4

0.6

0.8

1

ω

0 1 2 3

|ψ
12
|2

0

0.2

0.4

0.6

0.8

1

ω

0 1 2 3

|ψ
2

1
|2

0

0.2

0.4

0.6

0.8

1

ω

0 1 2 3

|ψ
22
|2

0

0.2

0.4

0.6

0.8

1

(b) Normalized DPT

Figure 6: Reconstructed signal and normalized DPT using the proposed method

(5% missing) (10% missing) (20% missing) (30% missing)

NMSE fit (averaged) 0.989, 0.987 0.977, 0.971 0.950, 0.940 0.931, 0.925

Strength of Connectivity

(averaged)

s1 ! s2 = 0.556

s2 ! s1 = 0.774

s1 ! s2 = 0.548

s2 ! s1 = 0.757

s1 ! s2 = 0.533

s2 ! s1 = 0.737

s1 ! s2 = 0.517

s2 ! s1 = 0.721

Table 1: NMSE fit and strength of connectivity estimates
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(5% missing) (10% missing) (20% missing) (30% missing)

NMSE fit (averaged) 0.989, 0.987 0.977, 0.971 0.950, 0.940 0.931, 0.925

Strength of Connectivity

(averaged)

s1 ! s2 = 0.556

s2 ! s1 = 0.774

s1 ! s2 = 0.548

s2 ! s1 = 0.757

s1 ! s2 = 0.533

s2 ! s1 = 0.737

s1 ! s2 = 0.517

s2 ! s1 = 0.721

Table 1: NMSE fit and strength of connectivity estimates
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COMPARISON (30% MISSING DATA)

�53

Comparison (30% missing data)
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Table 2: NMSE Fit values for di↵erent methods

Mean imputation method L-S Periodogram Modified L-S Periodogram ‘MTSDI’ method

NMSE fit (averaged) 0.688, 0.689 0.139, 0.061 0.544, 0.522 0.912, 0.892
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CLIMATE DATA

�54

Climate Data : Chennai (7th May - 20th May, 2017)

0 50 100 150 200 250 300Te
m

pe
ra

tu
re

 (s
1)

-2

0

2

0 50 100 150 200 250 300

Pr
es

su
re

 (s
2)

-2

0

2

Sample Time
0 50 100 150 200 250 300W

in
d 

Sp
ee

d 
(s

3)

-2
0
2

(a) Meteorological Time-series

0 50 100 150 200 250 300

y 1

-2

0

2

0 50 100 150 200 250 300

y 2

-2

0

2

0 50 100 150 200 250 300

y 3

-2
0
2

(b) Time-series with missing observations

Figure 7: Complete and incomplete time-series (30% missing data)

(Case: missing data located at di↵erent locations for all signals)
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Complete and incomplete time-series (30% missing data)  

Note: Missing data located at different locations for each signal
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RESULTS

�55
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Figure 8: Reconstructed signal and normalized DPT using the proposed method
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Figure 9: Causal graph for complete and incomplete datasets
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NON-LINEARITIES
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There exist several approaches to determining causality in non-linear 
processes.

HANDLING NON-LINEAR PROCESSES

Transfer entropy  

Local linear predictors 

General information theoretic-based measures 

Correlation integrals 

Kernel-based ideas (recent) 

…

�57

See Schindler et al (2007). Causality detection based on information-theoretic approaches in time-series 
analysis, Physics Reports, 441, 1-46.
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MOTIVATING THOUGHTS

Second-order statistics measure linear (directed) relationships (useful for 
linear and/or Gaussian processes).  

Information-theoretic tools quantify / detect non-linear connections.  

Entropy / information-based techniques mainly require estimation of joint 
density functions -  

‣ Computation	for	multivariable	case	(>	3	variables)	becomes	very	cumbersome	and	
demanding

�58

Idea:	Have	the	simplicity	of	a	linear	tool	(correlation)	and	the	
capabilities	of	a	non-linear	measure	(entropy-based)	
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CORRENTROPY / GENERALIZED CORRELATION

It is the covariance between two variables in a “kernel” space

�59

Correntropy . . . contd.

Correntropy [Santamaŕıa et al., 2006]

It is the covariance between two variables in a “kernel” space

VZjZi = E(�(Zj � Zi)) (1)

where �(.) is a kernel function inducing a non-linear mapping to a RKHS

�(zj � zi) = h�(zj), �(zi)i

A translation-invariant Gaussian kernel is commonly used

�(zj � zi) =
1

p
2⇡�

exp

✓
�
||zj � zi||

2
2

2

◆
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AUTO-CORRENTROPY FUNCTION

�60

Correntropy function

Auto-correntropy function

Apply the correntropy in the same way as correlation, to measure lagged e↵ects

Vzz(t1, t2) = E[k�(z[t1] � z[t2])]

=
1

p
2⇡�

1X

n=0

(�1)n

2n�2nn!
E

⇥
kz[m] � z[m � l]k2n

⇤
(2)

Estimator

An unbiased and consistent estimator is given by

V̂ [l] =
1

N � l + 1

NX

n=l

k(z[n] � z[n � l]) (3)
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PROPERTIES

Has the same interpretation of an auto-covariance function 

Even moments are considered, unlike all moments in an MI-based 
measure 

Higher-order moments allow it to distinguish between distributions 

Linearity makes it computationally elegant 

Non-linearities are captured by working in the kernel space. 

For an independent stationary processes z1[k], the auto-correntropy is 
independent of the lag:

�61

V[l] = V[0]
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EXAMPLE

Chaotic Lorentz attractor system (Santamaria et al, 2006)

�62

Example: Lorentz attractor

Chaotic Lorenz attractor system: [Santamaŕıa et al., 2006]

ẋ = �(y � x)

ẏ = �y � xz + Rx

ż = xy � bz
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Figure 1: Correntropy estimates with

R = 28, � = 10 and b = 10
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Figure 2: Correlation estimates with

R = 28, � = 10 and b = 10
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KERNEL PDC

Idea: Construct PDC in the kernel space using VAR models on kernel 
transformed data.

�63

Fusing the two: Kernel PDC

Idea: Construct PDC in the kernel space using VAR models on kernel

transformed data

KPDC

�(z[k]) = �

pX

r=1

A
�
r �(z[k � r]) + v[k]

⇡�
ij(!) =

ā�
ij(!)

(ā�)⇤.j(!)ā�
.j(!)

=
ā�

ij(!)
mX

i=1

���ā�
ij(!)

���
2

where

Ā
�
(!) = I� A

�(!); A
�(!) =

pX

r=1

A�
r z�r

���
z=e�j!

(5)
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ESTIMATING KPDC

�64

Estimating KPDC

Idea: Build VAR models using Y-W method on correntropy estimates

I Transformation of variables not explicitly required.

I As in classical VAR modelling, only correntropy estimates are su�cient

For an M -dimensional multivariate process, denote

z =
h
z1 z2 · · · zM

iT

The VAR model in the kernel space is given by

z
�[k] = �

pX

r=1

A
�
r z

�[k � r] + v[k] (6)
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BUILD VAR MODELS IN KERNEL SPACE

Significance levels can be computed using surrogate (bootstrapping) 
methods

�65

Estimating KPDC . . . contd.

Estimate Ar using the Y-W equations in the kernel space

pX

r=0

A
�
r V[r] = ⌃v

q�1X

r=0

A
�
r VT[q � r] +

pX

r0=q

A
�
r0
V[r

0
� q] = 0, q = 1, · · · , p (8)

Subsequently, estimate KPDC in a manner similar to estimating PDC

A
�(!) =

pX

r=1

A
�
r z

�r
���
z=e�j!

Ā
�
(!) = I� A

�(!)

�ij(!) =
ā
�
ij(!)

ā
�⇤

.j (!)ā
�
.j(!)

=
ā
�
ij(!)

mX

i=1

���ā�ij(!)
���
2

(9)
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Estimating KPDC . . . contd.

Estimate Ar using the Y-W equations in the kernel space

pX

r=0

A
�
r V[r] = ⌃v

q�1X

r=0

A
�
r V

T[q � r] +
pX

r0=q

A
�

r0
V[r

0
� q] = 0, q = 1, · · · , p (7)

Subsequently, estimate KPDC in a manner similar to estimating PDC

A
�(!) =

pX

r=1

A�
r z

�r
���
z=e�j!

Ā
�
(!) = I� A

�(!)

�ij(!) =
ā�ij(!)

ā�
⇤

.j (!)ā�.j(!)
=

ā�ij(!)
mX

i=1

���ā�ij(!)
���
2

(8)
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2-D CASE STUDY

�66

x1[k] = 1� ax2
1[k � 1] + se1[k]

x2[k] = (1� c)(1� ax2
2[k � 1]) + c(1� ax2

1[k � 1]) + se2[k]

with a = 1.8, s = 0.01 and c = 0.2

Case Study I: Coupled noisy logistic maps

A uni-directional bivariate process [Marinazzo et al., 2008]:

x[k] = 1 � a x2[k � 1] + s e1[k]

y[k] = (1 � c)(1 � a y2[k � 1]) + c(1 � a x2[k � 1]) + s e2[k] (12)

with a = 1.8, s = 0.01 and c = 0.2.
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Classical	PDC
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Kernel	PDC	
using	𝜎	=	0.23

Significance	limits	are	computed	using	bootstrapping
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3-D CASE STUDY

Three-variable system with one of the variables having a non-Gaussian 
distribution [Duan et al., 2012]  

x[k] ∈ U[4,5] 

First 3000 samples are  
discarded to generate  
stationarity of samples. 

KPDC correctly identifies the  
effective connectivity.

�67

y[k] = 5(z[k � 1] + 7.2)2 + 10
p

|x[k � 1]|+ v1[k]

z[k] = 1� 2
���0.5� (0.8 x[k � 1] + 0.4

p
z[k � 1])

���+ v2[k]
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CASE STUDY: BIOREACTOR SYSTEM

Kernel PDC (shown on the right) rightly identifies process connectivity

�68

Case Study IV: Bioreactor

A three-state bioreactor model [Enszer et al., 2008, Lin and Stadtherr, 2007a] with con-

centration of the cells (x1), the substrate (x2) and the product (x3) as states:

ẋ1 = (µ�D)x1

ẋ2 = D(x2f � x2)�
µx1

Y

ẋ3 = �Dx3 + (↵µ+ �)x1 (16)

where the growth rate µ is

µ =

µmax


1�

x3

x3m

�
x2

ks + x2
(17)

with x1(0) = 6.50 g/L, µmax = 0.46, ks = 1.1, x2(0) = 5 g/L, x3(0) = 15 g/L, Y = 0.4

g/g, � = 0.2hr�1
, D = 0.202hr�1

, ↵ = 2.2 g/g, x3m = 50 g/L and x2f = 20 g/L.
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FIG. 9. (Color online) KPDC using σ = 0.23 for the system defined in Eq. (28).

From the model, it can be seen that x1 causes x2, x2 causes x3,
x3 causes x4, and x4 causes x5:

x1[k] = 0.95x1[k−1] − 0.9025x1[k−2] + e1[k],

x2[k] = 1−2 | 0.5 − (0.15x1[k−1] + 0.35x2[k−1]) | +e2[k],

x3[k] = 1−2 | 0.5 − (0.25x2[k−1] + 0.25x3[k−1]) | +e3[k],

x4[k] = 1−2 | 0.5 − (0.35x3[k−1] + 0.15x4[k−1]) | +e4[k],

x5[k] = 1−2 | 0.5 − (0.45x4[k−1] + 0.05x5[k−1]) | +e5[k].

(30)

The performance of KPDC for different sample sizes is
listed in Table I, and a typical performance of KPDC for
a sample size of 1000 is shown in Fig. 10 for comparison
with the other case studies. The number of cases in which
KPDC was able to correctly detect all the causal relationships
for sample sizes 200, 500, 1000, and 2000 were 7, 32, 44,
and 49, respectively. It can be seen from Table I that KPDC
performs well for reasonably large sample sizes (1000 and
2000) and is fairly robust in correctly establishing the lack
of causal relationships between (relevant) variables even for
small sample sizes. However, KPDC is unable to consistently
detect the relatively weaker causal links (the causal influence
of x1 on x2) for the smaller sample size cases.

Impact of the kernel width on KPDC performance

The impact of the kernel width (σ ) on the performance of
KPDC was assessed by evaluating KPDC for 10 realizations
of the above system using 0.25σ ∗, 0.5σ ∗, σ ∗, 2σ ∗, and 4σ ∗

as kernel widths [where σ ∗ is the kernel width determined
using Silverman’s rule (20)]. The performance of KPDC for
the different kernel widths is listed in Table II. It can be seen
from Table II that KPDC performs well for the cases when
0.5σ ∗, σ ∗, and 2σ ∗ were used as kernel widths. However,
KPDC is either unable to detect the weaker causal links or
detects spurious causal links when the kernel width is either
too low or too high. This is consistent with the discussion on
correntropy in [34] where the kernel width is likened to a zoom
lens.

All the case studies were performed on a computer with a
8.00 GB RAM and a single 2.60 GHz CPU. The computation
time for a single realization of the five-variable system in (30)
for a sample size of 200 using the kernel width suggested by
Silverman’s rule was determined to be around 75 min. It was
observed that the computation time was an affine function of
the sample size, with the 2000 sample size case study using σ ∗

as the kernel width taking around 1000 minutes per realization,
and was an exponential function of the deviation of the kernel
width from Silverman’s rule, with the 1000 sample size case
studies using 0.25σ ∗ and 4σ ∗ as the kernel widths taking
around 5000 min and 210 min, respectively, per realization.

TABLE I. Performance of KPDC for 50 realizations each for sample sizes 200, 500, 1000, and 2000 (in that order, separated by commas)
using the kernel width suggested by Silverman’s rule. The (i,j )th cell contains the number of instances in which KPDC predicted that the j th
variable had a causal influence on the ith variable.

x1 x2 x3 x4 x5

x1 0,1,0,0 0,0,0,0 0,0,0,0 0,0,0,0
x2 7,32,45,50 0,0,0,0 0,0,0,0 0,0,0,0
x3 0,0,0,0 42,50,50,50 0,0,0,0 0,0,0,0
x4 0,0,0,0 0,0,0,0 50,50,50,50 0,0,0,0
x5 0,0,0,0 0,0,0,0 0,1,2,1 50,50,50,50
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