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Switching Dynamical Systems 



Different Class of Switching Dynamical 

Systems 

  (a) Systems with discontinuous vector fields 

[Ex: Relay systems, Power Electronic Systems, Dry friction] 

 

(b) Systems with discontinuous state jump  

[Ex: Impact Oscillators, Converter with reset switch, 

overhead camshaft automotive valve train] 

 

(c) Systems with Piecewise Nonlinear Subsystems 

[Ex: Alpazur Oscillators, DC Series Motor] 

 

(d) Systems with Differential algebraic equations 

[Ex: PV connected Converters, Robotic Systems, Power 

Systems ] 



Filippov Method: Monodromy Matrix 



STM for Linear Subsystems 

Integrate the differential equations along with the 

checking of switching condition.  

 

A proper adaptive (variable) step-size integration gave us 

satisfying performance along with precious control of the 

numerical error to find out t1. 
 

                                      Φ1 = exp(A1(t1 – t0)) 

 

Matlab’s expm function which is ten-term Taylor’s series 

approximation 
 

Ref: Nick Higham, How and How Not to Compute the Exponential of a Matrix, The University of Manchester. 



STM for Nonlinear Subsystems 

For n-dimensional system, (n + n2)  differential equations have to 

be solved.  

Ref: The Variational Equation, Liz Bradley, Department of Computer Science, University of Colorado.  

We have to solve the system equations and variational equations 

simultaneously.  



Van der Pole System 
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2nd Order ODE 

 

 
1st Order ODEs 



Saltation Matrix (Transversal Intersection) 

   The saltation matrix relates how the perturbation before 
the switching maps to the perturbation after the switching.  

Ref: Books by R.I. Leine and H. Nijmeijer (2004) ,  A. F. Filippov (1988) , di Bernardo et al. 2008 



Saltation Matrix (Crossing Sliding) 
   To find out the sliding vector field fs we use Filippov’s 

convex method (or Utkin’s equivalent control). 

Ref: Books by R.I. Leine and H. Nijmeijer (2004) ,  A. F. Filippov (1988) , di Bernardo et al. 2008 



Saltation Matrix (Impacting System) 

Ref: P. T. Piiroinen et al., Chaos and Period-Adding in an Impacting System, Journal of Nonlinear Science, 
2004. 



Detection of Grazing 

Ref: P. T. Piiroinen et al., Chaos and Period-Adding in an Impacting System, Journal of Nonlinear Science, 
2004. 



Locating the Periodic Orbit  

and Finding Its Stability 



Our Algorithm 

 Start from a suitable initial condition. 

 Simulate for one period. Determine the subsystem 

sequence in that period, and the times spent in each 

subsystem. 

 Determine the state transition matrices for each 

subsystem, and the saltation matrices for each switching. 

Obtain the monodromy matrix. 

 

 



The Algorithm (continued) 

 Take one Newton-Raphson step using this Jacobian 

matrix. Obtain a new initial condition. Repeat the steps. 

 When the algorithm converges on the fixed point, the 

Jacobian converges on that of the periodic orbit. 

 Obtain the Eigenvalues. 

 Once a periodic orbit is located, make a small change in 

the parameter and use the old periodic orbit as the initial 

guess (natural continuation method). 



The Algorithm (continued) 

 It is not restricted by the problem size (dimension, number 

of subsystems, switching conditions, etc.). 

 Convergence may be a problem unless the initial condition 

is close to the periodic orbit.  

 

   We overcome the problem by starting from a stable 

periodic orbit, which can be located using brute force 

simulation. 



Advantages of the Software 

 No limitation in problem size i.e., dimensions and number of 

subsystems. Higher number of subsystems in a period only 

increases the number of matrices to be multiplied, and not the 

dimension of the matrices. 

  From the algorithmic complexity point of view, the size of 

the Jacobian, condition number of the Jacobian and the 

number of Newton iterations are significantly less than that in 

multiple shooting and collocation methods. 

  Applicable to linear as well as nonlinear subsystems. 

  Applicable to different operation modes. 

  It can handle the crossing-sliding and grazing-sliding 

segments. 

  K. Mandal et al., “An Automated Algorithm for Stability Analysis of Hybrid Dynamical 
Systems,”  European Physical Journal (EPJ), 2013 . 



Comparison with the Available Programs 

Algorithmic complexity: 

 the size of the Jacobian,  

 condition number of the Jacobian, 

 the number of Newton iterations,  

 the domains of convergence.  

In collocation method, the Jacobian is of dimension (mnN + b + 

q + 1), where n is the number of subintervals, m the number of 

collocation points per subinterval, N the dimension of the 

system, b the number of boundary conditions and q the 

number of integral conditions.  

In the multiple-shooting methods, the Jacobian is of dimension 

(N −1)s +1, where s is the number of cross-sections that are 

used. 

For systems with high complexity, these become unmanageable. 



Program Structure inside GUI 



Event Detection Routine in Matlab 

Ref: F. Zhang, M. Yeddanapudi,  P. J. Mosterman, Zero-Crossing Location and Detection Algorithms For Hybrid 

System Simulation, The MathWorks, USA, 2008. 

The function is of the form: 

 

function [value,isterminal,direction] = events(t,y) 

 

•  value(i) is the value of the ith  event function. 

•  isterminal(i) = 1 if the integration is to terminate at a zero of this     

                              event function,  

                           0 otherwise 

•  direction(i) = 0 if all zeros are to be located (the default),  

                        +1 only zeros for increasing event function and  

                         -1 only zeros for decreasing event function 

 

  



Errors and Control of Errors  in Matlab 

Ref: T. Park and P. I. Barton, State event location in differential-algebraic models, ACM 
Transactions on Modeling and Computer Simulation, 996. 

Accuracy vs Speed  

 

RelTol:  the relative accuracy tolerance, controls the number of 

correct digits in the answer.  

AbsTol:  the absolute error tolerance, controls the difference 

between the answer and the solution.  

 

At each step, the error e in component i of the solution satisfies 

|e(i)| ≤ max(RelTol*abs(y(i)),AbsTol(i))  



Bifurcation and Stability Analysis 

 

Bifurcation Diagram  

                and Phase-Space: Direct time integration 

 

     Unstable Periodic Orbit: Single Shooting method 

 

Coexisting Periodic Orbits: Natural Continuation Method 

 

               Bifurcation Point: Monitoring the Maximum        

                                             Eigenvalue of the Jacobian. 

 



GUI in Matlab 

Ref: Book by P. Marchand and O. T. Holland, Graphics and GUIs with MATLAB, 2003. 

Write ‘guide’ in Matlab Command window 



Example 1: Buck Converter with  

Current-Mode Control  



Buck Converter: Modeling 



Buck Converter: Bifurcation Diagrams 

Brute-Force  Path-Following 



Buck Converter:  
Fixed point and Eigenvalues 



Example 2: 2-D, Three-Subsystems, 10 

Parameters  Alpazur Oscillator 



Example 2: Modeling of Alpazur Oscillator 
Modeling: Piecewise Nonlinear Subsystem (Normalized voltage and current) 

Q. Brandon et al., Numerical bifurcation analysis framework for autonomous piecewise-
smooth dynamical systems,  Chaos, Solitons and Fractals, 2009. 



Alpazur Oscillator: Bifurcation Diagram 



Example 3: PV Connected Boost Converter 



State-Space Modeling: 

PV Connected Boost Converter 



PV Connected Boost Converter 

Ref: A. Abusorrah et al., Stability of the Boost Converter Fed from Photovoltaic Source, Solar 
Energy, 2013. 



Demonstration 



Conclusions 
 

 

 

 

A general-purpose software is developed to handle high-

dimensional switching dynamical systems with a large 

number of subsystems.  
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