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Spectral Pick interpolation problem

Let D denote the open unit disc in the complex plane C centered at 0.
Given n € Z4 the set §,, := {A € M,(C) : 0(A) C D} is the spectral
unit ball of dim. n2, where M, (C) denotes the set of all n x n complex
matrices and o denotes the spectrum of a matrix.
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Spectral Pick interpolation problem

Let D denote the open unit disc in the complex plane C centered at 0.
Given n € Z4 the set §,, := {A € M,(C) : 0(A) C D} is the spectral
unit ball of dim. n2, where M, (C) denotes the set of all n x n complex
matrices and o denotes the spectrum of a matrix.

The spectral Pick interpolation problem is the following problem:
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Spectral Pick interpolation problem

Let D denote the open unit disc in the complex plane C centered at 0.
Given n € Z4 the set §,, := {A € M,(C) : 0(A) C D} is the spectral
unit ball of dim. n2, where M, (C) denotes the set of all n x n complex
matrices and o denotes the spectrum of a matrix.

The spectral Pick interpolation problem is the following problem:

() Given M distinct points (1, ...,(y € D and matrices Wy, ..., Wi € Q,,
n > 2, find conditions on the data {(¢;, W;) : 1 < j < M} such that there
exists a holomorphic map F': D — ,, satisfying the condition
F(C]) =W;, j=1,..., M.

In the case when such a function F' exists, we shall say that F' is an interpolant of

the data.
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Spectral Pick interpolation problem

Let D denote the open unit disc in the complex plane C centered at 0.
Given n € Z4 the set §,, := {A € M,(C) : 0(A) C D} is the spectral
unit ball of dim. n2, where M, (C) denotes the set of all n x n complex
matrices and o denotes the spectrum of a matrix.

The spectral Pick interpolation problem is the following problem:

() Given M distinct points (1, ...,(y € D and matrices Wy, ..., Wi € Q,,
n > 2, find conditions on the data {(¢;, W;) : 1 < j < M} such that there
exists a holomorphic map F': D — ,, satisfying the condition
F(C]) =W;, j=1,..., M.

In the case when such a function F' exists, we shall say that F' is an interpolant of
the data.

In the case n = 1, (%) was first solved by George Pick in 1916 and later by
Nevanlinna in 1929, who also found a parametrization of all interpolants.
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, Connection with symmetrized polydisc

Bercovici, Foias and Tannenbaum using a spectral version of the
commutant lifting theorem, under the restriction that sup.cp p(F'(¢)) < 1,
where p denotes the spectral radius, provided a characterization for the
existence of an interpolant. This characterization involves a search for M

appropriate matrices in GL,(C).
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, Connection with symmetrized polydisc

Bercovici, Foias and Tannenbaum using a spectral version of the
commutant lifting theorem, under the restriction that sup.cp p(F'(¢)) < 1,
where p denotes the spectral radius, provided a characterization for the
existence of an interpolant. This characterization involves a search for M
appropriate matrices in GL,(C).

Agler and Young observed that in the case W7y, ..., W), are all non-derogatory,
then (%) is equivalent to an interpolation problem from I to the n-dimensional
symmetrized polydisc G, n > 2. lts relevance to (x) is that, for “generic”
matricial data (W3, ..., Wjy), the problem (x) descends to a region of much
lower dimension with many pleasant properties. This idea has further been

developed by Costara, and in Ogle's thesis.
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, Connection with symmetrized polydisc

Bercovici, Foias and Tannenbaum using a spectral version of the
commutant lifting theorem, under the restriction that sup.cp p(F'(¢)) < 1,
where p denotes the spectral radius, provided a characterization for the
existence of an interpolant. This characterization involves a search for M
appropriate matrices in GL,(C).

Agler and Young observed that in the case W7y, ..., W), are all non-derogatory,
then (%) is equivalent to an interpolation problem from I to the n-dimensional
symmetrized polydisc G, n > 2. lts relevance to (x) is that, for “generic”
matricial data (W3, ..., Wjy), the problem (x) descends to a region of much
lower dimension with many pleasant properties. This idea has further been
developed by Costara, and in Ogle's thesis.

A matrix A € M,,(C) is said to be non-derogatory if it admits a cyclic
vector. It is a fact that A being non-derogatory is equivalent to A being
similar to the companion matrix of its characteristic polynomial.
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,Connections with symmetrized polydisc contn.

Recall: given a monic polynomial p(t) = t* + Z?Zl a; tF=7 where a; € C,
the companion matrix of p is the matrix C, given by:
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,Connections with symmetrized polydisc contn.

Recall: given a monic polynomial p(t) = t* + Z?Zl a; tF=7 where a; € C,
the companion matrix of p is the matrix C, given by:

0 —Qf

1 0 —QE_1

kxk
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,Connections with symmetrized polydisc contn.

Recall: given a monic polynomial p(t) = t* + Z?Zl a; tF=7 where a; € C,
the companion matrix of p is the matrix C, given by:

0 —Qf
1 0 —QE_1
G =
0 2 I

By way of the G,,-interpolation problem, Costara and Ogle arrived independently
at a necessary condition for the existence of an interpolant for the problem (x)
when the data (W71,...,Wj,) are non-derogatory.
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,Connections with symmetrized polydisc contn.

Recall: given a monic polynomial p(t) = t* + Z?Zl a; tF=7 where a; € C,
the companion matrix of p is the matrix C, given by:

0 —Qf

1 0 —QE_1
0 1 —aq kxk
By way of the G,,-interpolation problem, Costara and Ogle arrived independently

at a necessary condition for the existence of an interpolant for the problem (x)
when the data (W71,...,Wj,) are non-derogatory.

Bharali, later, observed that when n > 3, the necessary condition given by
Costara and Ogle is not sufficient. He also established, for the case

M = 2, a new necessary condition for the existence of an interpolant
which is reminiscent of the inequality in the classical Schwarz lemma.
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. Schwarz lemma continued

Theorem(Bharali 2007). Let F' € O(D, Q,), n > 2, and let ¢1,¢2 € D.
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. Schwarz lemma continued

Theorem(Bharali 2007). Let F' € O(D, Q,), n > 2, and let (1,2 € D.
Write W; = F((;), and if X € (W), then let m()) denote the
multiplicity of A as a zero of the minimal polynomial of W;.
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. Schwarz lemma continued

Theorem(Bharali 2007). Let F' € O(D, Q,), n > 2, and let (1,2 € D.
Write W; = F((;), and if X € o(W}), then let m()) denote the
multiplicity of A as a zero of the minimal polynomial of W;.Then:

a a Mp(p, V)™ ma Mp (O, )™M Y < Mp (¢, G).
mx{ug(‘i{@)kegw) D(# ) Agfl(‘/)‘(ﬁ) H D( ,LL) - D(Cl CQ)

nEa(Wa)
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. Schwarz lemma continued

Theorem(Bharali 2007). Let F' € O(D, Q,), n > 2, and let (1,2 € D.
Write W; = F((;), and if X € o(W}), then let m()) denote the
multiplicity of A as a zero of the minimal polynomial of W;.Then:

reo(Wr) Ao WD) o (wa)

maX{ max [T Mo(u)™, max ] MD(A»N)m(H)} < Mp(C1, G2)-
pET(Wa

Here and elsewhere M, denotes the Mobius distance in the unit disc.
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. Schwarz lemma continued

Theorem(Bharali 2007). Let F' € O(D, Q,), n > 2, and let (1,2 € D.
Write W; = F((;), and if X € o(W}), then let m()) denote the
multiplicity of A as a zero of the minimal polynomial of W;.Then:

a a Mp(p, V)™ ma Mp (O, )™M % < Mp (G, ).
mx{ug(‘i{@)kegw) D(# ) Agfl(‘/)‘(ﬁ) H D( ,LL) - D(Cl CQ)

nEa(Wa)

Here and elsewhere M, denotes the Mobius distance in the unit disc.

The above gives a necessary condition for the two-point interpolation
problem without any restriction on the matrices, in contrast to the
necessary condition by Ogle and Costara.
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. Schwarz lemma continued

Theorem(Bharali 2007). Let F' € O(D, Q,), n > 2, and let (1,2 € D.
Write W; = F((;), and if X € o(W}), then let m()) denote the
multiplicity of A as a zero of the minimal polynomial of W;.Then:

nee(W2) | co () AW o (wa)

max{ max H Mo (i, )™ max H MD(A,M)m(H)} < Mp (1, C2).

Here and elsewhere M, denotes the Mobius distance in the unit disc.

The above gives a necessary condition for the two-point interpolation
problem without any restriction on the matrices, in contrast to the
necessary condition by Ogle and Costara.

Bharali also showed in the same article that for each n > 3, there exists a
data-set for which the above condition implies that it cannot admit an
interpolant whereas the condition by Costara and Ogle is inconclusive.
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sMinimal Blaschke product

We shall now state our main result but for that we need a definition.
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sMinimal Blaschke product

We shall now state our main result but for that we need a definition.
Given A € M, (C), let My(t) = [T 5ep(a)(t — A)™X) be its minimal polynomial.
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sMinimal Blaschke product

We shall now state our main result but for that we need a definition.

Given A € M, (C), let My(t) = []5cpa)(t — A)™X) be its minimal polynomial.
If A€ Q,, the finite Blaschke product

Bat):= [] (t—)\)m(k).

A€o (A)CD 1= At

will be called the minimal Blaschke product corresponding to A.

Vikramjeet Singh Chandel spectral Pick interpolation problem



sMinimal Blaschke product

We shall now state our main result but for that we need a definition.

Given A € M, (C), let My(t) = []5cpa)(t — A)™X) be its minimal polynomial.
If A€ Q,, the finite Blaschke product

Bu(t) := H (f:i\t)m(v.

A€o (A)CD

will be called the minimal Blaschke product corresponding to A.

B, induces, via the holomorphic functional calculus, a holomorphic
self-map of €, that maps A to 0 € M,,(C).
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sMinimal Blaschke product

We shall now state our main result but for that we need a definition.

Given A € M, (C), let My(t) = []5cpa)(t — A)™X) be its minimal polynomial.
If A€ Q,, the finite Blaschke product

Bu(t) := H (f:i\t)m(v.

A€o (A)CD

will be called the minimal Blaschke product corresponding to A.

B, induces, via the holomorphic functional calculus, a holomorphic
self-map of 2, that maps A to 0 € M,,(C). This sets up a form of the
Schur algorithm on €,,, and yields an easy-to-check necessary condition for
the existence of an interpolant for the data in (x), for the case M = 3.
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sMinimal Blaschke product

We shall now state our main result but for that we need a definition.

Given A € M, (C), let My(t) = []5cpa)(t — A)™X) be its minimal polynomial.
If A€ Q,, the finite Blaschke product

Bu(t) := H (f::\\t)m(v.

A€o (A)CD

will be called the minimal Blaschke product corresponding to A.

B, induces, via the holomorphic functional calculus, a holomorphic
self-map of 2, that maps A to 0 € M,,(C). This sets up a form of the
Schur algorithm on €,,, and yields an easy-to-check necessary condition for
the existence of an interpolant for the data in (x), for the case M = 3.

The existence of maps B4 is extremely useful, since the automorphism
group of €2, does not act transitively on €,,, n > 2 (whence the classical
Schur algorithm is not even meaningful).
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. Key Ingredients needed

Before we state our main result we wish to state a few key ingredients that
are needed in establishig this result.
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. Key Ingredients needed

Before we state our main result we wish to state a few key ingredients that
are needed in establishig this result.

e Schwarz lemma for Q,,. Let F € O(D, Q,,) be such that F(0) = 0.
Then, there exists G € O(D, Q,) such that F(¢) = ¢G(¢), ¢ € D.
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. Key Ingredients needed
Before we state our main result we wish to state a few key ingredients that
are needed in establishig this result.

e Schwarz lemma for Q,,. Let F € O(D, Q,,) be such that F(0) = 0.
Then, there exists G € O(D, Q,) such that F(¢) = ¢G(¢), ¢ € D.

@ Theorem 1(V.C., 2018). Let A€ Q,, n>2, and let f € O(D) be a
non-constant function. Suppose that the minimal polynomial for A is
given by Ma(t) = Jlheo(a)(t — AN Then the minimal polynomial
for f(A) is given by:
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. Key Ingredients needed
Before we state our main result we wish to state a few key ingredients that
are needed in establishig this result.

e Schwarz lemma for Q,,. Let F € O(D, Q,,) be such that F(0) = 0.
Then, there exists G € O(D, Q,) such that F(¢) = ¢G(¢), ¢ € D.

@ Theorem 1(V.C., 2018). Let A€ Q,, n>2, and let f € O(D) be a
non-constant function. Suppose that the minimal polynomial for A is
given by Ma(t) = Jlheo(a)(t — AN Then the minimal polynomial
for f(A) is given by:

Myay(®) = J[ @&=)*"), where

vef(o(A)
) =mox{ [Z01 1. xeotarn 0.
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. Key Ingredients needed
Before we state our main result we wish to state a few key ingredients that
are needed in establishig this result.

e Schwarz lemma for Q,,. Let F € O(D, Q,,) be such that F(0) = 0.
Then, there exists G € O(D, Q,) such that F(¢) = ¢G(¢), ¢ € D.

@ Theorem 1(V.C., 2018). Let A€ Q,, n>2, and let f € O(D) be a
non-constant function. Suppose that the minimal polynomial for A is
given by Ma(t) = Jlheo(a)(t — AN Then the minimal polynomial
for f(A) is given by:

Myay(®) = J[ @&=)*"), where

vef(o(A)
) =mox{ [Z01 1. xeotarn 0.

Given a € C and g holo. in a nbhd. of a, ord,g will denote the order of
vanishing of g at a (We also set ord,g = 0 if g does not vanish at a).
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,Statement of the main result

Theorem 2(V.C., 2018).Let (1, (2,3 € D be distinct points and let
Wi, Wa, W3 € Q,,, n > 2. Let m(j, \) denote the multiplicity of A as a zero of
the minimal polynomial of W}, j € {1,2,3}.
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,Statement of the main result

Theorem 2(V.C., 2018).Let (1, (2,3 € D be distinct points and let
Wi, Wa, W3 € Q,,, n > 2. Let m(j, \) denote the multiplicity of A as a zero of
the minimal polynomial of W}, j € {1,2,3}. We write:

q(v,j, k) == max{ {%} +1: Axea(W;)N B,;l{y}} .
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,Statement of the main result

Theorem 2(V.C., 2018).Let (1, (2,3 € D be distinct points and let
Wi, Wa, W3 € Q,,, n > 2. Let m(j, \) denote the multiplicity of A as a zero of
the minimal polynomial of W}, j € {1,2,3}. We write:

q(v,j, k) == max{ {%} +1: Axea(W;)N B,;l{y}} .

Let F € O(D, Q,,) be such that F({;) = W, j € {1,2,3}, then for each k, we
have either:
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,Statement of the main result

Theorem 2(V.C., 2018).Let (1, (2,3 € D be distinct points and let
Wi, Wa, W3 € Q,,, n > 2. Let m(j, \) denote the multiplicity of A as a zero of
the minimal polynomial of W}, j € {1,2,3}. We write:

q(v,j, k) == max{ {%} +1: Axea(W;)N B,;l{y}} .

Let F € O(D, Q,,) be such that F({;) = W, j € {1,2,3}, then for each k, we
have either:

® o (Be(Wgk))) € D (0, | ¥r(Camy) 1), o (Be(Wrwy)) € D (0, | r(Com) )
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,Statement of the main result

Theorem 2(V.C., 2018).Let (1, (2,3 € D be distinct points and let
Wi, Wa, W3 € Q,,, n > 2. Let m(j, \) denote the multiplicity of A as a zero of
the minimal polynomial of W}, j € {1,2,3}. We write:

q(v,j, k) == max{ {%} +1: Axea(W;)N B,;l{y}} .

Let F € O(D, Q,,) be such that F({;) = W, j € {1,2,3}, then for each k, we
have either:

® o (Be(Wgk))) € D (0, | ¥r(Camy) 1), o (Be(Wrwy)) € D (0, | r(Com) )

v

4 a(v, G(k), k)
M ,
i IR | G G )

HEU(Bk(WL(k))) VEG(Bk(Wg(k)))

Car))

v

I
uGU(BIZI(aVi/(G(kﬂ) H Mo (q/jk(CG(’v))7 Uk(Crie)

veo(Br(Wr(k)))
< Mp (Coky, Samy) »
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;Main Theorem contn.

e or there exists a 0y € R such that

B e (Camy)} € o(Waa) and By~ {e® v (o))} € o(Wr)-
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;Main Theorem contn.

e or there exists a 0y € R such that

B e v (Camy)} € o(Waw) and B~ {e™® v (Crm)} S o(Wr)-

Here, [-] denotes the greatest-integer function. Given a € C and a function
g that is holomorphic in a neighbourhood of a, ord,g will denote the order
of vanishing of g at a (with the understanding that ord,g = 0 if g does
not vanish at a).
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;Main Theorem contn.

e or there exists a 0y € R such that

B e v (Camy)} € o(Waw) and B~ {e™® v (Crm)} S o(Wr)-

Here, [-] denotes the greatest-integer function. Given a € C and a function
g that is holomorphic in a neighbourhood of a, ord,g will denote the order
of vanishing of g at a (with the understanding that ord,g = 0 if g does
not vanish at a).

Remark The above theorem provides a necessary condition that is
inequivalent to the necessary conditions hitherto known for this problem.
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;Main Theorem contn.

e or there exists a 0y € R such that

B e v (Camy)} € o(Waw) and B~ {e™® v (Crm)} S o(Wr)-

Here, [-] denotes the greatest-integer function. Given a € C and a function
g that is holomorphic in a neighbourhood of a, ord,g will denote the order
of vanishing of g at a (with the understanding that ord,g = 0 if g does
not vanish at a).

Remark The above theorem provides a necessary condition that is
inequivalent to the necessary conditions hitherto known for this problem.
It also incorporates information about the Jordan structure of the matricial
data.
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;Main Theorem contn.

e or there exists a 0y € R such that

B e v (Camy)} € o(Waw) and B~ {e™® v (Crm)} S o(Wr)-

Here, [-] denotes the greatest-integer function. Given a € C and a function
g that is holomorphic in a neighbourhood of a, ord,g will denote the order
of vanishing of g at a (with the understanding that ord,g = 0 if g does
not vanish at a).

Remark The above theorem provides a necessary condition that is
inequivalent to the necessary conditions hitherto known for this problem.
It also incorporates information about the Jordan structure of the matricial
data. Infact in the same work of which the above theorem is a part we
presented a class of 3-point matricial data in D x €0,,, n > 4, for which the
conditions known before provide no information while Theorem 2 above
implies that these data do not admit a O(D, 2, )-interpolant.
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,Sketch of proof of the main theorem
Consider f?vk :=BpoFo ¢k_1- Then f?vk € O(D, Q,) and satisfies

ﬁ(i//k(CL(k))) = Be(Wrw), ﬁ(%((G(k})) = B:(Waw)), Fr(0)=0
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,Sketch of proof of the main theorem
Consider f?vk :=BpoFo ¢k_1- Then f?vk € O(D, Q,) and satisfies

ﬁ(i//k(CL(k))) = Be(Wrw), ﬁ(%((G(k})) = B:(Waw)), Fr(0)=0

Now by the Schwarz lemma, we get

Fro(¢) = CGr(¢) V¢ €D, for some G, € O(D, ,,). (1)
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,Sketch of proof of the main theorem
Consider f?vk :=BpoFo ¢k_1- Then f?vk € O(D, Q,) and satisfies

ﬁ(i//k(CL(k))) = Be(Wrw), ﬁ(%((G(k})) = B:(Waw)), Fr(0)=0

Now by the Schwarz lemma, we get
Fi(¢) = ¢ Gi(¢) V¢ € D, for some Gy € O(D, Q). (1)

We shall, here, consider the case when CT;C(D) c Q,.
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,Sketch of proof of the main theorem
Consider f?vk :=BpoFo ¢k_1- Then f?vk € O(D, Q,) and satisfies

ﬁ(i//k(CL(k))) = Be(Wrw), ﬁ(%((G(k})) = B:(Waw)), Fr(0)=0
Now by the Schwarz lemma, we get
Fi(¢) = ¢ Gi(¢) V¢ € D, for some Gy € O(D, Q). (1)
We shall, here, consider the case when CT;C(D) C Q. Inview of (1), we have
Gr (Ur(Com)) = Wity ks Gk (Vr(Com)) = Weak). ks

where Wiy 1 := Br(Wr) /Uk(Cry) and Wae), k := Br(Wa k) /e (Cam))-
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,Sketch of proof of the main theorem
Consider Fy, := By o F o ¥ ', Then F, € O(D, Q,) and satisfies

ﬁ(i//k(CL(k))) = Be(Wrw), ﬁ(%((G(k})) = B:(Waw)), Fr(0)=0

Now by the Schwarz lemma, we get
Fro(¢) = CGr(¢) V¢ €D, for some G, € O(D, ,,). (1)
We shall, here, consider the case when CT;C(D) C Q. Inview of (1), we have
Gr (Ur(Com)) = Wity ks Gk (Vr(Com)) = Weak). ks
where Wiy 1 := Br(Wr) /Uk(Cry) and Wae), k := Br(Wa k) /e (Cam))-
Now we shall use the result by Bharali stated in the begining but first we
need to know the minimal polynomials for the matrices

Br(Wrkys Wa), k- This is provided by Theorem 1. Applying these two
together gives us the first part of our main theorem.
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.Holomorphic correspondences

Given domains D; C C", i = 1,2, a holomorphic correspondence from D to Do
is an analytic subvariety I" of D1 x D5 such that 7r1|F is surjective.
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.Holomorphic correspondences

Given domains D; C C", i = 1,2, a holomorphic correspondence from D to Do
is an analytic subvariety I" of Dy x Dy such that | is surjective. (We shall see
the connection between this and interpolation in the last slide.)
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.Holomorphic correspondences

Given domains D; C C", i = 1,2, a holomorphic correspondence from D to Do
is an analytic subvariety I" of Dy x Dy such that | is surjective. (We shall see
the connection between this and interpolation in the last slide.)

Result. Let 9,5 be open subsets in topological spaces X and Y resp. with Q5
being compact.
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.Holomorphic correspondences

Given domains D; C C", i = 1,2, a holomorphic correspondence from D to Do
is an analytic subvariety I" of Dy x Dy such that | is surjective. (We shall see
the connection between this and interpolation in the last slide.)

Result. Let 9,5 be open subsets in topological spaces X and Y resp. with Q5
being compact. Let A be a closed subset in € x €.
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.Holomorphic correspondences

Given domains D; C C", i = 1,2, a holomorphic correspondence from D to Do
is an analytic subvariety I" of Dy x Dy such that | is surjective. (We shall see
the connection between this and interpolation in the last slide.)

Result. Let 9,5 be open subsets in topological spaces X and Y resp. with Q5
being compact. Let A be a closed subset in €27 x 5. Then the restriction to A
of the projection (z, y) — z is a proper map iff
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.Holomorphic correspondences

Given domains D; C C", i = 1,2, a holomorphic correspondence from D to Do
is an analytic subvariety I" of Dy x Dy such that | is surjective. (We shall see
the connection between this and interpolation in the last slide.)

Result. Let 9,5 be open subsets in topological spaces X and Y resp. with Q5
being compact. Let A be a closed subset in €2; x {23. Then the restriction to A
of the projection (z, y) — z is a proper map iff AN (Q; x 9Q3) = (.
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.Holomorphic correspondences

Given domains D; C C", i = 1,2, a holomorphic correspondence from D to Do
is an analytic subvariety I" of Dy x Dy such that | is surjective. (We shall see
the connection between this and interpolation in the last slide.)

Result. Let 9,5 be open subsets in topological spaces X and Y resp. with Q5
being compact. Let A be a closed subset in €2; x {23. Then the restriction to A
of the projection (z, y) — z is a proper map iff AN (Q; x 9Q3) = (.

@ A holomorphic correspondence T from D; to Dy s.t. TN (Dy x dDy) =)
will be called a proper holomorphic correspondence.
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.Holomorphic correspondences

Given domains D; C C", i = 1,2, a holomorphic correspondence from D to Do
is an analytic subvariety I" of Dy x Dy such that | is surjective. (We shall see
the connection between this and interpolation in the last slide.)

Result. Let 9,5 be open subsets in topological spaces X and Y resp. with Q5
being compact. Let A be a closed subset in €2; x {23. Then the restriction to A
of the projection (z, y) — z is a proper map iff AN (Q; x 9Q3) = (.

@ A holomorphic correspondence T from D; to Dy s.t. TN (Dy x dDy) =)
will be called a proper holomorphic correspondence.

@ Fact. Given a proper holomorphic correspondence I" from Dy to Dy with
dim(T") = dim(D,), for a generic z € Dy, the cardinality of 7; {2z} N T is
constant — called the multiplicity of T.
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.Holomorphic correspondences

Given domains D; C C", i = 1,2, a holomorphic correspondence from D to Do
is an analytic subvariety I" of Dy x Dy such that | is surjective. (We shall see
the connection between this and interpolation in the last slide.)

Result. Let 9,5 be open subsets in topological spaces X and Y resp. with Q5
being compact. Let A be a closed subset in €2; x {23. Then the restriction to A
of the projection (z, y) — z is a proper map iff AN (Q; x 9Q3) = (.

@ A holomorphic correspondence T from D; to Dy s.t. TN (Dy x dDy) =)
will be called a proper holomorphic correspondence.

@ Fact. Given a proper holomorphic correspondence I" from Dy to Dy with
dim(T") = dim(D,), for a generic z € Dy, the cardinality of 7; {2z} N T is
constant — called the multiplicity of T.

@ A proper holomorphic correspondence I' from D; to D> induces the
following set-valued map: Fr(z) :={w € Ds : (z,w) € '} Vz € Djy.
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A Schwarz lemma for correspondences

Theorem (V.C., 2018). Let 2 be a bounded domain in C and let T be a proper
holomorphic correspondence from D to 2.
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A Schwarz lemma for correspondences

Theorem (V.C., 2018). Let 2 be a bounded domain in C and let T be a proper
holomorphic correspondence from D to 2. Then for every (1,(> € D we have:

HO (Fr(G1), Fr(G)) < Mp (G, Cz)l/n~
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A Schwarz lemma for correspondences

Theorem (V.C., 2018). Let 2 be a bounded domain in C and let T be a proper
holomorphic correspondence from D to 2. Then for every (1,(> € D we have:
HO (Fr(G1), Fr(G)) < Mp (G, &)™

Here, HE® denotes the Hausdorff distance induced by Cq, and n is the
multiplicity of T'.
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A Schwarz lemma for correspondences

Theorem (V.C., 2018). Let 2 be a bounded domain in C and let T be a proper
holomorphic correspondence from D to 2. Then for every (1,(> € D we have:
HO (Fr(G1), Fr(G)) < Mp (G, &)™

Here, HE® denotes the Hausdorff distance induced by Cq, and n is the
multiplicity of T'.

@ Recall, C, stands for the Carathéodory distance on Q.
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A Schwarz lemma for correspondences

Theorem (V.C., 2018). Let 2 be a bounded domain in C and let T be a proper
holomorphic correspondence from D to 2. Then for every (1,(> € D we have:
HO (Fr(G1), Fr(G)) < Mp (G, &)™

Here, HE® denotes the Hausdorff distance induced by Cq, and n is the
multiplicity of T'.

@ Recall, C, stands for the Carathéodory distance on Q.

@ We choose the normalization Cp(z1, 22) = |(21 — 22)/(1 — Z221)|-
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A Schwarz lemma for correspondences

Theorem (V.C., 2018). Let 2 be a bounded domain in C and let T be a proper
holomorphic correspondence from D to 2. Then for every (1,(> € D we have:
HO (Fr(G1), Fr(G)) < Mp (G, &)™

Here, HE® denotes the Hausdorff distance induced by Cq, and n is the
multiplicity of T'.

@ Recall, C, stands for the Carathéodory distance on Q.
@ We choose the normalization Cp(z1, 22) = |(21 — 22)/(1 — Z221)|-

@ Note: Thus, above result specializes to the familiar Schwarz Lemma if
I’ = graph(f), f € O(D;D)!
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A Schwarz lemma for correspondences

Theorem (V.C., 2018). Let 2 be a bounded domain in C and let T be a proper
holomorphic correspondence from D to 2. Then for every (1,(> € D we have:
HO (Fr(G1), Fr(G)) < Mp (G, &)™

Here, HE® denotes the Hausdorff distance induced by Cq, and n is the
multiplicity of T'.

@ Recall, C, stands for the Carathéodory distance on Q.
@ We choose the normalization Cp(z1, 22) = |(21 — 22)/(1 — Z221)|-

@ Note: Thus, above result specializes to the familiar Schwarz Lemma if
I’ = graph(f), f € O(D;D)!

Suppose D1 =D and Dy = Q,, :={W € M, (C) : r(W) < 1}.
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A Schwarz lemma for correspondences

Theorem (V.C., 2018). Let 2 be a bounded domain in C and let T be a proper
holomorphic correspondence from D to 2. Then for every (1,(> € D we have:
HO (Fr(G1), Fr(G)) < Mp (G, &)™

Here, HE® denotes the Hausdorff distance induced by Cq, and n is the
multiplicity of T'.

@ Recall, C, stands for the Carathéodory distance on Q.
@ We choose the normalization Cp(z1, 22) = |(21 — 22)/(1 — Z221)|-

@ Note: Thus, above result specializes to the familiar Schwarz Lemma if
I’ = graph(f), f € O(D;D)!

Suppose D1 =D and Dy =, :={W € M, (C) : r(W) < 1}. f F: D — Q,
is holo. then F' induces the holo. corresp. given by the variety
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A Schwarz lemma for correspondences

Theorem (V.C., 2018). Let 2 be a bounded domain in C and let T be a proper
holomorphic correspondence from D to 2. Then for every (1,(> € D we have:
HO (Fr(G1), Fr(G)) < Mp (G, &)™

Here, HE® denotes the Hausdorff distance induced by Cq, and n is the
multiplicity of T'.

@ Recall, C, stands for the Carathéodory distance on Q.
@ We choose the normalization Cp(z1, 22) = |(21 — 22)/(1 — Z221)|-

@ Note: Thus, above result specializes to the familiar Schwarz Lemma if
I’ = graph(f), f € O(D;D)!

Suppose D1 =D and Dy =, :={W € M, (C) : r(W) < 1}. f F: D — Q,
is holo. then F' induces the holo. corresp. given by the variety

T:={(z,w): w +Z —1)7.%(spec(F(2)))w" 7 = 0},

where .7} is the jth elementary symmetrlc polynomial in n indeterminates.
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