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exotic phases

The cartoon we draw

( )
We have no way to reliably characterize the properties 
of matter from the standard model

asymptotic temperatures & densities
zero, or very small baryon densityExcept:  
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Requires a nonperturbative calculation 
...and lattice QCD suffers from a “sign problem”
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Requires a nonperturbative calculation 
...and lattice QCD suffers from a “sign problem”

• What is the sign problem, and why is it so hard? 

• Sign problems = noise in correlation functions 

• The relation between noise and the pion 

• Quantum computing for taming exponentially hard computations? 

• Algorithms for finding the ground state of a many-body quantum 
mechanical systems 
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What is the sign problem?
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What is the sign problem?

2 degenerate flavors u,d  
chemical potential µ for quark number:

Z =
�

[DAµ] e�SY M det2
�
/D + m + µ�0

�

Nf = 2

Consider (Euclidian) QCD: 
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What is the sign problem?

2 degenerate flavors u,d  
chemical potential µ for quark number:

Z =
�

[DAµ] e�SY M det2
�
/D + m + µ�0

�

Nf = 2

Consider (Euclidian) QCD: 

Monte Carlo method: evaluate expectations of operators O(A) by sampling 
gauge fields, averaging operator over the ensemble.  

Requires sampling gauge fields with probability...  

P (A) � e�SY M (A) det
�
/D + m + µ�0

�
2



D. B. Kaplan ~ TIFR Mumbai ~ 11/10/2017

What is the sign problem?

2 degenerate flavors u,d  
chemical potential µ for quark number:

Z =
�

[DAµ] e�SY M det2
�
/D + m + µ�0

�

Nf = 2

Consider (Euclidian) QCD: 

Monte Carlo method: evaluate expectations of operators O(A) by sampling 
gauge fields, averaging operator over the ensemble.  

Requires sampling gauge fields with probability...  

P (A) � e�SY M (A) det
�
/D + m + µ�0

�
2

...but the determinant is complex!

det
�
/D + m + µ�0

�† = det
�
/D + m� µ�0

�

Apply dagger,  γ5

2
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 measure operator

det2
�
/D + m + µ�0

�
=

��det2
�
/D + m + µ�0

��� e2i�

Can we write: ?
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Practical only if e2iθ doesn’t fluctuate wildly.

 measure operator

det2
�
/D + m + µ�0

�
=

��det2
�
/D + m + µ�0

��� e2i�

Can we write: ?
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Practical only if e2iθ doesn’t fluctuate wildly.

 measure operator

det2
�
/D + m + µ�0

�
=

��det2
�
/D + m + µ�0

��� e2i�

Can we write: ?
Note:

��det2
�
/D + m + µ�0

��� = det1
�
/D + m + µ�0

�
� det1

�
/D + m� µ�0

�

= det2
�
/D + m + µ�3�0

�

2 flavors with isospin 
chemical potential
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Practical only if e2iθ doesn’t fluctuate wildly.

 measure operator

det2
�
/D + m + µ�0

�
=

��det2
�
/D + m + µ�0

��� e2i�

Can we write: ?

if very small ⇔ phase is fluctuating wildly.

How badly does the phase fluctuate? Consider computing:
�

[DA]e�SY M det�
[DA]e�SY M | det |

=
�

[DA]e�SY M | det |ei�

�
[DA]e�SY M | det |

= �ei��I

Note:
��det2

�
/D + m + µ�0

��� = det1
�
/D + m + µ�0

�
� det1

�
/D + m� µ�0

�

= det2
�
/D + m + µ�3�0

�

2 flavors with isospin 
chemical potential

K. S
plitt

orff
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�
[DA]e�SY M det�

[DA]e�SY M | det |
=

�
[DA]e�SY M | det |ei�

�
[DA]e�SY M | det |

= �ei��I
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�
[DA]e�SY M det�

[DA]e�SY M | det |
=

�
[DA]e�SY M | det |ei�

�
[DA]e�SY M | det |

= �ei��I

2 flavors with baryon chemical potential
(μu = μd = μ)

det = det2
�
/D + m + µ�0

�

| det | = det2
�
/D + m + �3µ�0

�
2 flavors with isospin chemical potential

(μu = -μd = μ)
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�
[DA]e�SY M det�

[DA]e�SY M | det |
=

�
[DA]e�SY M | det |ei�

�
[DA]e�SY M | det |

= �ei��I

�ei��I =
ZB

ZI
= e�V T (FB�FI)

If FB  > FI  then there will be a sign problem that is exponentially bad (in the 
spacetime volume) 

2 flavors with baryon chemical potential
(μu = μd = μ)

det = det2
�
/D + m + µ�0

�

| det | = det2
�
/D + m + �3µ�0

�
2 flavors with isospin chemical potential

(μu = -μd = μ)
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�e2i��I =
ZB

ZI

Phase of fermion det 
with quark baryon µ, 
averaged over isospin 
ensemble

Partition functions 
with baryon/isospin 
chemical potentials
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�e2i��I =
ZB

ZI

Phase of fermion det 
with quark baryon µ, 
averaged over isospin 
ensemble

Partition functions 
with baryon/isospin 
chemical potentials

Free energy due to 
pion condensation

µ < m�/2 : ZB = ZI = 1 =� �e2i��I = 1

m�/2 < µ < MN/3 : ZB = 1 ,

ZI � eV Tf2
�µ2(1�m2

�/4µ2)2 � 1

=� �e2i��I � 1

(T=0)

(T=0)
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�e2i��I =
ZB

ZI

Phase of fermion det 
with quark baryon µ, 
averaged over isospin 
ensemble

Partition functions 
with baryon/isospin 
chemical potentials

Free energy due to 
pion condensation

µ < m�/2 : ZB = ZI = 1 =� �e2i��I = 1

m�/2 < µ < MN/3 : ZB = 1 ,

ZI � eV Tf2
�µ2(1�m2

�/4µ2)2 � 1

=� �e2i��I � 1

(T=0)

(T=0)

µ
m�/2

�e2i��1
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�e2i��I =
ZB

ZI

Phase of fermion det 
with quark baryon µ, 
averaged over isospin 
ensemble

Partition functions 
with baryon/isospin 
chemical potentials

• The phase cancellations are exponentially bad in the spacetime volume 
• Turning on µ: onset of the problem occurs before baryons appear! 
• Pions are the villains

Free energy due to 
pion condensation

µ < m�/2 : ZB = ZI = 1 =� �e2i��I = 1

m�/2 < µ < MN/3 : ZB = 1 ,

ZI � eV Tf2
�µ2(1�m2

�/4µ2)2 � 1

=� �e2i��I � 1

(T=0)

(T=0)

µ
m�/2

�e2i��1
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�µ =
�mN

3
� m�

2

�

• physics happens for µ≥ mN/3... 
• ...but sign problem starts at µ=mπ/2 ! P.E. 

Gibbs
, 198

6

The sign problem in the grand canonical approach:  
 Det(D+μγ0) is complex/

Role of phase: “eliminate pion condensate” for µ≥mπ/2! 

m�/2 μ

���

�nB�

physics
mN/3

noise
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exotic 

I’ll never amount 
to more than a 

cartoon!
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Can one avoid the sign problem by working in the micro canonical 
ensemble instead?  

(E.g., by computing multi-baryon correlates at µ=0) 

No!  Sign problem ⇒ Noise problem…also due to the light pion
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Useful to relate the sign problem at µ≠0 to the noise in canonical 
(µ=0) measurements of hadron masses. 

Compute correlator of 3N quarks with µ=0 

No sign problem...but now a noise problem
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Useful to relate the sign problem at µ≠0 to the noise in canonical 
(µ=0) measurements of hadron masses. 

Compute correlator of 3N quarks with µ=0 

No sign problem...but now a noise problem

T C(A)

mean of nucleon correlator 

signal, large T: � e�mN T

3q
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Useful to relate the sign problem at µ≠0 to the noise in canonical 
(µ=0) measurements of hadron masses. 

Compute correlator of 3N quarks with µ=0 

No sign problem...but now a noise problem

T C(A)

mean of nucleon correlator 

signal, large T: � e�mN T

3q

variance of nucleon correlator 

noise: � 1�
Nconf.

e�
3
2 m�T

C†(A)C(A)

3q, 3q
_

Parisi, Lepage
1980’s
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Useful to relate the sign problem at µ≠0 to the noise in canonical 
(µ=0) measurements of hadron masses. 

Compute correlator of 3N quarks with µ=0 

No sign problem...but now a noise problem

T C(A)

mean of nucleon correlator 

signal, large T: � e�mN T

3q

�
�

Nconf.e
�3T(mN

3 �m�
2 )signal


noise
____ SMALL at large T. Same 

factor as Δµ in grand 
canonical

variance of nucleon correlator 

noise: � 1�
Nconf.

e�
3
2 m�T

C†(A)C(A)

3q, 3q
_

Parisi, Lepage
1980’s
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“Pion noise” is seen in real simulations, with roughly expected 
amplitude. Currently can look at nuclei only for heavy pion

D. B. Kaplan ~ INT Gauge Field Dynamics ~ 3/16/12
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b t
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Triton B.E. S. R. Beane et al. (NPLQCD), 
Phys. Rev. D 80, 074501 (2009) (m� = 390 MeV)

excited 
states

plateau

NOISE

EXAMPLE:

Currently: 

can go up to 5He 

with mπ ≈ 900 MeV
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Large-N NJL model in d=3

L = N

�
�a(/� �m)�a �

C

2
�
(�a�a)2 + (�ai�5�a)2

��

• a=1,...,N 
• d=4 theory dimensionally reduced to d=3 
• ψ = 4 component spinor (like d=4) 
• γ-matrices = 4x4 (like d=4) 
• Symmetry = U(N)V x U(1)A (approximate if m≠0)
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Large-N NJL model in d=3

L = N

�
�a(/� �m)�a �

C

2
�
(�a�a)2 + (�ai�5�a)2

��

• a=1,...,N 
• d=4 theory dimensionally reduced to d=3 
• ψ = 4 component spinor (like d=4) 
• γ-matrices = 4x4 (like d=4) 
• Symmetry = U(N)V x U(1)A (approximate if m≠0)

Two equivalent formulations with auxiliary fields:

L = N

�
1

2C

�
�2 + �2

�
+ �a

�
/� �m + � + i��5

�
�a

�

L = N

�
1
C

Tr (VµVµ + AµAµ) + �a

�
/� + i /V + /A�5

�
ab

�b

�

σ/π
A/V

(obtained by Fierz rearrangement of 4-fermion interaction)
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For even N, the σ/π formulation has no sign problem at µ≠0: 

(/� + � + i��5 + µ�1)� = C(/� + � + i��5 + µ�1)C

= real, positivedet(/� + � + i��5 + µ�1)N
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For even N, the σ/π formulation has no sign problem at µ≠0: 

(/� + � + i��5 + µ�1)� = C(/� + � + i��5 + µ�1)C

= real, positivedet(/� + � + i��5 + µ�1)N

...but the equivalent A/V formulation has a QCD-like sign problem:

det
�
/� + i /V + /A�5 + µ�1

�N

(Can give a Splittorff-Verbaarschot argument for why it is complex, 
relating phase fluctuations of determinant to pion condensation in 2N 
flavor theory, just as in QCD.)

= complex!
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For even N, the σ/π formulation has no sign problem at µ≠0: 

(/� + � + i��5 + µ�1)� = C(/� + � + i��5 + µ�1)C

= real, positivedet(/� + � + i��5 + µ�1)N

...but the equivalent A/V formulation has a QCD-like sign problem:

det
�
/� + i /V + /A�5 + µ�1

�N

(Can give a Splittorff-Verbaarschot argument for why it is complex, 
relating phase fluctuations of determinant to pion condensation in 2N 
flavor theory, just as in QCD.)

= complex!

Same theory, different formulation. 
Having an explicit pion field (a physical state) cures the sign problem
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The moral:  

• sign problems appear to arise from using degrees of freedom that 
do not represent the (light) physical degrees of freedom well 

• Presumably the energy eigenstates appear as highly correlated 
states when built out of the wrong degrees of freedom

Trivial example: free particle |pi =
Z

dx eipx|xi

• sign problems are due to the difficulty finding the right vectors in 
the vast Hilbert space, starting from a poor starting point

(You know the exact energy eigenstates? Then Z = Σ e-βE , no sign problem!)

If we cannot figure out how to express QCD in terms of mesons & baryons, 
► need to find a better way to navigate the Hilbert space!
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Quantum computers to the rescue?

Certain algorithms on a quantum computer can do in polynomial time what 
takes exponential time on a classical computer. 

Example: discrete Fourier transform

Classical Fourier transform on a discrete function with N values 
{x0,…xN-1} ↦ {y0,…yN-1}

yk =
1p
N

N�1X

j=0

xj!
jk ! = e

2⇡i
N

Computational cost = O(N log N).

When N = 2n, cost (# gate operations) is O(n 2n). 

On a quantum computer cost is O(n2)
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Fourier transform on a quantum computer

Start with n=2 qubits    |x> = |x0,x1>   where xi = 0,1 …  
So N = 22 = 4 and ω = e2πi/4

The Fourier transform is then the unitary transformation on these  
states

0

BB@

|00i
|01i
|10i
|11i

1

CCA ! U

0

BB@

|00i
|01i
|10i
|11i

1

CCA

U =
1p
22

0

BB@

1 1 1 1
1 !1 !2 !3

1 !2 !4 !6

1 !3 !6 !9

1

CCA =
1p
22

0

BB@

1 1 1 1
1 !1 !2 !3

1 !2 1 !2

1 !3 !2 !

1

CCA



D. B. Kaplan ~ ICTS Bangaluru~ 2/3/18

Then 

| i =
X

k

xk|ki ! U =
X

j,k

xjUjk|ki ⌘
X

k

yk|ki , so yk =
X

j

xj!
jk

The coefficients of the qubits in the final state will be the Fourier 
transform of the coefficients of the qubits in the initial state 
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In the basis: 

|x1x2i =

0

BB@

|00i
|01i
|10i
|11i

1

CCA U =
1p
22

0

BB@

1 1 1 1
1 ! !2 !3

1 !2 !4 !6

1 !3 !6 !9

1

CCA

Then 

| i =
X

k

xk|ki ! U =
X

j,k

xjUjk|ki ⌘
X

k

yk|ki , so yk =
X

j

xj!
jk

The coefficients of the qubits in the final state will be the Fourier 
transform of the coefficients of the qubits in the initial state 
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In the basis: 

|x1x2i =

0

BB@

|00i
|01i
|10i
|11i

1

CCA U =
1p
22

0

BB@

1 1 1 1
1 ! !2 !3

1 !2 !4 !6

1 !3 !6 !9

1

CCA

Then 

| i =
X

k

xk|ki ! U =
X

j,k

xjUjk|ki ⌘
X

k

yk|ki , so yk =
X

j

xj!
jk

The coefficients of the qubits in the final state will be the Fourier 
transform of the coefficients of the qubits in the initial state 

{x1x2} =    {00}   {01}   {10}   {11}  
2x1+x2:         0       1       2       3
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In the basis: 

|x1x2i =

0

BB@

|00i
|01i
|10i
|11i

1

CCA U =
1p
22

0

BB@

1 1 1 1
1 ! !2 !3

1 !2 !4 !6

1 !3 !6 !9

1

CCA

Then 

| i =
X

k

xk|ki ! U =
X

j,k

xjUjk|ki ⌘
X

k

yk|ki , so yk =
X

j

xj!
jk

The coefficients of the qubits in the final state will be the Fourier 
transform of the coefficients of the qubits in the initial state 

!0

{x1x2} =    {00}   {01}   {10}   {11}  
2x1+x2:         0       1       2       3
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In the basis: 

|x1x2i =

0

BB@

|00i
|01i
|10i
|11i

1

CCA U =
1p
22

0

BB@

1 1 1 1
1 ! !2 !3

1 !2 !4 !6

1 !3 !6 !9

1

CCA

Then 

| i =
X

k

xk|ki ! U =
X

j,k

xjUjk|ki ⌘
X

k

yk|ki , so yk =
X

j

xj!
jk

The coefficients of the qubits in the final state will be the Fourier 
transform of the coefficients of the qubits in the initial state 

!0

!x2+2x1

{x1x2} =    {00}   {01}   {10}   {11}  
2x1+x2:         0       1       2       3
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In the basis: 

|x1x2i =

0

BB@

|00i
|01i
|10i
|11i

1

CCA U =
1p
22

0

BB@

1 1 1 1
1 ! !2 !3

1 !2 !4 !6

1 !3 !6 !9

1

CCA

Then 

| i =
X

k

xk|ki ! U =
X

j,k

xjUjk|ki ⌘
X

k

yk|ki , so yk =
X

j

xj!
jk

The coefficients of the qubits in the final state will be the Fourier 
transform of the coefficients of the qubits in the initial state 

!0

!x2+2x1

{x1x2} =    {00}   {01}   {10}   {11}  
2x1+x2:         0       1       2       3

!2(x2+2x1)
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In the basis: 

|x1x2i =

0

BB@

|00i
|01i
|10i
|11i

1

CCA U =
1p
22

0

BB@

1 1 1 1
1 ! !2 !3

1 !2 !4 !6

1 !3 !6 !9

1

CCA

Then 

| i =
X

k

xk|ki ! U =
X

j,k

xjUjk|ki ⌘
X

k

yk|ki , so yk =
X

j

xj!
jk

The coefficients of the qubits in the final state will be the Fourier 
transform of the coefficients of the qubits in the initial state 

!0

!x2+2x1

{x1x2} =    {00}   {01}   {10}   {11}  
2x1+x2:         0       1       2       3

!2(x2+2x1)

!3(x2+2x1)
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In the basis: 

|x1x2i =

0

BB@

|00i
|01i
|10i
|11i

1

CCA U =
1p
22

0

BB@

1 1 1 1
1 ! !2 !3

1 !2 !4 !6

1 !3 !6 !9

1

CCA

Then 

| i =
X

k

xk|ki ! U =
X

j,k

xjUjk|ki ⌘
X

k

yk|ki , so yk =
X

j

xj!
jk

The coefficients of the qubits in the final state will be the Fourier 
transform of the coefficients of the qubits in the initial state 

!0

!x2+2x1

{x1x2} =    {00}   {01}   {10}   {11}  
2x1+x2:         0       1       2       3

|yi = U |xi = 1

2

�
|0i+ !2x2 |1i

� �
|0i+ !2x1+x2 |1i

� ! 4
= 1

!2(x2+2x1)

!3(x2+2x1)
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This can be effected (up to overall phase) with 3 basic gates:

x1

y1x2

y2H Rπ/2

H

H = Hadamard gate:   |0i ! |0i+ |1ip
2

, |1i ! |0i � |1ip
2

Rπ/4
= Controlled Phase Rotation: |x1i ! !x1 |x1i i↵ x2 = 1

|x1 x2i
H�!

✓
|0i+ !2x1 |1ip

2

◆
|x2i

R⇡/2���!
✓
|0i+ !2x1+x2 |1ip

2

◆
|x2i

H�!
✓
|0i+ !2x1+x2 |1ip

2

◆✓
|0i+ !2x2 |1ip

2

◆

|y1y2i =
✓
|0i+ !2x2 |1ip

2

◆✓
|0i+ !2x1+x2 |1ip

2

◆
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x1

y1

x2 y2

H Rπ/2

H

The “score” for the n=3 Fourier transform:

y3

x3

Rπ/4

Rπ/2

H

3 gates for the n=2 case; 6 gates for n=3. Scales like n2 for large n 

Same discrete FT scales like (n 2n) on a classical computer. 

• n H-gates 
• n(n+1)/2 R-gates
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How can you use this for physics?

Example: phase estimation algorithm
Suppose |ψ> is the eigenvector of a unitary operator U (= e-iHt), represented 
by m qubits:

U |ψ> = e2πiθ |ψ>

and you want to determine θ to accuracy 1:2-n 
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Hadamard gates give you the state:      2-n/2 (|0> + |1>)⊗n |ψ>

Controlled phase rotations by U then give you the state 

.

Apply controlled unitary operations

Let  be a unitary operator with eigenvector  such that  thus

.

 is a controlled-U gate which applies the unitary operator  on the second register only if its corresponding
control bit (from the first register) is .

After applying all the  controlled operations  with  as seen in the figure, and kicking
back phases to the control bits in the first register, the state of the first register can be described as

Apply inverse Quantum Fourier transform

Applying inverse Quantum Fourier transform on

yields

The state of both registers together is

Phase approximation representation

We can approximate the value of  by rounding  to the nearest integer. This means that 
 where  is the nearest integer to  and the difference  satisfies .

We can now write the state of the first and second register in the following way:

If θ = a 2-n for integer a, then the inverse Fourier Transform 
will yield an eigenstate of spin for each of the final qubits |y> 
Measuring |y> yields the exact answer for a: 
a = 20y0 + 21 y1 + 22 y2 + …+ 2n-1 yn-1 ,  
all yi measured to be 0 or 1 



D. B. Kaplan ~ ICTS Bangaluru~ 2/3/18

If θ = a 2-n + δ for integer a, then the probability for 
measuring a particular value of a is peaked around the true 
value. 

P (a) =
1

22n
|2 sin(⇡2n�)|2

|sin⇡�|2

� 4

⇡2
= 0.41 for |�|  2�n�1

The probability of determining the correct value of a
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If  |ψ> is a linear combination of two eigenstates

|ψ> = α |θ= a2-n> + β |θ= b2-n> 

with a,b integers, measurement of the auxiliary qubits will 
•  yield a with probability |α|2 or b with probability |β|2 

•  after measurement, |ψ> collapses to eigenstate

More general |ψ>, QPE measures the spectrum of |ψ>
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Quantum phase estimation is a method for solving for energy levels of a 
quantum many-body system:

1. Initialize qubits with a trial wave function |ψi> 
2. Use U = e-iHt  for Quantum Phase Estimation (QPE) with 

choice of t such that 0 ≤ Et ≤ 2π 
• Break U up into project of short time evolution operators 

(Trotter) 
• Express these in terms of gate operations  

3. Measurements at end of QPE will give the spectrum of Et, 
weighted by overlap of |<E|ψi>|2  

4. After each measurement, output qubits will represent the 
eigenfunction corresponding to the measured Et. 

5. Can use this wave function to compute matrix elements

Need a good trial wave function to find the ground state 
e.g.: some quantum chemistry problems 
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Gate-count estimates for performing quantum chemistry on small quantum computers 
Dave Wecker, Bela Bauer, Bryan K. Clark, Matthew B. Hastings, and Matthias Troyer 
Phys. Rev. A 90, 022305 – Published 6 August 2014 
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Other ways to find the ground state  
(Quantum computer works with unitary evolution, unlike Euclidian time)

Quantum Adiabatic Algorithm:

H(s) = (1� s)H0 + sH1 0  s  1
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Figure 6: The eight levels of H̃(s) for the 3-bit problem with HP and HB given by (3.5).

Since G |x = 0⟩ = |x = 0⟩ and
[
G, H̃(s)

]
= 0, we can restrict our attention to states that are invariant

under G such as (4.4).
We now write (4.5) in the invariant sector as a sum of n/2 commuting 2× 2 Hamiltonians that we

can diagonalize. First we make a standard transformation to fermion operators. To this end we define
for j = 1, . . . , n,

bj = σ(1)
x σ(2)

x · · ·σ(j−1)
x σ(j)

− 1(j+1) · · · 1(n)

b†j = σ(1)
x σ(2)

x · · ·σ(j−1)
x σ(j)

+ 1(j+1) · · · 1(n) (4.7)

where

σ− = 1
2

(
1 −1
1 −1

)
and σ+ = 1

2

(
1 1
−1 −1

)
.

It is straightforward to verify that

{bj, bk} = 0

{bj, b
†
k} = δjk (4.8)

where {A, B} = AB + BA. Furthermore

b†jbj = 1
2 (1 − σ(j)

x ) (4.9)

for j = 1, . . . , n and

(b†j − bj)(b
†
j+1 + bj+1) = σ(j)

z σ(j+1)
z (4.10)

for j = 1, . . . , n−1. We need a bit more care to make sense of (4.10) for j = n. An explicit calculation
shows that

(b†n − bn)(b†1 + b1) = −Gσ(n)
z σ(1)

z (4.11)

adiabatic evolution

Edward Farhi, Jeffrey Goldstone, Sam Gutmann, Michael arXiv:quant-ph/0001106
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D. B. Kaplan ~ ICTS Bangaluru~ 2/3/18

Other ways to find the ground state  
(Quantum computer works with unitary evolution, unlike Euclidian time)

Quantum Adiabatic Algorithm:

H(s) = (1� s)H0 + sH1 0  s  1

simple  Hamiltonian interesting HamiltonianE. Farhi, J. Goldstone, S. Gutmann, and M. Sipser 13

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

2

3

4

5

6

s

ei
ge
nv
al
ue
s

Figure 6: The eight levels of H̃(s) for the 3-bit problem with HP and HB given by (3.5).

Since G |x = 0⟩ = |x = 0⟩ and
[
G, H̃(s)

]
= 0, we can restrict our attention to states that are invariant

under G such as (4.4).
We now write (4.5) in the invariant sector as a sum of n/2 commuting 2× 2 Hamiltonians that we

can diagonalize. First we make a standard transformation to fermion operators. To this end we define
for j = 1, . . . , n,

bj = σ(1)
x σ(2)

x · · ·σ(j−1)
x σ(j)

− 1(j+1) · · · 1(n)

b†j = σ(1)
x σ(2)

x · · ·σ(j−1)
x σ(j)

+ 1(j+1) · · · 1(n) (4.7)

where

σ− = 1
2

(
1 −1
1 −1

)
and σ+ = 1

2

(
1 1
−1 −1

)
.

It is straightforward to verify that

{bj, bk} = 0

{bj, b
†
k} = δjk (4.8)

where {A, B} = AB + BA. Furthermore

b†jbj = 1
2 (1 − σ(j)

x ) (4.9)

for j = 1, . . . , n and

(b†j − bj)(b
†
j+1 + bj+1) = σ(j)

z σ(j+1)
z (4.10)

for j = 1, . . . , n−1. We need a bit more care to make sense of (4.10) for j = n. An explicit calculation
shows that

(b†n − bn)(b†1 + b1) = −Gσ(n)
z σ(1)

z (4.11)

adiabatic evolution

Edward Farhi, Jeffrey Goldstone, Sam Gutmann, Michael arXiv:quant-ph/0001106



D. B. Kaplan ~ ICTS Bangaluru~ 2/3/18

Other ways to find the ground state  
(Quantum computer works with unitary evolution, unlike Euclidian time)

Quantum Adiabatic Algorithm:

H(s) = (1� s)H0 + sH1 0  s  1

simple  Hamiltonian interesting Hamiltonian

• Initialize qubits for known 
ground state of H0

E. Farhi, J. Goldstone, S. Gutmann, and M. Sipser 13

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

2

3

4

5

6

s

ei
ge
nv
al
ue
s

Figure 6: The eight levels of H̃(s) for the 3-bit problem with HP and HB given by (3.5).

Since G |x = 0⟩ = |x = 0⟩ and
[
G, H̃(s)

]
= 0, we can restrict our attention to states that are invariant

under G such as (4.4).
We now write (4.5) in the invariant sector as a sum of n/2 commuting 2× 2 Hamiltonians that we

can diagonalize. First we make a standard transformation to fermion operators. To this end we define
for j = 1, . . . , n,

bj = σ(1)
x σ(2)

x · · ·σ(j−1)
x σ(j)

− 1(j+1) · · · 1(n)

b†j = σ(1)
x σ(2)

x · · ·σ(j−1)
x σ(j)

+ 1(j+1) · · · 1(n) (4.7)

where

σ− = 1
2

(
1 −1
1 −1

)
and σ+ = 1

2

(
1 1
−1 −1

)
.

It is straightforward to verify that

{bj, bk} = 0

{bj, b
†
k} = δjk (4.8)

where {A, B} = AB + BA. Furthermore

b†jbj = 1
2 (1 − σ(j)

x ) (4.9)

for j = 1, . . . , n and

(b†j − bj)(b
†
j+1 + bj+1) = σ(j)

z σ(j+1)
z (4.10)

for j = 1, . . . , n−1. We need a bit more care to make sense of (4.10) for j = n. An explicit calculation
shows that

(b†n − bn)(b†1 + b1) = −Gσ(n)
z σ(1)

z (4.11)

adiabatic evolution

Edward Farhi, Jeffrey Goldstone, Sam Gutmann, Michael arXiv:quant-ph/0001106



D. B. Kaplan ~ ICTS Bangaluru~ 2/3/18

Other ways to find the ground state  
(Quantum computer works with unitary evolution, unlike Euclidian time)

Quantum Adiabatic Algorithm:

H(s) = (1� s)H0 + sH1 0  s  1

simple  Hamiltonian interesting Hamiltonian

• Initialize qubits for known 
ground state of H0

• Evolve according to H(s), 
varying s slowly from 0 to 1

E. Farhi, J. Goldstone, S. Gutmann, and M. Sipser 13

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

2

3

4

5

6

s

ei
ge
nv
al
ue
s

Figure 6: The eight levels of H̃(s) for the 3-bit problem with HP and HB given by (3.5).

Since G |x = 0⟩ = |x = 0⟩ and
[
G, H̃(s)

]
= 0, we can restrict our attention to states that are invariant

under G such as (4.4).
We now write (4.5) in the invariant sector as a sum of n/2 commuting 2× 2 Hamiltonians that we

can diagonalize. First we make a standard transformation to fermion operators. To this end we define
for j = 1, . . . , n,

bj = σ(1)
x σ(2)

x · · ·σ(j−1)
x σ(j)

− 1(j+1) · · · 1(n)

b†j = σ(1)
x σ(2)

x · · ·σ(j−1)
x σ(j)

+ 1(j+1) · · · 1(n) (4.7)

where

σ− = 1
2

(
1 −1
1 −1

)
and σ+ = 1

2

(
1 1
−1 −1

)
.

It is straightforward to verify that

{bj, bk} = 0

{bj, b
†
k} = δjk (4.8)

where {A, B} = AB + BA. Furthermore

b†jbj = 1
2 (1 − σ(j)

x ) (4.9)

for j = 1, . . . , n and

(b†j − bj)(b
†
j+1 + bj+1) = σ(j)

z σ(j+1)
z (4.10)

for j = 1, . . . , n−1. We need a bit more care to make sense of (4.10) for j = n. An explicit calculation
shows that

(b†n − bn)(b†1 + b1) = −Gσ(n)
z σ(1)

z (4.11)

adiabatic evolution

Edward Farhi, Jeffrey Goldstone, Sam Gutmann, Michael arXiv:quant-ph/0001106



D. B. Kaplan ~ ICTS Bangaluru~ 2/3/18

Other ways to find the ground state  
(Quantum computer works with unitary evolution, unlike Euclidian time)

Quantum Adiabatic Algorithm:

H(s) = (1� s)H0 + sH1 0  s  1

simple  Hamiltonian interesting Hamiltonian

• Initialize qubits for known 
ground state of H0

• Evolve according to H(s), 
varying s slowly from 0 to 1

• Adiabatic theorem: ground 
state of H0 will evolve into 
ground state of H1

E. Farhi, J. Goldstone, S. Gutmann, and M. Sipser 13

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

2

3

4

5

6

s

ei
ge
nv
al
ue
s

Figure 6: The eight levels of H̃(s) for the 3-bit problem with HP and HB given by (3.5).

Since G |x = 0⟩ = |x = 0⟩ and
[
G, H̃(s)

]
= 0, we can restrict our attention to states that are invariant

under G such as (4.4).
We now write (4.5) in the invariant sector as a sum of n/2 commuting 2× 2 Hamiltonians that we

can diagonalize. First we make a standard transformation to fermion operators. To this end we define
for j = 1, . . . , n,

bj = σ(1)
x σ(2)

x · · ·σ(j−1)
x σ(j)

− 1(j+1) · · · 1(n)

b†j = σ(1)
x σ(2)

x · · ·σ(j−1)
x σ(j)

+ 1(j+1) · · · 1(n) (4.7)

where

σ− = 1
2

(
1 −1
1 −1

)
and σ+ = 1

2

(
1 1
−1 −1

)
.

It is straightforward to verify that

{bj, bk} = 0

{bj, b
†
k} = δjk (4.8)

where {A, B} = AB + BA. Furthermore

b†jbj = 1
2 (1 − σ(j)

x ) (4.9)

for j = 1, . . . , n and

(b†j − bj)(b
†
j+1 + bj+1) = σ(j)

z σ(j+1)
z (4.10)

for j = 1, . . . , n−1. We need a bit more care to make sense of (4.10) for j = n. An explicit calculation
shows that

(b†n − bn)(b†1 + b1) = −Gσ(n)
z σ(1)

z (4.11)

adiabatic evolution

Edward Farhi, Jeffrey Goldstone, Sam Gutmann, Michael arXiv:quant-ph/0001106



D. B. Kaplan ~ ICTS Bangaluru~ 2/3/18

Other ways to find the ground state  
(Quantum computer works with unitary evolution, unlike Euclidian time)

Quantum Adiabatic Algorithm:

H(s) = (1� s)H0 + sH1 0  s  1

simple  Hamiltonian interesting Hamiltonian

• Initialize qubits for known 
ground state of H0

• Evolve according to H(s), 
varying s slowly from 0 to 1

• Adiabatic theorem: ground 
state of H0 will evolve into 
ground state of H1

• Measure desired matrix 
elements

E. Farhi, J. Goldstone, S. Gutmann, and M. Sipser 13

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

2

3

4

5

6

s

ei
ge
nv
al
ue
s

Figure 6: The eight levels of H̃(s) for the 3-bit problem with HP and HB given by (3.5).

Since G |x = 0⟩ = |x = 0⟩ and
[
G, H̃(s)

]
= 0, we can restrict our attention to states that are invariant

under G such as (4.4).
We now write (4.5) in the invariant sector as a sum of n/2 commuting 2× 2 Hamiltonians that we

can diagonalize. First we make a standard transformation to fermion operators. To this end we define
for j = 1, . . . , n,

bj = σ(1)
x σ(2)

x · · ·σ(j−1)
x σ(j)

− 1(j+1) · · · 1(n)

b†j = σ(1)
x σ(2)

x · · ·σ(j−1)
x σ(j)

+ 1(j+1) · · · 1(n) (4.7)

where

σ− = 1
2

(
1 −1
1 −1

)
and σ+ = 1

2

(
1 1
−1 −1

)
.

It is straightforward to verify that

{bj, bk} = 0

{bj, b
†
k} = δjk (4.8)

where {A, B} = AB + BA. Furthermore

b†jbj = 1
2 (1 − σ(j)

x ) (4.9)

for j = 1, . . . , n and

(b†j − bj)(b
†
j+1 + bj+1) = σ(j)

z σ(j+1)
z (4.10)

for j = 1, . . . , n−1. We need a bit more care to make sense of (4.10) for j = n. An explicit calculation
shows that

(b†n − bn)(b†1 + b1) = −Gσ(n)
z σ(1)

z (4.11)

adiabatic evolution

Edward Farhi, Jeffrey Goldstone, Sam Gutmann, Michael arXiv:quant-ph/0001106



D. B. Kaplan ~ ICTS Bangaluru~ 2/3/18

Drawback of the Quantum Adiabatic Algorithm:

E. Farhi, J. Goldstone, S. Gutmann, and M. Sipser 13

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

2

3

4

5

6

s

ei
ge
nv
al
ue
s

Figure 6: The eight levels of H̃(s) for the 3-bit problem with HP and HB given by (3.5).

Since G |x = 0⟩ = |x = 0⟩ and
[
G, H̃(s)

]
= 0, we can restrict our attention to states that are invariant

under G such as (4.4).
We now write (4.5) in the invariant sector as a sum of n/2 commuting 2× 2 Hamiltonians that we

can diagonalize. First we make a standard transformation to fermion operators. To this end we define
for j = 1, . . . , n,

bj = σ(1)
x σ(2)

x · · ·σ(j−1)
x σ(j)

− 1(j+1) · · · 1(n)

b†j = σ(1)
x σ(2)

x · · ·σ(j−1)
x σ(j)

+ 1(j+1) · · · 1(n) (4.7)

where

σ− = 1
2

(
1 −1
1 −1

)
and σ+ = 1

2

(
1 1
−1 −1

)
.

It is straightforward to verify that

{bj, bk} = 0

{bj, b
†
k} = δjk (4.8)

where {A, B} = AB + BA. Furthermore

b†jbj = 1
2 (1 − σ(j)

x ) (4.9)

for j = 1, . . . , n and

(b†j − bj)(b
†
j+1 + bj+1) = σ(j)

z σ(j+1)
z (4.10)

for j = 1, . . . , n−1. We need a bit more care to make sense of (4.10) for j = n. An explicit calculation
shows that

(b†n − bn)(b†1 + b1) = −Gσ(n)
z σ(1)

z (4.11)

ΔE

Adiabatic theorem requires  
evolution time scales as 

t ⇠ 1

�E2

Cooked up example of bad scaling behavior:  Take Ising model with small 
transverse field

4

FIG. 3. Limited to 2000 Trotter steps distributed over 2
combs, the improvement of the ground state overlap for the
3-spin Ising model with h = 0.5 is shown for a sample of 800
possible initial states and comb measurements. The diagonal
red line represents no improvement.

ploying a matrix A from Eq. (1) with random real entries
where Htarg is nonzero.

An application for Spectral Combing could be for phys-
ical systems where a good trial wave function for the
ground state is not known, and where it is not known
how to employ Quantum Adiabatic Algorithm without
encountering small energy gaps along the adiabatic path.
In order to demonstrate the advantage of Spectral Cool-
ing in this case with a small and tractable number of
qubits, we consider the Ising model of Eq. (2) with an
additional magnetic field B applied in the z direction
[19],

HB
targ = �h

NtX

i=1

�
x
i �

NtX

i=1

�
z
i �

z
i+1 +B

NtX

i=1

�
z
i . (3)

For large positive/negative B, the ground state is approx-
imately all spins aligned down/up. There is an energy
barrier between these states characterized by the small
gap � = O(hNt) at B = 0 and as Nt ! 1 the model ex-
hibits a first order phase transition as B is varied through
zero. When taking B as the adiabatic parameter for the
QAA along the path from B = +1 to B = �1, one can
expect the required number of Trotter steps to scale as
1/�2. We compare the cost of such a QAA computation
as a function of � (with linear interpolation in B) with
that for a Spectral Combing computation where we fix
B = �1, but choose as our initial wave function the ex-
act ground state of HB

targ for B = +1, a wave function
that corresponds to the metastable state on the wrong
side of the large energy barrier. We are not claiming
that this is the optimal application of the QAA to such
a problem, nor that this is the best initial wave function
one could use for Spectral Combing, but wish to compare
the performance of these two algorithms under controlled
non-optimal conditions.

The results of this comparison for the two cases Nt =
3, 4 is shown in Fig. (4), plotting versus 1/� the cost in

FIG. 4. Results for the Ising model with external magnetic
field for both the Quantum Adiabatic Algorithm (QAA) and
Spectral Combing using Nc = 3 spins in the comb. The
gate estimates per Trotter step are detailed in the supple-
mental material and calculated to be 21(28) for the QAA,
and 283(347) for the spectral comb simulation employing
Nt = 3(Nt = 4).

number of gates required to achieve & 50% overlap with
the true ground state at B = �1. For both methods,
we estimate the number of quantum gates required to
perform the evolution using the complete implementation
of the algorithm presented in the supplemental material.
For the QAA the cost per Trotter time-step is given

simply by the number of gates needed to implement
the propagator for HB

targ while for the SC method one
must also account for the propagators of Hcomb and Hint.
Compared to the results in Fig. (3) the cost in Trotter
steps was greatly reduced down to O(50) thanks to the
use of a di↵erent coupling matrix A written as a sum of
Pauli �x matrices and by a more careful optimization of
the comb parameters, made possible by specializing to a
particular initial vector.
As shown in Fig. (4), the gate cost for the QAAmethod

scales proportional to��2 as expected, and becomes pro-
hibitive for very small �. In contrast, Spectral Combing
exhibits superior scaling with the inverse gap, despite the
doubling of qubits required to create the comb , becom-
ing surprisingly independent of � at small values. In all
cases shown in Fig. (4) the state preparation for Spec-
tral Combing has been achieved with a single comb, thus
avoiding the cost and intrinsic randomness of the mea-
surement process.

DISCUSSION

Spectral Combing is presented as an algorithm for
identifying the approximate ground state of a strongly
correlated quantum mechanical system, that can in turn
be profitably used as the initial state for a Quantum
Phase Estimation procedure. This is a quintessentially

Take h small, H0 = above with B=+B0  H1 = above with B=-B0
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Consider adiabatic method for h small,  H0 = H+,   H1 = H-

Why is this hard for the adiabatic method? 

When h=B=0, ground states are degenerate, |⬆⬆…⬆> & |⬇⬇…⬇> 
When h≠0, there is tunneling between the two and splitting proportional to 
hN, N= # spins 

When then taking B = + B0  ► B = -B0 there is therefore  1st order transition 
(for large N) and a small gap encountered at B=0 proportional to hN 

It has been argued that quantum field theories will always encounter an 
exponentially small gap (Preskill)
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H
Hheat bath

Initialize |ψ>|cold>

Evolves unitarily to entangled state ~  |ψ0>|warm>

Simulate a “heat bath”?
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Another possible algorithm: “Spectral Combing”
DBK, N Klco, A Roggerro, E-print 1709.08250 (quant-ph)

H
Hheat bath

Initialize |ψ>|cold>

Evolves unitarily to entangled state ~  |ψ0>|warm>

Simulate a “heat bath”?
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Heat bath does not seem to work well: needs to be very big (eg, many more 
qubits than the target system)

Spectral combing: 

H Hs(ω(t))

Couple “target’ hamiltonian to a spin system with characteristic energy ω(t) 
which decreases with time.
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Example: H is a 2-state system |0>, |1>;   Hs is a 2-spin system
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|1〉|↑↓〉, |1〉|↓↑〉

|1〉|↑↑〉

|0〉|all〉

|1〉|all〉
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FIG. 1. A simple example with Ntarg = 1, Ncomb = 2 (see
main text for details).

produce a cold thermal state, but over a finite length
of time could entangle the target system in such a suf-
ficiently complicated way with the bath such that the
von Neumann entropy of the target system, when traced
over the heat bath, is peaked at the ground state ofHtarg.
However, in order for this to be useful, each eigenstate of
Htarg must be able to e�ciently transfer its energy to the
heat bath. Without a priori knowledge of the eigenvec-
tors of Htarg this appears in practice to require a much
larger number of degrees of freedom in Hbath than in
Htarg. Thus, this approach is likely to scale poorly with
the size of the problem.

In this Letter, we describe a strategy that is inspired
by the heat bath scenario but instead couples Htarg to
a simple system Hcomb which has a comparable number
of degrees of freedom and a characteristic energy scale
that monotonically decreases in time. Its spectrum is, in
e↵ect, dragged through the spectrum of the target Hamil-
tonian Htarg, and the avoided level crossings resonantly
transfer the energy from the initial state of Htarg to the
comb. We refer to this algorithm as “Spectral Combing”.
A toy example with an eight-dimensional Hilbert space
is illustrated in Fig. (1). The total Hamiltonian can be
written as Htot = Htarg +Hcomb +Hint. Here, Htarg de-
scribes a 2-state system represented by a Ntarg = 1 qubit
with ground state |0i and the excited state |1i. The comb
Hcomb is 4-dimensional and realized on Ncomb = 2 qubits
with approximate eigenstates | ""i, | "#i, | #"i, and | ##i,
the last being the ground state for the comb; the ener-
gies of these states are time dependent and monotoni-
cally decreasing. The Hamiltonian Hint provides a weak
interaction between the target and comb. Fig. (1) shows
how an initial state | i| ##i will evolve adiabatically into
the state |0i|�i, where | i is an arbitrary state in the
Hilbert space of the target Hamiltonian Htarg, while |�i
is some excited state in the Hilbert space of Hcomb. In
this manner, the ground state of Htarg can be studied
by measuring expectation values of operators in the final

state that act trivially on |�i. While this simple model
only exhibits a single avoided level crossing, larger sys-
tems will have a number that grows with the size of the
Hilbert space.
The distinguishing benefits of Spectral Combing in-

clude: (i) One can initialize the quantum computer in a
state | ii that is far from the ground state of Htarg and
less costly. In fact, we anticipate that Spectral Combing
will serve well as a preconditioner for initializing states
for QPE; (ii) While the avoided level crossings are only
e↵ective at resonantly transferring energy to the comb
if the minimum energy gaps are su�ciently large, the
number of such level crossings grows with the size of the
Hilbert space and the e↵ectiveness of the method does
not rest on any one energy gap being large, as it does for
the QAA. Thus, it is plausible, with supporting evidence
from the explicit simulation of small systems discussed
below, that the computational cost of the method will
scale as a reasonable power of the number of qubits N

needed to represent H; (iii) The output of one Spectral
Combing can become the input (trial wavefunction) of a
subsequent combing, so that the result can be iteratively
improved (at the expense of requiring a longer coherence
time).
In the next sections, we describe Spectral Combing in

some detail, and give the results of simulations for small
systems.

METHOD

The comb we construct here is a bosonic spin system
governed by the following Hamiltonian on Nc qubits,

Hcomb(t) =
NcX

i=1

⌫(t)�+
i �

�
i +�i

X

cyc

�
�
+
i �

�
i+1�

�
i+2 + h.c.

�
.

The function ⌫(t) monotonically decreases with time, and
when Hcomb and Htarg are weakly coupled, gives rise to
a large number of avoided level crossings (see Fig. (1)).
In this preliminary study, we use the simple linear form

⌫(t) = ⌫0(1� t/tf ) , ⌫0 > 0 , 0  t  tf .

The interaction term proportional to coupling constant
, with the �i being real random numbers, is included
to break symmetries with the aim of making the system
ergodic and to minimize scarring, allowing the comb to
couple e�ciently to a generic target system. This inter-
action can be thought of as a 1 $ 2 particle scattering
interaction, allowing energy to disperse within the comb
subsystem. The summation runs over the cyclic permu-
tations of the nearest neighboring spins only. For small
, the approximate ground state of the comb is | # . . . #i.
In order to entangle the comb and the target system,
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Does it work?
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FIG. 3. Limited to 2000 Trotter steps distributed over 2
combs, the improvement of the ground state overlap for the
3-spin Ising model with h = 0.5 is shown for a sample of 800
possible initial states and comb measurements. The diagonal
red line represents no improvement.

ploying a matrix A from Eq. (1) with random real entries
where Htarg is nonzero.

An application for Spectral Combing could be for phys-
ical systems where a good trial wave function for the
ground state is not known, and where it is not known
how to employ Quantum Adiabatic Algorithm without
encountering small energy gaps along the adiabatic path.
In order to demonstrate the advantage of Spectral Cool-
ing in this case with a small and tractable number of
qubits, we consider the Ising model of Eq. (2) with an
additional magnetic field B applied in the z direction
[19],

HB
targ = �h

NtX
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For large positive/negative B, the ground state is approx-
imately all spins aligned down/up. There is an energy
barrier between these states characterized by the small
gap � = O(hNt) at B = 0 and as Nt ! 1 the model ex-
hibits a first order phase transition as B is varied through
zero. When taking B as the adiabatic parameter for the
QAA along the path from B = +1 to B = �1, one can
expect the required number of Trotter steps to scale as
1/�2. We compare the cost of such a QAA computation
as a function of � (with linear interpolation in B) with
that for a Spectral Combing computation where we fix
B = �1, but choose as our initial wave function the ex-
act ground state of HB

targ for B = +1, a wave function
that corresponds to the metastable state on the wrong
side of the large energy barrier. We are not claiming
that this is the optimal application of the QAA to such
a problem, nor that this is the best initial wave function
one could use for Spectral Combing, but wish to compare
the performance of these two algorithms under controlled
non-optimal conditions.

The results of this comparison for the two cases Nt =
3, 4 is shown in Fig. (4), plotting versus 1/� the cost in

FIG. 4. Results for the Ising model with external magnetic
field for both the Quantum Adiabatic Algorithm (QAA) and
Spectral Combing using Nc = 3 spins in the comb. The
gate estimates per Trotter step are detailed in the supple-
mental material and calculated to be 21(28) for the QAA,
and 283(347) for the spectral comb simulation employing
Nt = 3(Nt = 4).

number of gates required to achieve & 50% overlap with
the true ground state at B = �1. For both methods,
we estimate the number of quantum gates required to
perform the evolution using the complete implementation
of the algorithm presented in the supplemental material.
For the QAA the cost per Trotter time-step is given

simply by the number of gates needed to implement
the propagator for HB

targ while for the SC method one
must also account for the propagators of Hcomb and Hint.
Compared to the results in Fig. (3) the cost in Trotter
steps was greatly reduced down to O(50) thanks to the
use of a di↵erent coupling matrix A written as a sum of
Pauli �x matrices and by a more careful optimization of
the comb parameters, made possible by specializing to a
particular initial vector.
As shown in Fig. (4), the gate cost for the QAAmethod

scales proportional to��2 as expected, and becomes pro-
hibitive for very small �. In contrast, Spectral Combing
exhibits superior scaling with the inverse gap, despite the
doubling of qubits required to create the comb , becom-
ing surprisingly independent of � at small values. In all
cases shown in Fig. (4) the state preparation for Spec-
tral Combing has been achieved with a single comb, thus
avoiding the cost and intrinsic randomness of the mea-
surement process.

DISCUSSION

Spectral Combing is presented as an algorithm for
identifying the approximate ground state of a strongly
correlated quantum mechanical system, that can in turn
be profitably used as the initial state for a Quantum
Phase Estimation procedure. This is a quintessentially

Spectral combing for transverse Ising model with B=0, h=0.5, 
limiting to 2000 Trotter steps
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How does it compare with the pathological case for the Quantum Adiabatic 
algorithm, where one starts in the metastable state (tuning h to make the 
gap small)?

QAA Nt=3
QAA Nt=4
SC Nt=3, Nc=3
SC Nt=4, Nc=3

10 103 105 107 109 1011

104

105

106

107

108

109

Δ-1

nu
m
be
ro
fg
at
es



D. B. Kaplan ~ ICTS Bangaluru~ 2/3/18

So: Spectral Combing looks interesting, need to determine its scaling 
properties for larger systems.  In any case, gate count scales like a 
power of the number N of qubits, NOT the size of the Hilbert space, 
2N

Just an example of how physicists can contribute in this field.

Many open problems: like, how to simulate gauge theories, Matrix 
Models, CFTs, etc!

Would like to better understand “thermalization” in closed quantum 
systems, in order to inform scaling arguments
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Summary:

Sign problems are severe in interesting theories, and are rooted in 
the dynamics of the theory, probably not fixable for QCD by new 
algorithms for classical computers 

There are LOTS of hardware obstacles to overcome… 
…but if quantum computing becomes a reality, we may be able to solve 
these outstanding problems ► with the potential to revolutionize physics 
and technology

In the meantime, things for theorists to do…


