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★Approximate global chiral symmetry protects vector-like gauge 
theories (QED, QCD) from O(1/a) fine-tuning of fermion mass 

★Approximate global chiral symmetry gives proper pseudoscalar 
spectrum and weak interactions 

★Local chiral symmetry required for SM, GUTS, various BSM models
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★Approximate global chiral symmetry protects vector-like gauge 
theories (QED, QCD) from O(1/a) fine-tuning of fermion mass 

★Approximate global chiral symmetry gives proper pseudoscalar 
spectrum and weak interactions 

★Local chiral symmetry required for SM, GUTS, various BSM models

This talk: 

★What we know about global chiral symmetry on the lattice
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The Euclidian fermion action:

3

Domain Wall Fermions

3.1 Chirality, anomalies and fermion doubling

You have heard of the Nielsen-Ninomiya theorem: it states that a fermion action in
2k Euclidian spacetime dimensions

S =

Z ⇡/a

⇡/a

d2kp

(2⇡)4
 �pD̃(p) (p) (3.1)

cannot have the operator D̃ satisfy all four of the following conditions simultaneously:

1. D̃(p) is a periodic, analytic function of pµ;

2. D(p) / �µpµ for a|pµ| ⌧ 1;

3. D̃(p) invertible everywhere except pµ = 0;

4. {�, D̃(p)} = 0.

The first condition is required for locality of the Fourier transform of D̃(p) in
coordinate space. The next two state that we want a single flavor of conventional Dirac
fermion in the continuum limit. The last item is the statement of chiral symmetry. One
can try keeping that and eliminating one or more of the other conditions; for example,
the SLAC derivative took D̃(p) = �µpµ within the Brillouin zone (BZ), which violates
the first condition — if taken to be periodic, it is discontinuous at the edge of the BZ.
This causes problems — for example, the QED Ward identity states that the photon
vertex �µ is proportional to @D̃(p)/@pµ, which is infinite at the BZ boundary. Naive
fermions satisfy all the conditions except (3): there D̃(p) vanishes at the 24 corners
of the BZ, and so we have 24 flavors of Dirac fermions in the continuum. Staggered
fermions are somewhat less redundant, producing four flavors in the continuum for
each lattice field; Creutz fermions are the least redundant, giving rise to two copies
for each lattice field. The discussion in any even spacetime dimension is analogous.

This roadblock in developing a lattice theory with chirality is obviously impossible
to get around when you consider anomalies. Remember that anomalies do occur in
the continuum but that in a UV cuto↵ on the number of degrees of freedom, there
are no anomalies, and the exact symmetries of the regulated action are the exact
symmetries of the quantum theory. The only way a symmetry current can have a
nonzero divergence is if either the original action or the UV regulator explicitly violate
that symmetry. The implication for lattice fermions is that any symmetry that is exact
on the lattice will be exact in the continuum limit, while any symmetry anomalous in
the continuum limit must be broken explicitly on the lattice.
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Nielsen-Ninomiya — can’t have all four properties:

Γ is the γ5 matrix… defined only in even spacetime dimensions
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Lattice covariant 
derivatives
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chiral symmetry
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★Requires O(1/a) fine tuning to get to symmetric point 
★Also breaks non-anomalous symmetries, eg SU(2)L x SU(2)R
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The minimalist way to explicitly break anomalous global chiral 
symmetries:  

★ domain wall fermions 

★ overlap fermions  

►The only relevant symmetry breaking is proportional to continuum 
anomalies 

►Topology allows one to avoid any fine tuning. 

►A plausible starting point for the formulation of chiral gauge theories. 
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Consider a Dirac fermion in 2+1 
(continuous) dimensions
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Domain Wall Fermions: 
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s m = +Λm = -Λ

★ One spatial direction with 
coordinate x3 is compactified with 
periodic boundary conditions

★ The fermion mass = +Λ on one 
side, -Λ on the other

★ Assume 1+1 dimensional gauge 
fields independent of x3: {A1(x1,x2), 
A2(x1,x2)}

Consider a Dirac fermion in 2+1 
(continuous) dimensions

s

x
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The Dirac equation is separable; expand field as

3

that Se↵ is gauge invariant; it is not parity invariant how-
ever, since that symmetry is broken by the mass ⇤. The
spectrum of the theory can be described in 2d terms as a
massless chiral mode at x3 = 0, a massless mode of oppo-
site chirality at the other surface, x3 = L, and a tower of
massive modes residing in the 3d bulk. The action cor-
respondingly receives three contributions. We will argue
that with both a UV and an IR cuto↵ on momenta

⇤� p � µ ⌘
p
⇤/L , (7)

and under a certain condition, the contributions from the
massive states and the remote mirror fermion at x3 = L

are parametrically small and and Se↵ describes a local
2d theory of the chiral zeromodes at x3 = 0. The neces-
sary condition for this to happen is that we take for Se↵

a sum of contributions from multiple 3d fermion fields
with a constraint on their masses and gauge representa-
tions which precisely translates into anomaly cancellation
in the 2d theory on the x3 = 0 boundary; when the 2d
anomalies fail to vanish Se↵ still describes a sensible 3d
theory, but it has no interpretation local 2d interpreta-
tion.

We wish to compute Se↵ to second order in the gauge
fields. To do so we introduce fermion fields  for the
domain wall fermions (DWF) and � for the Pauli-Villars
regulator as [18, 19]

 (x, x3) =
1X

n=0

X

i=1,2

[P� ni(x)bni(x3) + P+ ni(x)fn(x3)]

�(x, x3) =
1X

n=0

X

i=1,2

[P��ni(x)Bni(x3) + P+�ni(x)Fn(x3)]

where

P± = 1
2

✓
1± ⇤

|⇤|�3
◆

. (8)

The b, f, B, F functions are solutions to the eigenvalue
equations

Qfni = µnbni , Q
†
bni = µnbni ,

eQFni = µ̃nBni ,
eQ†

Bni = µ̃nFni , (9)

with Q = (@s � ⇤✏(s)) and eQ = (@s � ⇤). The eigen-
functions are found to be for n = 1, 2, 3, . . .:

b01 = N+e
�⇤|x3| , f01 = 0

b02 = 0 , f02 = N�e
+⇤|x3| ,

bn1 =
cos (kn|x3|+ ↵n)p

L
, fn1 =

sin knx3p
L

,

bn2 =
sin knx3p

L
, fn2 = �cos (kn|x3|� ↵n)p

L

B01 = 0, F01 = 0,

B02 = � 1p
2L

, F02 =
1p
2L

,

Bn1 =
cos(knx3 + ↵n)p

L
, Fn1 =

sin knx3p
L

,

Bn2 = � sin(knx3 + ↵n)p
L

, Fn2 =
cos knx3p

L
,

where the definition of the vanishing functions is for no-
tational convenience, and

N± =
p
⇤ (coth⇤L± 1) /2 , (10)

µ0 = 0 , µ̃0 = ⇤ µn = µ̃n =
p
⇤2 + k2n , (11)

kn =
⇡n

L
, ↵n = cot�1 kn

⇤
. (12)

The 3d fermion and Pauli-Villars action in the back-
ground Bµ field

Z
d
3
x 

�
/D3 � ⇤✏(s)

�
 + �

�
/D3 � ⇤

�
� (13)

can then be written in two-dimensional form as Sf =
Sf,! + Sf,�,

Sf,! =

Z
d
2x

X

n,i

⇥
 ni( /�+ µn) ni + �ni( /�+ µ̃n)�ni

⇤

Sf,� = e

Z
d
2p

(2⇡)2
�(p)✏µ⌫pµJ⌫(�p) (14)

where the sum is over n = 0, 1, 2 . . ., i = 1, 2, �µ =
(@µ + ie @µ!) is a covariant derivative, and the current
coupling to � is

Jµ =
X

m,n,i
⌘=±

⇣
C

⌘
mni mi�µP⌘ ni + eC⌘

mni�mi�µP⌘�ni

⌘

where the C and eC coe�cients are p-dependent form
factors that arise from the nontrivial overlap of the flow
kernel K(p) with the fermion wave functions:

C
+
mni = hfmi|K(p)|fnii, C

�
mni = hbmi|K(p)|bnii,

and similarly for eC with the Pauli-Villars eigenfunctions
B,F , where with hs|K(p)|s0i = �(s � s

0) exp(�p
2|s|/⇤).

The form factors are analytic in p2 and will not be an ob-
stacle to continuing matrix elements back to Minkowski
spacetime. We find for the zeromodes, for example

C
±
001 = ⌥⇤

2(1⌥ coth⇤L)

2⇤2 + p2

✓
1� e

L⇤(±2� p2

⇤2 )

◆

�����!
⇤L!1

e
�(1±1) p2

2µ2

✓
2⇤2

2⇤2 ⌥ p2

◆
. (15)

where µ
2 = ⇤/L. Note that the right-handed mode lo-

cated at x3 = L has a gaussian form factor C
+
001 that

goes to zero for p2 � µ
2, while the left-handed mode’s

form factor C
�
001 ' 1 in the range ⇤2 � p2 � µ

2. The

other C, eC form factors are readily computed, and the
results will be published elsewhere. Note that the ac-
tion in eq. (14) is manifestly gauge invariant; it may
seem unusual for � to have o↵-diagonal couplings between
fermions of di↵erent masses, but that is no di↵erent than

x3

x1,2

L-L

m=+Λm=-Λ

• P±=(1±γ3)/2 
• b,f = functions of x3 

•ψ = 2-component Grassmann spinor, 
function of x1,x2 

• i denotes even or odd in x3 ► -x3

Choose b,f to be solutions to a particular  
eigenfunction equation
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that with both a UV and an IR cuto↵ on momenta
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⇤/L , (7)

and under a certain condition, the contributions from the
massive states and the remote mirror fermion at x3 = L

are parametrically small and and Se↵ describes a local
2d theory of the chiral zeromodes at x3 = 0. The neces-
sary condition for this to happen is that we take for Se↵

a sum of contributions from multiple 3d fermion fields
with a constraint on their masses and gauge representa-
tions which precisely translates into anomaly cancellation
in the 2d theory on the x3 = 0 boundary; when the 2d
anomalies fail to vanish Se↵ still describes a sensible 3d
theory, but it has no interpretation local 2d interpreta-
tion.

We wish to compute Se↵ to second order in the gauge
fields. To do so we introduce fermion fields  for the
domain wall fermions (DWF) and � for the Pauli-Villars
regulator as [18, 19]
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results will be published elsewhere. Note that the ac-
tion in eq. (14) is manifestly gauge invariant; it may
seem unusual for � to have o↵-diagonal couplings between
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where µ
2 = ⇤/L. Note that the right-handed mode lo-

cated at x3 = L has a gaussian form factor C
+
001 that

goes to zero for p2 � µ
2, while the left-handed mode’s

form factor C
�
001 ' 1 in the range ⇤2 � p2 � µ

2. The

other C, eC form factors are readily computed, and the
results will be published elsewhere. Note that the ac-
tion in eq. (14) is manifestly gauge invariant; it may
seem unusual for � to have o↵-diagonal couplings between
fermions of di↵erent masses, but that is no di↵erent than
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001 that
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results will be published elsewhere. Note that the ac-
tion in eq. (14) is manifestly gauge invariant; it may
seem unusual for � to have o↵-diagonal couplings between
fermions of di↵erent masses, but that is no di↵erent than
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are parametrically small and and Se↵ describes a local
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with a constraint on their masses and gauge representa-
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fields. To do so we introduce fermion fields  for the
domain wall fermions (DWF) and � for the Pauli-Villars
regulator as [18, 19]

 (x, x3) =
1X

n=0

X

i=1,2

[P� ni(x)bni(x3) + P+ ni(x)fn(x3)]

�(x, x3) =
1X

n=0

X

i=1,2

[P��ni(x)Bni(x3) + P+�ni(x)Fn(x3)]

where

P± = 1
2

✓
1± ⇤

|⇤|�3
◆

. (8)

The b, f, B, F functions are solutions to the eigenvalue
equations

Qfni = µnbni , Q
†
bni = µnbni ,

eQFni = µ̃nBni ,
eQ†

Bni = µ̃nFni , (9)

with Q = (@s � ⇤✏(s)) and eQ = (@s � ⇤). The eigen-
functions are found to be for n = 1, 2, 3, . . .:

b01 = N+e
�⇤|x3| , f01 = 0

b02 = 0 , f02 = N�e
+⇤|x3| ,

bn1 =
cos (kn|x3|+ ↵n)p

L
, fn1 =

sin knx3p
L

,

bn2 =
sin knx3p

L
, fn2 = �cos (kn|x3|� ↵n)p

L

B01 = 0, F01 = 0,

B02 = � 1p
2L

, F02 =
1p
2L

,

Bn1 =
cos(knx3 + ↵n)p

L
, Fn1 =

sin knx3p
L

,

Bn2 = � sin(knx3 + ↵n)p
L

, Fn2 =
cos knx3p

L
,

where the definition of the vanishing functions is for no-
tational convenience, and

N± =
p
⇤ (coth⇤L± 1) /2 , (10)

µ0 = 0 , µ̃0 = ⇤ µn = µ̃n =
p
⇤2 + k2n , (11)

kn =
⇡n

L
, ↵n = cot�1 kn

⇤
. (12)

The 3d fermion and Pauli-Villars action in the back-
ground Bµ field

Z
d
3
x 

�
/D3 � ⇤✏(s)

�
 + �

�
/D3 � ⇤

�
� (13)

can then be written in two-dimensional form as Sf =
Sf,! + Sf,�,

Sf,! =

Z
d
2x

X

n,i

⇥
 ni( /�+ µn) ni + �ni( /�+ µ̃n)�ni

⇤

Sf,� = e

Z
d
2p

(2⇡)2
�(p)✏µ⌫pµJ⌫(�p) (14)

where the sum is over n = 0, 1, 2 . . ., i = 1, 2, �µ =
(@µ + ie @µ!) is a covariant derivative, and the current
coupling to � is

Jµ =
X

m,n,i
⌘=±

⇣
C

⌘
mni mi�µP⌘ ni + eC⌘

mni�mi�µP⌘�ni

⌘

where the C and eC coe�cients are p-dependent form
factors that arise from the nontrivial overlap of the flow
kernel K(p) with the fermion wave functions:

C
+
mni = hfmi|K(p)|fnii, C

�
mni = hbmi|K(p)|bnii,

and similarly for eC with the Pauli-Villars eigenfunctions
B,F , where with hs|K(p)|s0i = �(s � s

0) exp(�p
2|s|/⇤).

The form factors are analytic in p2 and will not be an ob-
stacle to continuing matrix elements back to Minkowski
spacetime. We find for the zeromodes, for example

C
±
001 = ⌥⇤

2(1⌥ coth⇤L)

2⇤2 + p2

✓
1� e

L⇤(±2� p2

⇤2 )

◆

�����!
⇤L!1

e
�(1±1) p2

2µ2

✓
2⇤2

2⇤2 ⌥ p2

◆
. (15)

where µ
2 = ⇤/L. Note that the right-handed mode lo-

cated at x3 = L has a gaussian form factor C
+
001 that

goes to zero for p2 � µ
2, while the left-handed mode’s

form factor C
�
001 ' 1 in the range ⇤2 � p2 � µ

2. The

other C, eC form factors are readily computed, and the
results will be published elsewhere. Note that the ac-
tion in eq. (14) is manifestly gauge invariant; it may
seem unusual for � to have o↵-diagonal couplings between
fermions of di↵erent masses, but that is no di↵erent than

b,f are eigenfunctions of a “supersymmetric hamiltonian”

Q = (@3 � ⇤✏(x3))

3

that Se↵ is gauge invariant; it is not parity invariant how-
ever, since that symmetry is broken by the mass ⇤. The
spectrum of the theory can be described in 2d terms as a
massless chiral mode at x3 = 0, a massless mode of oppo-
site chirality at the other surface, x3 = L, and a tower of
massive modes residing in the 3d bulk. The action cor-
respondingly receives three contributions. We will argue
that with both a UV and an IR cuto↵ on momenta

⇤� p � µ ⌘
p
⇤/L , (7)

and under a certain condition, the contributions from the
massive states and the remote mirror fermion at x3 = L

are parametrically small and and Se↵ describes a local
2d theory of the chiral zeromodes at x3 = 0. The neces-
sary condition for this to happen is that we take for Se↵

a sum of contributions from multiple 3d fermion fields
with a constraint on their masses and gauge representa-
tions which precisely translates into anomaly cancellation
in the 2d theory on the x3 = 0 boundary; when the 2d
anomalies fail to vanish Se↵ still describes a sensible 3d
theory, but it has no interpretation local 2d interpreta-
tion.

We wish to compute Se↵ to second order in the gauge
fields. To do so we introduce fermion fields  for the
domain wall fermions (DWF) and � for the Pauli-Villars
regulator as [18, 19]

 (x, x3) =
1X

n=0

X

i=1,2

[P� ni(x)bni(x3) + P+ ni(x)fn(x3)]

�(x, x3) =
1X

n=0

X

i=1,2

[P��ni(x)Bni(x3) + P+�ni(x)Fn(x3)]

where

P± = 1
2

✓
1± ⇤

|⇤|�3
◆

. (8)

The b, f, B, F functions are solutions to the eigenvalue
equations

Qfni = µnbni , Q
†
bni = µnbni ,

eQFni = µ̃nBni ,
eQ†

Bni = µ̃nFni , (9)

with Q = (@s � ⇤✏(s)) and eQ = (@s � ⇤). The eigen-
functions are found to be for n = 1, 2, 3, . . .:

b01 = N+e
�⇤|x3| , f01 = 0

b02 = 0 , f02 = N�e
+⇤|x3| ,

bn1 =
cos (kn|x3|+ ↵n)p

L
, fn1 =

sin knx3p
L

,

bn2 =
sin knx3p

L
, fn2 = �cos (kn|x3|� ↵n)p

L

B01 = 0, F01 = 0,

B02 = � 1p
2L

, F02 =
1p
2L

,

Bn1 =
cos(knx3 + ↵n)p

L
, Fn1 =

sin knx3p
L

,

Bn2 = � sin(knx3 + ↵n)p
L

, Fn2 =
cos knx3p

L
,

where the definition of the vanishing functions is for no-
tational convenience, and

N± =
p
⇤ (coth⇤L± 1) /2 , (10)

µ0 = 0 , µ̃0 = ⇤ µn = µ̃n =
p
⇤2 + k2n , (11)

kn =
⇡n

L
, ↵n = cot�1 kn

⇤
. (12)

The 3d fermion and Pauli-Villars action in the back-
ground Bµ field

Z
d
3
x 

�
/D3 � ⇤✏(s)

�
 + �

�
/D3 � ⇤

�
� (13)

can then be written in two-dimensional form as Sf =
Sf,! + Sf,�,

Sf,! =

Z
d
2x

X

n,i

⇥
 ni( /�+ µn) ni + �ni( /�+ µ̃n)�ni

⇤

Sf,� = e

Z
d
2p

(2⇡)2
�(p)✏µ⌫pµJ⌫(�p) (14)

where the sum is over n = 0, 1, 2 . . ., i = 1, 2, �µ =
(@µ + ie @µ!) is a covariant derivative, and the current
coupling to � is

Jµ =
X

m,n,i
⌘=±

⇣
C

⌘
mni mi�µP⌘ ni + eC⌘

mni�mi�µP⌘�ni

⌘

where the C and eC coe�cients are p-dependent form
factors that arise from the nontrivial overlap of the flow
kernel K(p) with the fermion wave functions:

C
+
mni = hfmi|K(p)|fnii, C

�
mni = hbmi|K(p)|bnii,

and similarly for eC with the Pauli-Villars eigenfunctions
B,F , where with hs|K(p)|s0i = �(s � s

0) exp(�p
2|s|/⇤).

The form factors are analytic in p2 and will not be an ob-
stacle to continuing matrix elements back to Minkowski
spacetime. We find for the zeromodes, for example

C
±
001 = ⌥⇤

2(1⌥ coth⇤L)

2⇤2 + p2

✓
1� e

L⇤(±2� p2

⇤2 )

◆

�����!
⇤L!1

e
�(1±1) p2

2µ2

✓
2⇤2

2⇤2 ⌥ p2

◆
. (15)

where µ
2 = ⇤/L. Note that the right-handed mode lo-

cated at x3 = L has a gaussian form factor C
+
001 that

goes to zero for p2 � µ
2, while the left-handed mode’s

form factor C
�
001 ' 1 in the range ⇤2 � p2 � µ

2. The

other C, eC form factors are readily computed, and the
results will be published elsewhere. Note that the ac-
tion in eq. (14) is manifestly gauge invariant; it may
seem unusual for � to have o↵-diagonal couplings between
fermions of di↵erent masses, but that is no di↵erent than

µ0 = 0

µn =
p
k2n + ⇤2

kn = n⇡/L



D. B. Kaplan ~ ICTS Bengaluru ~ 1/2/18

The Dirac equation is separable; expand field as

3

that Se↵ is gauge invariant; it is not parity invariant how-
ever, since that symmetry is broken by the mass ⇤. The
spectrum of the theory can be described in 2d terms as a
massless chiral mode at x3 = 0, a massless mode of oppo-
site chirality at the other surface, x3 = L, and a tower of
massive modes residing in the 3d bulk. The action cor-
respondingly receives three contributions. We will argue
that with both a UV and an IR cuto↵ on momenta

⇤� p � µ ⌘
p
⇤/L , (7)

and under a certain condition, the contributions from the
massive states and the remote mirror fermion at x3 = L

are parametrically small and and Se↵ describes a local
2d theory of the chiral zeromodes at x3 = 0. The neces-
sary condition for this to happen is that we take for Se↵

a sum of contributions from multiple 3d fermion fields
with a constraint on their masses and gauge representa-
tions which precisely translates into anomaly cancellation
in the 2d theory on the x3 = 0 boundary; when the 2d
anomalies fail to vanish Se↵ still describes a sensible 3d
theory, but it has no interpretation local 2d interpreta-
tion.

We wish to compute Se↵ to second order in the gauge
fields. To do so we introduce fermion fields  for the
domain wall fermions (DWF) and � for the Pauli-Villars
regulator as [18, 19]

 (x, x3) =
1X

n=0

X

i=1,2

[P� ni(x)bni(x3) + P+ ni(x)fn(x3)]

�(x, x3) =
1X

n=0

X

i=1,2

[P��ni(x)Bni(x3) + P+�ni(x)Fn(x3)]

where

P± = 1
2

✓
1± ⇤

|⇤|�3
◆

. (8)

The b, f, B, F functions are solutions to the eigenvalue
equations

Qfni = µnbni , Q
†
bni = µnbni ,

eQFni = µ̃nBni ,
eQ†

Bni = µ̃nFni , (9)

with Q = (@s � ⇤✏(s)) and eQ = (@s � ⇤). The eigen-
functions are found to be for n = 1, 2, 3, . . .:

b01 = N+e
�⇤|x3| , f01 = 0

b02 = 0 , f02 = N�e
+⇤|x3| ,

bn1 =
cos (kn|x3|+ ↵n)p

L
, fn1 =

sin knx3p
L

,

bn2 =
sin knx3p

L
, fn2 = �cos (kn|x3|� ↵n)p

L

B01 = 0, F01 = 0,

B02 = � 1p
2L

, F02 =
1p
2L

,

Bn1 =
cos(knx3 + ↵n)p

L
, Fn1 =

sin knx3p
L

,

Bn2 = � sin(knx3 + ↵n)p
L

, Fn2 =
cos knx3p

L
,

where the definition of the vanishing functions is for no-
tational convenience, and

N± =
p
⇤ (coth⇤L± 1) /2 , (10)

µ0 = 0 , µ̃0 = ⇤ µn = µ̃n =
p
⇤2 + k2n , (11)

kn =
⇡n

L
, ↵n = cot�1 kn

⇤
. (12)

The 3d fermion and Pauli-Villars action in the back-
ground Bµ field

Z
d
3
x 

�
/D3 � ⇤✏(s)

�
 + �

�
/D3 � ⇤

�
� (13)

can then be written in two-dimensional form as Sf =
Sf,! + Sf,�,

Sf,! =

Z
d
2x

X

n,i

⇥
 ni( /�+ µn) ni + �ni( /�+ µ̃n)�ni

⇤

Sf,� = e

Z
d
2p

(2⇡)2
�(p)✏µ⌫pµJ⌫(�p) (14)

where the sum is over n = 0, 1, 2 . . ., i = 1, 2, �µ =
(@µ + ie @µ!) is a covariant derivative, and the current
coupling to � is

Jµ =
X

m,n,i
⌘=±

⇣
C

⌘
mni mi�µP⌘ ni + eC⌘

mni�mi�µP⌘�ni

⌘

where the C and eC coe�cients are p-dependent form
factors that arise from the nontrivial overlap of the flow
kernel K(p) with the fermion wave functions:

C
+
mni = hfmi|K(p)|fnii, C

�
mni = hbmi|K(p)|bnii,

and similarly for eC with the Pauli-Villars eigenfunctions
B,F , where with hs|K(p)|s0i = �(s � s

0) exp(�p
2|s|/⇤).

The form factors are analytic in p2 and will not be an ob-
stacle to continuing matrix elements back to Minkowski
spacetime. We find for the zeromodes, for example

C
±
001 = ⌥⇤

2(1⌥ coth⇤L)

2⇤2 + p2

✓
1� e

L⇤(±2� p2

⇤2 )

◆

�����!
⇤L!1

e
�(1±1) p2

2µ2

✓
2⇤2

2⇤2 ⌥ p2

◆
. (15)

where µ
2 = ⇤/L. Note that the right-handed mode lo-

cated at x3 = L has a gaussian form factor C
+
001 that

goes to zero for p2 � µ
2, while the left-handed mode’s

form factor C
�
001 ' 1 in the range ⇤2 � p2 � µ

2. The

other C, eC form factors are readily computed, and the
results will be published elsewhere. Note that the ac-
tion in eq. (14) is manifestly gauge invariant; it may
seem unusual for � to have o↵-diagonal couplings between
fermions of di↵erent masses, but that is no di↵erent than

3

that Se↵ is gauge invariant; it is not parity invariant how-
ever, since that symmetry is broken by the mass ⇤. The
spectrum of the theory can be described in 2d terms as a
massless chiral mode at x3 = 0, a massless mode of oppo-
site chirality at the other surface, x3 = L, and a tower of
massive modes residing in the 3d bulk. The action cor-
respondingly receives three contributions. We will argue
that with both a UV and an IR cuto↵ on momenta

⇤� p � µ ⌘
p
⇤/L , (7)

and under a certain condition, the contributions from the
massive states and the remote mirror fermion at x3 = L

are parametrically small and and Se↵ describes a local
2d theory of the chiral zeromodes at x3 = 0. The neces-
sary condition for this to happen is that we take for Se↵

a sum of contributions from multiple 3d fermion fields
with a constraint on their masses and gauge representa-
tions which precisely translates into anomaly cancellation
in the 2d theory on the x3 = 0 boundary; when the 2d
anomalies fail to vanish Se↵ still describes a sensible 3d
theory, but it has no interpretation local 2d interpreta-
tion.

We wish to compute Se↵ to second order in the gauge
fields. To do so we introduce fermion fields  for the
domain wall fermions (DWF) and � for the Pauli-Villars
regulator as [18, 19]

 (x, x3) =
1X

n=0

X

i=1,2

[P� ni(x)bni(x3) + P+ ni(x)fn(x3)]

�(x, x3) =
1X

n=0

X

i=1,2

[P��ni(x)Bni(x3) + P+�ni(x)Fn(x3)]

where

P± = 1
2

✓
1± ⇤

|⇤|�3
◆

. (8)

The b, f, B, F functions are solutions to the eigenvalue
equations

Qfni = µnbni , Q
†
bni = µnbni ,

eQFni = µ̃nBni ,
eQ†

Bni = µ̃nFni , (9)

with Q = (@s � ⇤✏(s)) and eQ = (@s � ⇤). The eigen-
functions are found to be for n = 1, 2, 3, . . .:

b01 = N+e
�⇤|x3| , f01 = 0

b02 = 0 , f02 = N�e
+⇤|x3| ,

bn1 =
cos (kn|x3|+ ↵n)p

L
, fn1 =

sin knx3p
L

,

bn2 =
sin knx3p

L
, fn2 = �cos (kn|x3|� ↵n)p

L

B01 = 0, F01 = 0,

B02 = � 1p
2L

, F02 =
1p
2L

,

Bn1 =
cos(knx3 + ↵n)p

L
, Fn1 =

sin knx3p
L

,

Bn2 = � sin(knx3 + ↵n)p
L

, Fn2 =
cos knx3p

L
,

where the definition of the vanishing functions is for no-
tational convenience, and

N± =
p
⇤ (coth⇤L± 1) /2 , (10)

µ0 = 0 , µ̃0 = ⇤ µn = µ̃n =
p
⇤2 + k2n , (11)

kn =
⇡n

L
, ↵n = cot�1 kn

⇤
. (12)

The 3d fermion and Pauli-Villars action in the back-
ground Bµ field

Z
d
3
x 

�
/D3 � ⇤✏(s)

�
 + �

�
/D3 � ⇤

�
� (13)

can then be written in two-dimensional form as Sf =
Sf,! + Sf,�,

Sf,! =

Z
d
2x

X

n,i

⇥
 ni( /�+ µn) ni + �ni( /�+ µ̃n)�ni

⇤

Sf,� = e

Z
d
2p

(2⇡)2
�(p)✏µ⌫pµJ⌫(�p) (14)

where the sum is over n = 0, 1, 2 . . ., i = 1, 2, �µ =
(@µ + ie @µ!) is a covariant derivative, and the current
coupling to � is

Jµ =
X

m,n,i
⌘=±

⇣
C

⌘
mni mi�µP⌘ ni + eC⌘

mni�mi�µP⌘�ni

⌘

where the C and eC coe�cients are p-dependent form
factors that arise from the nontrivial overlap of the flow
kernel K(p) with the fermion wave functions:

C
+
mni = hfmi|K(p)|fnii, C

�
mni = hbmi|K(p)|bnii,

and similarly for eC with the Pauli-Villars eigenfunctions
B,F , where with hs|K(p)|s0i = �(s � s

0) exp(�p
2|s|/⇤).

The form factors are analytic in p2 and will not be an ob-
stacle to continuing matrix elements back to Minkowski
spacetime. We find for the zeromodes, for example

C
±
001 = ⌥⇤

2(1⌥ coth⇤L)

2⇤2 + p2

✓
1� e

L⇤(±2� p2

⇤2 )

◆

�����!
⇤L!1

e
�(1±1) p2

2µ2

✓
2⇤2

2⇤2 ⌥ p2

◆
. (15)

where µ
2 = ⇤/L. Note that the right-handed mode lo-

cated at x3 = L has a gaussian form factor C
+
001 that

goes to zero for p2 � µ
2, while the left-handed mode’s

form factor C
�
001 ' 1 in the range ⇤2 � p2 � µ

2. The

other C, eC form factors are readily computed, and the
results will be published elsewhere. Note that the ac-
tion in eq. (14) is manifestly gauge invariant; it may
seem unusual for � to have o↵-diagonal couplings between
fermions of di↵erent masses, but that is no di↵erent than

b,f are eigenfunctions of a “supersymmetric hamiltonian”

Q = (@3 � ⇤✏(x3))

3

that Se↵ is gauge invariant; it is not parity invariant how-
ever, since that symmetry is broken by the mass ⇤. The
spectrum of the theory can be described in 2d terms as a
massless chiral mode at x3 = 0, a massless mode of oppo-
site chirality at the other surface, x3 = L, and a tower of
massive modes residing in the 3d bulk. The action cor-
respondingly receives three contributions. We will argue
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The b, f, B, F functions are solutions to the eigenvalue
equations

Qfni = µnbni , Q
†
bni = µnbni ,

eQFni = µ̃nBni ,
eQ†

Bni = µ̃nFni , (9)

with Q = (@s � ⇤✏(s)) and eQ = (@s � ⇤). The eigen-
functions are found to be for n = 1, 2, 3, . . .:

b01 = N+e
�⇤|x3| , f01 = 0

b02 = 0 , f02 = N�e
+⇤|x3| ,

bn1 =
cos (kn|x3|+ ↵n)p

L
, fn1 =

sin knx3p
L

,

bn2 =
sin knx3p

L
, fn2 = �cos (kn|x3|� ↵n)p

L

B01 = 0, F01 = 0,

B02 = � 1p
2L

, F02 =
1p
2L

,

Bn1 =
cos(knx3 + ↵n)p

L
, Fn1 =

sin knx3p
L

,

Bn2 = � sin(knx3 + ↵n)p
L

, Fn2 =
cos knx3p

L
,

where the definition of the vanishing functions is for no-
tational convenience, and

N± =
p
⇤ (coth⇤L± 1) /2 , (10)

µ0 = 0 , µ̃0 = ⇤ µn = µ̃n =
p
⇤2 + k2n , (11)

kn =
⇡n

L
, ↵n = cot�1 kn

⇤
. (12)

The 3d fermion and Pauli-Villars action in the back-
ground Bµ field

Z
d
3
x 

�
/D3 � ⇤✏(s)

�
 + �

�
/D3 � ⇤

�
� (13)

can then be written in two-dimensional form as Sf =
Sf,! + Sf,�,

Sf,! =

Z
d
2x

X

n,i

⇥
 ni( /�+ µn) ni + �ni( /�+ µ̃n)�ni

⇤

Sf,� = e

Z
d
2p

(2⇡)2
�(p)✏µ⌫pµJ⌫(�p) (14)

where the sum is over n = 0, 1, 2 . . ., i = 1, 2, �µ =
(@µ + ie @µ!) is a covariant derivative, and the current
coupling to � is

Jµ =
X

m,n,i
⌘=±

⇣
C

⌘
mni mi�µP⌘ ni + eC⌘

mni�mi�µP⌘�ni

⌘

where the C and eC coe�cients are p-dependent form
factors that arise from the nontrivial overlap of the flow
kernel K(p) with the fermion wave functions:

C
+
mni = hfmi|K(p)|fnii, C

�
mni = hbmi|K(p)|bnii,

and similarly for eC with the Pauli-Villars eigenfunctions
B,F , where with hs|K(p)|s0i = �(s � s

0) exp(�p
2|s|/⇤).

The form factors are analytic in p2 and will not be an ob-
stacle to continuing matrix elements back to Minkowski
spacetime. We find for the zeromodes, for example

C
±
001 = ⌥⇤

2(1⌥ coth⇤L)

2⇤2 + p2

✓
1� e

L⇤(±2� p2

⇤2 )

◆

�����!
⇤L!1

e
�(1±1) p2

2µ2

✓
2⇤2

2⇤2 ⌥ p2

◆
. (15)

where µ
2 = ⇤/L. Note that the right-handed mode lo-

cated at x3 = L has a gaussian form factor C
+
001 that

goes to zero for p2 � µ
2, while the left-handed mode’s

form factor C
�
001 ' 1 in the range ⇤2 � p2 � µ

2. The

other C, eC form factors are readily computed, and the
results will be published elsewhere. Note that the ac-
tion in eq. (14) is manifestly gauge invariant; it may
seem unusual for � to have o↵-diagonal couplings between
fermions of di↵erent masses, but that is no di↵erent than

b f

µn

x3

x1,2

L-L

m=+Λm=-Λ

LH
RHRH

O(Λ)

surface

bulk

Now plug this expansion  
into the 3d action:
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S =

Z
d3x  ̄

�
/D3 � ⇤✏(s)

�
 

=

Z
d2x

X

n,i

 ̄n,i

�
/D2 + µn

�
 n,i

3

that Se↵ is gauge invariant; it is not parity invariant how-
ever, since that symmetry is broken by the mass ⇤. The
spectrum of the theory can be described in 2d terms as a
massless chiral mode at x3 = 0, a massless mode of oppo-
site chirality at the other surface, x3 = L, and a tower of
massive modes residing in the 3d bulk. The action cor-
respondingly receives three contributions. We will argue
that with both a UV and an IR cuto↵ on momenta

⇤� p � µ ⌘
p
⇤/L , (7)

and under a certain condition, the contributions from the
massive states and the remote mirror fermion at x3 = L

are parametrically small and and Se↵ describes a local
2d theory of the chiral zeromodes at x3 = 0. The neces-
sary condition for this to happen is that we take for Se↵

a sum of contributions from multiple 3d fermion fields
with a constraint on their masses and gauge representa-
tions which precisely translates into anomaly cancellation
in the 2d theory on the x3 = 0 boundary; when the 2d
anomalies fail to vanish Se↵ still describes a sensible 3d
theory, but it has no interpretation local 2d interpreta-
tion.

We wish to compute Se↵ to second order in the gauge
fields. To do so we introduce fermion fields  for the
domain wall fermions (DWF) and � for the Pauli-Villars
regulator as [18, 19]
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where µ
2 = ⇤/L. Note that the right-handed mode lo-

cated at x3 = L has a gaussian form factor C
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001 that

goes to zero for p2 � µ
2, while the left-handed mode’s

form factor C
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001 ' 1 in the range ⇤2 � p2 � µ

2. The

other C, eC form factors are readily computed, and the
results will be published elsewhere. Note that the ac-
tion in eq. (14) is manifestly gauge invariant; it may
seem unusual for � to have o↵-diagonal couplings between
fermions of di↵erent masses, but that is no di↵erent than

• Looks like an infinite tower of states 
• All have mass O(Λ) except two localized massless surface modes 
• The two surface modes are chiral 
• The overlap of their wave functions in x3 is proportional to e-2L 

Robust? Any perturbation can only induce exponentially small mass for 
surface modes, proportional to e-2L 
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b f

µn

S =

Z
d3x  ̄

�
/D3 � ⇤✏(s)

�
 + �̄

�
/D3 � ⇤

�
�

=

Z
d2x

X

n,i

 ̄n,i

�
/D2 + µn

�
 n,i + �̄n,i

�
/D2 + �n

�
�n,i

Can eliminate tower of massive bulk modes by introducing Pauli-Villars field 
with constant mass:

B F

λn

Λ

Exactly cancel
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What about the anomaly?  No chirality in 3d, no U(1) anomaly…but the edge 
states look like an effective 1+1 dim theory which should have an anomaly!
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p

ω

E ⇒➠
➠

LH RH

infinite source & sink for 
fermions

Massless Dirac fermions in an electric field E, 1+1 dim

What about the anomaly?  No chirality in 3d, no U(1) anomaly…but the edge 
states look like an effective 1+1 dim theory which should have an anomaly!
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p

ω

E ⇒➠
➠

LH RH

infinite source & sink for 
fermions

Massless Dirac fermions in an electric field E, 1+1 dim

d=1+1 anomaly
d(nR � nL)

dt
=

qE

⇡

What about the anomaly?  No chirality in 3d, no U(1) anomaly…but the edge 
states look like an effective 1+1 dim theory which should have an anomaly!
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Callan and Harvey (1985):  compute 3d (5d) Chern Simons operator… 
bulk modes don’t decouple entirely!

LCS =

✓
m(x3)

|m(x3)|
+

⇤

|⇤|

◆
OCS

O
d=3
CS = �

e2

8⇡
✏abcAa@bAc

O
d=5
CS = �

e3

48⇡2
✏abcdeAa@bAc@dAe

Volume 301, number 2,3 PHYSICS LETTERS B 4 March 1993 

( d -  1 )-dimensional anomaly for the single chiral fermion zeromode that is bound to the domam wall "~. This 
effect is a manifestation of the descent relations between the anomalies in odd and even dimensions [ 8 ]. 

In this letter, we show how to perform the Cal lan-Harvey (CH)  analysis for the lattice theory m euclidean 
space, where the zeromode spectrum is more complicated than m the cont inuum. It is far from obvious that the 
lamce theory should follow the CH cont inuum analysis; after all, the coefficient of the Chern-Slmons  action 
gets O( 1 ) contr ibut ions from arbitrarily heavy fermlon modes, and the heavy spectrum on the lattice looks 
nothing like m the cont inuum. In fact, we know the induced Chern-S imons  operator must have a coefficient 
very different from the cont inuum result. While ref. [3 ] analysed the spectrum of the theory for a Wilson cou- 
pling r =  1 and a domain  wall height 0 < mo< 2 and found a single chiral mode, a recent paper by Jansen and 
Schmaltz [ 9 ] analyses the same model for general parameters and shows that the spectrum bound to the domain 
wall changes discontinuously with varying mo/r ~2. They find that for 2k<  I mo/rl < 2k+2 ,  where k is an integer 
in the range O<~k<~d- 1, there are (dZ~) choral modes bound to the domain wall with chirality ( - 1 )k×s ign(mo);  
there are no choral fermions for I mo/rl > 2d. This is qmte different than the cont inuum theory, for which there 
is a single chiral mode for any mo¢: 0. If the induced Chern-Simons  action on the lattice is to correctly account 
for the anomalous divergences of the chlral fermton currents on the domain wall, then evidently its coefficient 
must also depend discontinuously on mo/r in a very particular way. We show in this letter that that does indeed 
happen ~3. 

The abelian Chern-S imons  action in d =  2n + l contmuous euchdean dimensions is given by 

f d 2n+ Ix Aa, 0a2Aa3 0a,,Aa2,+t • ( 1 ) F(a) CS ~ O t l  Ot2n+i "" 

When a massive fermion is integrated out of the theory it generates a c o n t n b u t m n  to the effective action of the 
form S~fr=c, Fcs; absorbing the gauge coupling into the gauge field, Fcs is seen to be o fd tmens ion  d, and so the 
coefficient c, will be dimensionless and the operator will not decouple for large fermion mass. The coefficient c, 
can be computed by calculating the relevant portmn of the graph in fig. 1. This is true on the lattice as well in 
the weak field, long wavelength limit for the gauge fields. Denoting the fermion propagator and photon vertex 
as S(p )  and iAu(p, p ' )  respectively, the graph of fig. 1 yields a value for c, which may be expressed as 

• 

l ~ a l #  I ct,,#notn+ j ~ 
c . =  (nT-i) ~ ) !  " 

" d2n+ Ip ] 
× (2rt)2,+ , T r [ S ( p ) A ~ , ( p , p - q t ) S ( p - q ~ )  ...A . . . .  (P+q"+~'P) q,=o" (2) 

BZ 

4~ It should be pointed out that if the magmtude of the Chern-Slmons current is regular dependent, the graph needs to be regulated. A 
regulator cannot change the divergence of the current, however. We thank M. Lfischer for this comment. 

42 All dlmenslonful parameters are gdven m lattice units. By a domam wall of height mo we mean a spatially dependent mass term 
re(s) --. +mo as s-, + oo, where s is the coordinate transverse to the domain wall. 

43 The dependence of the reduced Chern-Slmons actmn on the Wdson couphng • has been previously discussed for three d~mensmns m 
the continuum hmlt (spatmlly constant rn--,0) in ref. [ 10] and for Iml < 1 m ref. [ I 1 ] Some of the techmques used m this letter are 
samdar to those found m the latter work. 

---> \ / <-- 
ql ~ qn+1 

Fig. 1. The Feynman diagram m 2n+ I dtmensmns conmbutmg 
to the induced Chern-Simons acuon for abehan gauge fields, 
Y 7=+1 ~ q, = 0. Graphs with mulUple photon vertmes pecuhar to the 
latuce do not conmbute, as each A field from such a vertex has 
the same Lorentz index and the contnbutlon vanishes by the an- 
usymmetry of the ~ tensor 

220 graph in n-dimensions

Differentiate wrt A3 (A5) to discover a current between the domain walls:

J3 = � e2

2⇡
(✏(x3) + 1) ✏ij@iAj

nonzero divergence at  
x3 = 0 and x3 = ±L  in  
presence of E field
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J3 = � e2

2⇡
(✏(x3) + 1) ✏ij@iAj

x3

x1,2

L-L

m=+Λm=-Λ

LH
RHRH

E⬆
⬆

⬆
⬆ ⬆

• Charge and chirality violation at 
each surface consistent with 2d 
anomaly 

• Total charge is conserved in 3d 

• Charge is transported by “Hall 
current” in the bulk despite gap 

• Behavior possible because mass 
term in 3d violates (i) 2d 
chirality, (ii) time reversal, (iii) 
parity  

• Note: no current on left side…
can formulate on  0  x3  L
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Set up seems ideally suited for realizing global chiral symmetry on the 
lattice, with Λ ► 1/a: 

• 3d (5d) theory explicitly breaks chiral symmetry, so no violation of Nielsen-
Ninomiya theorem 

• Result is robust (eg, changes to the mass function has little effect) 

• drawback: perfect chiral symmetry requires infinite L

So: put it on the lattice with “naive” derivatives and you find…

2d+1 doublers !  😩

So add a Wilson term?    a ̄D2 
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So add a Wilson term?    

Why not, chiral symmetry is already broken maximally!    

a ̄D2 

Looks like a “momentum dependent mass shift” scaling like k2

x3

mass

+Λ

-Λ x3

mass

x3

mass

small k2 medium k2 large k2

zeromodes✓ zeromodes✓ no zeromodes✗
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m = mass 
r = Wilson operator  

coefficient
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Critical momenta of lattice chiral fermions 
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We determine the critical momenta for chiral fermions in the domain wall model recently suggested by Kaplan. For a wide 
range of domain wall masses m and Wilson couplings r we explicitly exhibit the regions in momentum space where the fermions 
are chiral. We compare the critical momenta for the infinitely large system with those obtained on a finite lattice. 

1. Introduction 

In a recent paper [ 1 ] a new method for simulating 
chiral fermions on a lattice was suggested. The pro- 
posal uses the fact that by introducing a domain  wall 
in an odd dimensional - and therefore vectorlike - 
theory one finds zero modes bound to this domain  
wall [ 2 -4 ] .  Regarding the domain wall as a lower 
(even) dimensional world it was demonstrated in ref. 
[ 1 ] that for the infinite lattice these zero modes  are 
chiral fermions and that the resulting theory on the 
domain wall exhibits the desired anomaly structure. 

The same features have been shown to survive on 
a finite lattice where boundary conditions require one 
to consider a wall/anti-wall pair. For  low energies a 
chiral fermion is bound to one of  the domain  walls 
with its chiral partner o f  opposite chirality living on 
the other domain  wall  In addition, it has been dem- 
onstrated that  in the presence of  weak external gauge 
fields the divergence of  the gauge current satisfies the 
continuum anomaly equation [5 ]. This surprising 
result has been explained as being a consequence of  
the fact that  on the lattice the divergence o f  the Gold- 
stone-Wilczek current [ 3,4 ] has the same form as in 
the cont inuum [ 6 ]. 

One of  the most  important  properties o f  the do- 
main wall method is that  the fermions are only chiral 
in the low energy limit. For  the special choice o f  the 
Wilson coupling r =  1 it was shown in ref. [ 1 ] that 
there exists a critical value of  the m o m e n t u m  pc for 
which the fermions cease to be chiral. However,  it is 
expected that also for other choices of  the Wilson 

coupling such critical momenta  exist. This was con- 
firmed on the finite lattice where the existence o f  the 
critical momentum could be demonstrated for r =  1.8 
[5]. 

Here we want to perform a systematic study of  the 
values o f  the critical momenta  for which one will find 
chiral modes. We compare the analytical results ob- 
tained on the infinite lattice with the spectrum of  the 
finite lattice hamiltonian. Aside from the theoretical 
interest o f  this question, our results are o f  practical 
importance for future numerical simulations of  this 
system. 

2. Zero modes on the infinite lattice 

To be specific we will first discuss the zero modes 
for the case of  a three dimensional model, though our  
results will be generalized to arbitrary dimensions at 
the end. We start with the Dirac-Wilson operator on 
an infinite lattice with lattice spacing a = 1, 

r 3 
K3o= t r u O u + m O ( s ) + -  ~ Au, (1)  

u=l 2/~=1 

where 0 denotes the lattice derivative 0u= 
½(Sz,z+u-Sz,z_u), A the lattice laplacian Au= 
8z, z+u + 8 . . . .  u-- 28 .... the tru are the usual Pauli matri-  
ces and r the Wilson coupling. We will denote by s 
the extra dimension along which the mass defect ap- 
pears, while x, t are the two dimensional coordinates. 
The domain wall is taken to be a step function 0, 

374 0370-2693/92/$ 05.00 © 1992 Elsevier Science Publishers B.V. All rights reserved. 
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m/r=l. 2 

m/r=l.7 m/r=2.0 m/r=2.2 m/r=2.6 

m/r=3.0 m/r=3.4 m/r=3.8 m/r=4.0 

m/r=4.4 m/r=4.8 m/r--5.4 m/r=6.0 

Fig. 1. We plot the regions within the Brillouin zone - r t  < p, < + n, - n  < Px < + ~t where chiral fermions exist (white areas ) as a function 
of m/ r  with m the domain wall mass and r the Wilson coupling. For the different cases 0 < m/r  < 2, 2 < m/ r  < 4 and 4 < m/r  < 6 we have 
one chiral fermion with positive chirality, two chiral fermions with negative chirality and again one chiral fermion with positive chirality, 
respectively. For m/r< 0 and m/r> 6 there exist no chiral fermions. 

We f ind  in d d i m e n s i o n s  tha t  for  2 k <  ]m/rl 
<2k+2(O<~k<d-1),  the  n u m b e r  o f  chira l  z e r o  
m o d e s  Nzm b o u n d  to the  ( d - 1  ) d i m e n s i o n a l  do-  
m a i n  wall  is g i v e n  by 

a n d  the i r  ch i ra l i ty  is ( - 1 )k. 
T h e  reg ions  o f  chiral  f e r m i o n s  as found  h e r e  cor -  

r e s p o n d  exact ly  to the va lues  ofm/r  where  the  la t t ice  
C h e r n - S i m o n s  cur ren t  i n d u c e d  by Wi l son  f e r m i o n s  
changes  its va lue  [6 ] g iv ing  con t r i bu t i ons  to  the  
G o l d s t o n e - W i l c z e k  current .  T h e  ca lcu la t ion  o f  t he  
C h e r n - S i m o n s  cur ren t  in ref. [6]  uses the  o b s e r v a -  
t i on  that  the  f e rmion  p ropaga to r  in m o m e n t u m  space  

376 

Poles in  
propagator:

• None for m/r <0  
• 1 RH for 0<m/r<2 
• 2 LH for 2<m/r<4 
• 1 RH for 4<m/r<6 
• None for m/r>6
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Domain wall fermions on the lattice

X X X X X

g2 g2

m/r

X X X X X

  -10     -8     -6     -4     -2     0   -10     -8     -6     -4     -2     0

Fig. 3.2 A sketch of the possible phase structure of QCD with Wilson fermions where the

shaded region is the Aoki phase. Wilson fermions tune the fermion mass to the phase boundary

(if it exists at that lattice spacing) from the right, to find a massless pion and chiral symmetry.

Domain wall fermions set the mass to a region with an “X” (the rightmost is canonical to

obtain one flavor). I expect that chiral symmetry breaking is minimized when sitting as far

as possible from the phase boundaries. There are six fingers in this picture (unlike the usual

five for Wilson fermions) due to the discretization of the fifth dimension.

the boundary of the Aoki phase an finds a massless pion at finite lattice spacing. In the
latter case one cannot recover a massless pion except in the continuum limit. Domain
wall fermions do not require fine tuning, so long as the mass is in one of the region
marked by an “X”. The figure indicates how many families of massless fermions result
in each of those regions. See (Golterman and Shamir, 2000; Golterman and Shamir,
2003) for a discussion.

A mass for the domain wall fermion can be included as a coupling between the LH
mode at s = 1, and the RH mode at s = Ns:

mq

⇥
 (x, 1)P+ (x, Ns) +  (x, Ns)P� (x, 1)

⇤
(3.33)

and correlation functions are measured by sewing together propagators from one
boundary to itself for chiral symmetry preserving operators, or from one boundary
to the other for operators involving a chiral flip. The latter will require insertions of
the mass operator above to be nonzero (if Ns is large enough) — just like it should
be in the continuum.

3.4.1 Shamir’s formulation

Domain wall fermions are used by a number of lattice collaborations these days, using
the formulation of Shamir (Shamir, 1993; Furman and Shamir, 1995), which is equiva-
lent to the continuum version of domain wall fermions on a slab described above. The
lattice action is given by:

5X

b=1

X

x

NsX

s=1

h
1
2 �b(@b

⇤ + @b) �m  � r

2
 @b

⇤@b 
i

(3.34)

where the lattice coordinate on the 5d lattice is n = {x, s}, x and s being the 4d and
fifth dimension lattice coordinates respectively. The di↵erence operators are

m/r

Usual tuning for  
Wilson fermions

Where to sit for one chiral DWF…you want the bulk to be gapped!

Aoki phase

Analogue in 5d: parameter space for Wilson action:
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The factor of  n + 1 m eq. (2 )  is due to the symmetry  factor of  the graph m fig. !; the factor o f  i is the product  o f  
i "+ ~ from the photon vertices and ( - ~)" from relating the der ivauves  in eq. ( l ) to powers of  momenta .  The p- 
integrat ion is over  the Bri l loum zone o f a  hypercubic  lattice w~th latt ice spacing a =  I. 

The integral (2 )  looks very difficult to compute  on the latt ice for arbi t rary  n, as both S(p) and Au(p, p ' )  are 
in general rather compl ica ted  functions. It is made  quite tractable,  however, by exposing its topological proper-  
Ues. Gauge invariance implies  that  the photon  coupling satisfies the Ward  idenuty  '~ 

A u ( p , P ) = - i ~ p  u (P) , 

allowing c, m eq. (2 )  to be reexpressed as 

(3) 

" f d2~+lp 
( - - i )  ¢u, u2,., j T r { [ S ( p )  Ou, S ( p )  -~1 [ S ( p ) 0 u 2 , ÷ , S ( p ) - ' ]  : (4)  

c , =  ( n + l ) ( 2 n + l ) !  (2n)  2"+' . . . .  

where the d i f ferent iauon 0, is with respect to p,. The fermlon propagator  may be writ ten in the genetic form 

S -~ (p) =a(p) + i b ( p ) . y = N ( p ) [ c o s  I O(P)l+i~(P)'~' sm [0(P)  I 1 - N ( p )  V(p) ,  (5 )  

where N ( p )  -= a 2 ~ ,  0 (p)  = ~ arctan ( I b l / a  ), and V(p) is seen to be a 2" X 2" uni tary matrix.  Provided  that  
S -  z (p)  does not vanish for any p, eq. (4)  ts independent  of  N ( p ) ,  allowing S -  ~ (p)  and S(p) to be replaced 
everywhere by V(p) and Vt(p)  respectively. This  matr ix  V(p) is seen to describe a mapping  from momen tum 
space - with on the hypercub~c la tuce is the torus T a - onto  the sphere S d defined by the vector O(p). The 
homotopy  classes o f  such maps  are ~dentified by integers, and so the integral in eq. (4)  has a s imple topological 
interpretat ion;  It is, to a normal izauon  constant ,  the winding number  of  the map described by the ferm~on 
propagator .  (As an example  o f a  n o n m v a l  map  from T2--*S 2, picture the torus as a square with oppost te  edges 
identif ied,  and map the square onto a sphere so that the center  of  the square is mapped  to the Nor th  pole of  S 2, 
whtle the edge of  the square are all mapped  to the South pole. ) 

We now proceed to compute  th~s winding number  for the Wilson fermion propagator.  Although we are ulti- 
mately interested in the effective action for latt ice fermlons in the presence of  a domain  wall, we can compute  
the effective act ion far from the mass defect on e~ther side by treating the fermion mass as a constant  rn. Thus 
we can use the s tandard  Wilson propagator  

d d 
S - l ( p ) =  ~ iTusmpu+m+r ~ ( c o s p u _ l ) .  (6)  

ju=l  ,u=l  

Cont inuous  changes in the mass and Wilson couphng, m and r, cannot  change the value o f  the winding number  
except at points  for which S -  t has a zero for some momen tum p. Such singular points  of  the mapping occur 
only at mo m en ta  corresponding to the corners of  the Bril louin zone, and then only for m/r=O, 2, ..., 2d. The 
Che rn -S imons  coefficient c, as a function o f  m/r  must therefore be piecewise constant,  changing only at these 
crmcai  values. Fur thermore ,  for fixed r, V(p) -~ _+ 1 as rn-~ + oo, so we may deduce that 

c , (m,r )=O f o r m / r < O , m / r > 2 d .  (7)  

To compute  c, for 0 < m/r< 2d, we need only evaluate the d e n v a u v e  of  the integral in eq. (4)  with respect to m 
across the critical values m/r=O, 2 ..... 2d. This task is s imphf ied  by the fact that c , (m+dm,  r) is unchanged as 
one deforms dm in a p-dependent  way so that d i n ( p )  vamshes for all p except in the vicini ty of  the Bril loum 
zone corners; these points  are denoted  by p=¢~k) ,  the a =  1, .., (~) vectors with k nonvanishmg components  

We expand the lamce gauge field as Uu(x) = 1 - L4u(X) + 
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• Assume a generic fermion propagator S(p) 

• Use the Ward identity for the photon vertex: 

• Extract the coefficient of the CS operator: 

• Write S(p) as number x unitary matrix 

• Find cn ∝ winding number torus ► sphere.

Mystery!  How can coefficient of CS operator adjust discontinuously with 
m/r??  Result of 1-loop Feynman diagram! Should be intensity to exact 
lattice action!
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( d -  1 )-dimensional anomaly for the single chiral fermion zeromode that is bound to the domam wall "~. This 
effect is a manifestation of the descent relations between the anomalies in odd and even dimensions [ 8 ]. 

In this letter, we show how to perform the Cal lan-Harvey (CH)  analysis for the lattice theory m euclidean 
space, where the zeromode spectrum is more complicated than m the cont inuum. It is far from obvious that the 
lamce theory should follow the CH cont inuum analysis; after all, the coefficient of the Chern-Slmons  action 
gets O( 1 ) contr ibut ions from arbitrarily heavy fermlon modes, and the heavy spectrum on the lattice looks 
nothing like m the cont inuum. In fact, we know the induced Chern-S imons  operator must have a coefficient 
very different from the cont inuum result. While ref. [3 ] analysed the spectrum of the theory for a Wilson cou- 
pling r =  1 and a domain  wall height 0 < mo< 2 and found a single chiral mode, a recent paper by Jansen and 
Schmaltz [ 9 ] analyses the same model for general parameters and shows that the spectrum bound to the domain 
wall changes discontinuously with varying mo/r ~2. They find that for 2k<  I mo/rl < 2k+2 ,  where k is an integer 
in the range O<~k<~d- 1, there are (dZ~) choral modes bound to the domain wall with chirality ( - 1 )k×s ign(mo);  
there are no choral fermions for I mo/rl > 2d. This is qmte different than the cont inuum theory, for which there 
is a single chiral mode for any mo¢: 0. If the induced Chern-Simons  action on the lattice is to correctly account 
for the anomalous divergences of the chlral fermton currents on the domain wall, then evidently its coefficient 
must also depend discontinuously on mo/r in a very particular way. We show in this letter that that does indeed 
happen ~3. 

The abelian Chern-S imons  action in d =  2n + l contmuous euchdean dimensions is given by 

f d 2n+ Ix Aa, 0a2Aa3 0a,,Aa2,+t • ( 1 ) F(a) CS ~ O t l  Ot2n+i "" 

When a massive fermion is integrated out of the theory it generates a c o n t n b u t m n  to the effective action of the 
form S~fr=c, Fcs; absorbing the gauge coupling into the gauge field, Fcs is seen to be o fd tmens ion  d, and so the 
coefficient c, will be dimensionless and the operator will not decouple for large fermion mass. The coefficient c, 
can be computed by calculating the relevant portmn of the graph in fig. 1. This is true on the lattice as well in 
the weak field, long wavelength limit for the gauge fields. Denoting the fermion propagator and photon vertex 
as S(p )  and iAu(p, p ' )  respectively, the graph of fig. 1 yields a value for c, which may be expressed as 

• 

l ~ a l #  I ct,,#notn+ j ~ 
c . =  (nT-i) ~ ) !  " 

" d2n+ Ip ] 
× (2rt)2,+ , T r [ S ( p ) A ~ , ( p , p - q t ) S ( p - q ~ )  ...A . . . .  (P+q"+~'P) q,=o" (2) 

BZ 

4~ It should be pointed out that if the magmtude of the Chern-Slmons current is regular dependent, the graph needs to be regulated. A 
regulator cannot change the divergence of the current, however. We thank M. Lfischer for this comment. 

42 All dlmenslonful parameters are gdven m lattice units. By a domam wall of height mo we mean a spatially dependent mass term 
re(s) --. +mo as s-, + oo, where s is the coordinate transverse to the domain wall. 

43 The dependence of the reduced Chern-Slmons actmn on the Wdson couphng • has been previously discussed for three d~mensmns m 
the continuum hmlt (spatmlly constant rn--,0) in ref. [ 10] and for Iml < 1 m ref. [ I 1 ] Some of the techmques used m this letter are 
samdar to those found m the latter work. 

---> \ / <-- 
ql ~ qn+1 

Fig. 1. The Feynman diagram m 2n+ I dtmensmns conmbutmg 
to the induced Chern-Simons acuon for abehan gauge fields, 
Y 7=+1 ~ q, = 0. Graphs with mulUple photon vertmes pecuhar to the 
latuce do not conmbute, as each A field from such a vertex has 
the same Lorentz index and the contnbutlon vanishes by the an- 
usymmetry of the ~ tensor 
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We compute the Chern-Stmons current induced by latUce fermtons on a d( = 2n + I )-dtmens~onal lattice, usmg a topologacal 
mterpretat~on of the ferm~on propagator as a map from the torus to the sphere, Td--,S '~ Our techmques clarify the dependence of 
the current on short-distance phystcs. We show exphcltly thal for Wdson fermtons It changes dlscontmuously at d+ 1 different 
values for the mass m. Th~s result ~s relevant for a recently proposed model of choral latttce fermtons as zeromodes bound to a 
domam wall. 

C he r n -S imons  operators  play an interest ing role in gauge theories in odd space - t ime  dimensions.  Three- 
d imensional  gauge theories may be relevant in hlgh tempera ture  superconduct ivi ty  [ 1 ] as well as the quantum 
Hall  effect [2 ]. Another  place where odd-d imens iona l  gauge symmetry  and the Chern -S imons  opera tor  play a 
big role is in a recently proposed  method  for s imulat ing chiral latt ice fermions [ 3 ]. In odd-dimens ional  gauge 
theories with charged fermions,  heavy fermion modes  can induce the Chern -S imons  opera tor  as an effective 
opera tor  in the low energy theory. The strength o f  the opera tor  does not decrease with the mass of  the heavy 
modes,  and is in general sensit ive to short  distance physics. In this letter we show that  the strength of  the induced 
opera tor  has a s imple topological  in terpreta t ion,  allowing one to easily de termine  the way that  short  distance 
physics enters the low energy theory. 

The par t icular  appl ica t ion  of  the induced Che rn -S imons  opera tor  that is the focus o f  this letter, is the model  
o f  domain  wall chiral fermions  [ 3 ]. The idea is to implement  an odd-dimensional  d - - 2 n  + l theory of  Wilson 
fermions with a mass couphng to a domain  wall. The low energy effective theory consists o f  massless chiral 
fermlons bound  to the ( d -  l ) -d imensional  domain  wail, without  there being "double r"  modes  [4]  from the 
Bril louin zone boundary.  The anomalous  Ward  ident i t ies  for these chirai fermions in the presence o f  back- 
ground gauge fields can be directly measured on a finite lattice; this has a l ready been done numerical ly  for d =  3 
and the results are m agreement  with the con t inuum anomaly  in l + ! d imensions  [ 5 ]. In this system, the anom- 
alous divergence of  the ( d -  l ) -d imensional  ze romode  flavor currents is due to charge flow in the direct ion 
normal  to the domain  wall, even though there ts a mass gap of  the wall - an effect discussed by Callan and 
Harvey [ 6 ] for con t inuum fermions coupled to a domain  wall. They pointed out  that the Chern -S imons  action 
induced by integrating out  the heavy fermion modes  [ 7 ], being propor t ional  to m~ ] m I, has opposi te  signs on 
the two sides of  the domain  wall. This  gives rise to a Che rn -S imons  current  in the presence o f  background gauge 
fields with a nonzero divergence at the domain  wall. Fur thermore ,  the divergence exactly reproduces the even 
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Conclusion: chiral zeromodes are topologically protected 

Topology resides in the dispersion relation of the bulk fermions 

OK, but what to do with extra dimension?   
Can work at large fine L…would like infinite L 
Would like a better analytical understanding of chirality

► overlap fermions (Neuberger & Narayanan) 
► Ginsparg-Wilson equation

Basis for topological insulators, discussed by CM theorists
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Neuberger & Narayanan:  
• integrate out the bulk modes and derive the effective 2d (4d) 

theory of the surface modes
Result is:  L =  ̄D 

exponentially fast in L. In addition to the fermions,
Pauli-Villars fields with antiperiodic boundary conditions
at s ¼ 0; L but identical action are also needed [47].
Considering the discrete s coordinate as a flavor index,
the L → ∞ limit corresponds to Nf → ∞, and the role of
the Pauli-Villars fields, first introduced in Ref. [9], is to
cancel contributions from the bulk fermions that would lead
to divergences in this limit.
The effective kinetic operator for the surface modes was

computed in Ref. [48] using techniques developed in
Refs. [10,31] for computing the fermion determinant, with
the result that5

DV ¼ 2 lim
L→∞

Df

DPV
; ð17Þ

where Df, DPV are the fermion and Pauli-Villars contri-
butions respectively, computed to be (up to common
factors)

Df ¼
1þ γ5 tanh L

2 H
1−γ5 tanh L

2 H
; DPV ¼ Df þ 1: ð18Þ

The large L limit can be taken by defining a matrix EðLÞ
V in

terms of the transfer matrix T ¼ exp ð−HÞ for propagation
in the fifth dimension

EðLÞ
V ¼ 1−TL

1þ TL ¼ tanh
L
2
H: ð19Þ

The large L limit of EðLÞ
V is

lim
L→∞

EðLÞ
V ¼ ϵðHÞ; ð20Þ

where ϵ is the sign function which can be represented as

ϵðhÞ ¼ hffiffiffiffiffi
h2

p ð21Þ

for a Hermitian matrix h. Combining the above equations
leads to the result

DV ¼ lim
L→∞

ð1þ γ5E
ðLÞ
V Þ ¼ 1þ γ5ϵ; ð22Þ

where we adopt the abbreviation ϵ≡ ϵðHÞ. While the
Hamiltonian defined via the transfer matrix is not the same
as the Hamiltonian in Eq. (13), the latter can be used for
defining ϵ in the L → ∞ limit. This is the standard overlap
operator that solves the GW equation [11,12]; it solves the
GW equation by virtue of the fact that ϵ2 ¼ 1. The
important role of ϵ was already recognized in Ref. [9].

IV. DERIVATION AND PROPERTIES OF A
CHIRAL OVERLAP OPERATOR

It is straightforward to generalize the derivation of DV
given in the previous section to the problem of interest here,
namely the marriage of domain wall fermions with gradient
flow for the gauge field, pictured in the middle panel of
Fig 1, where the negative chirality component interacts
with an arbitrary gauge field A, while the positive chirality
component sees a gauge field A⋆. For general flow we can
simply replace TL in Eq. (19) by

TL →
Y1

s¼L

TðsÞ ¼
Y1

s¼L

e−HðsÞ; ð23Þ

where the s-dependence of the transfer matrix is solely due
to the s-dependence of the flowing gauge field. The formal
expression for the chiral overlap operator is therefore

Dχ ¼ 1þ γ5Eχ ; ð24Þ

where

FIG. 1. Left: The conventional domain wall fermion construction, with negative and positive chiral modes bound to the s ¼ 0 and
s ¼ L surfaces of the extra dimension respectively; the gauge field A is constant over the extra dimension. Center: The chiral
construction where the gauge field in the extra dimension is a solution of the gradient flow equation, flowing from initial value A on the
left to the corresponding fixed point value A⋆ on the right. Right: Flow which makes an abrupt transition from A to A⋆, a case that is more
easily treated analytically. When assuming this scenario we place hats on our lattice operators, such as D̂χ .

5We use a canonically normalized DV , differing from Ref. [48]
by a factor of 2.
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D = lim
L5!1

1 + �5
1� T

L

1 + TL
= 1 + �5✏(H)

Neuberger & Narayanan:  
• integrate out the bulk modes and derive the effective 2d (4d) 

theory of the surface modes
Result is:  L =  ̄D 
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; ð17Þ
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†

V †V = 1
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The overlap operator obeys the Ginsparg-Wilson equation 
(Neuberger, 1997; Ginsparg & Wilson, 1982)

{�5, D�1}xy = a�5�(x� y)

• modification is to the chiral behavior of the 
propagator at zero separation only 

• Only effects Green functions with currents 
at zero separation (anomaly!)

Does this preserve enough chiral symmetry to ensure multiplicative 
mass renormalization? Yes! (Luscher, 1998)
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Luscher: If D obeys GW equation, then

action  ̄D is invariant under: 

� = �5
⇣
1� a

2
D
⌘
 , � ̄ =  ̄

⇣
1� a

2
D
⌘
�5

this generates a continuous U(1)A which is violated by mass term ► 
multiplicative renormalization (a great feature of chiral symmetry in the 
continuum)… 

This is NOT a symmetry of the path integral measure:

�[D ][D ̄] = aTr �5D = aTr ✏(H)

Index of D … an integer on the lattice!

Tr �5D = 2(n+ � n�) ! 2⌫ integer of D index on lattice becomes  
gauge winding number in the continuum 
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Tr �5D = 2(n+ � n�) ! 2⌫ integer of D index on lattice becomes  
gauge winding number in the continuum 

0 21

An instanton will put a + chirality mode at λ=0,  
and a - chirality mode at λ=2 

n± count modes at λ=0
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Loose end:  
How in the world did Ginsparg & Wilson derive their equation in 1982? 

• Start with chiral theory in the continuum 
• Rewrite theory in terms of averages of fermions over cells to 

create a lattice theory  
• Determine chiral transformation of D in latticed theory…had to 

have same properties as starting point: good classical U(1)A plus 
anomaly

…but they could’t find a solution to their equation, and their paper was 
forgotten for 15 years…
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