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Introduction

Definition

An elliptic curve E/Q is the locus of an equation
E:y’=x*+ax+b

where a, b € Q, together with a point co (whose homogeneous coordinates are [0 : 1
: 0]), called the point at infinity and —16(4a> + 27b%) # 0.
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Introduction

Definition

An elliptic curve E/Q is the locus of an equation

E:y’=x*+ax+b

where a, b € Q, together with a point co (whose homogeneous coordinates are [0 : 1

: 0]), called the point at infinity and —16(4a> + 27b%) # 0.

Mordell-Weil Theorem

Let E be an elliptic curve defined over a number field K. Then
E(K)=Z"xT.

We call r the rank of E over K, and T the torsion subgroup of E(K).
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Torsion points on elliptic curves & Galois module structure

Let E/Q be an elliptic curve and let n > 2 be an integer. Then

Hr(@) = & x 2

the isomorphism being one between abstract groups.
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Torsion points on elliptic curves & Galois module structure

Let E/Q be an elliptic curve and let n > 2 be an integer. Then

Hr(@) = & x 2

the isomorphism being one between abstract groups.

The absolute Galois group Gg,qp O E[n], since if [n]P = O, then
[M(P?) = ([n]P)” =07 =0, o€ Cgq
We thus obtain a mod n Galois representation
Pen: oo — Aut(E[n]) = GLy(Z/nZ),

where the later isomorphism involves choosing a basis for E[n].
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Iwasawa Theory

Iwasawa theory is the study of Z,-extensions of fields where Z, denotes the set of
p-adic integers.

If F/K is a Z ,-extension, Galois theory shows that for each integer n > 0 there is a
unique intermediate field K,,, K C K,, C F, with Gal(K,,/K) = Z/p"Z, and then
F=UK,.

Write I' = Gal(F/K) and

A =Z,[[1]] = lim Z,[Gal(K,/K)].

Theorem

A is isomorphic to a power series ring Z,[[T]].
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Iwasawa Modules

Definition

Two A—modules M and N are said to be pseudo-isomorphic (M ~ N) if there is a
homomorphism M — N with finite kernel and co-kernel.
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Iwasawa Modules

Definition
Two A—modules M and N are said to be pseudo-isomorphic (M ~ N) if there is a
homomorphism M — N with finite kernel and co-kernel.

Structure theorem of finitely generated A—modules
Let M be a finitely generated A—module. Then

M~ A" ® (&, A/(p™)) & (&), A/ (f(T)™))

where r, s, t, n;, m; € N and fJ(T) are distinguished and irreducible. This
decomposition is uniquely determined by M.
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Selmer Group

Let v runs over all primes of K, archimedean and non-archimedean. If [K : Q] < oo
then K, is the completion of K at v. Otherwise, we take K, to be the union of the
completions at v of all finite extensions of Q contained in K. Then the Selmer and
Tate-Shafarevich groups for E over K are defined by

Selg(K) := ker

H'(K, E(R)iors) — | [H'(K,, E(/@))]

and

I (K) = ker[H1(K, E(K)) — HH‘(KV, E(Kv))]
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Selmer Group

Let v runs over all primes of K, archimedean and non-archimedean. If [K : Q] < oo
then K, is the completion of K at v. Otherwise, we take K, to be the union of the
completions at v of all finite extensions of Q contained in K. Then the Selmer and
Tate-Shafarevich groups for E over K are defined by

Selg(K) := ker

H'(K, E(R)iors) — | [H'(K,, E(/@))]

and

I (K) = ker[H1(K, E(K)) — HH‘(KV, E(Kv))]

The p-primary subgroup of Selg(K) is given by

Selg(K), = ker(H‘(K, E[p™]) — ]_IH](KV, E(I?V))]

Suman Ahmed Root numbers & parity of local lwasawa invariants 7/25



Selmer Group

The Selmer and Tate-Shafarevich groups for E over K fit into the following short
exact sequence

0— E(K)®Q/Z —> Selg(K) — I (K) — 0

Notice that
E(K)®Q/Z=(Z"xT)®Q/Z=(Q/Z)"

Therefore finiteness of II1z(K) and knowledge of the structure of Selg(K) would
give an upper bound on the rank of E over K.

Suman Ahmed Root numbers & parity of local lwasawa invariants 8/25



Iwasawa Invariants

Let p be a prime where E has good ordinary reduction. Let Z, denote the ring of
p-adic integers, and Q9 be the cyclotomic Z ,-extension of Q with
[ =Gal(Q¥/Q) = Z,.

The Pontryagin dual X(E/Q%¢) of Sel(E[p™]/Q*) is a finitely generated torsion

A-module where A = Z,[[I']] = Z,[[T]]. Hence, by the classification of finitely
generated A-modules one has a pseudo isomorphism

X(E/Q) ~ (@, A (H(T)%)) @ (8, A/(p"F))

where s, t, a;, W€ IN, f; is distinguished and irreducible for all /.

Suman Ahmed Root numbers & parity of local lwasawa invariants 9/25




Iwasawa Invariants

Let p be a prime where E has good ordinary reduction. Let Z, denote the ring of
p-adic integers, and Q9 be the cyclotomic Z ,-extension of Q with
I'=Gal(QY/Q)=Z

The Pontryagin dual X(E/Q%¢) of Sel(E[p™]/Q*) is a finitely generated torsion

A-module where A = Z,[[I']] = Z,[[T]]. Hence, by the classification of finitely
generated A-modules one has a pseudo isomorphism

X(E/Q) ~ (@, A (H(T)%)) @ (8, A/(p"F))

where s, t, a;, W€ IN, f; is distinguished and irreducible for all /.

Since, the a;’s and the yJE’s are positive integers, one can define the algebraic
Iwasawa invariants Ag and pg by

Ap= i“ deg(fi(T)), ne= ZI‘IE

i=1
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Motivation

Fori=1,2, let

E; - Elliptic curve defined over Q with good and ordinary reduction at p.
N; - Conductor of E; over F.
N; - The prime to p conductor of the Galois module E;[p].

Y. - The finite set of primes of F containing the primes of bad reduction of E;
and E,, the infinite primes and the primes above p.

@ Put _ _
EO:Z{VEZ|V|N1/N1 or VlNZ/NZ}'

@ Sg. - Set of primes v € ¥y such that E; has split multiplicative reduction at v.
@ s5,(Ei/F) - Rank of the Pontryagin dual of Sel,(E;/F).
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Motivation

Theorem (Shekhar, 2015)

Let £; and E, be two elliptic curves defined over Q with good and ordinary
reduction at an odd prime p. Further assume the following

(a) E;[p] is an irreducible Gal(F/F)-module.

(b) pp € F where p, denotes the group of p-th roots of unity.

(c) Sel,(Eq/Feye)[p] is finite where F,. denote the cyclotomic Z,-extension of F.

If E;[p] = E,[p] as Gal (Q/Q) modules then

sp(E1/F)+ | Sg, |= sp(Es/F)+ | Sg, | ( mod 2).
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Motivation

Theorem (Shekhar, 2015)

Let £; and E, be two elliptic curves defined over Q with good and ordinary
reduction at an odd prime p. Further assume the following

(a) E;[p] is an irreducible Gal(F/F)-module.

(b) pp € F where p, denotes the group of p-th roots of unity.

(c) Sel,(Eq/Feye)[p] is finite where F,. denote the cyclotomic Z,-extension of F.

If E;[p] = E,[p] as Gal (Q/Q) modules then

sp(E1/F)+ | Sg, |= sp(Es/F)+ | Sg, | ( mod 2).

p-parity Conjecture

sp(E/F) = a(E/F)( mod 2)

where a( E/F) denotes the order of zero of L(E/F,s) (the Hasse-Weil L-function of E
over F)ats=1.
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Proof

Definition of Imprimitive ¥ —Selmer group

Let ¥y € X\ { primes above p and the infinite primes}. Then

¥ 00 00
Selp"(E/Feye) := Ker |H'(Fy/Feye, E[p™]) — | | Hy(Feyer E[PT]) |-
eX-3,
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Proof

Definition of Imprimitive ¥ —Selmer group

Let ¥y € X\ { primes above p and the infinite primes}. Then

Sely” (E/Feye) = Ker | H'(F/Feye, EIp™]) — | | HulFeyer EP™D) |-

eX-%,

Zo

Under the assumptions (a) and (c),we have /\Z]O = /\Ez .

For a prime v p of F, let 7f, denote the Z,-rank of the Pontryagin dual of
H,(Feye, E1) where

H cyc’ ]_[H cyc,w» ET [poo])

From [Sh, Lemma 3.1], we have

AR =Ag+ ) Thi=12

veX,
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Proof

Now for each v € 3y, choose a prime w of F,. dividing v. Let P be the set consisting
of all such w and

of = corankZpH1 (Feye,w EilP™])-
Then [Sh, Lemma 3.2] implies
AR =g+ ) of (mod 2),i=1,2

weP

AE, JrZaE: = A + Zoé‘; ( mod 2).

weP weP
From the comparisons of UE“_, i=1,2, we have
1

Therefore

Ag, 4| Sg, |= Ag,+ | Sg, | (mod 2).
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Proof

Now for each v € 3y, choose a prime w of F,. dividing v. Let P be the set consisting

of all such w and
of = corankZpH1 (Feye,w EilP™])-
Then [Sh, Lemma 3.2] implies
AR =g+ ) of (mod 2),i=1,2

weP

AE, JrZaE: = A + Zoé‘; ( mod 2).

weP weP
From the comparisons of UE“_, i=1,2, we have
1

Therefore

Ag, 4| Sg, |= Ag,+ | Sg, | (mod 2).

Theorem (Guo)
Let E be an elliptic curve defined over F and suppose that the Pontryagin dual of
Sel,(E1/Feyc) is A~ torsion. Then

sp(E/F)=Ag (mod 2).
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Counterexamples

Assume i, Z F. Then for p = 3, we have the following counterexamples to the
above theorem.

Example 1:
Ey:y?+y=x3—x*-10x-20, (11al)
E:y’+xy=x>+x>-2x-7, (121c1)

E; has split multiplicative reduction while E, has additive reduction at 11. Both
have rank 0 and E[3] = E,[3].

Suman Ahmed Root numbers & parity of local lwasawa invariants 14/25



Counterexamples

Assume i, Z F. Then for p = 3, we have the following counterexamples to the
above theorem.

Example 1:
Ey:y?+y=x3—x*-10x-20, (11al)
E:y’+xy=x>+x>-2x-7, (121c1)

E; has split multiplicative reduction while E, has additive reduction at 11. Both
have rank 0 and E[3] = E,[3].

Example 2 :
Ey:y? = x*—x* —4133x 4 186637, (4400m2)
Ey:y? = x> —x*—1008x + 48512, (48400ch1)

E3 has non-split multiplicative reduction at 11 and additive reduction at 2,5 while E,
has additive reduction at 2,5,11. E3 and E, have rank 0 and 1 respectively and
Es[3] = E4[3].
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Main Theorem 1 (for ordinary elliptic curves)

Let E£; and E, be two elliptic curves defined over Q with good and ordinary
reduction at an odd prime p. We further assume the following.

(a) Eq[p] is an irreducible Gal(F/F)-module.

(b) Sel,(Eq1/ Feye)[p] is finite.

If E;[p] = E,[p] as Gal (Q/Q) modules then

sp(Ev/F)+ 1 Sg, 1= sp(Eo/ F)+ 1 Sg, | +1 T | (mod 2)

where T denotes the set of primes v of F in X, such that p, @ F,, one of the elliptic
curves has multiplicative reduction and other has additive reduction at v.

Suman Ahmed Root numbers & parity of local lwasawa invariants 15/25




Main Theorem 1 (for ordinary elliptic curves)

Let E£; and E, be two elliptic curves defined over Q with good and ordinary
reduction at an odd prime p. We further assume the following.

(a) Eq[p] is an irreducible Gal(F/F)-module.

(b) Sel,(Eq1/ Feye)[p] is finite.

If E;[p] = E,[p] as Gal (Q/Q) modules then

sp(Ev/F)+ 1 Sg, 1= sp(Eo/ F)+ 1 Sg, | +1 T | (mod 2)

where T denotes the set of primes v of F in X, such that p, @ F,, one of the elliptic
curves has multiplicative reduction and other has additive reduction at v.

Note that T can be non-empty only when p = 3.
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Supersingular elliptic curves

Definition
For n> 0, we define Sel;,(E/F,) to be the kernel of

Y(Fpu A)
f,: H'(F,, A) — L 1
n l_[E+ Fny)®Qp/Z, M

and Sel;;(E/Feyc) i= li_)mnSel;*;(E/Fn). Here v ranges over all places of F,, F,, is the
completion of F, at v and the map is induced by the restrictions of the Galois
cohomology groups. For notational convenience, let F_;, = F,, = F,. Then

E+(Fnyv) ={PeE(F,,) | Tryym+1P € E(Fy,,) foreven m (0<m< n)}

E(Fn,) ={Pe€E(F,,) | Trymy1P € E(Fy,y) forodd m (=1<m<n)}

where Tr,/,, : E(F,,) — E(Fp,,) denotes the trace map for n> m.

Suman Ahmed Root numbers & parity of local lwasawa invariants 16/25




Remark

For n=0, we have E™(F,) = E(F,) hence Sel,(E/F) = Sel,(E/F).

Assumption

For E = E orE,

(i) E[p] is an irreducible Gal(F/F)-module.
(i) Sel, (E/Feyc)lp is a finite group.
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Remark

For n=0, we have E™(F,) = E(F,) hence Sel,(E/F) = Sel,(E/F).

Assumption

For E = E orE,

(i) E[p] is an irreducible Gal(F/F)-module.
(i) Sel, (E/Feyc)lp is a finite group.

Main Theorem 2 (for supersingular elliptic curves)

Let E; and E, be two elliptic curves defined over Q with good, supersingular
reduction at an odd prime p and a, = 0. We further assume the following.
(a) Ey[p] is an irreducible Gal(F/F)-module.

(b) Sel, (E1/Feyc)[p] is finite.

(c) p splits completely over F.

If E;[p] = E,[p] as Gal (Q/Q) modules then

sp(E1/F)+ | Sg, |= sp(Eo/F)+ | S, |+ T (mod 2)
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Guo’s theorem for supersingular elliptic curves

Theorem

Let E be an elliptic curve defined over a number field F with good, supersingular
reduction at primes dividing p. Assume that Sel,(E/Fc,.) is A-cotorsion. Then

corankz (Sel, (E/F)) = Af (mod 2)

where A denotes the Iwasawa A-invariant of the Pontryagin dual of Sel,, (E/Fey.).

Corollary

Let E be an elliptic curve defined over a number field F with good, supersingular
reduction at primes dividing p. Assume that Sel;(E/Fcyc) is A-cotorsion. Then

sp(E/F) = Ag (mod 2)
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Comparison of local Iwasawa invariants

Theorem (Hachimori-Matsuno)

Let p # £ be prime numbers. Let k be a finite extension of Q; containing p,,. Put
koo = k(pp). Let E be an elliptic curve defined over k. Then we have the following.
(1) If E has good reduction over k., then

E if E(k),=0,
E(k) e = { 7 1 E()p
0 if E(k),=0.
(2) If E has split multiplicative reduction over k,, then there exists an element
g€ k*and me Z" U{0} s.t. E(ky ), is isomorphic to the subgroup of KX /g%
generated by pi,e and q"P" as a Gal(koo/k;)-module.
(3) If E has non-split multiplicative or additive reduction over ky, then E(ky)pe is

finite. Moreover, if p > 5 or E has non-split multiplicative reduction, then
E(koo)p‘x’ = 0
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Comparison of local Iwasawa invariants

Lemma 1 (Good — Good)

Let v be a finite prime of F with v} p and w be a prime of F,. with w|v. Let E; and
E, be two elliptic curves with good reduction at v and E[p] = E;[p], then o = 0.

For an elliptic curve E over F, consider the following exact sequence of Galois

modules »
0 — E[p] — E[p®] = E[p”] —0

where the map p denotes multiplication by p. From the long exact sequence of
Galois cohomology w.r.t. G = Gal(F,/F,), we get the following exact sequence

HY(G, E[p*])

S0 (G, epep) (G ElP) — HY(G Elp])lp] — 0

@ Since E; has good reduction at v,H’(G, E;[p™]) is divisible for i = 1,2.
e H'(G, E[p*™]) is divisible, therefore

corankZPH] (G E[p™]) = dimleH1 (G, E[p™])[p]-
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Comparison of local Iwasawa invariants

Lemma 3 (Good - Additive)

(1) Let v be a finite prime of F with v{ p. Then it is not possible to have elliptic
curves E; and E, such that E; has good reduction at v, £, has additive reduction at v
and E;[p] = E;[p].
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Comparison of local Iwasawa invariants

Lemma 3 (Good - Additive)

(1) Let v be a finite prime of F with v{ p. Then it is not possible to have elliptic
curves E; and E, such that E; has good reduction at v, £, has additive reduction at v
and E;[p] = E;[p].

Assume E has multiplicative reduction at p and v be a finite prime of F with v{p.
Let 6 : G,/l, —> {£1} be the unique non-trivial unramified quadratic character of
G, if E has non-split multiplicative reduction, and let o be the trivial character if E
has split multiplicative reduction. Then we have

€ *
pE,plGV ~( Op 1 )®6

where €, is the p-adic cyclotomic character and
_ 5 v\
Pepla, ~( O )®a.
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Comparison of local Iwasawa invariants

Lemma 4 (Multiplicative — Additive)

Let p> 5 and v be a finite prime of F with v{p. Then it is not possible to have
elliptic curves E; and E, such that E; has multiplicative reduction at v, E, has
additive reduction at v and E;[p] = E,[p].

Proof : First, suppose that E; has split multiplicative reduction at v. Let
F':=F,(u,) and G” := Gal(F, /Féye,w)- Since F” is unramified outside p, the
reduction type at v does not change for E1 and E, over F’. Since p > 5, from [HM ]
we have E[p™](F,(pp=)) = 0 hence Ey(Fy,,,)[p] = 0. Now it follows from the
above representation that

— 1 9

Peplcr N( 0 1 )
which implies £,(F/y,,,)[p] # 0, a contradiction to the fact that £;[p] = E,[p]. Hence
it is not possible to have elliptic curves E; and E, with one having split
multiplicative reduction and other having additive reduction at v.
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Root number

@ Let E/Q be an elliptic curve of conductor N.

o Let L(s,E) :==[Iyn(1—app~* +p%)! [Tpn(:--) be the L-function attached to

E.
o Let Ag(s) = (21) =T (s)N*%L(s, E).
Then by the Modularity Theorem,

Ae(s) = w(E)Ag(2—s), w(E)= 1.
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Root number

@ Let E/Q be an elliptic curve of conductor N.

o Let L(s,E) :==[Iyn(1—app~* +p%)! [Tpn(:--) be the L-function attached to
E.

o Let Ag(s) = (21) =T (s)N*%L(s, E).
Then by the Modularity Theorem,

Ae(s) = w(E)Ag(2—s), w(E)= 1.

Theorem

Let £; and E, be two elliptic curves defined over Q with good reduction at an odd
prime p and E;[p] = E,[p]. Then

w(E/F)

ATV (1) IS =S, |+HITI
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Root number

Corollary

Let E; and E, be two elliptic curves defined over Q with good reduction at p and
E;[p] = E,[p]- Then under the assumptions of main theorem 1 (E; have ordinary
reduction at p) or main theorem 2 (E; have supersingular reduction at p), we have

w(E/F)  (=1)%(E/F)

W(Ez/F) a (_1)5p(E2/F)
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Root number

Corollary

Let E; and E, be two elliptic curves defined over Q with good reduction at p and
E;[p] = E,[p]- Then under the assumptions of main theorem 1 (E; have ordinary
reduction at p) or main theorem 2 (E; have supersingular reduction at p), we have

w(E/F)  (=1)%(E/P)

W(Ez/F) a (_1)5p(E2/F)

In this context, we also recall the p-parity conjecture which states that for every
elliptic curve E defined over F,

w(E/F) = (=1)%(E/F),

The above corollary implies that if the p-parity conjecture is true for one of the
congruent elliptic curves then it is also true for the other elliptic curve.
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Thank You
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