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Cohen-Eisenstein series

Let N = p1p2...pxM be a squarefree integer.

Let B be a definite quaternion algebra ramified at primes

p1, P2, ..., Pk and at oco.

Let O be an order of level N.

Let h,b,....I, be a set of left ideals representing the distinct ideal
classes of O, with 1 = O and Ry,R»,...,R, be the respective right
orders of each ideal ;.

For each R;, let L; be the lattice Z + 2R;.

Denote the trace zero elements of L; by SP.

For b € S, let N(b) be the norm of b. For each i =1 to n, Define

1 .
g = § Z qN(b)’ q= e2miz.
beS?



Cohen-Eisenstein series

» The modular forms g; are in the Kohnen's plus-space [the
space of modular forms of weight 3/2 on 'g(4N) whose
Fourier coefficients ap, are 0 if —m = 2,3 (mod 4).]

» The Cohen-Eisenstein series G is defined by G = >"7 %’_g,-.



Shimura Lift

> Let f € S5(N) be a normalized newform. It corresponds to a
one-dimensional eigenspace (v = (v1, va, ..., vp)), of the
Brandt matrices {B,} in B, such that B,v = a,v, where aj, is
the eigenvalue satisfying T,f = apf, for all p.

Let w; be the order of the finite group R/ £ 1 for i =1 to

n.Then .
_ Vi d
H = z; ngl — zd: mqq
1=

is the weight 3/2 modular form which corresponds to f via
the Shimura correspondence.



Shimura Lift

The modular form H =37, Yig; =3 myq? is zero unless
1

—1, forp=pj,i=1tok

sgn(W,) =
en(Wp) {+1, for p| M.



Let d be a natural number and let Oy be the ring of integers in
Q(v/—d). let h(d) be the cardinality of the group Pic(Oy), and let
2u(d) be the cardinality of the unit group O}.
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Let d be a natural number and let Oy be the ring of integers in
Q(v/—d). let h(d) be the cardinality of the group Pic(Oy), and let
2u(d) be the cardinality of the unit group O}.

» The Legendre symbol (%d) is defined by

1, if p splits in K
d if p splits i
p

(

) =40, if pramifies in K
—1, if pinertin K.

Let ¢ be the conductor of Oy.

» The Eichler symbol {_Td} is defined by

d _{1, if p2 | ¢

ST, wete



Waldspurger's formula

> Let D be a natural number and —D be a fundamental
discrimant. If (_—pD)sgn( W,) # —1 for every prime p | N, then
the following Waldspurger's formula holds.



Waldspurger's formula

> Let D be a natural number and —D be a fundamental
discrimant. If (== Dysgn(W,) # —1 for every prime p | N, then
the following Waldspurger's formula holds.

2¢(N)(f, f)m?2

—D
1 sgn L(f,1)L(f®ep,1) = ———2—D
[T @+ )W)l i eep, 1) ot

N
Pl geatv o)

where w(N) is the number of distinct primes that divide N.



Gross's formula

» Theorem (Gross)

If N is prime and —D is a fundamental discriminant such that
(F2) # 1, then the coefficients G(D) of the weight 3/2 Eisenstein

series,
n

6= Tg=> 5+ 6d)’
i=1 1 1

i=1 d>0

are given by
(1 - (7)) h(D)
2 u(D)’

g(D)



A Conjecture

» What can we say about the coefficients when the level N is
squarefree?
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A Conjecture

» What can we say about the coefficients when the level N is
squarefree?

Quattrini presented the following conjecture on the coefficients

of G.

» Conjecture (Quattrini)

Let B be a quaternion algebra ramified at exactly one finite prime
p and let N = pM be a square free integer. Let

G=>", %ig,- =37 2%”, + > 4=09(d)q?. Let D € N be such
that —D is a fundamental discriminant and (;pD) # 1, and

(_TD) # —1 for every prime q | M. If s(D) is the number of primes
that divide N and ramify in Q(v/—D), then

2w(N)75(D)71h(D)

)




Some Numerical Examples

E =14A1 =[1,0,1,4,—6] has conductor N = 14 and a 3-torsion
point.

sgn(Wz) = —1 and sgn(Ws) = +1.
We consider the quaternion algebra ramified at the prime 7 and oo.

For D < 1000 such that —D is a fundamental discriminant and
(=2) # 1 and (52) # —1, the coefficients of G are given by

2u'E((£)D)), if 7 is inert and 2 splits in Op
h(D) if 7 is inert and 2 ramified in Op
G(D) = § )

W(Op) if 7 is ramified and 2 splits in Op
$h(D), if 7 and 2 ramify in Op.



Some Numerical Examples

E =26A1 =[1,0,1, -5, —8] has conductor N = 26 and a
3-torsion point.

sgn(Wiz) = —1 and sgn(Ws) = +1.

We consider the quaternion algebra ramified at the prime 13 and
0.

For D < 1000 such that —D is a fundamental discriminant and
(F2) # Land (=2) # —1, we get

2. MDY if 13 is inert and 2 splits in Op

u(Op)
h(D) " if 13'is inert and 2 ramified in Op
G(D) = { “%)
FBLif 13 is ramified and 2 splits in Op
LAEL, if 13 and 2 ramify in Op.



Some Numerical Examples

E = 30A11 =[1,0,1,1,2] has a 2 and 3-torsion point.
sgn(W3) = —1 and sgn(Ws) = sgn(Ws) = +1.
We consider the quaternion algebra ramified at the prime 3 and oo.

For D < 1000 such that —D is a fundamental discriminant and

() # 1 () # -1, () # —1, we get

22 MOL.if 3is inert and 2,5 split in Op

G(D) = 2;&552), if exactly one of the primes 2,3,5 ramifies in Op
U’E%)D)), if exactly two of the primes ramify in Op
LIGL, 2,35 all ramify in Op.



Main Theorem

Let B be a definite quaternion algebra ramified at p1, po, ..., px and
at co. Let N pip2.. pkM be a square free integer. Denote by

G =01 w8 =i 2m + >d-09(d)q?. Let D € N such that
—D is a fundamental discriminant and (== ) #1fori=1to k

and (_T) # —1 for every prime q | M, then

2w(N)75(D)71h(D)
u(D)
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Main Theorem

Let B be a definite quaternion algebra ramified at p1, po, ..., px and
at co. Let N pip2.. pkM be a square free integer. Denote by

G =01 w8 =135 + >d-09(d)q?. Let D € N such that
—D is a fundamental discriminant and (== ) #1fori=1to k

and (_T) # —1 for every prime q | M, then

2w(N)75(D)71h(D)
u(D)

9(D) =

Corollary
Quattrini’'s Conjecture holds by letting k = 1 in the above theorem.



Optimal embeddings

Let K be a quadratic field over Q such that the primes p1, po, ..., Pk
are either ramified or inert in K. Let ¢ be an embedding of K into
B. The field K is totally imaginary as B is a definite quaternion
algebra. Let O4 be an order of K of discriminant d.
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Optimal embeddings

Let K be a quadratic field over Q such that the primes p1, po, ..., Pk
are either ramified or inert in K. Let ¢ be an embedding of K into
B. The field K is totally imaginary as B is a definite quaternion
algebra. Let O4 be an order of K of discriminant d.

Definition
We say that ¢ is an optimal embedding of the order Oy into R; if
¢ is an embedding of K into B such that $(Oq4) = ¢(K) N R;.

» Two optimal embeddings i1, i» are equivalent if they are
conjugate to each other by an element in RY. In other words,
if there exists x € R such that i1(y) = xia(y)x ! for all y €
K.



Optimal embeddings

Proposition

Let h(O4, R;) be the number of equivalence classes of optimal
embeddings of the order of discriminant d into R;. Let h(d) be the
cardinality of the group Pic(O4). Then

n k

" (04 R) = h(d) [](1 -~ {

i=1 i=1

—ITIe+ {‘qd}»

"ogm




Optimal embeddings

Proposition

Let h(O4, R;) be the number of equivalence classes of optimal
embeddings of the order of discriminant d into R;. Let h(d) be the
cardinality of the group Pic(O4). Then

n

k
> h(04,Ri) = h(d)H(l —{

i=1 i=1

—d
Pi

NI {‘qdn.

qlM

Sketch of the proof. Let {9t} be a system of representatives of
two-sided R; ideals modulo two-sided R; ideals of the form R;¢
where £ is an Oy ideal. Let {¥8} be a system of representatives of
the ideal classes in Oy.



Optimal embeddings

Consider the set of all (90t,B) such that

» (1) The norm of 9 is squarefree and if g is a prime divisor of
the norm of 9, then either g = p; (for some i =1 to k) with
{_p—fj = —1 or q is a prime divisor of M with {_Td} =1,
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Optimal embeddings

Consider the set of all (90t,B) such that
» (1) The norm of 9 is squarefree and if g is a prime divisor of
the norm of 9, then either g = p; (for some i =1 to k) with

—d . . .. . —d
{77} =—1orqisa prime divisor of M with {*} =1,

» (2) B is an integral ideal coprime to the conductor of Oy.

The number of pairs (91, B) satisfying the conditions (1) and (2)
is equal to

- })H(H{‘q"}).

q|M



Optimal embeddings

There is a one-to-one correspondence between the set of all pairs
(91, B) satisfying (1) and (2) and equivalence classes of optimal
embeddings of the order of discriminant d into R;. Hence

>0 1) = ) [0

i=1

H(H{jj’}).

q|M

i



Fourier coefficients of the modular forms g;

Proposition

Let gi = % + %Zd>o ai(d)q?. Then a;(d) is the number of
elements b € R; with Tr(b) = 0, b € Z +2R;, N(b) = d. Fori = 1
to n, we have

ai(d)=w; > EQQQLEQ,

—d=—Df2

, if-D=-3
if —D=—4

3
where u(D) = ¢ 2
1 otherwise.



Fourier coefficients of the modular forms g;

Sketch of the proof.

Let S be the set of elements b € R; with Tr(b) =0, b € Z + 2R;
and N(b) = d.

For a positive integer D, if g : Q(v/—D) — B is an embedding of
an order Op into R;, then b = g(v/—D) is an element in

{x € B|Tr(x) = 0} and the norm of bis D. Since

Op = Z+ 2P \we have b € (Z + 2R)).

= becSP={xeB[Tr(x) =0} N (Z +2R)).



Fourier coefficients of the modular forms g;

Conversely, if b is an element in SIQ such that the norm of bis D ,
then g(v/—D) = b gives rise to an embedding of the order

Op = Z+ 2 LH=L) into R;.
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Conversely, if b is an element in 5,~0 such that the norm of bis D ,
then g(v/—D) = b gives rise to an embedding of the order

Op = Z+ 2 LH=L) into R;.
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b ¢ m(Z + 2R;) for some m > 1. Let h*(Op, R;) be the number of
optimal embeddings of Op into R;.



Fourier coefficients of the modular forms g;

Conversely, if b is an element in 5,~0 such that the norm of bis D ,
then g(v/—D) = b gives rise to an embedding of the order

Op = Z+ 2 LH=L) into R;.

The embedding g(v/—D) = b is optimal if and only if
b ¢ m(Z + 2R;) for some m > 1. Let h*(Op, R;) be the number of
optimal embeddings of Op into R;.

Using the above connection we get

_he b b .
ai(d) =S = _d_z_:w{b €S, 2 €5), - ¢ m(Z+2R;) for m > 1},

= > h(Op,R).

—d=—Df2



Fourier coefficients of the modular forms g;

The group I'; = R/ £ 1 acts on S. The ['; orbits of S correspond
to equivalence classes of optimal embeddings. Hence

£S/Ti= > h(Op,Ri).
—d=—Df?2

The order of the stabilizer of an element b € S is 1 unless the
corresponding embedding extends to Z[ue] or Z[ua], when it is 3
or 2 respectively.



Fourier coefficients of the modular forms g;

The group I'; = R/ £ 1 acts on S. The ['; orbits of S correspond
to equivalence classes of optimal embeddings. Hence

£S/Ti= > h(Op,Ri).

—d=—Df2

The order of the stabilizer of an element b € S is 1 unless the
corresponding embedding extends to Z[ue] or Z[ua], when it is 3
or 2 respectively.

Thus we see that

a(dy=#r Y MO2R)_ s h((L”)DR)
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1 ai(
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i=1 d>0 i=1
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n
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Proof of the Main Theorem

Proof
» Consider the weight 3/2 Cohen-Eisenstein Series G,

g—gvlwg,- z Py

d>0 i=1

We know that

n

)I)IRIFIEED DD DI O LA

i=1d>0 d>0 —d=—Df2 i=1

n

3" h(Op, Ri) = h(D ﬁ(

i=1 i=1

21+ 172))

i qlM



Proof of the Main Theorem

Hence
n

Q=;;/’_gi=;zw+zg(d)qd,

i=1 ' d>0

k

o@=; ¥ LI e0)]

i=1 qlM




Proof of the Main Theorem

Hence
Q=Z%&-=%Z%+Zg(d)qd,
i=1 ' i=1 ' d>0
where
d0=3 ¥ [l G+ 7))

—d=—Df2 i=1 alM

» In particular, if —D is the fundamental discriminant and
(%D) # 1, for every i =1 to k, and (;qD) % —1 for every
prime g | M, then




Application

We have an equation which relates L-function of f with the
coefficients m3,
2¢(N(f, fym?,

—-D
[T @+ senWaDLF DLE  ep,1) = st

N
Pl gcan,py



Application

We have an equation which relates L-function of f with the
coefficients m3,

2¢(N)(f, fymp

—-D
[T @+ senWaDLF DLE  ep,1) = st

N
Pl 2cd(N,D)

If E is the elliptic curve with conductor N associated with

f € So(Mo(N)), then we have L(E,1) = L(f,1) and the L-function
L(f ® ep,1) = L(Ep, 1), where Ep is the —D quadratic twist of E
associated with f ® ep € Sy(Fo(ND?)).



Order of the Tate-Shafarevich group

Assume that the rank of E is 0.

The rank 0 case of Birch-Swinnerton Conjecture gives

L(ED,l) _ #ShDHCp,D
QD ’TOI‘(ED)‘2 ’

where ¢, p's are the Tamagawa numbers and Tor(Ep) is the
torsion subgroup of Ep(Q), Qp is the real period of Ep.



Order of the Tate-Shafarevich group

Assume that the rank of E is 0.

The rank 0 case of Birch-Swinnerton Conjecture gives

L(Ep.1) _ #Shp[Icpp
% Tor(Ep)?

where ¢, p's are the Tamagawa numbers and Tor(Ep) is the
torsion subgroup of Ep(Q), Qp is the real period of Ep.
Under the assumptions, (_—PD)sgn(Wp) =1forall p| WIX/,D)’ and

2
#Shp = 'gf for some integer *, cardinality of Shp is related to
the class number.



Order of the Tate-Shafarevich group

Proposition

Let E be an elliptic curve of analytic rank zero and square-free
conductor N. Let {p1, p2,...,px} ={p | N and sign of W,, is —1}.
Suppose k is odd.

Consider the family {Ep} of negative quadratic twists of E
satisfying the condition (== DY £ 1 fori=1 to k and (= Dy« 1
for every prime q | M, Where N = p1ps...px. M. Suppose E has a
torsion point defined over Q, of odd prime order | and that
#Shp = 'ﬁ’ Assume that Au = v (mod /), for some \ € F.
Then, #Shp is divisible by I, if and only if the class number h(D)
of Q(v/=D) is divisible by I.




Order of the Tate-Shafarevich group

Some examples of elliptic curves satisfying the hypotheses of the
Proposition.

» From Cremona’s tables, the strong Weil curves of rank zero
and prime conductor with an odd torsion point, are listed by
E =11A1, E = 19A1 and E = 37B1. The first one has a
5-torsion point. The other two curves have a 3-torsion point.
For the (-D) quadratic twists of E, We also have #Shp is

m2D, upto a power of 2.

» For the elliptic curves 17A1, 67AL, 73A1, 89B1, 109A1,
139A1, 307A1, 30781, 307C1, 307D1 with D < 10° and for
the elliptic curves 14A1, 26A1, 26B1 with D < 2000, we have
#Shp is m%, upto a power of 2.



Order of the Tate-Shafarevich group

Proof.
» Consider \G — H = 27:1 (Al,_viv")gi-
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Order of the Tate-Shafarevich group

Proof.
» Consider \G — H = 27:1 Mgi-

w;
» If [ is an odd prime number, dividing the order of the group of
torsion points of the elliptic curve E, by Mazur's theorem,
I = 3,5 or 7. We know that w; | 12, the product []7_; w;
equals the exact denominator of ngl and 3 divides the exact

numerator of % Hence w; € F[ for | =3,5 0or 7.




Order of the Tate-Shafarevich group

Proof.
» Consider \G — H = 27:1 Mgi-

w;
» If [ is an odd prime number, dividing the order of the group of
torsion points of the elliptic curve E, by Mazur's theorem,
I = 3,5 or 7. We know that w; | 12, the product []7_; w;
equals the exact denominator of ngl and 3 divides the exact

numerator of % Hence w; € F[ for | =3,5 0or 7.

» The congruence Au = v (mod /), for some A € F/* gives a
congruence \G = H (mod /).

» We get the congruence on the coefficients, A\G(D) = m?

(mod /). Hence I divides h(D) if and only if #Shp.
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