INTRODUCTION TO THE CONJECTURES OF BIRCH AND
SWINNERTON-DYER.

SUDHANSHU SHEKHAR AND R. SUJATHA

The aim of these lectures is to introduce the Birch and Swinnerton-Dyer con-
jectures in its entirety. One part of these conjectures predicts the equality of two
different ‘ranks’ associated to an elliptic curve defined over a number field. These
are the so called algebraic and analytic ranks. The other part of the conjectures is
an exact formula expressing the leading coefficient of a certain power series associ-
ated to the elliptic curve in terms of various important and mysterious arithmetic
invariants. The approach we shall take is to define and provide a brief introduc-
tion to these arithmetic invariants, thereby providing a compact introduction to
this conjecture. We omit the details, referring the interested reader to Silverman’s
book [Si]. Other excellent references to the theme of this article are [D], [W1].
We stress that this is an expository article and is based on the lectures given
at the conferences on the ‘Theoretical and Computational Aspects of the BSD
Conjectures’ held at BICMR in December 2014.

Weierstrass equation of elliptic curves. An elliptic curve over a field K is a
projective non-singular curve of genus one defined over K with a specified base
point (see [Si, Chapter I, section 2] and [Si, Chapter II, section 5]). Recall that
any such curve F has a (Weierstrass) equation of the form

Y2Z 4+ a1 XYZ +a3Y 2% = X3+ o X?Z + ay X 7% + as Z° (1)

in P2, the projective space of dimension two, with a; - - - ag € K for 1 < i < 6. Here,

O = [0,1,0] is the base point (called “the point at infinity”). By dehomogenising

(i.e. taking z = X/Z and y = Y/Z ) the above equation can be expressed as
Y2+ arxy + asy = 2° + agx® + asx + ag (2)

Thus E C P? consists of the points P = (x,y) satisfying the above Weierstrass
equation along with the base point O. If char(K) # 2, then we can simplify the
equation by the change of coordinate

y—1/2(y — a1z — as)

which gives an equation of the form

E:y*= f(x) (3)
where
f(z) =2 + boa”® + 2bsx + be,
and

by = a% + 4ay, by = 2a4 + aqas, bg = a% + 4ag.
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Associated to the above equation we define the following quantities

bs = alag + dasag — azal — a3,

cy = b3 — 2by,

ce = —bs 4 36boby — 216D,

A = blbg — 8bj + 9babybg,

J=ci/A,

w=dx/(2y + a1z + az) = dy/(32* + 2a2x + ag — ary).
An easy verification shows that,

4bg = bobg — b7 and 1728A = ¢ — 2.
If char(K) is different from 2 and 3, then using the change of coordinates
(z,y) — (x — 3by/36,y/108)
equation (2) can further be expressed as
y? = x® — 2Tcqx — Hdcg.
Substituting A = 27¢c4 and B = —54c¢g we get that the equation
v =123+ Az + B

which is usually called the short Weierstrass form. Put A = —16(4A3 + 27B?).
The quantity A € K is an important invariant associated to the curve F, called the
discriminant of E over K. Further, the non-singularity of E implies that A £ 0
and the cubic f(z) = 2® + Az + B has distinct roots. The quantity j is called the
j —invariant of the elliptic curve, and w is the invariant differential associated to
the Weierstrass equation.

For a field extension L/K we define the set

E(L) = {(z,y) € L*|y* + arzy + asy = f(2)} U{O}.
It is well known that for any field extension L/K there exists an abelian group
structure on F(L) such that
(1) O is the identity element with respect to this group structure.

(2) If Ly ¢L1—’L>2 Ly is a homomorphism of field extensions of K then there exists
a corresponding group homomorphism

*
¢L1,L2

defined as
szl,Lg (%, y) = (¢L1,L2 ($), ¢L1,L2 (y))

satisfying ¢7:1, Lo gZ)‘;(, L, = gZ)‘;(, Lo
In particular, if L/K is a Galois extension then E(L) is a Gal(L/K)-module. It is

well known that the above group can be explicitly described by chord and tangent

method (see [ST, Chapter I}).
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Elliptic curves over the complex numbers.

Definition 1. A lattice in the field of complex numbers C is a discrete group
of the form A = Zwi + Zws, where w; and wo are linearly independent over the
real numbers R. Two lattices A and A’ are said to be equivalent if there exists
A€ C—{0} with AA = A’. A complex torus T is a quotient C/A of the complex
plane C by a lattice with projection denoted by p: C — T = C/A.

Remark 2. If A € C — {0} such that AA C A’ for lattices A and A’, then it induces
a homomorphism A : C/A — C/A’. Such a map is called a homothety induced by
A. A homothety A : C/A — C/A’ is an isomorphism if AA = A’. In fact, it can
be shown that every complex analytic isomorphism between two tori is associated
to a homothety.

Definition 3. An elliptic function f with respect to a lattice A is a meromorphic
function on C such that f(z + w) = f(z) for all z € C and w € A.

The Weierstrass p-function associated to a lattice A is given by the infinite sum

o) =p2) =5+ X = - gl (1)
weA—{0}

The FEisenstein series of weight 2k associated to a lattice A is the series

Gor = Gop(A) = D wm. (5)
weA—{0}

Theorem 4. ([Si, Theorem 3.1, Theorem 3.5, Chapter VI.3])
(a) The Eisenstein series Gor(A) is absolutely convergent for all k > 1.
(b) The series defining the Weierstrass g-function converges absolutely and uni-
formly on every compact subset of C\A. The series defines a meromorphic function
on C having a double pole with residue O at each lattice point and no other poles.
(c) The Weierstrass p-function is an even elliptic function.

The Laurent series for p(z) around z = 0 is given by

o0

1
p(z) = ? + ;(2]{: + 1)G2k+222k.

Furthermore, we have
1
p(z) = = + 3G9z +5G32% + - -
z

-2
@,(75) = ) +6Goz + 20G3z3 4.
424G,
N2
o) = 5 — =5 —80Gy + -
1
4p(2)* = 4p(2)( +6Ga + 10G32% + - --)

60G
60G2p(2) = 2 4 180G32% + -
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Comparing the first few terms of the above expressions, one sees that for all z €
C\ A, the Weierstrass p-function and its derivative satisfy the relation

¢ (2) = 4p(2)® — 60G2p(z) — 140G
Put g5 = QQ(A) = 60G4(A) and g3 = gg(A) = 14G6(A).

Proposition 5. ([Si, Proposition 3.6]) Let g2 = ¢2(A) and gz = g3(A) be the
quantities associated to a lattice A C C as above.
(a) The polynomial

fx) = 42% — gow — g3

has distinct roots, so its discriminant
A(A) = g3 — 2743

18 MON-2€ro.
(b) Let E/C be the curve E : y? = 23 — gox — g3 which from (a) is an elliptic curve.
Then the map

¢:C/A — E(C) c P*(C)

2= [p(2), 9'(2), 1,
18 a complex analytic isomorphism of complex Lie groups, i.e. it is an isomorphism
of Riemann surfaces which is a group homomorphism.

For an elliptic curve E over C, let E[m| denote the subgroup of m-torsion points
of E defined over C.

Corollary 6. For every integer m > 1, there is an isomorphism of abelian groups
E[m] 2 Z/mZ x Z]mZ.

Corollary 7. Let E1 and Ey be two elliptic curves corresponding to lattices Aq
and Ay as in the above proposition. Then E1 and Eo are isomorphic over C if and
only if A1 and As are homothetic.

An important theorem in the theory of elliptic curves over C is the Uni fomization
Theorem which asserts that every elliptic curve E defined over C corresponds to
a lattice Ap as in the above proposition, i.e. there exists a lattice Ag uniquely
determined up to homothety such that

¢:C/A —s E(C)
¢(Z) = [p(sz)a @/(Z,A), 1]

is an isomorphism of complex Lie groups and E has a Weierstrass equation given
by
y* = 4a® — ga(A)z — g3 (A).
The lattice Ag for an elliptic curve F given by a Weierstrass equation as in (2) is,
in fact, the set of periods
[
gl
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where v runs over all closed paths in E(C) and wg is the associated invariant
differential 5—92 . Equivalently, Ag is the image under the homomorphism

2y+ai1z+as
H(E(C),z) — C

VH/ME
v

where H;(E(C), Z) denotes the homology group of E(C) with coefficients in Z. The
lattice Ag is also called the period lattice associated to the curve E. A generating
set for Ap can be obtained by integrating wg over a basis {y1,7v2} of H1(E(C),Z)
(see [Si, Chapter VI,Proposition 5.2] for more details).

Elliptic curves over local fields. Let K be a perfect local field, complete with
respect to a discrete valuation v and R be the ring of integers of K. Let m be
the maximal ideal of R, m be a uniformizer of K, i.e, a generator of m and denote
the residue field of R at m by k. Further, we normalize the valuation v such that
v(m) = 1.

Let E/K be an elliptic curve, and let

E:y® + a1zy + agy = 2 + asx® + aux + ag (6)

be a Weierstrass equation for E/K. By substituting (z,y) — (7~ %z, 77 3%y) for a
sufficiently large integer ¢, we may assume that the v(a;) > 0 for the coefficients a;
as in (6). In particular, this implies that the valuation v(A) of the discriminant A
associated to the above equation is > 0. Further, since v is discrete, we can choose
a Weierstrass equation defined over R which minimizes the value v(A). Such a
Weierstrass equation of E is called a minimal (Weierstrass) equation for E. The
minimal value of v(A) is called the minimal discriminant of E at v.

Proposition 8. ([Si, Proposition 1.3, Chapter VII]) (a) Every elliptic curve E/K
has a minimal Weirstrass equation unique up to a change of coordinates
r =’z + T, Y= u?’y' +ulsx’ +t
with uw € R* and r,s,t € R.
(b) The invariant differential,
dx
=
2y +a1x + as

associated to a minimal equation is unique up to multiplication by an element of

R*.

Given a minimal Weierstrass equation of the form (6), we can reduce its coeffi-
cients modulo 7 to obtain a curve over k given by

E:y? + dizy + dzy = 2° + dox® + duz + dg (7)

The curve E is called the reduction of E modulo 7. The restriction of the reduc-
tion map from
P*(K) — P?(k)
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induces a map
E(K) — E(k)

which is again called the reduction map. If the curve E is non singular, then E is
said to have good reduction over K, otherwise E is said to have bad reduction over
K. Let E,(k) denote the set of non singular points of E(k). In particular, if E
has good reduction over K then E(k) = E,,(k). If E has bad reduction over K
then the following situations occur:
(i) If F is a cuspidal cubic , then E,s 2 Gq, and E is said to have additive reduction
over K.
(ii) If E is a nodal cubic, then E,; & G,,, and E is said to have multiplicative
reduction. Two further sub-cases occur in this situation which we mention now.
If the tangent directions at the node of E are defined over k then E is said to
have split multiplicative reduction over K, otherwise it has non-split multiplicative
reduction over K.

Put

Ey(K) = {P € E(K)|P € Ens(k)}
Ei(K)={P e E(K)|P=0.}

Proposition 9. The sets Eo(K), F1(K) and Eyns(k) have a group structure such
that Eo(K) and E1(K) are subgroups of E(K). Further, we have the exact sequence

0 — Ey(K) — Eo(K) — Epns(k) — 0.
Here, the right hand map is the reduction map modulo 7.

Definition 10. The Tamagawa number of E over K is defined as the index
¢k (E) = [E(K) : Ey(K)].

Theorem 11 (Kodaira, Néron). Let E/K be an elliptic curve. If E has split
multiplicative reduction over K, then E(K)/Eo(K) is a cyclic group of order
v(A) = —v(j). In all other cases, the group E(K)/Ey(K) is finite and has order
at most 4.

If E has split multiplicative reduction over K, then by a theorem of Tate
E(K) = K*/qf

where qp is called the Tate period of E over K, and is related to the j-invariant
J(E) of E via the equation

J(E) = j(qr) = q5" + 744 + 196884¢ + 21493760¢% + - - - .

Here, j denotes the modular j-function (see [T] for more details, see also [Sil, Chap-
ter V, Theorem 3.1(b)]). In this case the Tamagawa number cx(E) = ord,(qg)

(see [Si, Corollary 15.2.1]). If E has good reduction over K then cx(E) = 1.
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Elliptic curves over number fields. If K is number field and E/K is an el-
liptic curve then we have the following celebrated “Mordell-Weil theorem” (see [Si,
Chapter VIII]).

Theorem 12. If K is a number field and E/K is an elliptic curve defined over
K, then E(K) is a finitely generated as an abelian group.

In particular
B(K) = 2"%5) @ B(K)r.
Here, ri (E) is called the rank of E/K and E(K ), is the (finite) torsion subgroup
of E(K).

For a non-archimedean prime v of K let k, denote the residue field at v. We say
that E has good (resp. bad) reduction at v if F has good (resp. bad) reduction
over the completion of K at v. For a non-archimedean prime v, we define an
integer

av(E) =qut+1-— #E(kv)

where ¢, is the number of elements in the finite field k,,.

Definition 13. The local L-factor of the Hasse-Weil L-function of E at v is the
polynomial defined as

1 —ay(E)T + q,T? if E has good reduction at v

Lo(E/K,T) = 1-T if F has split multiplicative reduction at v
! ’ 14T if F has non-split multiplicative reduction at v
1 if E has additive reduction at v.

The Hasse-Weil L-function of F over K has the Euler product expansion
L(E/K,s) = [ Lo(E/K,q,%)"" for Re(s) >>0

where the product varies over all non-archimedean primes of K.

By a theorem of Hasse, if v is a prime of E/K of good reduction and
1 —ao(E)T + q,T? = (1 — aT)(1 — BT)

then |a| = |3| = /qu, where | | denotes the complex norm. Thus, |a,(E)| < 2,/,.
This, in particular implies that the the above Euler product converges in the right
half plane Re(s) > 3/2.

Conjecture 1. For an elliptic curve E over a number field K, the Hasse- Weil
L-function of E has an analytic continuation to the entire complex plane C.

As a consequence of the Modularity theorem proved by Wiles et.al. and the the-
ory of base-change for automorphic representations of GL(2) (¢f. [W],[BCDT],[C2]),
we have the following deep

Theorem 14. Let E be an elliptic curve defined over Q and K be a solvable
Galois extension of Q. Then the Hasse-Weil L-function L(E/K, s) has an analytic
continuation to the entire complex plane.

7



The order of vanishing of L(E/K,s) at s = 1 is called the analytic rank of E
over K.

Periods of elliptic curves. Now, consider an elliptic curve E defined over a
number field K. If the class number of K is one, then it is possible to find
a Weierstrass equation which is simultaneously minimal at all non-archimedean
primes of K. Such an equation is called a global Weierstrass minimal equation of
E. Suppose that

E:y2+a1$y+a3y:x3+a2x2+a4x+a6

is a global Weierstrass minimal equation of F over K. Then, the real period of E
is defined as
dx
L/ = /E(R) 2y + a1z + a3 €R ®)

Note that Qp/x € Ap where Ag is the period lattice associated to E. If we
assume Conjecture 1, then there is a uniformly convergent power series expansion
of L(F/K,s) around the point 1 in C. We shall see later that the real period of
FE associated to a global Weierstrass minimal equation appears in the formula for
the leading term of this power series expansion. If K has positive class number,
then the global minimal Weierstrass minimal equation may not exist (see [Si, VIII,
Corollary 8.3]). In this case, the real period is defined by integrating a suitably
chosen differential on the Néron model of E over K called the Néron differential
of E. We will not describe the Néron model of E in this exposition and refer the
reader to [BLR].

The study of L-functions in a broader context was undertaken by Deligne[De].
Deligne identified certain special values of L-functions in this general setting, the
so-called ‘critical” values of L-functions (at certain integers) and conjectured that
these values are algebraic multiples of determinants of matrices whose entries are
‘periods’. We merely point to the part of Deligne’s conjecture which predicts that
in the specific case of the L-function of an elliptic curve defined over Q, the critical
value at the integer 1, when divided by a suitable period gives a rational number.
Put

Lg = 1&1 L(E,s)/(s—1)"E.
s—1
The Birch and Swinnerton-Dyer conjecture (see Conjecture 2(c) below) predicts
an exact formula for the Lg/Qp.

For a nice exposition of the period lattice in the case of elliptic curves, see [De].
For the exact formula in the BSD conjecture, we stress that the choice of the period
is important, and will be the real period as in (8). We remark in passing that the
theory of periods is profound in itself, a full exposition of which would require
delving into cohomology theories and algebraic geometry. For a more in-depth

exposition of periods in general, the interested reader is referred to [KZ].
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Height function on Elliptic curves. Fix an algebraic closure K of a number
field K. For a projective n-space P", the absolute logarithmic height H, is the
function

H, : P*(K) — [0, 00)

Hy([zo, -+, an]) = Z (maz{log|zolv, - -, log |an[s})
all places v
where | — |, is the absolute value at v normalized so that [], |z|, = 1 for all  # 0
in K. It can be easily checked that H is well defined. For an elliptic curve E
defined over K by the Weierstrass equation

y? =23 + az® + bz + ¢,

consider the morphism of projective varieties f : E(K) — PY(K) given by

f(z:y:1]) =[x :1] and f([0:1:0]) =[0:1]. The naive height on E(K) is the
function defined as

h:E(K)— [0,00)

h(P) = Hi(f(P)).
Finally, the canonical height (also called Néron-Tate height) is the function

h:E(K)— [0,00)

~

h(P) := 11113010 47"h([2"]P).
Theorem 15. (Néron, Tate) Let E/K be an elliptic curve and h be the canonical
height on E.
(a) h(P) = (1/2)h(P) + O(1) for all P € E(K).
(b) h(P) = 0 if and only if P is a torsion points.
(¢) The canonical height h is a quadratic form on E(K), i.e. h is an even function,
and the pairing

<> FBK)x EBE(K)—R

<P,Q>=hP+Q) - hP)-hQ)

is bilinear.
(d) For all P € E(K) and all m € Z, we have

h([m]P) = m?h(P).

(e) For all P,Q € E(K), h(P + Q) + h(P — Q) = 2h(P) + 2h(Q)

(f) The canonical height h eztends to a positive definite quadratic form on the
vector space E(K) ® R.

(d) Any function E(K) — R which satisfy (a) and (d) is equal to the canonical
height function h.

We remark that the above properties of the canonical height function are cru-

cially used in the proof of the Mordell-Weil Theorem (see [Si, Chapter VIII]).
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Definition 16. The Néron-Tate height pairing on E(K) is the bilinear form
< P,Q >np= (h(P + Q) — h(P) — h(Q)) for all P,Q € E(K).
The elliptic regulator of E over K is defined by
Regi (E) := det(< Py, Pj >NT)1<ij<r(E)
where P, -+, P, (g is a basis for E(K)/E(K )

Ly

As a consequence of Theorem 15(f) we have the following
Corollary 17. The elliptic requlator Regy (F) > 0.

Selmer group and Tate-Shafarevich group of elliptic curves. In this sec-
tion, we discuss the Galois cohomology of elliptic curves and define the Tate-
Shafarevich group which is an important invariant associated to an elliptic curve
defined over a number field. It is conjectured to be finite and its size appears in the
exact formula for the leading term of the power series expansion of the associated
Hasse-Weil L-function as predicted by BSD conjectures which is discussed below.

For a field K and a discrete module A over the absolute Galois group Gal(K/K)
of K, let H(K,A) denote the i-th Galois cohomology group of A. Let E be
an elliptic curve defined over K. For an abelian group A let Ay, denote the
torsion subgroup of A. The absolute Galois group of K acts continuously on the
discrete group E(K) (resp. FE(K)ir). Now, suppose that K is a number field
and let E be an elliptic curve defined over K. We denote by Fy,. the Galois
module E(K ). For every prime v of K, we have a natural restriction map from
HY(K, E;or) — HY(K,, E(K,)) induced by the inclusion E, « E(K,). The
Selmer group Sel(E/K) of E over K is defined as

Sel(E/K) := Ker(HY (K, Eyp) — HHI(Kv,E(Kv))

v

and the Tate-Shafarevich group denoted by III(E/K), is defined as
I(E/K) := Ker(H'(K,E(K)) — [[ H" (K., E(K,))
where v varies over the set of primes of K. Using the fact that E(K) is divisible,
for every positive integer m, we get the exact sequence
0 — E(K)[m] — E(K) X% E(K) — 0.

From the associated long exact sequence of Galois cohomology for every positive
integer m, we have the exact sequence

0 — E(K)/mE(K) — HY(K, E(K)[m]) — HY(K,E(K).
Since

%Hl(KvE(R)[m]) = Hl(KaE(K)tor)a

taking the direct limit over integers m, we obtain the exact sequence,

0 — E(K)®Q/Z — HYK,E(K)tr) — HYK,E(K).
10



Using this exact sequence along with the snake lemma we get that
0 — B(K)®Q/Z —» Sel(E/K) — II(E/K) — 0.
is exact. For a prime p let Sel,(£/K’) denote the p-primary subgroup of Sel(E/K).

Proposition 18. For any number field K, an elliptic curve E defined over K and
a prime p, we have an isomorphism

Sely(E/K) = (Q/Z,)* /™) @ Finy,
where Finy, is a finite group.
The number s,(E/K) is called the p-Selmer rank of E over K.

The conjectures of Birch and Swinnerton-Dyer (BSD). We are now ready
to state the Birch and Swinnerton-Dyer conjectures as formulated by Birch and
Swinnerton-Dyer following extensive numerical calculations that they made in the
1960’s (see [BS], [B]).

Conjecture 2. (Birch, Swinnerton-Dyer) For a number field K and an elliptic
curve defined over K,
(a) orders—1 L(E/K, s) = rg(E).
(b) The Tate-Shararevich group II(E/K) is finite. In particular, s,(E/K) =
rik(F) for every prime p.
(c)

i L(E/K,s) _ Qp/k % Regr (E) x #1I(E/K)[],< Ck,(E)

s—1 (s — 1) (E) Vdisckg x (#E(K)ior)?

where disck denotes the discriminant of the field K over Q.

The order of the Hasse-Weil L-series at s = 1 is called the analytic rank of E.
Conjecture 2(a) is usually referred to as the weak BSD conjecture and all assertions
together as the strong form of BSD conjecture. Conjecture 2(c) is also known as
the BSD exact formula.

The following quote of Tate neatly summarizes the mystery of the BSD conjec-
ture: “This remarkable conjecture relates the behavior of a function L where it is
not known, to be defined to the order of a group I not known to be finite”.

The BSD conjectures have been proved in some special cases due to work of
Coates-Wiles, Gross-Zagier, Kolyvagin, Rubin and others. We mention that Iwa-
sawa theory and the theory of Euler systems have proved to be effective tools in
attacking the BSD conjectures. In 1977, Coates and Wiles proved the following

Theorem 19. If E is an elliptic curve defined over Q or a quadratic imaginary
extension K of Q, E has complex multiplication by K and L(E/K,s) is non-zero
at 1, then E(K) is finite.

The best result known to date about the weak BSD conjecture is the following.

Theorem 20. If orders—1L(E/Q,s) < 1, then orders—1L(E/Q,s) = rg and
II(E/Q) is finite.
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There are two key ingredients in the proof :

(i) The so-called ‘Heegner points’ and the deep results of Gross-Zagier ([GZ])
relating the canonical height of Heegner points to derivatives of the L-functions.
The Gross-Zagier formula implies that if an elliptic curve E over QQ has analytic
rank of E equal to one, then rg > 1.

(ii) The notion of Euler systems as developed by Kolyvagin ([K]). Kolyvagin
developed the device of Euler systems, which is a tool that connects the analytic
and algebraic sides of the BSD conjecture, and can be used to bound the size of
Selmer group. Kolyvagin used it along with Gross-Zagier’s formula to prove the
finiteness of IHI(E£/Q) and the weak BSD conjecture for elliptic curves over Q with
analytic rank at most one ( see [Z1] for more detail).

For the theory of Euler systems, the interested reader is referred to W. McCal-
lum ([Mc]) and to the excellent book by Rubin ([R3]). The exact formula of the
BSD conjecture is known in special cases and uses very different methods, mainly
from Iwasawa theory (see [CW], [R],[R1],[R2]). For more results on the full BSD
conjecture using Iwasawa theory, the reader is referred to the work of Kato [Ka],
Skinner-Urban [SU]. Even an outline of these results and the methods therein are
beyond the scope of this article.

All the above results assumed the truth of Conjecture 1, which itself was proved
by Wiles et.al. in the late 1990’s (see [W], [BCDT]). There is also a related
conjecture known as the parity conjecture.

Conjecture 3. orders—1 L(E/K,s) = rg(F) mod 2.

Note that the parity conjecture is a consequence of BSD conjecture. It is still
open in general. In recent years, there has been some significant progress towards
the proof another related conjecture, namely the it p-parity conjecture due to
Greenberg, Nekovar, Dokchitser-Dokschitser, Wei Zhang and others (see [Gr], [N],
[DD], [Z)).

Conjecture 4 (p-parity conjecture). orders—1L(E/K,s) = s,(E/K) mod 2 for
all primes p.

The p-parity conjecture together with finiteness of the p-torsion subgroup of
Shafarevich-Tate group implies the parity conjecture. Monsky proved the following

Theorem 21. ([Mo]) (a) The 2-parity conjecture is true for an elliptic curve E
defined over Q.

(b) The p-parity conjecture is true for an elliptic curve E defined over Q if it has
a p-isogeny for a prime p.

Due to work of Nekovar and Dokchitser-Dokschiste, the p-parity conjecture is
known in general over Q. Over a more general totally real number field, we have
the following theorem by Nekovar.

Theorem 22 ([N]). Let E be an elliptic curve defined over a totally real field F.
Then the p-parity conjecture holds for E over F' in each of the following situations
(i) E does not have complex multiplication

12



(i) E has complex multiplication and 21 [F : Q]
(111) E has complex multiplication by a immaginary quadratic field K' and p splits
completely in K'/Q.

For more precise technical results on the p-parity conjecture over some other
number fields by Dokchitser-Dokchitser see [Do].

We close with a brief mention of what is known about the BSD conjecture when
one considers all elliptic curves over number fields. Even though general results on
BSD are not known for elliptic curves of algebraic rank > 1, the conjecture is known
to hold for a large class of curves. Manjul Bhargava and Arul Shankar introduce
and study the ‘it average rank’ of elliptic curves and show that the average rank
is less than one ( see [MS], [MS1]). Recent work of Bhargava, Skinner and Zhang
implies that 66% of the class of all elliptic curves satisfy the BSD conjecture (see
[BSZ]) . In fact, Bhargava and Shankar show that in a statistical sense, a sizeable
proportion of elliptic curves defined over Q has rank zero and another sizeable
proportion has rank one (see [BSZ, Theorem 3] for a precise statement).

So far, there is no general algorithm known which can compute the rank of a
given elliptic curve defined over a number field. One can compute the rank of an
elliptic curve by computing the derivative of the associated Hasse-Weil L-function
only if BSD is known. But at present, we do not know a single example of an
elliptic curve over Q of rank > 2 for which III(E/Q) is finite.

Numerical examples. The BSD conjectures have been verified extensively for
numerous concrete examples. As remarked earlier, the conjecture itself was for-
mulated based on the data obtained by explicit computations. In the last half
a century, remarkable progress on the computational side has been made possi-
ble, thanks to advances in computing and theoretical knowledge. We refer the
reader to the excellent data base compiled by Cremona, Stein, Watkins and oth-
ers ([C],]WS]). Thus the beauty of BSD conjectures lies in its intricacy combined
with the fact that most of the invariants in the exact formula can be explicitly
computed.

In this final section, we provide a few illustrative numerical examples using the
mathematical software Sage. We shall provide three examples of elliptic curves
with analytic rank zero, one and two respectively. Consider the ellipic curve E
given by the Weierstrass equation

E:y?+y=a®— 2% — 7820z — 263580

over Q. The discriminant A of F over Q is 11 and the j invariant of F is equal to
—1 x 212 x 1171 x 293 x 809%. The curve E has split multiplicative reduction at
11. The BSD invariants of E are as follows:

analytic rank, r = 0,

regulator, Regg(F) =1,

real period 2 = 0.253841860856 - - -
torsion order, #FE(Q)ior = 1

L(E/Q,1) = 0.253841860856 - - -
13



e Tamagawa Number at 11, ¢11(F) = 1.

Since L(E/Q,1) # 0, BSD conjectures are true for E over Q. In particular,
ro(E) = 0 and from the above data we get that #III(E/Q) = 1. Next, we
consider the following elliptic curve F of positive rank :

E:y?+y=a+2°

The curve F has non-split multiplicative reduction at 43. The discriminant of E
is —43 and the j invariant is —1 x 3'2 x 43!, The BSD invariants of E are given
by

analytic rank, r = 1,

regulator, Regg(E) = 0.0628165070875 - - -,

real period 2 = 5.46868952997 - - -

torsion order, #E(Q)or = 1

L(E/Q,1) =0and L'(E/Q,1) = 0.343523974618 - - -

Tamagawa Number at 43, c43(E) = 1.

Since E has analytic rank 1 over Q, BSD conjectures hold and we get that rgo(E) =
1 and #III(F/Q) = 1. We shall end by providing an example of elliptic curve for
which we still do not know if the BSD conjectures are true. Consider the elliptic
curve

E:y®+y=2a®+2®— 2z
The curve E has split multiplicative reduction at 389. The discriminant of E is
389 and the j invariant is 2!? x 73 x 389~!. The BSD invariant of E are given by
analytic rank, r = 2,
regulator, Regg(E) = 0.15246017794 - - -,
real period €2 = 4.98042512171 - - -
torsion order, #E(Q)ior = 1
L(E/Q,1) = 0 and L'(E/Q,1) = 0 and L"(E/Q, 1) = 0.759316500288 - - -
Tamagawa Number at 389, cs3g9(E) = 1.
The BSD conjecture for E over Q predicts that the rg(E) = 2 and #I11I(E/Q) = 1.
In this case it can be shown (using the method of “2-descent”) that rg(E) = 2 and
#II(E/Q)[2] =1 (see [C1]). A set of generators of the Mordell-Weil group of E
over Q is given by {(—1,1),(0,0)}. At present we do not know if the predictions
on the size of #II(E/Q) is true.
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