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2u+ f

∂tθ + (u.∇)θ = −
dT
dz

uz +κ∇
2θ

Velocity
field

Pressure Ext. Force

Thermal
fluctuations

Thermal
diffusivity

Kinematic
 viscosity

Temperature
stratification

Buoyancy 



Equations

∂tu+ (u.∇)u = −∇p+αgθ ẑ+ν∇
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Solar Convection 
Ra ~ 1020 
Pr ~ 10-6

Earth’s Mantle 
Ra ~ 107 
Pr ~ 1025

Jupiter 
Ra ~ 1024 

Pr ~ 1
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Bolgiano-Obukhov 
Phenomenology

T

T+rTStably Stratified Flow

Bolgiano, 1959  
Obukhov, 1959

Fr ≈ 1
Ri

; Ri = PE
KE

• Turbulent Re>>1 

• Moderately stratified Fr~1
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FB(k)< 0



k<kB

∏u(k)~k-4/5

Eu(k)~k-11/5

Eθ(k)~k-7/5

k>kBRandom force

kuk
2 =αgθk

Πθ (k)= constant

Bolgiano-Obukhov 
Phenomenology

Advective ~ Buoyancy
(u.∇)u ≈αgθ ẑ
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• DNS supports forward energy 
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et al. (2007), Vallgren et al. (2011), 
Bartello and Tobias (2013)Nastrom et al. Nature 1985

k-3

k -5/3
104 10-2Wavelength

Sp
ec

tra
l d

en
si

ty

Wavenumber

Atmospheric 
 Spectra 



Stably Stratified Turbulence

Seychelles et al. PRL(2008)

D
en

si
ty

 p
ow

er
 s

pe
ct

ra

Zhang, Wu, and Xia PRL(2005)

f (Hz)
1 10 100

Experiments BO Spectrum



Rayleigh-Bénard Convection



Rayleigh-Bénard Convection
• Models



Rayleigh-Bénard Convection
• Models

• Grossmann and Lohse (1991): KO scaling



Rayleigh-Bénard Convection
• Models

• Grossmann and Lohse (1991): KO scaling

• Brandenburg (1992): BO scaling



Rayleigh-Bénard Convection
• Models

• Grossmann and Lohse (1991): KO scaling

• Brandenburg (1992): BO scaling

• Ching and Cheng (2008): BO scaling



Rayleigh-Bénard Convection
• Models

• Grossmann and Lohse (1991): KO scaling

• Brandenburg (1992): BO scaling

• Ching and Cheng (2008): BO scaling

• DNS



Rayleigh-Bénard Convection
• Models

• Grossmann and Lohse (1991): KO scaling

• Brandenburg (1992): BO scaling

• Ching and Cheng (2008): BO scaling

• DNS

• Borue & Orszag (1997), Škandera, Busse, & Müller(2007): KO scaling in with periodic box.



Rayleigh-Bénard Convection
• Models

• Grossmann and Lohse (1991): KO scaling

• Brandenburg (1992): BO scaling

• Ching and Cheng (2008): BO scaling

• DNS

• Borue & Orszag (1997), Škandera, Busse, & Müller(2007): KO scaling in with periodic box.

• Mishra and Verma (2010): KO scaling for Pr ~ 0.



Rayleigh-Bénard Convection
• Models

• Grossmann and Lohse (1991): KO scaling

• Brandenburg (1992): BO scaling

• Ching and Cheng (2008): BO scaling

• DNS

• Borue & Orszag (1997), Škandera, Busse, & Müller(2007): KO scaling in with periodic box.

• Mishra and Verma (2010): KO scaling for Pr ~ 0.

• Verzicco and Camussi (2004): BO scaling.



Rayleigh-Bénard Convection
• Models

• Grossmann and Lohse (1991): KO scaling

• Brandenburg (1992): BO scaling

• Ching and Cheng (2008): BO scaling

• DNS

• Borue & Orszag (1997), Škandera, Busse, & Müller(2007): KO scaling in with periodic box.

• Mishra and Verma (2010): KO scaling for Pr ~ 0.

• Verzicco and Camussi (2004): BO scaling.

• Calzavarini et al. (2002): BO in the boundary layer, KO in the bulk.



Rayleigh-Bénard Convection
• Models

• Grossmann and Lohse (1991): KO scaling

• Brandenburg (1992): BO scaling

• Ching and Cheng (2008): BO scaling

• DNS

• Borue & Orszag (1997), Škandera, Busse, & Müller(2007): KO scaling in with periodic box.

• Mishra and Verma (2010): KO scaling for Pr ~ 0.

• Verzicco and Camussi (2004): BO scaling.

• Calzavarini et al. (2002): BO in the boundary layer, KO in the bulk.

• Experiment: Wu et al.(1990), Castaing (1990), Chillà et al. (1993), Cioni et al. (1995), Niemela et 
al. (2000), Zhou and Xia (2001), Shang and Xia (2001), Mashiko et al.(2004), Sun et al.(2006) : 
KO or BO.



Rayleigh-Bénard Convection
• Models

• Grossmann and Lohse (1991): KO scaling

• Brandenburg (1992): BO scaling

• Ching and Cheng (2008): BO scaling

• DNS

• Borue & Orszag (1997), Škandera, Busse, & Müller(2007): KO scaling in with periodic box.

• Mishra and Verma (2010): KO scaling for Pr ~ 0.

• Verzicco and Camussi (2004): BO scaling.

• Calzavarini et al. (2002): BO in the boundary layer, KO in the bulk.

• Experiment: Wu et al.(1990), Castaing (1990), Chillà et al. (1993), Cioni et al. (1995), Niemela et 
al. (2000), Zhou and Xia (2001), Shang and Xia (2001), Mashiko et al.(2004), Sun et al.(2006) : 
KO or BO.

• Review: Lohse and Xia, ARFM (2010)



Our Work



Simulations



Simulations
• Pseudo-spectral code: Tarang



Simulations
• Pseudo-spectral code: Tarang

• Time stepping: RK4 method



Simulations
• Pseudo-spectral code: Tarang

• Time stepping: RK4 method

Stably stratified turbulence



Simulations
• Pseudo-spectral code: Tarang

• Time stepping: RK4 method

Periodic BC   (u,θ) Stably stratified turbulence



Simulations
• Pseudo-spectral code: Tarang

• Time stepping: RK4 method

Periodic BC   (u,θ) Stably stratified turbulence

RBC



Simulations
• Pseudo-spectral code: Tarang

• Time stepping: RK4 method

Periodic BC   (u,θ) Stably stratified turbulence

RBC
Free-slip BC uz = 0 

∂zux = ∂zuy = 0}



Simulations
• Pseudo-spectral code: Tarang

• Time stepping: RK4 method

Periodic BC   (u,θ)

Conducting plates    θ = 0

Stably stratified turbulence

RBC
Free-slip BC uz = 0 

∂zux = ∂zuy = 0}



Stably Stratified Turbulence 
Simulation Results

Grid = 10243 
Ra = 5000 

Pr = 1 
Fr = 10;    Re = 649
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Weakly Stratified Flow 
Fr >> 1
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Rayleigh-Bénard  
Convection 

Grid = 40963 
Ra = 1.1 x 1011 

Pr = 1 
Re = 4.5 x 104
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Ring Spectrum  
& 

Shell-to-Shell Energy Transfer   
Rayleigh-Bénard Convection 
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Nearly Isotropic

Ring Spectrum
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Forward & local energy transfer
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