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Equations

∂tu+ (u.∇)u = −∇σ +αgθ ẑ +ν∇2u

∂tθ + (u.∇)θ = − dT
dz
uz +κ∇

2θ

∇.u = 0

Velocity 
field

Pressure
Ext. Force

Thermal 
fluctuations

Thermal 
diffusivity

Kinematic 
 viscosity

Bossiness approximation
Temperature 
stratification

Buoyancy 

T=Tc+θ
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Temperature profile in 
RBC
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θm (0,0,kz ) = θm0

1

∫ (z)sin(kzπ z)dz

≈ − 1
π kz

kz even

≈ 0 kz odd
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uz (0, 0, k z ) = 0

ux,y(0, 0, k z ) = 0
0 = − ikσ m (k)

ρ0
+αgθm (k)z!⇒

∂u(k)
∂t

+ i [k ⋅u
p+q=k
∑ (q)]u(p) = − ikσ res (k)

ρ0
+αgθres (k)z −νk

2u!(k)

θ = θres +θm;   σ  =  σ res +σ m

θ = θres +θm;   σ  =  σ res +σ m

∂tu+ (u.∇)u = −∇σ res +αgθres ẑ +ν∇
2u
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Péclet no scaling 
Pe = UL/κ
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∂tu+ (u.∇)u = −∇σ res +αgθres ẑ +ν∇
2u

c1
U2

d
= c2

U2

d
+ c3α gθres − c4ν

U
d2

c1 =
|u ⋅∇u|
U2 /d ;			c2 =

|∇σ |res /ρ0
U2 /d ;			c3 =|θres /Δ|;			c4 =

|∇2u|
U /d2

c1Pe2 = c2Pe2 + c3RaPr− c4PePr

Pe= −c4Pr+ c4
2Pr2 +4(c1 − c2)c3RaPr
2(c1 − c2)
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Determine Ci’s
Finite volume: OpenFOAM 

No-slip on a closed cube 
conducting top and bottom walls 

Insulating side walls

Pr=1,6.8,100,1000

Ra = 106 to 5x108

Grid: 2563
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c1=1.5Ra0.10Pr−0.06

c2 	 = 	1.6Ra0.09Pr−0.08

c3 =0.75Ra−0.15Pr−0.05

c4 	 = 	20Ra0.24Pr−0.08

10



11



Viscous regime

Pe≈ c3
c4
Ra ≈0.038Ra0.60

Turbulent regime

Pe≈ c3
|c1 − c2 |

RaPr ≈Ra0.38 7.5Pr

crossover

Ra≫106Pr2

For Ra up to 108 Pe~Ra1/2

12



Relative strengths of 
various forces in RBC
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Buoyancy 
<< grad(p)
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Spectrum studies
Pr = 1 

Grid: 40963

Ra = 1.1x1011 
Re = 4.5x104

Highest grid achieved so far

on 196608 processors 
of Shaheen of KAUST
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Eu(k)k5/3

∏u(k)

E(k)# = ##KKoε
2/3k−5/3exp(− !k4/3)

Π(k)# = #εexp(− !k4/3)

!k = k /kd

Verma et al., NJP 2016

Pao’s model, 1965 

ε=1.6 x10-3
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Nusselt nu scaling
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〈uzθ 〉V = 〈uzθm〉V + 〈uzθres 〉V

Cuθres = 	
〈 ′uz ′θres 〉

〈u'z2〉V1/2〈θ 'res2〉V1/2
	

Nu = κΔ /d + 〈uzθres 〉V
κΔ /d =1+ uzd

κ
θres
Δ

V

=1+Cuθres 〈u'z
2〉V
1/2〈θ 'res2〉V1/2
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Scaling of viscous 
dissipation rate
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εu~
U3

d
Ra−0.18

C
εu ,1
	= εu
U3 /d = (Nu-1)RaPrPe3 ~Ra−0.21Pr
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Grossmann-Lohse model
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Conclusions
θm (0,0,kz ) = −1/ (π kz )

θmean(z) is a nontrivial profile 

c1Pe2 = c2Pe2 + c3RaPr− c4PePr

Pe= −c4Pr+ c4
2Pr2 +4(c1 − c2)c3RaPr
2(c1 − c2)

Nusselt scaling: Correlations & scaling of  
θres yields Ra0.30

Péclet scaling

εu~
U3

d
Ra−0.18
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Thank you!
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