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Part 1.
Solvable model for a dynamical quantum phase transition from
fast to slow scrambling

Work done with Ehud Altman (UC Berkeley)

SB & E. Altman, Phys. Rev. B 95, 134302 (2017)



Sachdev & Ye, PRL (1993)

Sachdev-Ye-Kitaev (SYK) model Kitaev, KITP (2015)
Sachdev, PRX (2015)
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o Solvable in strong coupling for large N o Jijk

o Emergent near-conformal symmetry at low
energy.

o ‘Maximally chaotic’
Quantum chaos or ‘scrambling’ with e o
Lyapunov exponent, A; = 2nT N sites

‘Upper bound’ to quantum chaos as in a black hole

Maldacena, Shenker & Stanford (2016) Solvable model for

Kitaev > Solvable model for holography (?) | thermalization




Contrast with quadratic infinite range model
(model for quantum dot)

o Fermions occupying states of a N X N random matrix.

o No thermalization or chaos in the many-body sense.

Add weak interaction -2

o Fermi liguid state at infinite N.

Quasi-particle lifetime - T~ 1/T?

. 1
Expectation, Lyapunov exponent A; ~ -~ T?

** Many body localization (MBL) at low T for finite N.
Altshuler, Gefen, Kamenev & Levitov, PRL (1997) A =0
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Part 1: Solvable model with a quantum critical point two
distinct quantum chaotic fixed points, SYK and Fermi-
liquid.

Classifying phases and phase transitions in terms of
guantum chaos?

How spectrum and quantum chaos evolve?
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Two-species fermion P
model Ratio of number of sites of two species



Saddle point and emergent reparameterization symmetry

o Disordered averaged saddle point for N — oo
GH(w) = 46+ 1 — X(w) "

2(1) = —J*G*(1)G(-7) ’ ;

2(w) = Z(w) —u
o Reparameterization symmetry at low-energy (w,T < J)
Jdr G(z,1)2(1y, 1) = =6(r — 1)

T = f(0) o of
_ _ ) ) 1/4 f (O') —_
G(o1,0,) = [f' (o) f"(02)]77* G(f (01), f (7))

do
2(01,02 ) = [f’(01)f’(02)]3/4 i(f(%)»f(az))

- Power-law solution for G (w)



Non Fermi liquid (SYK) fixed point

() = Ae_l(%e) Yo Sen(v)
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Yp(w) ~ —A3e\477) cos 20 \/Jw

o Spectral asymmetry, —% <0< %

T 1/4
2= (cos20)
cos 20

o Diverging DOS forw - 0 atT =0

A, strength of the divergence

10

Sachdev, PRX (2015)
Half filling, 6 = 0
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Quantum chaos in SYK model

Out-of-time-order correlation

(Cj(t)Cj(O)Cj(t)Cj(O)) ~1— (%) eALt

Srambling time

1
/1L227TT t*~/,l—lnN
L

Fastest scrambler! Maximally chaotic.

Upper bound to quantum chaos
Maldacena, Shenker & Stanford (2015)

Kitaev, KITP (2015)
Polchinski & Rosenhaus (2016)
Maldacena & Stanford (2016)

N- 1/h

Solvable model
of thermalization!

How to drive a phase transition out of this maximally chaotic non-

Fermi liquid fixed point?



Naive attempt: add a quadratic term
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¢ (w) =w—-2(w) —t*G(w)

J2— —{ \ 2
(1) = —J26G%(1)G(~1) = £\ LTI
J J A L A
The ansatz G(w) ~ 1/4/w is not self-consistent in the limit w — 0
2](0)) ~JJw £2

X

Gl w)~w—Jw 7%

The free fermion ansatz Is self ¢ () ~ —i/¢ \/
consistent:

Quadratic interaction is relevant. Always a Fermi liquid.
No transition!



Consider a model with two types of sites

N sites: M sites:

SYK coupling Random hopping
—— — 12 __ 42
f =J° Ve, =V? tap =1

1 1
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Saddle point equations at large N

1 1 1
- T .1 +
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Non Fermi liquid fixed point

6™ (@) = et — 5 (w) - V2P G(w)

VZ
G Hw) = xp=TG(w) Y G(w)

5(7) = ~J26*(D)G(~7)

- Emergent reparameterization symmetry

T = f(0)

Scaling dimension

1

G(01,0,) = [f (0)f " (0)1% G(f (01), £ (62)) be=3

G(o1,02) = [f'(0))f ' (6)]** G(f (01), f (02)) Ay :Z
~ z:(0-1' 0-2)

- Power-law solution



Half filling: Non-Fermi liquid
u=20
- Solution at T = 0, for p = % <1

1 pe(w)
1-— |
Gr(w) ~ ( \/]_5)4 e ~lm/4 / \
Gp(w) ~ — VD . \/‘?einﬂ W x W
1y
(1—p)? py(w) ¢
V(1 -p)'/? ’Y_
w, =
t*Jp o W

Weight and bandwidth of the singularity in G (w) vanishes
continuouslyasp = p, = 1



Half filling: Fermi-liquid
o Solutionfor p=M/N > 1

G (@) _ 1 t
r(w) = —i
Jplp - DV*
Cp—11
Gr(w) = —i |——=
v Pt
2
- Constant DOS for w < w, = (VT) Jrip—1)
L J2t3 1 5
Self-energy, ImZ%;(w) ( s ) S0y @

o Free fermion fixed point, emergent reparameterization symmetry

6(01»02 ) = [f'(01)f'(02)]1/2 G(f(%):f(“z)) ~ g(apaz)

—>Critical pointat p = M/N = 1 separates NFL and FL fixed points



Quantum critical point (QCP) between NFL and FL

Half filling
1 1
~ o ~ (1 —1)2
WNF], ( p) w;L N (p B 1)
1
Go(@) ~ (1 — )i N Gr(@) ~ 1/(p —1)2
Gr(w) ~w /(1 —p)* Gr(w) ~ (p — 1)2



Away from half filling

(T
e {(5+0) VP i(Z+o
Gr(w) = A \/]_a) QR(CU)=—m \/]a)e(‘l )
z(1-p)\"* m i
A = -, = 0 < " < Spectral asymmetry
cos 260
What controls 6 ?
0 =0(n) < "kg" n, fermion density

Luttinger theorem for the NFL -2



Luttinger theorem for the NFL
o “dw (0InG dInG\ , .+ “dw [ 0%,
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Georges et al. (2001)




Zero-temperature NFL-FL phase boundary
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Zero-temperature entropy
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What happens to the residual entropy across QCP?



Low-temperature entropy
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Zero-temperature entropy
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Thermodynamic integration CNRL 5 F
95\ __ (%) __ i A SorL =0
<6n> T (6T> =—In (tan (4 * 9)) ‘/ZZ/
=0 " So,syk # 0
0 T[ 0 0.5 ) 1 1.5
So(n) =S(ny) + f dnln (tan (Z + 6(n)>)
0 Luttinger theorem = 6(n)
1-p
So(n=1/2) = S
0( / ) 1 + p 0,SYK 0.5 —Alnalytical

Zero-T entropy vanishes
continuously at the transition

— Change of geometry in dual

gravity across QCP?




Quantum chaos across QCP?

NFL FL
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Fast to slow scrambling
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Out-of-time-order (OTQO) correlation

p=0 (xi(®)x;(0)x;(£)x;(0)) = fo L ettt 4 ...
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Two OTO correlators

Fi(ty,t2) ~ (@) x;(0)x: () x;(0))

Fp(ty,t2) ~ (e () xi(0)14 () x:(0))

Kitaev, KITP (2015)
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Kitaev (2015); Stanford (2016); Aleiner, Faoro & Ioffe (2016);
Haehl, Loganayagam & Rangamani (2016)
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1 0 0
Ladder b _ Fi
series -
to 0 0
t 0 ty ts 0 t1 t3 0
V2 T
F = V7 Fy + |
& 0 s 0 0 ts Iy 0

Fi(t1, tp) = [ dtsdty[Ki1(ty, ty, ts, ta)F1(ts, ta) + Kio(ty, to, ts, ta) Fa(ts, t4)]

Fo(ty, ty) = | dtgdty[Kaq (e, ta, ts, ta)F1(ts, ta) + Koy (ty, to, ts, t4)Fo(ts, ts)]

- Eigenvalue problem
K|F) =k|F)  Witheigenvalue k =1



—> Eigenvalue problem

K|F) = k|F)
K K 3J2GRr(t13)Gr(t24)Gi-(t34) —V*\/DGr(t13)Gr(t24)
% = ( 11 12) - /2
Kz1 Ky — ﬁ Gr(t13)GRr(t24) —t*Gr(t13)Gr(t24)

t13 =01 — 3

Wightmann correlator G, (t) = iG (it + B/2)

IF) = <T1(t1; tz)) _ eALtlertz <f1(t1 - tz))

Chaos ansatz

Fa(ty, t2) f2(t1 — t3)

- Lyapunov exponent kA =1 = 2,

- Solve numerically
- Use conformal Green’s functions in NFL to solve the
eigenvalue problem for T — 0



- Integral equation

1, h ’
3(1 — 'z+5+iu % 1 ’
(4np) (;l z )ZJ du’F<§+i(u—u')> fl(u’)=(k—§)f1(u)
F(Z+7+iu) -
h:)l_L h =1, upper bound
2nT

- Solution  fi(u) = ‘FG +§+ iu)‘z

1

3(1 — p) p 0.8
1+ 2h :(k_E) b -
0.6
c '_AL = 2T

k=1 = h=1 04
0.2

= AL — 27TT , .

00 0.5 1



Lyapunov exponent away from half filling
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SB & E. Altman
Phys. Rev. B 95, 134302 (2017)
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Part 1: Conclusions

Exactly Solvable model for a non-Fermi liquid to Fermi liquid
transition.
— Spectral function
— Zero-temperature entropy
— Many-body quantum chaos,
fast (1, = 2xT) to slow scrambling (1; o« T?).
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o Theory for the critical point? New chaotic fixed point
distinct from either SYK or FL?

o Extension to large-N description for MBL and MBL
transition? No scrambling or power law scrambling.

o Holographic interpretation? Phase transition involving
elimination of black hole?
—>Quench across QCP.
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