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“Your beginnings will seem simple,
so chaotic will your future will be.”

—SYK Model 1:1
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Sachdev-Ye-Kitaev Model: Review

Based on bi-local collective field theory



Why “Bi-local Collective Field Theory™?



SYK Model

* Quantum Mechanics of N Majorana Fermions: x* (i=1,2,---,N)
[Sachdev, Ye, cond-mat/9212030] [Kitaev (2015)]

*x Action: SZ/dT —sz L Z ijXXX

Ligeal=l

* Random Coupling Constant =

IN3
Tjijkljijkl]

v Gaussian Ensemble: P[Jijki] ~ exp [—
é-y J : play a role of coupling constant

* Quenched Average: (logZ),

ol
n

v/ Replica Trick: 1im ¢ [Jevicki, Suzuki, JY, 1603.06246)

cf. Renyi Entropy cf [Nishinaka, Terashima, 1611.10290]
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Bi-local Collective Theory

* @O(N) Invariants: Bi=local Field (Jevicki Suzuki, JY, 1603.06246)

7'1772 E X 7‘1

v cf) Radial Coordinate, 3d Free O(N) vector model

[ Jevicki, Koch, Jin, Rodrigues, 1008.0633]
[ Jevicki, Koch, Rodrigues, JY, 1408.4800]

v Can be treated as a matrix in bi-local space

x Jacobian: e _% (N — 1+ 8(0)) Tr log ©

v Transformation from x to W in path integral

v cf) Jacobian for radial coordinates

v -1, 6(0) : Not so important for a while. Will discuss in SUSY SYK model.
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Bi-local Collective Theory

¥ Bi-local Collective Action [Jevicki, Suzuki, JY, 1603.06246)
N NJ? 4
Seot = =Tr [-D x ¥ + log W] — - dridry [V (11, 72)]

7
(1 (2 &
v O Kinetic term: % / dr x*0: X"

Bi-local Derivative: D(7i,72) = 6,,8(11 — T2)

Star (matrix) product in bi-local space: (4« B)(ri,m) = / ol )

| N
/.8 Jaccbian: oo — T log U

N
v ® Potential: - / dr Y Lo Ol
i,j,k,1=1
: : N3
Disorder average over Gaussian Ensemble: exp [_Tjijkzljijkl]
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Emergent Reparametrization

x At strong coupling limit |77 > 1
N .J?

’ = / dridry [¥(m,72)]"
» Kinetic can be ignored
* Under reparametrization
(1, 7) > [F ()] (F(r1), f(r2) [f (72)]

v Collective action is invariant at strong coupling limit.

N

v Emergent Reparametrization symmetry
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Symmetry Breaking

N N J?
S = rﬁ—D*\Ifglog\If] — é] /dTldTg [\11(7'1,72)]4

* Reparametrization

(11, 7) > [f(r)]3 (£(71), f(72)) [f (12)]3
x Spontaneously Broken by Classical Solution: %e(m, ) = A

Sgn (7’1 e 7'2)

|71 — 72|

v Still Invariant under SL(2,R) : Global

x Explicitly Broken by Kinetic term

x Leads to Pseudo-Nambu-Goldstone Boson

v Crucial for maximal chaos
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Ettective Action

x [Transformation of Classical solution by f(r)

F )1 (£ (), f(72)) [f ()] 2

% Substitute into Kinetic term: —%TrD*\I!

x Schwarzian Effective Action

v/ SL(2,R) invariant S = W -

g
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Maximal Chaos

x Infinitesimal fluctuation in Effective Action: f(r) =7+ €(7)

e

= v [Maldacena, Stanford, 1604.07818]

(€n€—n)

x Contribution of the effective action 1
(U(T1,72)¥(T3,74)) = Vi (71, T2) Vet (73, 72) + O (N)

!

<€n€—n> 5€n wd (017 62)5€—n wd (93’ 94) Lorentzian time
>
x Qut-of-time-ordered Correlator: i ¢ .
[Maldacena, Stanford, 1604.07818] .F(t) £ 62%,5 / “ > X7
> )
v Maximally Chaotic: Ar = %T U’ =

Euclidean time -
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Extension of Bi-local Space

x Add Extra structure to field: Extend bi-local space

L
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\11(7-177-2) » \11(7_17051;7-27052)

Matrix in the extended bi-local space:

(A x B)(71, 01; 72, @2) :/d7'3ZA(TLa1;737a3)B(T3,043;72,CY2)

a3

Replica space: o« =1,2,--- ,n [Jevicki, Suzuki, JY, 1603.06246])
. . . =1
Doubled space in Thermofield Dynamics: a =1, 2 >
[Jevicki, JY, 1503.08484] [Jevicki, Suzuki, 1508.07956] <
=2
Flavory ee=12, - N 1Y, 1707.01740]

Superspace: o« =60 [JY, 1706.05914]

$ iB/2
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| have an SYK, | have a flavor

fa\ e

Uh, SYK ﬂavorI



Global Symmetry: SO(M)

¥ SYK model with SO(M) global symmetry Ofszolﬁ';??ft%}

N

Po Lt Y <
i /dT 522)(105 Tsz o Z Z JijklxzalxjalkuQXZQQ

=1 a=1 iajakal:]- Oé1,042:1

/ Meantfestly SO(M) Invariant  cf) (o2ge7. 12091635 040)

[Gross, Rosenhaus, 1610.01569]

N
a1 Q 1 101 (e
) = NZX (@ e ()
g==

x Bi-local field

v/ MXM matrix: ¥(r, )

v Decomposition: ® | |= (singlet) @ (adjoint)
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Emergent Local Symmetry

x Collective Action [JY, 1707.01740])

NI [ e, 1tx (<@, )@ )
YVi | T14aT2 LI 1502 72,71
Matrix in the extended bi-local space MxM Matrix

x At Strong Coupling, neglect Kinetic term

x Emergent Reparametrization

T (11, 7) > (M) (), f(12) (f (7))
¥ Global SO(M) is enhanced to Local SO(M) symmetry
W (71, 72) > g(11)®(11,72)g " (12)
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Symmetry Algebra

* Symmetry: Semi-direct product Diff x SO(M)

U(ry, 7) > (F(1)7 g(r)T(f(1), f(72))g ™ (2) (f/(72))
* Symmetry Algebra:
[Lna Lm] = (n = m)Lm—I—n

J Jb L abc JcC Thank Prithvi
s Il = 8 for the proof of this.
[Ln7 Jm] = _me+n

v/ Virasoro and Kac-Moody without central extension: Dif f x so(M)
[y, 1767 61740]
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Symmetry Breaking

x Classical Solution: Invariant under Global SO (M)

\Ilcl(7-1,7-2) e Asgn (7-1 Beg 72-2)1-
e

x Spontaneously broken by Classical Solution
U(ry, 7) > (f'(1))? g(r)®(F(n), f(m2))g ™ (72) (f'(72))

1
q

x Explicitly Broken by Kinetic term

N NJ?
Secot|¥] = ?Tr (—D ® \Il} log ¥] — 8]\J4

dm1dTo [tI‘ (_\11(7_17 7_2)\11(7_27 Tl))]2

x Pseudo-Nambu-Goldstone Boson

g
" ICTS 12/25



Ettective Action

x Substitute transformed Classical Solution to Kinetic term

ST G (7)) gm)®(F(m), f(72))g™ () (F (7))
MN diffeo N SO(M 1

» @ Schwarzian Action: Reparametriztion

v Invariant under SL (2,R)

» @ A particle on Group Manifold: Local SO(M) symmetry

: cf [Witten, Stanford, 1703.04612]
v Invariant under global SO (M)

» Coadjoint Orbit [Wadia, Manda, Nayak, 1702.04266]
[Witten, Stanford, 1703.04612]
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Contribution of Effectuve Action

* Infinitesimal Fluctuation: f(r)=7+¢(r) g=I+ip(r)
Reparametrization Local so(M)

x Correlation functions (from effective action) :

s 6‘] 1 a b = ieab 6‘] 1

E M N ags5100 12 (n2 5 1) (pnp_n> = NaSO(M) i

* Contribution to four point function: (. m)ee.m) = Lar.m)La(mm) +0()
Y I 707.01740)

(€n€—n)

® = (singlet) @ (adjoint)

v Singlet Channel: only € gives a contribution
1

M <€n€—n> tr ((5€n \Ilcl(Hl, (92)) tr (5e_n\:[lcl((93a (94))

I

M <l0np—n> tr (5pn\Ilcl<917 92)) tr <5p_n\Ilcl(93; 94)) =) 5pn\Ilcl : traceless

v Adjoint Channel: only p gives a contribution

1
2_ <€n€—n> tr (5en\Ilcl(917 QZ)TG) tr (5€_n\Ilcl(037 04)Tb) =0 5€n\Ilcl ~ I
g

1
% <pn;0—'n> tr (5Pn\IJCl(017 (92)Ta) tr (5p_n\Ilcl(637 94)Tb)
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Summary of Four point Function

x QOut-of-time-ordered Correlators: Analytic Continuation

Lorentzian time

F(7-177-277-37T4) %

< e
. : : [\ T
* Singlet: Maximally chaotic > 1,

27 : :
==t Euclidean time
Fsignlet (t) ~re w2

v Contribution from reparametrization Goldstone boson

x Adjoint: No Exponential Growth

LY 767 617 40]
-Fadjoint (t> ~ 1

v Contribution from so(M) Goldstone boson

g
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| have a SUSY, | have an SYK

Uh, SUSY-SYK



A =1 SUSY SYK Model

[Maldacena, Sachdev, Gaiotto, Fu, 1706.08917]

* Lagrangian for /=1 SUSY SYK Model

L= Z [;xiaxi - %bibi S Z Cijk:binXk:| G2 N
i 15j<k<N
v/ (Gaussian) Random coupling constant: Cj
v/ Non-dynamical boson: b(7)
v/ Supercharge: @ = iCix"x’x"
* |n Superspace, 1 f- Superderivative
L= /d9 [§¢il)9¢i — iCijk¢i¢j¢k

7/ Superfield: (7, 0) = x*(7) + 0b*(7)

g
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Bi-local Superspace

¥ O(N) Invariant Bi-local superfield:
N
v = %;W(Th@l)w(ﬁ,@z)

x Extend to Bi-local Superspace: 1Jv, 1706.05914)

(7'1,7'2) > (7'1,91;7'2,92)
x General Bi-local Superfields:
A(TlaTZ) - A(71791;7_2792)

v Could be Grassmannian odd or Even

L
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Bi-local Supertfield

x Bi-local superfield in components: [JY, 1706.05914]
A(1y,01;712,02) = Ag(T1,72) + 01 A1(11,2) — Aa(71,72)02 — 01 A3(71,72)02
v Ao A1 Az As could be Grassmannian Odd/Even
v Specific ordering and sign
v Our “convention”:
A(71,01;12,02) : Odd if A1(t1,72), A2(7112) are odd (Ao, As: even)

A(71,01;12,02) . Evenif A1(t1,72), A2(7112) are even (Ao, As: odd)

L
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Star Product

x Star product in bi-local superspace
(Ax B)(m1,72) = /dTgA(Tl,Tg)B(T3,7'2) : non-supersymmetric

—> (A® B)(11,01;72,02) :/A(ﬁ,91;73,93)d73d933(73,93;72,92)
» Measure is Grassmannian odd

» Position of measure

x Example: (A~ ® B™ )(11,01;72,02)

= (A * B + A; * BY) + 61(A] * B] + A} « Bf) — (A} * Bf + A; « B;)0; —01(A; x B + AT x B; )0,

g
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Supermatrix Formulation

X Supermatrix: A(11,01;72,02) = Ag(T1,72) + 61A1(71, T2) — Aa(T1,72)02 — 61 A3(7T1,72)02

e
s <A(1) Ai) [JY, 1706.05914)

v Specific position of components: Drastically simplify star product

v Supermatrix is even/odd if A+ is even/odd.

€.g. A(m,01;72,02) = Ag(m1,72) + 0141(71,72) — Aa(71,72)02 — 01 A3(71, 72)02
odd even odd odd even

odd even
>
even odd

Bi-local Superfield ¥ (t+,61;72,02) : Grassmannian Odd Supermatrix

N
U= D v
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Supermatrix Formulation

¥ Star(matrix) product for supermatrix [Jy, 1706.05914)

Al Ag) ® (Bl Bg) e (Al * Bl =F Ag * BO Al * Bg =F A3 * BQ>

A®B:<AO AQ BO BQ Ao*Bl—I—AQ*BO AQ*Bg—I—AQ*BQ

v Usual Matrix multiplication with non-SUSY star product
(A*B)(Tl,’rg) = /dTg A(T1,7'3)B(T3,7'2)

* All supermatrix notations appear naturally in SUSY SYK Model

v ldentity: (61 —62)0(r1 —72) 7 (5(710_ & 5(710—72))

|A| =0 for even supermatrix

v Supertrace: strd =tr A; — (—1)|A|tr Ao

|A| =1 for odd supermatrix

v/ Superderivative, Supertranspose, Berezian, - --r--- -
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Jacobian

¥ Jacobian: log J = — > strlog W [JY, 1706.05914]

L
J ICTS

N —1
T 2+5(0)

v Appear in transf from superfield y(z,0) to bi-local superfield ¥(71,0:;12,0>)

tr log ¥ :non-supersymmetric case

v/ supertrace log of supermatrix (or, log of Berezian)

v/ No counter term §(0): (8 —)5(1 —7) =0 «— (5(612> 5(3@) G
As usual SUSY model 5(7‘ = 7') : non-supersymmetric case

v Shiftin N by -1

s



Digression: Free Theory

% Free SUSY 1d O(N) Vector Model: St = / 7 Bxiaxi— %b%l’]

N—1

: . N
x Collective Action: S.o = str [—5@ ® U+ log \If] [JY, 1706.05914)

kinetic Jacobian

x Large N Classical Solution: Same as Exact Answer

! 0 5
W (71,01;72,02) = 2 (sgn (T12) — 0120(712)02) = (%sgn Gy (612))

* 1/N Corrections?
v/ 1rlog ¥ generates infinite vertices (cubic, quartic, )

1 N -1 (-1)mH!
=0+ —& — —str [(T,; ® $)®™
l+\/N > 5 e SI‘[( ;] & ) }

=1

v (Completely) cancelled % <<I><n, 0172, 02)str [—\Ifc‘zl ® P + % (v @ <I>)®3]> —(
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Repeat the Same Analysis

x Bi-local Collective Action for /=1 SUSY SYK Model

N
Seot = it [-D @ +log¥ ~ T U @ [\11]2] [JY, 1706.05914)

* Large N Expansion: Classical Solution, Quadratic action, -

x* Emergent Super reparametrization [Maldacena, Sachdev, Gaiotto, Fu, 1706.08917]

v Spontaneously and Explicitly broken

v Leads to Super Schwarzian Effective Action

x Richer structure in /=2 SUSY SYK Model:
[Maldacena, Sachdev, Gaiotto, Fu, 1706.08917]

v Chiral/ Anti-chiral bi-local Superfield [JY, 1706.05914]
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Concluding Remarks

x Essence of SYK(-like) Models

v Emergent symmetry
v Spontaneous and explicit symmetry breaking

v Effective Action
x SYK(-lke) Model:

v Hope that they play a role of basic building block like harmonic oscillators to
understand strongly interacting systems.

* Bi-local Collective field theory with extended bi-local space

v/ can provide a tool to construct generalized models from the basic
building block.

g
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We have an SYK.

And, what do you have?



