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Introduction
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I Local quench with temporal width ε is inserted in a CFT at origin.

I We show that when t ∼ l1+l2
2 and ε is small,

the quench correlator can be analytic continued to OTO correlator.

I This enables us to extract the Lyapunov exponent from the quench
correlator.



Introduction

I Consider local quench in one CFT
of TFD.

I Mutual information,
IA:B = SA + SB − SA∪B .

I The time when due to
perturbation, the mutual
information vanishes, IA:B(t∗) = 0,
is the scrambling time.

↔
ε

L R

t

tL tR

t∗ = f(L, β) + β
2π ln

(
εSdensity

4∆

)
+O(ε)

I We evaluate the correction to scrambling time and Lyapunov
exponent, when the infalling massive particle has a spin-3 charge.
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HHLL correlator

I Reduced density matrix:

ρ̂ε = N e−iHt
(
e−εHO(0)eεH

)
ρβ
(
eεHO†(0)e−εH

)
eiHt

= N e−iHtO(x1, x̄1)ρβ O†(x4, x̄4) eiHt

I Entanglement entropy,

SA ∝ ln TrĀ ρ̂ε = ln〈O†(x4)σ(x2)σ̄(x3)O(x1)〉
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Holographic dual

I Backreacted geometry is conical defect geometry,

ds2 = −(r2 +R2 −m) dτ̃2 +
R2 dr2

r2 +R2 −m + r2 dφ2 .

tanhλ =
√

1−Mε2 and m = 24∆
c R2. Caputa, et. al. 1410.2287

I The co-ordinates (r, τ, φ) are related to BTZ co-ordinates (z, t, x) by
following transformation,

DL =
∣∣∣cosh

(
2π
β `
)
− cosh

(
2π
β tL

)∣∣∣
eρL =

RΛβ2

4π2ε
DL

tan (τL) =
2πε

β

sinh
(

2π
β tL

)
DL

tan (φL) = −2πε

β

sinh
(

2π
β `
)

DL

↔ε
t



SL(2) connections and WL prescription

The flat sl(2,R) Chern-Simons connections in the radial gauge,

a =

(
L1 +

α2

4
L−1

)
(dτ + dφ) ā = −

(
L−1 +

α2

4
L1

)
(dτ − dφ)

where α =
√

1− 24∆O
c . Defining matrices,

g = exp (a× (τ + φ)) b(ρ), ḡ = exp (ā× (τ − φ)) b−1(ρ), b(ρ) = eρL0

the holomorphic prescription to obtain Wilson line is,

Wfund(P,Q) = Trfund

[
ḡ−1(P ) ḡ(Q) g−1(Q) g(P )

]
.

SA =
c

6
lnWfund(P,Q) = ln

c

6

(
ln
r
(1)
∞ r

(2)
∞

R2
+ ln

2 cos (α|∆τ̃∞|)− 2 cos (α|∆φ∞|)
α2

)



Single interval entanglement entropy

Transformation is substituted to obtain time dependent jump in EE,

6

c
∆SEE
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`2>t>`1

= ln

(
1 + 12

(
βE

π c

)
Z−1
`1,`2

(t)

)
+ O(ε)

where,

Z`1,`2(t) ≡
sinh π

β (`2 − `1)

sinh π
β (t− `1) sinh π

β (`2 − t)
.



Cross-ratio

Lets consider the cross-ratio,

z =
i sin

(
2πε
β

)
sinh π

β (`2 − `1)

sinh π
β (`1 − t+ iε) sinh π

β (`2 − t− iε)
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When t ∼ (l1 + l2)/2, and ε is small, ⇒ |z| << 1.

To avoid the branch cut when taking the t >> l2 limit,

t→ t+ iε1
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OTOC

Transformation is substituted to obtain time dependent jump in EE,

6

c
∆SEE

∣∣
`2>t>`1

= ln

(
1 + 12

(
βE

π c

)
Z−1
`1,`2

(t)

)
+ O(ε)

where,

Z`1,`2(t) ≡
sinh π

β (`2 − `1)

sinh π
β (t− `1) sinh π

β (`2 − t)
.

Wfund

∣∣∣
OTO

→ 8(RΛ)2β2

π2
sinh2 π

β (`2 − `1)

(
1 − 6βE

π c
e

2π
β (t+ iε1−`2)

)
.

Taking ε1 = β/2 gives the standard OTOC.



Kruskal extension of BTZ

The holographic dual local quench in one CFT of the TFD is the Kruskal
extension of BTZ with an infalling particle on one side of the extension.

↔
ε

L R

t

tL tR

RL

SA∪B

SBSA

tR
tL

Evaluate the Mutual information, IA:B = SA + SB − SA∪B .



Transformation in two regions

DL =
∣∣∣cosh

(
2π
β
`
)
− cosh

(
2π
β
tL
)∣∣∣

eρL =
RΛβ2

4π2ε
DL

tan (τL) =
2πε

β

sinh
(

2π
β
tL
)

DL

tan (φL) = −2πε

β

sinh
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2π
β
`
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DL

DR =
∣∣∣cosh

(
2π
β
`
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+ cosh
(

2π
β
tR
)∣∣∣

eρR =
RΛβ2

4π2ε
DR

tan (τR) = −2πε

β

sinh
(

2π
β
tR
)

DR

tan (φR) = −2πε

β

sinh
(

2π
β
`
)

DR

Related by the replacement, tR → tL + iβ/2.

SA∪B ∼

ln
rLrR
R2

2 cos (α|∆τ̃∞|)− 2 cos (α|∆φ∞|)
α2

( R1, τR1, φR1)

( R2, τR2, φR2)

( L1, τL1, φL1)

( L2, τL2, φL2)
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ρ

ρ

ρ



Scrambling time

Mutual information, IA:B(t) = SA + SB − SA∪B , IA:B(t∗) = 0
in the limit t→∞,

t∗ =
l1 + l2

2
+
β

π
ln

(
2 sinh

π(l2 − l1)

β

)
− β

2π
ln

 β

πε

sinπ
√

1− 24∆
c√

1− 24∆
c


Using ∆

c = E
πc ε, where the energy E of the infalling particle is finite,

Caputa, et. al 1503.08161

t∗ = f(L, β) +
β

2π
ln

(
πSdensity

4E

)
Since, Sdensity = πc

3β and Lyapunov exponent is read from,

t∗ ∼ 1

λL
log c ⇒ λL =

2π

β
.



Charged conical defect

I Infalling massive particle has spin-3 charge, q

ds2 =− dτ2

(
r2 +R2 −m+

q2(
r +
√
r2 +R2 −m

)4
)

+ dr2 R2

r2 +R2 −m + dφ2

(
r2 +

q2(
r +
√
r2 +R2 −m

)4
)

I The flat sl(3,R) Chern-Simons connections in the radial gauge,

a =

(
L1 +

α2

4
L−1 −

πW
8kcs

W−2

)
dξ+ ,

ā = −
(
L−1 +

α2

4
L1 −

πW
8kcs

W2

)
dξ−

α =

√
1− 24∆

c



Charged CD

WAd(P,Q) =
214(RΛ)8β8

π8
sinh8 π

β (`2 − `1)×

(λ1λ2λ3)−2(z z̄)−4

 3∑
j=1

1

λj

(
(1− z)iλj − 1

(1− z)iλj/2−1

)2
 3∑

j=1

1

λj

(
(1− z̄)iλj − 1

(1− z̄)iλj/2−1

)2


I Using the substitution

∆O
c

=
E

πc
ε , W = ε2

4q

π2
, ε� β .

Single side EE, is

∆SEE(PQ) =
c

24
(lnWAd − ln WAd|t=0)

=
c

24
ln

[(
1 +

12βE

πc
Z−1
`1,`2

(t)

)4

− q2

c2

(
12β

π
Z−1
`1,`2

(t)

)4
]

+ O(ε).



Bound on charge

Let’s consider the following limit of entanglement entropy,

∆SEE

∣∣∣
`2→∞, t�`1

=
c

24
ln

[(
1 +

6βE

πc

)4

− q2

c2

(
6β

π

)4
]

The EE is real and finite when,√
|q|
c
<

E

c
+
Sβ
2c

, Sβ =
πc

3β

⇒
√
|W|
c

<
2∆O
c

For, l1 < t < l2, using t→ t+ iε1 and then taking t >> l2,

WAd

∣∣∣
OTO

→ 212(RΛ)8β8

π8
sinh8 π

β (`2 − `1)[(
1 − 2E

Sβ
e

2π
β (t+ iε1−`2)

)4

−
(

36qβ2

π2c
e

4π
β (t+ iε1− `2)

)2
]
.



Scrambling time

We derive scrambling time from Mutual information

IL:R(tL, tR) =
c

24

(
lnWR

Ad + lnWL
Ad − lnWLR,1

Ad − lnWLR,2
Ad

)
where the two sided Wilson line is,

WLR,i
Ad =

214(RΛ)8β8

π8
cosh8 π

β (tL − tR)×[(
1 − 12Eβ

πc
Ti(tL, tR)

)4

− q2

c2

(
12β

π
Ti(tL, tR)

)4
]

Ti(tL, tR) =
sinh π

β (`i − tL) cosh π
β (`i − tR)

cosh π
β (tL − tR)

.

Scrambling time is,

t∗ =
`1 + `2

2
+
β

π
ln
[
sinh π

β (`2 − `1)
]

+
β

2π
ln

∣∣∣∣∣E4

S4
β

− 9q2β2

π2S2
β

∣∣∣∣∣
− 1

4



Lyapunov exponent

t∗ =
`1 + `2

2
+
β

π
ln
[
sinh π

β (`2 − `1)
]

+
β

2π
ln

∣∣∣∣∣E4

S4
β

− 9q2β2

π2S2
β

∣∣∣∣∣
− 1

4

The scrambling time increases as q is increased from 0 to critical value
|q| = E2/c. It is singular at this value, then decreases.

If energy, E is very small,

t∗ ' `2 +
β

4π
ln

(
π2c

36|q|β2

)
Define the ’spin-3 scrambling time’, t∗3 = β

4π log c, Perlmutter, 1602.08272

Hence spin-3 Lyapunov exponent is : λ
(3)
L = 4π

β

This is a holographic verification Perlmutter’s claim , λ
(N)
L = 2π

β (N − 1),



Conical Defect with HS chemical potential

The flat sl(3,R) Chern-Simons connections in the radial gauge,

a =

(
L1 −

πL
2k
L−1 −

πW
8k

W−2

)
dξ+

+ µO

(
W2 −

πL
k
W0 +

π2L2

4k2
W−2 +

πW
k
L−1

)
dξ−

where,

L = −α
2k

2π

(
1− 20

µ2
O α

2

3R2

)
+ . . . , W = µO

4α4k

3πR
+ . . .

µO
R

= ε2
72

π

q

c

In CFT, such a state is given by density matrix,

ρ̂ε = N e−iHt

(∑
n

eµOβWOn On(x1, x̄1) e−βH O†n(x4, x̄4)

)
eiHt .



CFT with Higher Spin symmetry

The bulk background is BTZ with HS chemical potential and infalling
massive particle does not have HS charge. Given by following
deformation of CFT action,

SCFT → SCFT −
∫
d2z µW (z) + h.c.

In CFT and its thermofield double with large interval length l >> β,

SEE(L ∪R) ' 4Sβ v t .

For unperturbed CFT, entanglement speed v = 1.

v remains unaffected in presence of HS deformation,

SEE(L ∪R)→ 4

(
πc

3β
+

32cπ3µ2

9β3

)
t = 4Sβ t



Bound on µ

µc
β

=
3

16π

√
2
√

3− 3 ≈ 0.04066 .
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Scrambling time

CFT evaluation of 6-point correlation function on thermofield double

SL∪R ∝ ln〈O†(x4)σ(x2)σ̄(x3)σ(x̂2)σ̄(x̂3)O(x1)〉

leads to Scrambling time,

t∗ =
`2 + `1

2
+

β

2π

6SEE(`)

c
+

β

2π

(
ln

(
Sβ
πE

)
+

16µ2π2

3β2
+ 2π4µ

2

β2

)
Lyapunov exponent is same as Einstein gravity.



Summary

I We consider 2d CFT at large-c with local quench by operators
carrying higher spin charge.

I We use Wilson line prescription to compute single interval EE
following the quench. We find an analytic continuation which takes
the quench correlator to the OTO correlator.

I The entanglement entropy is finite and real only if the spin-3 charge
satisfies |q|/c < E2/c2.

I We find correction to scrambling time for two sided mutual
information in TFD, when the quench operator has spin-3 charge

I Controlled by spin-3 Lyapunov exponent 4π/β.

I We find scrambling time in a CFT with HS charge, where the quench
has zero HS charge. Lyapunov exponent is same as Einstein gravity.



Thank You!

Surbhi Khetrapal
surbhi@chep.iisc.ernet.in

Indian Institute of Science, Bangalore


	Introduction: Local quench

