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The Causal Set Hypothesis ~ L.Bombelli, J.Lee, D. Meyer and R. Sorkin, PRL 1987

> The Causal Structure Poset (M, <) C (M, g)

» M: the set of events.

> <
> Acyclic: x < yandy <~ x=x=y
> Transitive: x < yandy < z = x < z



The Causal Set Hypothesis ~ L.Bombelli, J.Lee, D. Meyer and R. Sorkin, PRL 1987

> The Causal Structure Poset (M, <) C (M, g)

> Spacetime Discreteness
X

Finite number of “atoms” of spacetime ~ V' / V),



The Causal Set Hypothesis

— L.Bombelli, J.Lee, D. Meyer and R. Sorkin, PRL 1987

> The Causal Structure Poset (M, <) C (M, g)

> Spacetime Discreteness

The underlying structure of spacetime is a causal set or locally finite poset (C, <)




Motivation

” Causal Structure + Volume Element = Spacetime H

—Hawking-King-McCarthy-Malament Theorem
Causal Structure — Partially Ordered Set

Spacetime Volume — Number

Order + Number ~ Spacetime geometry “




The Continuum Approximation

> Spacetime emerges as a “random lattice” generated via a Poisson process:

Py(n) = L exp=PV(pV)"

nl

> Regular Lattice (eg. a diamond lattice): 1 »¢ \//V, under boosts.

> In a Poisson sprinkling: < n >= V/V,



The Continuum Approximation

> Spacetime emerges as a “random lattice” generated via a Poisson process:

Py(n) = L exp=?Y(pV)"

nl

> Local Lorentz invariance: there are no preferred directions
— L.Bombelli, J.Henson, R. Sorkin, Mod.Phys.Lett. 2009



The Continuum Approximation

> Spacetime emerges as a “random lattice” generated via a Poisson process:

Py(n) = & exp=?Y(pV)"

nl

> Local Lorentz invariance: there are no preferred directions
— L.Bombelli, J.Henson, R. Sorkin, Mod.Phys.Lett. 2009

> Non-locality: A causal set need not be a fixed valency graph.




Non-Locality

> Non-finite/non-fixed valency = V ¢(x) M
> Oo¢(x) requires knowledge of whole causal past/future

— R. Sorkin, 2008, Henson, 2008, Dowker and Benincasa, 2010
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Non-Locality

> Non-finite/non-fixed valency = V ¢(x) # M
» [ ¢(x) requires knowledge of whole causal past/future

— R. Sorkin, 2008, Henson, 2008, Dowker and Benincasa, 2010
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lim Bo(x) = (Bp(x)) = O¢(x) (2)
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Is there a way to construct the Green's function directly on a causal set?

DA



Green's Function on a Causal Set : the 2D massless example

> G(x,x') = 10(x°)0(7?)

1/2



Green's Function on a Causal Set : the 2D massless example

> G(x,x') = %@(x0)9(72)

» The Causal Matrix is the 2D massless Green's function:
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— A. Daughton (1993), R. Salgado(2008)



Massive Propagation: the “hop-and-stop” model - Steven Johnston, 2008, 2010

» “Causal Sequence” of k intervening elements x < x1 < x2... < x; < x’.

/X
X2

1

X

> Amplitude for hopping = 2 and Amplitude for stopping = b



Massive Propagation: the “hop-and-stop” model - Steven Johnston, 2008, 2010

» “Causal Sequence” of k intervening elements x < x1 < x2... < x, < x’.

» Amplitude for hopping = 2 and Amplitude for stopping = b

X



Massive Propagation: the “hop-and-stop” model

“Causal Sequence” of k intervening elements x < x1 < x2... < x, < x’.

v

v

Amplitude for hopping = a2 and Amplitude for stopping = b

> Ansantz:
K(x,x") = Z b¥ x (# of ksequences)

» The choice of sequence is dimension dependent.



The 2D Ansatz: Counting Chains

> A sequence of elements x < x; < x ~ x;. < x' forms a totally ordered subset

or k-chain.
. ° x' ° . .
X, . .

. T, 7x1 . ’



The 2D Ansatz: Counting Chains

> A sequence of elements x < x; < x> ... < x, < x' forms a totally ordered subset
or k-chain.
> (Ck) = p¥ [dx1 v(x,x1) [ dxo v(x1,%) ... [ dxk v(xk,x")

H /
v(x, x') ::{ 1 ifx <x

0 otherwise

» 2D Ansatz

K(x—x") =Y a1p5(C)

NE
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(Ci)n = PxuVol(I[x, X'k = p ek
—D. Meyer, 1988



Estimate for the Amplitudes

» Recursion Relation:

(Cort(x — X)) = p / dxt v(x — x1){Celsa — X))

v

Integral Equation:

K(x—x'):au(x—x')—l—abp/dxlu(x—xl)K(xl —x')

v

K(p) = av(p) +abpr(p)K(p) = K(p) = 2225

. . . 2
» Comparison with continuum G(p) = b= _m?_

1
22

> The discrete propagator and the continuum propagator agree even for finite p.



Is K(x — x') = 3°¢2, a*+t1b*(Ck) the propagator in all 2d spacetimes?

DA



Extension to the Small Causal Diamond in 2d

v

“Small” causal diamond /[x, x’].

v

gab(X_X,) = nab(xl) - %(X_X/)C(X_X,)dRacbd(o) + O((X_X,)3)7 RT? << 1

v

(C1) = pVol([x, x']) == pVoly ([x, x'1)(1 + a1 R(x")72 + B1Roo(x')7?).

J. Myrheim, 1978, G. W. Gibbons and S. N. Solodukhin, 2007

>
(Ck) = pk/ dxn/—g1 I/(O,l)/dxz\/— o v(1,2). ../dxk\/— « v(k,k+1)
= (G |1+ 70uR(0) + 2BuR(0)]
Q= — 12(kn+2)€(kk+l)n+2)’ B = 12((k£l1<)n+2)'

— Mriganko Roy, Debdeep Sinha and Sumati Surya, 2013



Continuum Propagator in a Small Causal Diamond

» (00— (m?+£R))G(x — x') :—\/71?()()6(X—X’)

i
(O—(m? +€R))G(x — x') = —8(x — x)

Glx = x') = (—g(NV*G(x — X )(—g(x)/*

> (Dn+%(R"’C bd(O)yCydaaab—Rd"(o)ydf?c)—(m2+(§—%)R))E(XM’) =—0(x,x")

> Golk,x') = gtz and Gao(k,x) = —Elol) = (E=UARD o0 (Go(k, X)),

> 2D: G(x — x') = %@(yo)@(T2)(Jo(mT) - 7(5‘%)J1(m7))

2m



The Discrete 2D case:

> Ansatz: K(x —x') =302, b*(Cy)
> In 2D Racpa = %R(gabgcd — 8ad8bc)

> (Ci) = (Ci)n(1 4+ RT2(20 — Br)) = (Cie)n(1 — 2fi11))

\4

Flat spacetime choice of ,b=—m/p?and £ =0
K(x —x') = %@(yo)@(72) (Jo(mT) + RT"fJQ(mT))

!

G(X—X/):% (yO)o(r 2)(Jo(mT)+ Jg(mT)>



The 4D Ansatz:

> G(x,x') = @(XO)@(TZ)[—ﬁJ(#) + #mjl(mT)]
> Massless case

» Massive case — Steven Johnston, 2008, 2010



The 4D Ansatz:

> G(x,x') = O(x°)O(7%)[~ 57 8(7%) + g7 mh(m7)]

4rT

> Massless case
> “First” Layer:

»> Nearest neighbours are "links”: x < y iff Az, x <z < y. .
> The “Link” Matrix Po(x, x") = exp—PV(X:X/)

> lim, oo —T\/%Po(x,x’) = —%5(7’2).

> Massive case — Steven Johnston, 2008, 2010



The 4D Ansatz:

1
> G(x,x') = @(XO)@(TQ)[—ﬂé(TQ) + 47”_ mJi(mT)]
> Massless case
> Massive case
> Choose the sequence x < x; < X2 ... < xx < x’ such that each x; < x;41 is a link.

> Ansatz:

(x = x i b (Py)

>
o

> (P) = p¥ J [ [dade ... dap(x —x1). .. u0x —x")

p(xi = xiy1) = exp™ P Volbi i)

» Comparison with the continuum when p — oo gives and b = 7’“7.



Extension to a Small Causal Diamond: Massless, Conformally Coupled

1
> Géi,)?(x) **6(72)(14’ ERabX X )
_ N pVin(x pVn(x
- = s [ s O]

v

1 1
|impﬁ>oo Kéfl’)?(x) = _56(7—2)(1 _ %Rabxaxb)

v

limy— oo Kéi‘)?(x) = Géil)?(x) when R, = %Rgab.



Why does this work .

sometimes?

Q>



A Convolution Argument

> Gm(x,x") = Go(x,x") + m?(Gy * Go)(x,x") + m*(Go * G * Go)(x,x") + ...

v

Gr(x,x") = Go(x,x") — %(Go * Go)(x,x") + (%)Z(Go x Go * Go)(x, x") + ...

> This suggests that if there is a convolution form for G(x, x”) then knowing
Go(x, x") is enough.

> Discrete case follows .. almost trivially.



Brand New Thoughts: 3d case

> G(x,x') = —O(x0)O(r?) L cosmr

p=

» Causal set analog of 7(x,x’): Length of the longest chain /(x, x/)

I .
YA
° . 7 X . ¢
x o o .. .

1 1
> Ko(x,x') = 2w 2(x,x")

> K(x,x’) generated via convolution.



Open Questions

» What is the propagator in 3,5,6..... dimensions?
> K(x,x") for generic curved spacetime?

» Phenomenology: Finite p gives rise to violations of Huygen's principle.



