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Tomonaga-Luttinger Liquid
• Theory
– Characterized by the Luttinger parameter !.
– Critical, with divergent correlation length.
– Translational/Scale invariance.
– Power law decay of the correlation functions.

• Numerical study (DMRG)
– Finite size calculation (OBC, PBC)

• Finite size effects, finite size scaling.
• Boundary effects.

– Infinite size calculation
• Take advantage of the translational/scale invariance.
• iDMRG/sMERA.



Tomonaga-Luttinger Liquid + Impurity

• Finite size calculation (OBC, PBC)
– Very large size is needed.

• Infinite size calculation
– Broken translational invariance (iMPS).

• Boundary/Impurity calculation
– bMERA
– iMPS with ``infinite boundary conditions (IBC).’’

• H. Phien, G. Vidal, I. P. McCulloch, PRB 86, 245107 (2012).
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We study theoretically the transport of a one-channel Luttinger liquid through a weak link. For

repulsive electron interactions, the electrons are completely reflected by even the smallest scatterer, lead-
ing to a truly insulating weak link, in striking contrast to that for noninteracting electrons. At finite
temperature (T) the conductance is nonzero, and is predicted to vanish as a power of T At T. =O
power-law current-voltage characteristics are predicted. For attractive interactions, a Luttinger liquid is
argued to be perfectly transmitted through even the largest of barriers. The role of Fermi-liquid leads is
also explored.

PACS numbers: 72. 10.Bg, 73.20.Dx

In recent years there has been tremendous interest in
electron transport through barriers or weak links in which
Coulomb effects play an important role [I]. A central
feature is the Coulomb blockade, due to the Coulomb
barrier that must be overcome to transfer a single elec-
tron across a weak link. In the so-called "orthodox"
theory [2], no current is possible at T=O until the voltage
across the link exceeds the capacitive energy, e /C. In
more recent refinements [3], which allow for tunneling
through the Coulomb barrier via virtual states between
two weak links, a small Ohmic leakage current is predict-
ed. However, a number of recent theories [4,5], which
study the effects of a series lead resistance on the tunnel-
ing process, make the striking prediction that the Ohmic
leakage current is suppressed to zero at T=O for any
nonzero series lead resistance. In this case the weak link
is predicted to be a true insulator with strictly zero linear
conductance. If the transport through the weak link is
viewed as a scattering problem as in the Landauer theory
[6], this result is most strange indeed. At least for nonin-
teracting electrons it is clear that there will always be
some nonzero transmission through even the weakest of
weak links. Are we to believe that inclusion of a series
lead resistance changes this qualitatively, and can lead to
a truly insulating link?
In this Letter we consider the transport of a one-

channel interacting electron gas through a weak link. In
contrast to previous work on the Coulomb blockade, we
include explicitly electron-electron interactions even away
from the weak link. As we shall see, these play a most
crucial role. Our motivation for studying one dimension
(ID) is twofold. First, it has become possible over the
past several years to fabricate single-channel nanostruc-
tures, and interesting effects related to the Coulomb
blockade have been observed [7]. In addition, in contrast
to higher dimensions, precise statements can be made in
1D even in the presence of interactions
Away from charge-density-wave instabilities the lD

spinless interacting electron gas is a Luttinger liquid [8],
which is characterized by power-law decay of various
correlation functions with exponents which depend on the
strength of the interactions [8,9]. In the following we
show that the transport of a Luttinger liquid through a
weak link is strikingly different from that in a Fermi
liquid (i.e., noninteracting electrons). The behavior de-
pends critically on whether the electron interactions are
repulsive or attractive. For repulsive interactions, an ar-
bitrarily small obstacle is shown to lead to complete
reAection and gives a zero linear conductance at T=O.
At T&0 the conductance is found to vanish as a power of
temperature [10]. Fermi-liquid leads attached to a one-
channel sample of length I cut off this power law below a
crossover temperature Tt =hvF/Lktt, where vF is the
Fermi velocity. A Luttinger liquid with attractive elec-
tron interactions, on the other hand, is argued to be per-
fectly transmitted through even the largest of barriers.
The Fermi liquid with no interactions has a finite conduc-
tance [6] which depends on the strength of the barrier,
and lies on the boundary between these types of behavior.
To model a Luttinger liquid, we adopt Haldane's ap-

proach [11] to describe 1D spinless fermions in which the
Fermi field Ilt(x) is expressed in terms of two boson fields
pand 8:

Ilt (x)-g exp[in[Jn 6(x)+kFx]}exp[iJig(x)] . (1)
nodd

The boson fields satisfy the commutation relations
[P(x),0(x')] =—iB(x—x'), so their respective canonical
momenta are given by 8&=9,0 and H&=8, IIII. These
have a simple physical interpretation: t), p is essentially
the current and al„e is proportional to deviations of the
particle density from its mean density p=k / Fwttith kt.
the Fermi wave vector. The sum over n in (I ) accounts
for the discrete nature of the particle density. Fermi
statistics is due to n being odd: Even n would give a ho-
sonic field y.
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Kondo effect in XXZ spin chains
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The Kondo effect in a one-dimensional spin- 12 XXZ model in the gapless XY regime (21,D<1) is
studied both analytically and numerically. In our model an impurity spin (S51/2) is coupled to a single spin
in the XXZ spin chain. Perturbative renormalization-group ~RG! analysis is performed for various limiting
cases to deduce low-energy fixed points. It is shown that in the ground state the impurity spin is screened by
forming a singlet with a spin in the host XXZ chain. In the antiferromagnetic side (0,D<1) the host chain
is cut into two semi-infinite chains by the singlet. In the ferromagnetic side (21,D,0), on the other hand,
the host XXZ chain remains as a single chain through ‘‘healing’’ of a weakened bond in the low-energy
~long-distance! limit. The density-matrix renormalization-group method is used to study the size scaling of
finite-size energy gaps and the power-law decay of correlation functions in the ground state. The numerical
results are in good agreement with the predictions of the RG analysis. Low-temperature behaviors of specific
heat and susceptibility are also discussed. @S0163-1829~98!04433-6#

I. INTRODUCTION

There has been a recent resurgence of interest in the
Kondo effect1 in one-dimensional ~1D! strongly correlated
systems. In 1D interacting systems belonging to the univer-
sality class of the Tomonaga-Luttinger ~TL! liquids, a static
impurity potential has a drastic effect and is renormalized to
infinity or zero, depending on whether the interaction is re-
pulsive or attractive.2 This anomalous response to a static
impurity of TL liquids has attracted a lot of attention and has
led to further studies on the effects of a dynamic impurity
~typically a magnetic impurity! in a TL liquid. A generalized
Hubbard model with an impurity spin (S5 1

2 ) and its variants
have been studied by many authors. It was found that the
Kondo temperature, which is a typical energy scale for host
electrons to screen an impurity spin, has a power-law depen-
dence on the Kondo exchange coupling.3–5 Properties of
low-energy fixed points have been discussed using perturba-
tive renormalization-group analysis4 and the boundary con-
formal field theory approach.6–8 A recent Monte Carlo study9
on the susceptibility of an impurity spin is consistent with
anomalous power-law temperature dependence conjectured
earlier.4 In addition to the models with a simple Kondo cou-
pling, there are some exactly solvable models in which an
impurity spin is coupled to the spin density of electrons via
special forms of the Kondo exchange coupling.10,11 These
solvable models, however, do not show the anomalous
power-law behavior of the specific heat10 because the opera-
tor responsible for this anomalous scaling is absent in the
models constructed to be integrable. It seems that these solv-
able models do not represent a generic situation, and we will
not address this issue further.
In this paper we consider a simplified model that we be-

lieve shares common features with the above-mentioned
Kondo effect in 1D interacting electronic models like the
Hubbard model. We here focus on the spin sector and dis-
card the charge degree of freedom. This may correspond to

the half-filled case in the original electronic models. The
Hamiltonian of the system we discuss in this paper has the
form H5H01HK , where H0 describes the host S5 1

2 XXZ
spin chain,

H05J (
i52`

`

~Si
xSi11

x 1Si
ySi11

y 1DSi
zSi11

z !, ~1!

and HK the Kondo coupling,

HK5JK~S0
xS imp

x 1S0
yS imp

y 1DS0
z S imp

z !. ~2!

The size of the impurity spin is also assumed to be 1/2. An
important point of our model is the absence of SU~2! spin-
rotation symmetry. We assume uDu,1 to ensure that the host
XXZ spin chain has gapless excitations. For simplicity we
have used the same parameter D in H0 and HK . We note that
D in H0 is an important parameter controlling the power-law
behavior of various correlations while D in HK does not play
any significant role in the following discussions. The Kondo
coupling JK can be either antiferromagnetic or ferromag-
netic, but we will concentrate on the antiferromagnetic case
(JK.0) in this paper. We will show in this paper that, when
0,D,1, the Kondo effect in the XXZ spin chain is very
similar to the Kondo effect in TL liquids with 1

2 ,Kr,1 and
Ks51, where Kr and Ks are parameters characterizing the
TL liquids.4 In this sense our model can be regarded as a toy
model for the Kondo problem in 1D interacting electron
systems.12 We note that in Eq. ~2! the impurity spin is
coupled to a single spin located in the middle of the chain,
unlike the model studied by Clarke et al.,14 where an impu-
rity spin is coupled to two spins symmetrically, and the
model studied by Wang,15 where an impurity spin is coupled
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B. Strong-coupling limit for 0<D<1

Let us consider the strong-coupling limit where JK@1. In
this limit we first diagonalize HK and treat the coupling be-
tween S0 and its neighbors (S61) as weak perturbations. The
ground state of HK is a spin singlet (S01Simp50). In the
limit JK!` the system consists of the singlet and two de-
coupled semi-infinite chains ~SIC’s!. With very large but fi-
nite JK , we derive effective interactions acting on the sub-
space of the singlet plus the SIC’s using 1/JK expansion.24
Second-order perturbation yields

H252
1

2JK~11D!
~S1

1S21
2 1S1

2S21
1 !2

D2

2JK
S1
z S21

z 1const.

~9!

Higher-order calculations also give the same form of inter-
actions ~and irrelevant operators!. We now need to know the
bosonization of these operators S61 at the boundaries of the
SIC’s. This was discussed in detail by Eggert and Affleck16
and we can simply borrow their results. The open-boundary
condition implies that the phase field f(x) is fixed to be
some constant at x50. To be specific, let us impose f(0)
50. The left-going field fL(x)5Ap@f(x)1f̃(x)# and the
right-going field fR(x)5Ap@f(x)2f̃(x)# are no longer in-
dependent. From these chiral fields we introduce two left-
going fields:

f.~x !5Q~x !fL~x !2Q~2x !fR~2x !, ~10a!

f,~x !5Q~2x !fL~x !2Q~x !fR~2x !, ~10b!

where Q(x) is a Heaviside step function. The field f.(x)
describes bosonic excitations in the SIC of the positive x
region (Si : i.0!, and the other field f, describes excita-
tions in the negative x region. Their commutation relations
are @f.(x),f.(y)#5@f,(x),f,(y)#52ip sgn(x2y) and
@f.(x),f,(y)#50. Their dynamics is governed by the
Hamiltonian

HSIC5
v
4p E

2`

`

dxF S
df.

dx D
2

1S
df,

dx D
2

G . ~11!

With these fields the boundary spins can be written as

S1
6}exp@6i2ApRf.~0 !# , S1

z}
df.~0 !

dx , ~12a!

S21
6 }exp@6i2ApRf,~0 !# , S21

z }
df,~0 !

dx . ~12b!

The scaling dimension of S61
z is 1 and that of S61

6 is 2pR2.
In general, the vertex operators eiaf. and eiaf, have dimen-
sion a2/2. We thus find that, among possible interactions
generated by the 1/JK expansions, S1

1S21
2 1S1

2S21
1 is most

dangerous and has dimension 4pR2. This operator is irrel-
evant when 0,D<1. Therefore we may conclude that, when
the anisotropy parameter D of the host XXZ spin chain is 0
,D<1, the infrared stable fixed point corresponds to the

limit JK!` , where the system is decoupled into a singlet
and two semi-infinite XXZ spin chains; see Fig. 1. The sin-
glet acts like an infinitely high potential barrier for excita-
tions in the spin chain and effectively cuts it into two SIC’s.
If the host spin chain is of finite length containing L spins
and if we apply the periodic boundary condition, then its
low-energy fixed point is an open spin chain consisting of
L21 spins, in addition to a decoupled spin singlet formed
from the impurity spin and a spin originally in the host spin
chain.26 This strong-coupling fixed point is very similar to
the one found for the Kondo effect in electronic TL liquids.4
The above result is a natural generalization of the conclu-

sion of Eggert and Affleck to the case 0,D,1. In their case
the low-energy fixed point is a singlet plus decoupled two
semi-infinite Heisenberg spin chains, and the leading irrel-
evant operator at the fixed point is a dimension 2 operator,
S1•S21 . In our case the operator S1

1S21
2 1S1

2S21
1 has a

smaller scaling dimension than S1
z S21

z because of the ab-
sence of the SU~2! symmetry. Since its dimension 4pR2 is
in general noninteger, we may expect that it should give
anomalous power-law temperature dependence to various
quantities.
The coupling to the Kondo impurity gives rise to an extra

contribution to the specific heat and the spin susceptibility,
which we denote as dC and dx. Their temperature depen-
dence near the strong-coupling fixed point is determined by
the leading irrelevant operator, Ô15g1(S1

1S21
2 1S1

2S21
1 ),

where g1 is a coupling constant. To obtain leading tempera-
ture dependence we may use a perturbation expansion in
Ô1 .27
We first estimate dC . Up to second order, the change in

the free energy is given by

dF52E
0

b/2
dt^Ô1~t!Ô1~0 !&}2E

tc

b/2
dtS

pTtc
sin pTt D

2d

,

~13!

where d54pR2, b is inverse of the temperature T , Ô1(t)
[etHSICÔe2tHSIC, and tc is a cutoff to regularize the inte-
gral. Note that there is no first-order contribution of Ô1 to
dF . The low-temperature expansion of the integral in Eq.
~13! for general d reads

FIG. 1. Schematic picture of renormalization to the strong-
coupling fixed point where the XXZ chain is cut by the singlet.
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General method for calculating the universal conductance of strongly correlated junctions of
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We develop a method to extract the universal conductance of junctions of multiple quantum wires, a property
of systems connected to reservoirs, from static ground-state computations in closed finite systems. The method
is based on a key relationship, derived within the framework of boundary conformal field theory, between
the conductance tensor and certain ground-state correlation functions. Our results provide a systematic way of
studying quantum transport in the presence of strong electron-electron interactions using efficient numerical
techniques such as the standard time-independent density-matrix renormalization-group method. We give a
step-by-step recipe for applying the method and present several tests and benchmarks. As an application of the
method, we calculate the conductance of the M fixed point of a Y junction of Luttinger liquids for several values
of the Luttinger parameter g and conjecture its functional dependence on g.

DOI: 10.1103/PhysRevB.85.045120 PACS number(s): 73.63.Nm, 71.10.Pm, 73.23.−b

I. INTRODUCTION

Advances in molecular electronics can extend the limits
of device miniaturization to the atomic scales where entire
electronic circuits are made with molecular building blocks.1,2

Single-molecule junctions connected to two macroscopic
metallic leads have already been successfully fabricated,3 and
there are several proposals such as laying quantum wires on top
of each other for making junctions of multiple quantum wires.4

If we eventually manage to build entire electronic circuits
with molecular building blocks, a paramount goal in the
field of molecular electronics, junctions of three or more
quantum wires will inevitably be a key ingredient. These
junctions are comprised of several quantum wires, i.e.,
quasi-one-dimensional (1D) metallic structures with atomic
scale sizes, that are connected to one another by a given
molecular structure as shown schematically in Fig. 1. The
structure and interactions at the junction depend on the
particular system under study. What we mean by metallic
in the above description of quantum wires is that they are
capable of conducting electricity due to the presence of gapless
excitations. A generic description for these 1D quantum
wires is based on the Tomonaga–Luttinger-liquid theory.5–8

Structures involving Luttinger-liquid quantum wires have been
the subject of numerous recent studies.9–29 Experimentally,
such quantum wires are realized with carbon nanotubes or
through the cleaved edge overgrowth technique in GaAs
heterostructures.30–32 Electrical current running in the wires
can pass through this molecular structure at the junction.

At molecular length scales, quantum mechanics is im-
portant and the system represented above must be modeled
accordingly. The simplest theoretical description of systems
such as this is based on the tight-binding model, with
anticommuting creation and annihilation operators introduced
for different atomic sites. An effective Hamiltonian can then
be written in terms of these creation and annihilation operators

and generically involves hopping terms c†c and density-density
interaction terms nn with n = c†c.

Suppose we wish to study a rather arbitrary junction,
the structure and interactions of which are represented by a
tight-binding Hamiltonian. A very basic question regarding
this system is how it conducts electricity. Consider a system
of M wires. In the presence of voltage biases Vα applied to the
endpoint of wire α for α = 1, . . . ,M , current Iα will flow along
each wire α. By convention, a current Iα is positive if it flows
toward the junction and negative if it flows away from it as seen
in Fig. 1. In general, i.e., at arbitrary biases and temperatures,
this problem is very complicated and the currents flowing in the
quantum wires are nonuniversal functions of the temperature,
the voltages Vα , and the microscopic details of the system.
In this paper, we are concerned with the linear-response
regime where universal behavior can emerge. We work at zero
temperature and consider only the limit of infinitesimal biases.
The currents in this regime will be a linear combination of the
applied biases as seen in the following:

Iα =
∑

β

GαβVβ . (1)

This linear relationship defines the linear conductance tensor
Gαβ , which is the quantity of interest in this paper.

One of the most important ideas of modern physics is the
remarkable universality that emerges near critical points. It
turns out that due to the criticality of the bulk of quantum wires,
i.e., having divergent correlation lengths, a large degree of
universality also emerges in the behavior of quantum junctions.
The universality can be understood in the framework of the
renormalization group (RG).33 One can argue that in the limit
of small biases and low temperatures, many of the microscopic
details of the junction are irrelevant in the RG sense, which
means their contribution to conductance, and other physical
observables, decays to zero at large distances and low energies.
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the structure and interactions of which are represented by a
tight-binding Hamiltonian. A very basic question regarding
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We study numerically the universal conductance of Luttinger-liquid wire with a single impurity via the
multiscale entanglement renormalization ansatz (MERA). The scale-invariant MERA provides an efficient way
to extract scaling operators and scaling dimensions for both the bulk and the boundary conformal field theories. By
utilizing the key relationship between the conductance tensor and ground-state correlation function, the universal
conductance can be evaluated within the framework of the boundary MERA. We construct the boundary MERA
to compute the correlation functions and scaling dimensions for the Kane-Fisher fixed points by modeling the
single impurity as a junction (weak link) of two interacting wires. We show that the universal behavior of the
junction can be easily identified within the MERA and argue that the boundary MERA framework has tremendous
potential to classify the fixed points in general multiwire junctions.
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I. INTRODUCTION

Recent advances in nanofabrication allow device miniatur-
ization to the molecular scale. Devices such as single-molecule
junctions connecting to multiple metallic leads are promising
candidates as the building blocks for molecular electronics
[1,2]. Furthermore, it is now possible to confine electrons
in one-dimensional (1D) quantum wires, where Luttinger
liquid (LL) can be realized with short-ranged electron-electron
interactions [3– 8]. As a result, fabrications of junctions of
multiple LL wires are within the reach of current experimental
technology. Therefore, understanding properties of the multi-
wire junction, such as the linear conductance, are of current
interest.

Theoretically, one-dimensional (1D) interacting quantum
systems enjoy a special status as there exist a plethora of
analytical and numerical methods. In particular, for 1D critical
systems, we can use powerful theoretical tools such as the
conformal field theory (CFT) and the renormalization group
(RG) to analyze the physical properties [9,10]. For instance, the
presence of a potential barrier (impurity) leads to a boundary
RG fixed point that determines the transport of a 1D interacting
LL [11– 14]. The CFT description suggests that a conformally
invariant boundary condition (CIBC) will be associated with
a boundary RG fixed point due to the presence of the
impurity [15]. A complemental RG approach with fermionic
description instead of the standard bosonization procedure
can also be used at weak interaction and provides a route
to capture the non-Luttinger-liquid behaviors in 1D quantum
wires [16]. These analytical approaches have yielded great
success in studying various 1D quantum impurity problems,

*pcchen@phys.nthu.edu.tw
†yjkao@phys.ntu.edu.tw

such as Kondo impurities [17], resonance tunnelings [18], and
junctions of quantum wires [19].

On the other hand, numerical studies on the LLs with
impurities have provided useful insights into the properties of
the RG fixed points [20– 22], and have aided the identification
of new fixed points for more complicated structures [23– 25].
However, it is difficult to simulate 1D critical systems, of which
the LL is an example, because reaching scale invariance in
order to capture the true power-law correlations requires large
system sizes. A recent proposal based on tensor network states
called the multiscale entanglement renormalization ansatz
(MERA) has been shown to overcome these difficulties in sim-
ulating scale-invariant critical systems [26]. The key concept
of the MERA is to keep only the long-range entanglement
of the system during the real-space RG transformation. In
particular, MERA in its scale-invariant form allows one to
extract the universal properties such as critical exponents,
scaling dimensions, and long-range power-law correlations.
Moreover, since the effects of an impurity can be included
by introducing an impurity-defined boundary, the boundary
MERA is capable of capturing the boundary RG fixed points
and serves as an ideal tool to study quantum impurity problems
in 1D quantum critical systems [27].

With the density-matrix renormalization group (DMRG)
as the primary numerical scheme currently to study quasi-
1D interacting systems [28,29], it is worthwhile to discuss
briefly how and where the boundary MERA scheme can
have an advantage over DMRG. First, since the finite-size
DMRG calculation rarely reaches scale invariance, it becomes
nontrivial to extract properties of boundary RG fixed points due
to the presence of an impurity in a 1D critical system. Often,
a finite-size scaling or further manipulation on the numerical
data is required to extract the necessary information in order
to show the effects of the boundary [30]. Specifically, previous
attempts using DMRG to obtain the fixed-point universal
conductance of a multiwire junction has its limitations: it

1098-0121/2014/90(23)/235124(13) 235124-1 ©2014 American Physical Society



Infinite Matrix Product State (iMPS)
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Bethe Ansatz, Field Theory, iMPS
• Bethe ansatz
– Exact analytical expression for short range correlation 

functions.

• Field theory
– Asymptotically correct analytical expression.

• iMPS
– Finite correlation length.
– (More) accurate at short distance.
– (Less) accurate at long distance.



Bulk Benchmark (Short Distance)

3

TABLE I. hSz
S

zi correlation function for the case of V = 1.0, obtained from iDMRG with virtual bond dimension m = 800
and the exact Bethe Ansatz results.

r hSz
�1/2S

z
�1/2+ri hSz

1/2S
z
1/2+ri Average Bethe Ansatz6 Absolute Error

1 �0.1477158064 �0.1477156569 �0.1477157316 �0.1477157269 0.0000000048

2 0.0606797760 0.0606797760 0.0606797760 0.0606797700 0.0000000060

3 �0.0502486668 �0.0502485908 �0.0502486288 �0.0502486273 0.0000000015

4 0.0346527563 0.0346527563 0.0346527563 0.0346527770 0.0000000206

5 �0.0308903191 �0.0308902855 �0.0308903023 �0.0308903666 0.0000000643

6 0.0244466380 0.0244466380 0.0244466380 0.0244467383 0.0000001004

7 �0.0224981322 �0.0224981137 �0.0224981229 �0.0224982228 0.0000000998

TABLE II. hSz
S

zi correlation function for the case of V = 0.5, obtained from iDMRG with virtual bond dimension m = 800,
the exact Bethe Ansatz results, and the field theory prediction.

r hSz
�1/2S

z
�1/2+ri hSz

1/2S
z
1/2+ri Average Bethe Ansatz7 Field Theory9 Absolute Error

1 �0.5000010645 �0.4999989325 �0.4999999985 �0.5000000000 �0.5805187860 0.0000000015

2 0.1093749813 0.1093749813 0.1093749813 0.1093750000 0.1135152692 0.0000000187

3 �0.0979007322 �0.0978998444 �0.0979002883 �0.0979003906 �0.0993588501 0.0000001023

4 0.0439766803 0.0439766803 0.0439766803 0.0439770222 0.0440682654 0.0000003419

5 �0.0443373471 �0.0443369169 �0.0443371320 �0.0443379157 �0.0444087865 0.0000007837

6 0.0249922056 0.0249922056 0.0249922056 0.0249933420 0.0249365346 0.0000011364

7 �0.0262659910 �0.0262656732 �0.0262658321 �0.0262668452 �0.0262404925 0.0000010131

8 0.0166097867 0.0166097867 0.0166097867 0.0166105110 0.0165641239 0.0000007243

TABLE III. hSx
S

xi correlation function for the case of V = 0.5, obtained from iDMRG with virtual bond dimension m = 800
and the exact Bethe Ansatz results.

r hSx
�1/2S

x
�1/2+ri hSx

1/2S
x
1/2+ri Average Bethe Ansatz8 Absolute Error

1 �0.1562502382 �0.1562497601 �0.1562499992 �0.1562500000 0.0000000008

2 0.0800781217 0.0800781217 0.0800781217 0.0800781250 0.0000000033

3 �0.0671235216 �0.0671232748 �0.0671233982 �0.0671234131 0.0000000148

4 0.0521996560 0.0521996560 0.0521996560 0.0521996915 0.0000000356

5 �0.0467663547 �0.0467662003 �0.0467662775 �0.0467663681 0.0000000906

III. BOSONIZATION

In this section, we explain the detail of the analytical
calculation we have done in the main text. We use the
convention defined in Eq. (8) of the main text. The field
� is subject to the compactification

� = �+ ⇡. (14)

The dual field ✓ is defined as

✓ ⌘ (1/g)(�L � �R), (15)

which is subject to the compactification

✓ ⇠ ✓ + 2⇡. (16)
The Lagrangean density for ✓ field reads

L =
g

2⇡
(@µ✓)

2. (17)

In terms of the boson fields � and ✓, the bosonized ex-
pressions the spin operators are given as Eqs. (9-11) of
the main text. As a consequence, the correlation func-
tions in the bulk (infinite chain) are given as

• Bethe ansztz: N. A. Slavnov, Theor Math Phys 150, 259 (2007).
• Field theory: S. L. Lukyanov and V. Terras, Nucl. Phys. B 654, 323 (2003).

! = 0.5
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Bulk Benchmark (Long Distance)
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Bulk Benchmark (Long Distance)
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Field Theory: Boundary Perturabtion
• Weak barrier (small 1-t): free boundary condition.
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Dominant Exponents
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! = 1.5 > 1, IR: “Healed” Fixed Point 
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! = 0.6 < 1, IR: “Broken” Fixed Point 
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! = 0.6 < 1, UV Fixed Point 
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! = 1.2 > 1, UV Fixed Point 
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Summary & Outlook
• Impurity in a Tomonaga-Luttinger Liquid

– Finite window iMPS with infinite boundary conditions.

• Spin-1/2 XXZ (Spinless fermion)
– !"#$ !$#" , !"#& !$#& , '"#'$# correlation functions
– Confirm fixed points : g>1 (heal) and g<1 (broken).
– Confirm exponents: UV and IR.
– Crossover of correlation functions from UV to IR.

• Applicable interesting problems:
– Y-junction, spin-1/2 fermion leads, etc.

• Further generalization:
– Finite bias, finite temperature.


