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Kagome Lattice

The Japanese word kagome
has become popular with

the magnetism community in
discussing the lattice struc-
ture of geometrical spin frus-
tration. One might guess 
that this word is the name of
some Japanese scientist. But
kagome means a bamboo-
basket (kago) woven pattern
(me) that is composed of inter-
laced triangles whose lattice
points each have four neigh-
boring points. Now that bam-
boo baskets have been largely re-
placed by plastic containers, the word
kagome may seem a bit old-fashioned.
Who introduced it to denote a special
lattice structure? Those who know
the answer to that question may 
belong to the first generation of 
researchers in frustration study.

The 1944 paper by Lars Onsager,1

who solved the square-lattice Ising
model exactly, had a great impact on
the study of phase transitions; On-
sager’s work motivated researchers
to extend the study to other lat-
tices—triangular and honeycomb, for
example—and to antiferromagnet-
ism. G. H. Wannier’s famous paper
on the antiferromagnetic triangular
lattice is one of the results.2 Kodi
Husimi of Osaka University, and
young staff member Itiro Syôzi, also
started to explore phase transitions
in various lattices. Using a dual
transformation, they simplified On-
sager’s abstract algebraic method
and obtained exact solutions for the
honeycomb and triangular lattices.3

As soon as Husimi and Syôzi pub-
lished their results in 1950, there
was a rush of papers about phase
transitions on those lattices.

Syôzi studied a decorated honey-

comb lattice with an extra spin at the
middle point of each bond to obtain
the exact solution for an antiferro-
magnet. He found that the decorated
honeycomb lattice turns into a new
lattice by star-to-triangle transforma-
tion. Husimi’s appreciation of art—he
painted pictures as a hobby—led him
to name this new lattice kagome. The
first paper on the subject, with Syôzi
as sole author,4 appeared in Progress
of Theoretical Physics in 1951. In
that paper, Syôzi gave a logarithmic
temperature dependence for the spe-
cific heat and showed the transition
temperature for the ferromagnetic
kagome lattice. He also demon-
strated that a magnetic transition
does not occur in the antiferromag-
netic kagome lattice. Because the
journal in which he published that
paper was a fledgling one with low

circulation, his work has only
gradually been discovered.

Two years after the first
kagome paper was published,
Kenji Kano and Shigeo Naya
of the Husimi group calcu-
lated the residual entropy of
the Ising spin kagome lattice
by using a method different
from Syôzi’s to solve the
eigenvalue problem. In 1972,
Syôzi reviewed Ising models
on various lattices.5 Subse-
quent theoretical studies of

the kagome lattice in the 1980s cov-
ered effects of magnetic field, ran-
domness, second neighbor interac-
tion, spin freedom, and combination
of interactions.

Experimentally, the mineral
jarosite, with Heisenberg spins on
stacked kagome lattices, was first dis-
cussed as a model compound 17 years
after the first theoretical work.6 An
Ising model run on the kagome lattice
has been applied to two-dimensional
hydrogen bonding in CsOH!H2O and
the second layer of adsorbed helium-3
on graphite.7 A group at Bell Labora-
tories revealed that SrCr9–xGa3+xO19
has unusual magnetic properties that
have been associated with those char-
acteristic of the kagome lattice.8
Those properties have attracted much
interest among both theorists and ex-
perimentalists.

On 18 October 2001, Syôzi passed
away at the age of 81. The author of
the first kagome paper is gone but
the word survives among us.
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The Japanese word kagome
has become popular with

the magnetism community in
discussing the lattice struc-
ture of geometrical spin frus-
tration. One might guess 
that this word is the name of
some Japanese scientist. But
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kagome paper was published,
Kenji Kano and Shigeo Naya
of the Husimi group calcu-
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“… But in the antiferromagnetic 
case, there is no phase change.” 

Kagome = basket with holes

Appears first, through star-triangle 
relation, in the study of the Ising model 
on a “decorated” honeycomb lattice



Kagome Antiferromagnets

ZnCu3(OH)6Cl2

Herbertsmithite 

nearly perfect quantum spin-1/2 
Kagome Heisenberg Antiferromagnet

Shores et al, JACS (2005)

A Structurally Perfect S ) 1/2 Kagomé Antiferromagnet
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Nearly two decades ago, Anderson proposed that the resonating
valence bond (RVB) state may explain the scatterless hole transport
encountered in doped rare-earth cuprates.1 The quantum spin liquid
phase responsible for RVB is most likely to be found in low-
dimensional, low-spin, and geometrically frustrated systems.2
Accordingly, most theoretical investigations of RVB have concen-
trated on S ) 1/2 antiferromagnets in kagomé (corner-sharing
triangular) lattices due to the higher degree of geometric frustration.3
Materials featuring such lattices are predicted to display no long-
range magnetic order due to competing antiferromagnetic interac-
tions between nearest-neighbor spin centers. Though long sought,
“no perfect S ) 1/2 Kagomé antiferromagnet has been up to now
synthesized”,4 and accordingly, most theoretical predictions of such
a lattice remain untested. Herein, we report the synthesis and
preliminary magnetic properties of a rare, phase-pure, copper
hydroxide chloride mineral featuring structurally perfect S ) 1/2
kagomé layers separated by diamagnetic Zn(II) cations.
We have employed a redox-based hydrothermal protocol to

prepare pure, single-crystal jarosite-based materials (AM3(OH)6-
(SO4)2, A ) alkali metal ion, M ) V, Cr, Fe).5 These compounds
feature kagomé lattices composed of M3(OH)6 triangles; when M
) Fe(III), spins are antiferromagnetically coupled and frustrated.6
Substitution of the magnetic ion of Fe(III) (S ) 5/2) by Cu(II) (S )
1/2) was attempted, but charge imbalance on the kagomé layers
appears to prevent the preparation of a Cu(II) jarosite. We therefore
turned our attention to developing hydrothermal methods for the
preparation of the topologically similar kagomé series composed
of Cu(II) ionssthe atacamitessof general formula MCu3(OH)6Cl2
(M ) Co, Ni, Cu, Zn).7 Our initial attempts to prepare these rare
minerals in pure form began with the treatment of malachite
(Cu2(OH)2CO3) with NaCl and HBF4 under hydrothermal conditions
to form a blue microcrystalline compound whose powder X-ray
diffraction pattern is consistent with that of the mineral claringbullite
(PDF 86-0899),8 where Cu(II) ions occupy the interlayer M site
of MCu3(OH)6Cl2. Further hydrothermal treatment of this solid with
a large excess of ZnCl2 afforded a green powder interdispersed
with triangular plate crystals of MCu3(OH)6Cl2 possessing a mixed
M-site occupancy of Zn2+ and Cu2+.
It is known that a solid solution exists for naturally occurring

ZnxCu4-x(OH)6Cl2 specimens, such that even macroscopically
“single” crystals may exhibit variable Cu/Zn composition at the
interlayer site.7 For x < 0.33, the crystal symmetry is monoclinic,
resulting in a distorted kagomé lattice. At x ) 0.33, the crystal
symmetry increases to rhombohedral, and the Cu triangular
plaquettes become equilateral. This high symmetry phase of
intermediate Zn occupancy (0.33 e x < 1) is known as Zn-
paratacamite (1).10 The compositional end members are known as
clinoatacamite9 (x ) 0) and herbertsmithite (2) (x ) 1).10
The single-crystal X-ray structure of the compound with 33%

Zn occupancy is shown in Figure 1. Details of the structure solution

and refinement are provided in the Supporting Information. Two
geometrically distinct metal sites are found. On the first site, a Cu-
(II) ion is surrounded by four equatorial hydroxide ligands and two
distant axial chloride ligands. The hydroxide ligands bridge copper
centers to form a kagomé lattice composed of {Cu3(OH)6} triangles.
On the other site, a Zn(II) ion is ligated by six hydroxide ligands
in a trigonally compressed octahedral geometry. This site serves
to link the kagomé layers into a dense three-dimensional structure.
Although it is difficult to differentiate Cu and Zn by standard X-ray
analysis, the two sites’ distinct coordination environments suggest
that the Jahn-Teller distorted Cu(II) ion should rest on the
tetragonally elongated intralayer site, whereas the d10 Zn(II) ion
should reside on the higher symmetry interlayer site. In support of
this contention, several refinements of the structure were carried
out in which either Zn or a Cu/Zn mixture was included on the
intralayer site; all resulted in a significant increase in refinement
residuals. Thus, Zn occupancy on the intralayer site is not
reasonable. Upon refinement of the interlayer site, however, it was
found that there was a slight but statistically significant preference11
for a Cu/Zn mixture rather than Zn alone, such that Zn site
occupancy refined to 33%. Best refinements of other crystals
harvested from batch reactions show that Zn occupancy varies from
crystal to crystal. These results highlight the difficulty of using
X-ray diffraction to determine Zn/Cu composition. All materials
used in these studies were therefore subject to chemical analysis
to ascertain the Zn/Cu stoichiometry.
The presence of Cu(II) ions in intra- and interlayer sites

contributes to the overall magnetic susceptibility. To unravel the
magnetic contributions of Cu(II) in the different sites, a series of

Figure 1. Crystal structure of Zn-paratacamite (1), Zn0.33Cu3.67(OH)6Cl2.
Left: local coordination environment of intralayer Cu3(OH)3 triangles and
interlayer Zn2+/Cu2+ ion; the projection is parallel to the crystallographic
c axis. Right: the {Cu3(OH)6} kagomé lattice, projected perpendicular to
the c axis. The pure Zn2+-substituted compound 2 is isostructural to 1.
Selected interatomic distances (Å) and angles (deg) for 2: Zn-O, 2.101-
(5); Cu-O, 1.982(2); Cu-Cl, 2.7698(17); Zn‚‚‚Cu, 3.05967(16); O-Zn-
O, 76.21(18), 103.79(18), 180.00(19); O-Cu-O, 81.7(3), 98.3(3), 180.0;
O-Cu-Cl, 82.31(11), 97.68(11); Cl-Cu-Cl, 180.0; Cu-O-Cu, 119.1-
(2); Cu-O-Zn, 97.04(15).
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Cu3(OH)6 Kagome layer
?

Absence of magnetic order in the ground state… 



KHA: Spin-1/2 case
(KHA = Kagome Heisenberg Antiferromagnet)

Most, extensively studied. 
And, heatedly debated…



III. THE LOW-LYING LEVELS OF THE KAH

The Hamiltonian of the KAH, including further-neighbor
interactions, has the form

H52J1(
^

i , j
&

Si•Sj12J2 (

^^

i ,k
&&

Si•Sk , ~2!

where the Si are spin-1/2 quantum operators on the sites of
the kagomé lattice and

^

i , j
&

~respectively
^^

i ,k
&&

) denotes a
sum over first ~respectively, second! neighbors. In this sec-
tion, we shall only consider first-neighbor exchange interac-
tions (J250). At first sight, the spectrum of the KAH has
one feature which is common to all the Heisenberg antifer-
romagnet spectra that we have been studying: the absolute
ground state has a total spin S50 or 1/2 depending on the
number of sites of the sample (N59,12,15,18,21,24,27) and
the ground-state energy E0(S) of the S sectors order with
increasing S values. Lieb and Mattis40 have shown that this
result is exact for bipartite lattices: our numerical results tend
to indicate an extremely robust property ~the theorem seems
to be true for the Heisenberg antiferromagnet on the triangu-
lar and kagomé lattices and for the J12J2 problem: none of
these situations can be reduced to a bipartite problem!.
Taken apart from this feature the spectra of the KAH appear
totally different from the spectra of the TAH. In Fig. 2, the
low-lying levels of the TAH and of the KAH are shown for
the 27 site samples:

~i! whereas the Pisa tower is easily seen on the TAH
spectrum, well separated from the magnons spectrum, there
is absolutely no such scale in the KAH one,

~ii! the effective dynamics of the low-lying levels of the
KAH spectrum do not scale as S(S11),

~iii! the symmetries of the lowest lying levels of each S
subspace do not allow the description of an ordered struc-
ture: for N527, all the SGIR, but one, appear in the low-

lying doublet states below the first S53/2 eigenstates,
whereas their number NS and nature are strictly determined
in the case of an ordered solution.
One could argue that the proliferation of these low-lying

levels are the quantum counterpart of the infinite degeneracy
of the classical ground state with respect to local spin rota-
tions. The real question is: do the quantum fluctuations show
any trend to select a specific Néel order?
We have looked to this question for the so-called q50

order, the A33A3 order and for any planar order ~see Sec.
V!. The q50 order is studied in Ref. 41. We give here the
details of the analysis concerning the A33A3 order, which
is the favored solution found in the semiclassical
approaches.18–22 The smallest lattices where periodic bound-
ary conditions are compatible with this order are N59, 27,
and 36 sites. In this section, we shall consider explicitly the
N527 sample since the N59 sites is too small and the
N536 sample is too large to compute all the levels in each
S sector. The QDJS associated with the A33A3 state are
homogeneous on each ferromagnetic sublattice ~their wave
vectors are either k50 or k56k0: corners of the Brillouin
zone!. They do not break the C3v symmetry of the lattice.
The three irreducible representations ~IR’s! characterizing
the A33A3 order are the following:

H G1 : @

k50,R
p

C5C ,R2p/3C5C ,sxC5C

#

G2 : @

k50,R
p

C52C ,R2p/3C5C ,sxC5C

#

G3 : @

k56k0 ,R2p/3C5C ,sxC5C

#

,
~3!

where R
f

is a rotation of angle f and sx denotes an axial
symmetry. The numbers NS(N ,S ,p53) of levels in the Pisa
tower for each value of the total spin are given by the cou-
pling of three N/6 spins:

DN/6
^DN/6

^DN/65
(

S50

N/6

~

2S11
!

DS

1
(

S5N/611

N/2

~

N/22S11
!
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where DS denotes the irreducible representation for a spin
S . Therefore, one obtains the numbers NS(N ,S ,p53):

NS~N ,S ,p53
!

5
~

2S11
!

min
~

2S11,N/22S11
!

. ~5!

We notice that in each S sector, an ordered solution contains
a number of levels which is strictly related to the number of
sublattices of the selected order: in the lower S subspace this
number is independent of the sample size for p<3 @it is the
Hilbert space dimension of a rotator or a symmetric top for
p52 ~respectively, p53)#. In each S subspace, amongst the
NS(N ,S ,p53) levels, the number of appearance (n

G i
(S)) of

the G i IR can be computed following Refs. 7 and 29:

n
G i
~

S
!5
1
6(k

Tr
~

RkuS!x i~k !

Nel~k !

, ~6!

where the summation index k runs through the classes of the
S3 group ~isomorphic to C3v); x i(k), Nel(k) denotes, respec-
tively, the characters of the G i IR and the number of ele-

FIG. 2. The low-lying energy levels of the TAH and KAH spec-
trum of the N527 sample. The levels which possess the symmetry
expected for an ordered solution are denoted by a star. The Pisa
tower of the TAH is easily seen, quite distinct from the first-
magnon excitations. In the KAH, on the contrary, the levels candi-
date for the building of a tower of states are mixed with other
representations in a continuum of excitations.
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III. THE LOW-LYING LEVELS OF THE KAH

The Hamiltonian of the KAH, including further-neighbor
interactions, has the form

H52J1(
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i , j
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^^
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&&

Si•Sk , ~2!

where the Si are spin-1/2 quantum operators on the sites of
the kagomé lattice and

^

i , j
&

~respectively
^^

i ,k
&&

) denotes a
sum over first ~respectively, second! neighbors. In this sec-
tion, we shall only consider first-neighbor exchange interac-
tions (J250). At first sight, the spectrum of the KAH has
one feature which is common to all the Heisenberg antifer-
romagnet spectra that we have been studying: the absolute
ground state has a total spin S50 or 1/2 depending on the
number of sites of the sample (N59,12,15,18,21,24,27) and
the ground-state energy E0(S) of the S sectors order with
increasing S values. Lieb and Mattis40 have shown that this
result is exact for bipartite lattices: our numerical results tend
to indicate an extremely robust property ~the theorem seems
to be true for the Heisenberg antiferromagnet on the triangu-
lar and kagomé lattices and for the J12J2 problem: none of
these situations can be reduced to a bipartite problem!.
Taken apart from this feature the spectra of the KAH appear
totally different from the spectra of the TAH. In Fig. 2, the
low-lying levels of the TAH and of the KAH are shown for
the 27 site samples:

~i! whereas the Pisa tower is easily seen on the TAH
spectrum, well separated from the magnons spectrum, there
is absolutely no such scale in the KAH one,

~ii! the effective dynamics of the low-lying levels of the
KAH spectrum do not scale as S(S11),

~iii! the symmetries of the lowest lying levels of each S
subspace do not allow the description of an ordered struc-
ture: for N527, all the SGIR, but one, appear in the low-

lying doublet states below the first S53/2 eigenstates,
whereas their number NS and nature are strictly determined
in the case of an ordered solution.
One could argue that the proliferation of these low-lying

levels are the quantum counterpart of the infinite degeneracy
of the classical ground state with respect to local spin rota-
tions. The real question is: do the quantum fluctuations show
any trend to select a specific Néel order?
We have looked to this question for the so-called q50

order, the A33A3 order and for any planar order ~see Sec.
V!. The q50 order is studied in Ref. 41. We give here the
details of the analysis concerning the A33A3 order, which
is the favored solution found in the semiclassical
approaches.18–22 The smallest lattices where periodic bound-
ary conditions are compatible with this order are N59, 27,
and 36 sites. In this section, we shall consider explicitly the
N527 sample since the N59 sites is too small and the
N536 sample is too large to compute all the levels in each
S sector. The QDJS associated with the A33A3 state are
homogeneous on each ferromagnetic sublattice ~their wave
vectors are either k50 or k56k0: corners of the Brillouin
zone!. They do not break the C3v symmetry of the lattice.
The three irreducible representations ~IR’s! characterizing
the A33A3 order are the following:
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where R
f

is a rotation of angle f and sx denotes an axial
symmetry. The numbers NS(N ,S ,p53) of levels in the Pisa
tower for each value of the total spin are given by the cou-
pling of three N/6 spins:
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S . Therefore, one obtains the numbers NS(N ,S ,p53):
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We notice that in each S sector, an ordered solution contains
a number of levels which is strictly related to the number of
sublattices of the selected order: in the lower S subspace this
number is independent of the sample size for p<3 @it is the
Hilbert space dimension of a rotator or a symmetric top for
p52 ~respectively, p53)#. In each S subspace, amongst the
NS(N ,S ,p53) levels, the number of appearance (n

G i
(S)) of

the G i IR can be computed following Refs. 7 and 29:
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where the summation index k runs through the classes of the
S3 group ~isomorphic to C3v); x i(k), Nel(k) denotes, respec-
tively, the characters of the G i IR and the number of ele-
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expected for an ordered solution are denoted by a star. The Pisa
tower of the TAH is easily seen, quite distinct from the first-
magnon excitations. In the KAH, on the contrary, the levels candi-
date for the building of a tower of states are mixed with other
representations in a continuum of excitations.
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) denotes a
sum over first ~respectively, second! neighbors. In this sec-
tion, we shall only consider first-neighbor exchange interac-
tions (J250). At first sight, the spectrum of the KAH has
one feature which is common to all the Heisenberg antifer-
romagnet spectra that we have been studying: the absolute
ground state has a total spin S50 or 1/2 depending on the
number of sites of the sample (N59,12,15,18,21,24,27) and
the ground-state energy E0(S) of the S sectors order with
increasing S values. Lieb and Mattis40 have shown that this
result is exact for bipartite lattices: our numerical results tend
to indicate an extremely robust property ~the theorem seems
to be true for the Heisenberg antiferromagnet on the triangu-
lar and kagomé lattices and for the J12J2 problem: none of
these situations can be reduced to a bipartite problem!.
Taken apart from this feature the spectra of the KAH appear
totally different from the spectra of the TAH. In Fig. 2, the
low-lying levels of the TAH and of the KAH are shown for
the 27 site samples:

~i! whereas the Pisa tower is easily seen on the TAH
spectrum, well separated from the magnons spectrum, there
is absolutely no such scale in the KAH one,

~ii! the effective dynamics of the low-lying levels of the
KAH spectrum do not scale as S(S11),

~iii! the symmetries of the lowest lying levels of each S
subspace do not allow the description of an ordered struc-
ture: for N527, all the SGIR, but one, appear in the low-

lying doublet states below the first S53/2 eigenstates,
whereas their number NS and nature are strictly determined
in the case of an ordered solution.
One could argue that the proliferation of these low-lying

levels are the quantum counterpart of the infinite degeneracy
of the classical ground state with respect to local spin rota-
tions. The real question is: do the quantum fluctuations show
any trend to select a specific Néel order?
We have looked to this question for the so-called q50

order, the A33A3 order and for any planar order ~see Sec.
V!. The q50 order is studied in Ref. 41. We give here the
details of the analysis concerning the A33A3 order, which
is the favored solution found in the semiclassical
approaches.18–22 The smallest lattices where periodic bound-
ary conditions are compatible with this order are N59, 27,
and 36 sites. In this section, we shall consider explicitly the
N527 sample since the N59 sites is too small and the
N536 sample is too large to compute all the levels in each
S sector. The QDJS associated with the A33A3 state are
homogeneous on each ferromagnetic sublattice ~their wave
vectors are either k50 or k56k0: corners of the Brillouin
zone!. They do not break the C3v symmetry of the lattice.
The three irreducible representations ~IR’s! characterizing
the A33A3 order are the following:
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where R
f

is a rotation of angle f and sx denotes an axial
symmetry. The numbers NS(N ,S ,p53) of levels in the Pisa
tower for each value of the total spin are given by the cou-
pling of three N/6 spins:
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We notice that in each S sector, an ordered solution contains
a number of levels which is strictly related to the number of
sublattices of the selected order: in the lower S subspace this
number is independent of the sample size for p<3 @it is the
Hilbert space dimension of a rotator or a symmetric top for
p52 ~respectively, p53)#. In each S subspace, amongst the
NS(N ,S ,p53) levels, the number of appearance (n

G i
(S)) of

the G i IR can be computed following Refs. 7 and 29:
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where the summation index k runs through the classes of the
S3 group ~isomorphic to C3v); x i(k), Nel(k) denotes, respec-
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date for the building of a tower of states are mixed with other
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) denotes a
sum over first ~respectively, second! neighbors. In this sec-
tion, we shall only consider first-neighbor exchange interac-
tions (J250). At first sight, the spectrum of the KAH has
one feature which is common to all the Heisenberg antifer-
romagnet spectra that we have been studying: the absolute
ground state has a total spin S50 or 1/2 depending on the
number of sites of the sample (N59,12,15,18,21,24,27) and
the ground-state energy E0(S) of the S sectors order with
increasing S values. Lieb and Mattis40 have shown that this
result is exact for bipartite lattices: our numerical results tend
to indicate an extremely robust property ~the theorem seems
to be true for the Heisenberg antiferromagnet on the triangu-
lar and kagomé lattices and for the J12J2 problem: none of
these situations can be reduced to a bipartite problem!.
Taken apart from this feature the spectra of the KAH appear
totally different from the spectra of the TAH. In Fig. 2, the
low-lying levels of the TAH and of the KAH are shown for
the 27 site samples:

~i! whereas the Pisa tower is easily seen on the TAH
spectrum, well separated from the magnons spectrum, there
is absolutely no such scale in the KAH one,

~ii! the effective dynamics of the low-lying levels of the
KAH spectrum do not scale as S(S11),

~iii! the symmetries of the lowest lying levels of each S
subspace do not allow the description of an ordered struc-
ture: for N527, all the SGIR, but one, appear in the low-

lying doublet states below the first S53/2 eigenstates,
whereas their number NS and nature are strictly determined
in the case of an ordered solution.
One could argue that the proliferation of these low-lying

levels are the quantum counterpart of the infinite degeneracy
of the classical ground state with respect to local spin rota-
tions. The real question is: do the quantum fluctuations show
any trend to select a specific Néel order?
We have looked to this question for the so-called q50

order, the A33A3 order and for any planar order ~see Sec.
V!. The q50 order is studied in Ref. 41. We give here the
details of the analysis concerning the A33A3 order, which
is the favored solution found in the semiclassical
approaches.18–22 The smallest lattices where periodic bound-
ary conditions are compatible with this order are N59, 27,
and 36 sites. In this section, we shall consider explicitly the
N527 sample since the N59 sites is too small and the
N536 sample is too large to compute all the levels in each
S sector. The QDJS associated with the A33A3 state are
homogeneous on each ferromagnetic sublattice ~their wave
vectors are either k50 or k56k0: corners of the Brillouin
zone!. They do not break the C3v symmetry of the lattice.
The three irreducible representations ~IR’s! characterizing
the A33A3 order are the following:
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is a rotation of angle f and sx denotes an axial
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tower for each value of the total spin are given by the cou-
pling of three N/6 spins:

DN/6
^DN/6

^DN/65
(

S50

N/6

~

2S11
!

DS

1
(

S5N/611

N/2

~

N/22S11
!

DS, ~4!

where DS denotes the irreducible representation for a spin
S . Therefore, one obtains the numbers NS(N ,S ,p53):

NS~N ,S ,p53
!

5
~

2S11
!

min
~

2S11,N/22S11
!

. ~5!

We notice that in each S sector, an ordered solution contains
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sublattices of the selected order: in the lower S subspace this
number is independent of the sample size for p<3 @it is the
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p52 ~respectively, p53)#. In each S subspace, amongst the
NS(N ,S ,p53) levels, the number of appearance (n

G i
(S)) of

the G i IR can be computed following Refs. 7 and 29:

n
G i
~

S
!5
1
6(k

Tr
~

RkuS!x i~k !

Nel~k !

, ~6!

where the summation index k runs through the classes of the
S3 group ~isomorphic to C3v); x i(k), Nel(k) denotes, respec-
tively, the characters of the G i IR and the number of ele-

FIG. 2. The low-lying energy levels of the TAH and KAH spec-
trum of the N527 sample. The levels which possess the symmetry
expected for an ordered solution are denoted by a star. The Pisa
tower of the TAH is easily seen, quite distinct from the first-
magnon excitations. In the KAH, on the contrary, the levels candi-
date for the building of a tower of states are mixed with other
representations in a continuum of excitations.

56 2523ORDER VERSUS DISORDER IN THE QUANTUM . . .

1.15L

Mila, PRL (1998)

KHA: Spin-1/2 case

Most, extensively studied. 
And, heatedly debated…

Lecheminant el al, PRB (1997)

Gapped RVB ? S. Yan et al (2011)

Y. Iqbal el al (2013)

Valence bond crystal? A. Ralko el al (2018)

Gapless Algebraic?

Quantum spin liquid state
hSii = 0

do all correlations decay exponentially?



Spin-1 KHA

m�MPYNN.BF4

(m-N-methylperidium-α-nitronyl-nitroxide)

spin-gap state, or a gapless state of the same ground state,
has not yet been clarified.
To study this matter, it is important to clarify whether or

not magnetic transitions exist, and to confirm a nonmagnetic
ground state. In this paper, we report results of zero-field
~ZF! and longitudinal-field ~LF! mSR on a single crystal of
the 2D S51 kagomé AFM m-MPYNN• BF4, which has
been proposed to show a spin-gap state by an ac-
susceptibility measurement.13 We carried out mSR down to
30 mK, and observed no clear static ordering of magnetic
moments.
The organic AFM m-MPYNN• BF4 @2-~3-N-methyl-

pyridium! -4,4,5,5 - tetramethyl -4,5 - dihydro-1H-imidazol - 1
-oxyl 3-N-oxide#, comprises magnetic layers of an a-nitro-
nyl nitroxide cation allyl radical (m-MPYNN) with S5 1

2 .14
Figure 1 shows a model of a crystal structure of
m-MPYNN•BF4 constructed by the m-MPYNN unit mol-
ecules. The radical spin has an isotropic g value of 2.006 like
other allyl radical spins. Two m-MPYNN molecules make a
dimer state by an intradimer ferromagnetic interaction 2J0 .
The dimers form a kagomé lattice through an interdimer AF
interaction 2J . Both 2J0 and 2J were obtained by the sus-
ceptibility measurement to be 23.3 and 23.1 K,
respectively.15 The kagomé lattices form a 2D layer struc-
ture. One-third of BF4 molecules are located at interstitial
spaces of the kagomé lattice, and two-thirds of the BF4 mol-
ecules sit in between layers. Because of the strong ferromag-
netic intradimer interaction, m-MPYNN• BF4 can be re-
garded as the 2D kagomé AFM with S51 below the
temperature of 2J0 /kB .15
A heat-capacity measurement on m-MPYNN• BF4 sug-

gested a short-range ordering of the dimer spins below 1.4 K.
This temperature is half of the exchange interaction tempera-
ture of 2uJukB53.1 K.13 The susceptibility showed a peak at
240 mK, and almost zero at 30 mK along each crystal axis.13
This susceptibility behavior is completely different from the
spin-glass behavior,16 but quite similar to that observed in

the 1D Heisenberg AFM, which shows a spin-gap state.
Therefore, the S51 m-MPYNN• BF4 is suggested to show a
2D spin-gap state with a nonmagnetic ground state.13
Positive muon spin relaxation (m1SR) is a good micro-

scopic probe to sense such a magnetic state of the system. A
muon spin is completely polarized along a beam direction
even in the ZF condition, and depolarized after the stop at a
potential-minimum position in the crystal of
m-MPYNN• BF4 interacting with a local field at a muon
site.17 A long- or short-range ordering of the dimer spins can
be recognized as a change of the depolarization behavior of
the muon spin, because a static or dynamically fluctuating
component of the internal field which is accompanied by the
magnetic transition affects strongly the muon-spin
polarization.17,18
The preparation procedures of m-MPYNN• BF4 have

been described elsewhere.14 Because a typical size of a piece
of the crystal was about 23232 mm3, we prepared more
than 30 pieces for the m1SR measurement. The samples
were mounted on a high-purity ~5N! Ag sample holder like a
mosaic, and fixed by an Apiezon-N grease. The alignment of
the crystal axes was not considered. The sample area was
about 30 mm in diameter, which was comparable to a muon
beam spot size at a sample position.
ZF- and LF-m1SR were carried out at Meson Science

Laboratory in KEK ~KEK-MSL! by using a pulsed surface
m1 beam with an energy of 4 MeV. A top-loading-type di-
lution refrigerator was used for low temperature measure-
ments down to 30 mK. A conventional gas-flow-type cry-
ostat was used for the temperature region from 2 to 300 K.
Forward and backward counters are positioned along the
beam line. An asymmetry parameter of the muon spin at time
t , A(t), is defined as @F(t)2B(t)#/@F(t)1B(t)# , where
F(t) and B(t) are muon events counted by the forward and
backward counters, respectively.
Figure 2 shows ZF-m1SR time spectra obtained at 265 K,

100 K, 2.9 K, and 30 mK. The asymmetry at each tempera-
ture is normalized to 1 at t50, to compare the difference of
the depolarization behavior. The depolarization behavior
cannot be described by either a simple Gaussian function or
a Lorentzian function. For convenience’s sake, the obtained

FIG. 1. Model of a crystal structure of m-MPYNN molecule
and kagomé structure of m-MPYNN• BF4. Two m-MPYNN mol-
ecules form a dimer state with S51 by a ferromagnetic intermo-
lecular interaction 2J0. The dimer couples with the neighboring
dimer by an antiferromagnetic interaction 2J .

FIG. 2. ZF-m1SR time spectrum of a single crystal of
m-MPYNN• BF4 obtained at 265 K, 100 K, 2.9 K, and 30 mK.
Solid lines are best fit results by using a function of A0e2(lt)b. A0 at
each temperature is normalized to be 1.
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A mixed valent vanadium compound NaV6O11 shows a magnetic phase transition at Tt =
245K. For the microscopic investigation of the transition at Tt,

23Na-NMR measurements from
70K to 300K were carried out on NaV6O11. The Knight shift, K, and the nuclear spin-lattice
relaxation rate, 1/T1, were measured. While 1/T1 above Tt has an almost constant value,
1/T1 below Tt shows a gap-type temperature dependence. This is the first direct evidence that
the d-electrons at V(1) ions, which form a kagomé lattice in NaV6O11, exhibit a spin-singlet
ground state below Tt. The formation of the spin-singlet ground state of V(1) seems to be
closely related to the frustration effect.

KEYWORDS: NaV6O11, NMR, spin-singlet state, kagomé lattice, geometrical frustration

§1. Introduction
The ground-state properties of geometrically frus-
trated systems have attracted great interest due to their
very unique magnetic behaviors. For classical spins cou-
pled by the Heisenberg interaction, a number of differ-
ent spin configurations compose the highly degenerated
ground state. In such a case, it is expected that a long-
range magnetic order is suppressed because of persis-
tence of the strong spin fluctuations.1–4) Some theorists
have suggested the possibility that a novel ground state
beyond classical framework is made stable due to the
geometrical frustrations.5–10)

Recently, mixed valent vanadium compounds AV6O11
(A=Na, Sr and Pb) have been discovered.11–13) At
high temperatures, they have the structure as shown in
Fig. 1(a).14,15) In this structure, AV6O11 has three dif-
ferent kinds of vanadium sites; two kinds of octahedral
site, V(1) and V(2), and the trigonal bipyramidal site,
V(3). The unit cell contains V(1), V(2), and V(3) with
the molar ratio of 3 : 2 : 1. The V(1) octahedra share
their edges with each other and form a two-dimensional
kagomé lattice as shown in Fig. 1(b). We have to note
that, if there exist localized magnetic moments at V(1),
antiferromagnetic interaction between V(1) ions should
cause a geometrical frustration in the compounds. The
V(2) and V(3) atoms are located between the kagomé
layers. The V(2) octahedra form a face-sharing dimer
along c-axis.
The AV6O11 compounds indicate magnetic phase tran-
sitions at two temperatures, Tt = 245K (A=Na), 320K
(A=Sr), and 560K (A=Pb) and TC = 65K (A=Na),
75K (A=Sr), 85K (A=Pb).14,16) Above TC, AV6O11
shows paramagnetic behavior. In the previous paper,14)

we have analyzed the temperature dependence of the
magnetic susceptibility of AV6O11 by using the Curie-
Weiss law and have clarified that the Curie constant ob-
tained in T < Tt is rather smaller than that obtained

∗E-mail: haru@kuchem.kyoto-u.ac.jp
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Fig. 1. (a) Crystal structure of NaV6O11 at room temperature.
Dashed lines express a unit cell. (b) V(1) kagomé lattice at
T > Tt. (c) Distorted V(1) kagome lattice at T < Tt.

in T > Tt. The decrease of the Curie constant on going
through Tt indicates disappearance of the paramagnetic
moments at V(1) ions at T = Tt.14) The transition at
Tt is accompanied with the atomic displacement, which
causes distortion of the kagomé lattice and leads to for-
mation of triangular trimer clusters of the V(1) atoms as
shown in Fig. 1(c).14,17)
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Fig. 6. Spin-lattice relaxation rate 1/T1 plotted against temper-
ature. The solid line is the best result of the fitting by using
eq. (3.15). The inset shows the typical relaxation curve at 250K.

magnetic ions. Therefore, K(T ) can be expressed as,

K(T ) = Ahf × χd(T ). (3.10)

Ahf represents the hyperfine coupling constant. Using
eq. (3.10), we can estimate the values of Ahf from the
slopes of the K vs. χ plots as follows:

Ahf,iso = 0.43± 0.02 kOe/µB of F.U.,

Ahf,aniso = −0.48± 0.02 kOe/µB of F.U.. (3.11)

Here, Ahf,iso and Ahf,aniso are the isotropic and
anisotropic components of the hyperfine coupling con-
stant, respectively.
According to eq. (3.9) and eq. (3.10), one can find
that the intercept on the horizontal axis in the K vs.
χ plot represents χVV. We can estimate χVV = 1.30 ×
10−3 emu/mol and 0.93×10−3 emu/mol from the Kiso
vs. χ plot and the Kaniso vs. χ plot, respectively. It is
noticed that the values of χVV estimated from the K vs.
χ plots are similar to the value of χtotal,VV estimated
from the uniform susceptibility.
The recovery of the center transition was measured
at the frequency where the spin-echo signal takes the
maximal intensity. The typical recovery curve is shown
in inset of Fig. 6. In general, the recovery curve depends
on the initial saturation condition imposed on the nuclear
spin levels.18) When the center transition (−1/2↔1/2) is
saturated but the other level remain unaffected, the 23Na
(I=3/2) recovery would be written as,

M(∞)−M(t)
M(∞) ∝ 1× exp
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− t
T1

"

+ 9× exp
!

− 6t
T1

"

.

(3.12)

The observed relaxation curves follow eq. (3.12), though
a small component of rapid relaxation appears at lower
temperature probably due to the impurity ion. Neglect-

Table III. Used parameters and results in calculating 1/T1.

(a) for (1/T1)1 (b) for (1/T1)3

Z1 6 Z1 3

Z2 4 Z2 6

A/! (106 rad/sec) 2.309 A/! (106 rad/sec) 2.309

S(S + 1) 2.159 S(S + 1) 1.395

Θ1 (K) -455.7 Θ3 (K) 64.6

(1/T1)1 (s−1) 1.16 (1/T1)3 (s−1) 2.60

ing the data at small t, we have fit the obtained recovery
curves with 1/T1 as a parameter.
The temperature dependence of 1/T1 is shown in
Fig. 6. At high temperatures, 1/T1 does not obey the
Korringa rule (1/T1 ∝ T ), but shows the temperature in-
dependent behavior, 1/T1 ∼ const., which indicates that
the 23Na nuclear relaxation originates from the fluctua-
tions of the localized moments of the vanadium ions at
high temperatures.
For a moment, we will calculate the value of 1/T1 on
the basis of our model, and will compare it with the
observed values. In case with T > Tt, 1/Tt can be written
as the sum of the contribution from the paramagnetic
moment at V(1) and V(3).
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(1/T1)i (i = 1, 3) is the relaxation rate which comes
from the paramagnetic moments at V(i). According to
the theory,19,20) 1/T1 at enough high temperature would
be approximately temperature independent with
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Here, (A/!) is 2µBgNAhf/Z1 where gN is the nuclear gy-
romagnetic ratio and µB is the Bohr magneton. Z1 and
S are the number and the spin moment of the nearest
neighboring magnetic ion of the observed ion, respec-
tively. ωex represents the exchange frequency which can
be estimated from the Weiss temperature Θp and the
number Z2 of magnetic ions in near-neighbor with ex-
change interaction. As shown in (3.14), (1/T1) is in pro-
portion to the sum of the square of the hyperfine coupling
constant, A2hf. In calculating (1/T1)i, the parameters in
eq. (3.14) were taken as shown in Table III. Here, we
put two assumptions about the hyperfine coupling con-
stant. First, A2hf is approximated to obey the relation,
(Ahf)2 = (Ahf,iso)2 + (Ahf,aniso/2)2. This is because the
recovery was measured near K = K⊥ = Kiso−Kaniso/2.
The observed relaxation rate is influenced by both of the
isotropic and the anisotropic parts of the internal field
from the magnetic ion. From this assumption, Ahf is es-
timated to be 0.49 kOe/µB of F. U. Second, (A/!) which
come from V(1) is assumed to be the same as that from
V(3). Furthermore, S(S + 1) is estimated from C1 and
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A mixed valent vanadium compound NaV6O11 shows a magnetic phase transition at Tt =
245K. For the microscopic investigation of the transition at Tt,

23Na-NMR measurements from
70K to 300K were carried out on NaV6O11. The Knight shift, K, and the nuclear spin-lattice
relaxation rate, 1/T1, were measured. While 1/T1 above Tt has an almost constant value,
1/T1 below Tt shows a gap-type temperature dependence. This is the first direct evidence that
the d-electrons at V(1) ions, which form a kagomé lattice in NaV6O11, exhibit a spin-singlet
ground state below Tt. The formation of the spin-singlet ground state of V(1) seems to be
closely related to the frustration effect.

KEYWORDS: NaV6O11, NMR, spin-singlet state, kagomé lattice, geometrical frustration

§1. Introduction
The ground-state properties of geometrically frus-
trated systems have attracted great interest due to their
very unique magnetic behaviors. For classical spins cou-
pled by the Heisenberg interaction, a number of differ-
ent spin configurations compose the highly degenerated
ground state. In such a case, it is expected that a long-
range magnetic order is suppressed because of persis-
tence of the strong spin fluctuations.1–4) Some theorists
have suggested the possibility that a novel ground state
beyond classical framework is made stable due to the
geometrical frustrations.5–10)

Recently, mixed valent vanadium compounds AV6O11
(A=Na, Sr and Pb) have been discovered.11–13) At
high temperatures, they have the structure as shown in
Fig. 1(a).14,15) In this structure, AV6O11 has three dif-
ferent kinds of vanadium sites; two kinds of octahedral
site, V(1) and V(2), and the trigonal bipyramidal site,
V(3). The unit cell contains V(1), V(2), and V(3) with
the molar ratio of 3 : 2 : 1. The V(1) octahedra share
their edges with each other and form a two-dimensional
kagomé lattice as shown in Fig. 1(b). We have to note
that, if there exist localized magnetic moments at V(1),
antiferromagnetic interaction between V(1) ions should
cause a geometrical frustration in the compounds. The
V(2) and V(3) atoms are located between the kagomé
layers. The V(2) octahedra form a face-sharing dimer
along c-axis.
The AV6O11 compounds indicate magnetic phase tran-
sitions at two temperatures, Tt = 245K (A=Na), 320K
(A=Sr), and 560K (A=Pb) and TC = 65K (A=Na),
75K (A=Sr), 85K (A=Pb).14,16) Above TC, AV6O11
shows paramagnetic behavior. In the previous paper,14)

we have analyzed the temperature dependence of the
magnetic susceptibility of AV6O11 by using the Curie-
Weiss law and have clarified that the Curie constant ob-
tained in T < Tt is rather smaller than that obtained
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Fig. 1. (a) Crystal structure of NaV6O11 at room temperature.
Dashed lines express a unit cell. (b) V(1) kagomé lattice at
T > Tt. (c) Distorted V(1) kagome lattice at T < Tt.

in T > Tt. The decrease of the Curie constant on going
through Tt indicates disappearance of the paramagnetic
moments at V(1) ions at T = Tt.14) The transition at
Tt is accompanied with the atomic displacement, which
causes distortion of the kagomé lattice and leads to for-
mation of triangular trimer clusters of the V(1) atoms as
shown in Fig. 1(c).14,17)
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Fig. 6. Spin-lattice relaxation rate 1/T1 plotted against temper-
ature. The solid line is the best result of the fitting by using
eq. (3.15). The inset shows the typical relaxation curve at 250K.

magnetic ions. Therefore, K(T ) can be expressed as,

K(T ) = Ahf × χd(T ). (3.10)

Ahf represents the hyperfine coupling constant. Using
eq. (3.10), we can estimate the values of Ahf from the
slopes of the K vs. χ plots as follows:

Ahf,iso = 0.43± 0.02 kOe/µB of F.U.,

Ahf,aniso = −0.48± 0.02 kOe/µB of F.U.. (3.11)

Here, Ahf,iso and Ahf,aniso are the isotropic and
anisotropic components of the hyperfine coupling con-
stant, respectively.
According to eq. (3.9) and eq. (3.10), one can find
that the intercept on the horizontal axis in the K vs.
χ plot represents χVV. We can estimate χVV = 1.30 ×
10−3 emu/mol and 0.93×10−3 emu/mol from the Kiso
vs. χ plot and the Kaniso vs. χ plot, respectively. It is
noticed that the values of χVV estimated from the K vs.
χ plots are similar to the value of χtotal,VV estimated
from the uniform susceptibility.
The recovery of the center transition was measured
at the frequency where the spin-echo signal takes the
maximal intensity. The typical recovery curve is shown
in inset of Fig. 6. In general, the recovery curve depends
on the initial saturation condition imposed on the nuclear
spin levels.18) When the center transition (−1/2↔1/2) is
saturated but the other level remain unaffected, the 23Na
(I=3/2) recovery would be written as,

M(∞)−M(t)
M(∞) ∝ 1× exp
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− t
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+ 9× exp
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− 6t
T1
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The observed relaxation curves follow eq. (3.12), though
a small component of rapid relaxation appears at lower
temperature probably due to the impurity ion. Neglect-

Table III. Used parameters and results in calculating 1/T1.

(a) for (1/T1)1 (b) for (1/T1)3

Z1 6 Z1 3

Z2 4 Z2 6

A/! (106 rad/sec) 2.309 A/! (106 rad/sec) 2.309

S(S + 1) 2.159 S(S + 1) 1.395

Θ1 (K) -455.7 Θ3 (K) 64.6

(1/T1)1 (s−1) 1.16 (1/T1)3 (s−1) 2.60

ing the data at small t, we have fit the obtained recovery
curves with 1/T1 as a parameter.
The temperature dependence of 1/T1 is shown in
Fig. 6. At high temperatures, 1/T1 does not obey the
Korringa rule (1/T1 ∝ T ), but shows the temperature in-
dependent behavior, 1/T1 ∼ const., which indicates that
the 23Na nuclear relaxation originates from the fluctua-
tions of the localized moments of the vanadium ions at
high temperatures.
For a moment, we will calculate the value of 1/T1 on
the basis of our model, and will compare it with the
observed values. In case with T > Tt, 1/Tt can be written
as the sum of the contribution from the paramagnetic
moment at V(1) and V(3).
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(1/T1)i (i = 1, 3) is the relaxation rate which comes
from the paramagnetic moments at V(i). According to
the theory,19,20) 1/T1 at enough high temperature would
be approximately temperature independent with
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Here, (A/!) is 2µBgNAhf/Z1 where gN is the nuclear gy-
romagnetic ratio and µB is the Bohr magneton. Z1 and
S are the number and the spin moment of the nearest
neighboring magnetic ion of the observed ion, respec-
tively. ωex represents the exchange frequency which can
be estimated from the Weiss temperature Θp and the
number Z2 of magnetic ions in near-neighbor with ex-
change interaction. As shown in (3.14), (1/T1) is in pro-
portion to the sum of the square of the hyperfine coupling
constant, A2hf. In calculating (1/T1)i, the parameters in
eq. (3.14) were taken as shown in Table III. Here, we
put two assumptions about the hyperfine coupling con-
stant. First, A2hf is approximated to obey the relation,
(Ahf)2 = (Ahf,iso)2 + (Ahf,aniso/2)2. This is because the
recovery was measured near K = K⊥ = Kiso−Kaniso/2.
The observed relaxation rate is influenced by both of the
isotropic and the anisotropic parts of the internal field
from the magnetic ion. From this assumption, Ahf is es-
timated to be 0.49 kOe/µB of F. U. Second, (A/!) which
come from V(1) is assumed to be the same as that from
V(3). Furthermore, S(S + 1) is estimated from C1 and
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spin-gap state, or a gapless state of the same ground state,
has not yet been clarified.
To study this matter, it is important to clarify whether or

not magnetic transitions exist, and to confirm a nonmagnetic
ground state. In this paper, we report results of zero-field
~ZF! and longitudinal-field ~LF! mSR on a single crystal of
the 2D S51 kagomé AFM m-MPYNN• BF4, which has
been proposed to show a spin-gap state by an ac-
susceptibility measurement.13 We carried out mSR down to
30 mK, and observed no clear static ordering of magnetic
moments.
The organic AFM m-MPYNN• BF4 @2-~3-N-methyl-

pyridium! -4,4,5,5 - tetramethyl -4,5 - dihydro-1H-imidazol - 1
-oxyl 3-N-oxide#, comprises magnetic layers of an a-nitro-
nyl nitroxide cation allyl radical (m-MPYNN) with S5 1

2 .14
Figure 1 shows a model of a crystal structure of
m-MPYNN•BF4 constructed by the m-MPYNN unit mol-
ecules. The radical spin has an isotropic g value of 2.006 like
other allyl radical spins. Two m-MPYNN molecules make a
dimer state by an intradimer ferromagnetic interaction 2J0 .
The dimers form a kagomé lattice through an interdimer AF
interaction 2J . Both 2J0 and 2J were obtained by the sus-
ceptibility measurement to be 23.3 and 23.1 K,
respectively.15 The kagomé lattices form a 2D layer struc-
ture. One-third of BF4 molecules are located at interstitial
spaces of the kagomé lattice, and two-thirds of the BF4 mol-
ecules sit in between layers. Because of the strong ferromag-
netic intradimer interaction, m-MPYNN• BF4 can be re-
garded as the 2D kagomé AFM with S51 below the
temperature of 2J0 /kB .15
A heat-capacity measurement on m-MPYNN• BF4 sug-

gested a short-range ordering of the dimer spins below 1.4 K.
This temperature is half of the exchange interaction tempera-
ture of 2uJukB53.1 K.13 The susceptibility showed a peak at
240 mK, and almost zero at 30 mK along each crystal axis.13
This susceptibility behavior is completely different from the
spin-glass behavior,16 but quite similar to that observed in

the 1D Heisenberg AFM, which shows a spin-gap state.
Therefore, the S51 m-MPYNN• BF4 is suggested to show a
2D spin-gap state with a nonmagnetic ground state.13
Positive muon spin relaxation (m1SR) is a good micro-

scopic probe to sense such a magnetic state of the system. A
muon spin is completely polarized along a beam direction
even in the ZF condition, and depolarized after the stop at a
potential-minimum position in the crystal of
m-MPYNN• BF4 interacting with a local field at a muon
site.17 A long- or short-range ordering of the dimer spins can
be recognized as a change of the depolarization behavior of
the muon spin, because a static or dynamically fluctuating
component of the internal field which is accompanied by the
magnetic transition affects strongly the muon-spin
polarization.17,18
The preparation procedures of m-MPYNN• BF4 have

been described elsewhere.14 Because a typical size of a piece
of the crystal was about 23232 mm3, we prepared more
than 30 pieces for the m1SR measurement. The samples
were mounted on a high-purity ~5N! Ag sample holder like a
mosaic, and fixed by an Apiezon-N grease. The alignment of
the crystal axes was not considered. The sample area was
about 30 mm in diameter, which was comparable to a muon
beam spot size at a sample position.
ZF- and LF-m1SR were carried out at Meson Science

Laboratory in KEK ~KEK-MSL! by using a pulsed surface
m1 beam with an energy of 4 MeV. A top-loading-type di-
lution refrigerator was used for low temperature measure-
ments down to 30 mK. A conventional gas-flow-type cry-
ostat was used for the temperature region from 2 to 300 K.
Forward and backward counters are positioned along the
beam line. An asymmetry parameter of the muon spin at time
t , A(t), is defined as @F(t)2B(t)#/@F(t)1B(t)# , where
F(t) and B(t) are muon events counted by the forward and
backward counters, respectively.
Figure 2 shows ZF-m1SR time spectra obtained at 265 K,

100 K, 2.9 K, and 30 mK. The asymmetry at each tempera-
ture is normalized to 1 at t50, to compare the difference of
the depolarization behavior. The depolarization behavior
cannot be described by either a simple Gaussian function or
a Lorentzian function. For convenience’s sake, the obtained

FIG. 1. Model of a crystal structure of m-MPYNN molecule
and kagomé structure of m-MPYNN• BF4. Two m-MPYNN mol-
ecules form a dimer state with S51 by a ferromagnetic intermo-
lecular interaction 2J0. The dimer couples with the neighboring
dimer by an antiferromagnetic interaction 2J .

FIG. 2. ZF-m1SR time spectrum of a single crystal of
m-MPYNN• BF4 obtained at 265 K, 100 K, 2.9 K, and 30 mK.
Solid lines are best fit results by using a function of A0e2(lt)b. A0 at
each temperature is normalized to be 1.

PRB 58 2439BRIEF REPORTS

m�MPYNN.BF4



Spin-1 KHA
[Kazuo Hida,  JPSJ (2000)]

spin-gap state, or a gapless state of the same ground state,
has not yet been clarified.
To study this matter, it is important to clarify whether or

not magnetic transitions exist, and to confirm a nonmagnetic
ground state. In this paper, we report results of zero-field
~ZF! and longitudinal-field ~LF! mSR on a single crystal of
the 2D S51 kagomé AFM m-MPYNN• BF4, which has
been proposed to show a spin-gap state by an ac-
susceptibility measurement.13 We carried out mSR down to
30 mK, and observed no clear static ordering of magnetic
moments.
The organic AFM m-MPYNN• BF4 @2-~3-N-methyl-

pyridium! -4,4,5,5 - tetramethyl -4,5 - dihydro-1H-imidazol - 1
-oxyl 3-N-oxide#, comprises magnetic layers of an a-nitro-
nyl nitroxide cation allyl radical (m-MPYNN) with S5 1

2 .14
Figure 1 shows a model of a crystal structure of
m-MPYNN•BF4 constructed by the m-MPYNN unit mol-
ecules. The radical spin has an isotropic g value of 2.006 like
other allyl radical spins. Two m-MPYNN molecules make a
dimer state by an intradimer ferromagnetic interaction 2J0 .
The dimers form a kagomé lattice through an interdimer AF
interaction 2J . Both 2J0 and 2J were obtained by the sus-
ceptibility measurement to be 23.3 and 23.1 K,
respectively.15 The kagomé lattices form a 2D layer struc-
ture. One-third of BF4 molecules are located at interstitial
spaces of the kagomé lattice, and two-thirds of the BF4 mol-
ecules sit in between layers. Because of the strong ferromag-
netic intradimer interaction, m-MPYNN• BF4 can be re-
garded as the 2D kagomé AFM with S51 below the
temperature of 2J0 /kB .15
A heat-capacity measurement on m-MPYNN• BF4 sug-

gested a short-range ordering of the dimer spins below 1.4 K.
This temperature is half of the exchange interaction tempera-
ture of 2uJukB53.1 K.13 The susceptibility showed a peak at
240 mK, and almost zero at 30 mK along each crystal axis.13
This susceptibility behavior is completely different from the
spin-glass behavior,16 but quite similar to that observed in

the 1D Heisenberg AFM, which shows a spin-gap state.
Therefore, the S51 m-MPYNN• BF4 is suggested to show a
2D spin-gap state with a nonmagnetic ground state.13
Positive muon spin relaxation (m1SR) is a good micro-

scopic probe to sense such a magnetic state of the system. A
muon spin is completely polarized along a beam direction
even in the ZF condition, and depolarized after the stop at a
potential-minimum position in the crystal of
m-MPYNN• BF4 interacting with a local field at a muon
site.17 A long- or short-range ordering of the dimer spins can
be recognized as a change of the depolarization behavior of
the muon spin, because a static or dynamically fluctuating
component of the internal field which is accompanied by the
magnetic transition affects strongly the muon-spin
polarization.17,18
The preparation procedures of m-MPYNN• BF4 have

been described elsewhere.14 Because a typical size of a piece
of the crystal was about 23232 mm3, we prepared more
than 30 pieces for the m1SR measurement. The samples
were mounted on a high-purity ~5N! Ag sample holder like a
mosaic, and fixed by an Apiezon-N grease. The alignment of
the crystal axes was not considered. The sample area was
about 30 mm in diameter, which was comparable to a muon
beam spot size at a sample position.
ZF- and LF-m1SR were carried out at Meson Science

Laboratory in KEK ~KEK-MSL! by using a pulsed surface
m1 beam with an energy of 4 MeV. A top-loading-type di-
lution refrigerator was used for low temperature measure-
ments down to 30 mK. A conventional gas-flow-type cry-
ostat was used for the temperature region from 2 to 300 K.
Forward and backward counters are positioned along the
beam line. An asymmetry parameter of the muon spin at time
t , A(t), is defined as @F(t)2B(t)#/@F(t)1B(t)# , where
F(t) and B(t) are muon events counted by the forward and
backward counters, respectively.
Figure 2 shows ZF-m1SR time spectra obtained at 265 K,

100 K, 2.9 K, and 30 mK. The asymmetry at each tempera-
ture is normalized to 1 at t50, to compare the difference of
the depolarization behavior. The depolarization behavior
cannot be described by either a simple Gaussian function or
a Lorentzian function. For convenience’s sake, the obtained

FIG. 1. Model of a crystal structure of m-MPYNN molecule
and kagomé structure of m-MPYNN• BF4. Two m-MPYNN mol-
ecules form a dimer state with S51 by a ferromagnetic intermo-
lecular interaction 2J0. The dimer couples with the neighboring
dimer by an antiferromagnetic interaction 2J .

FIG. 2. ZF-m1SR time spectrum of a single crystal of
m-MPYNN• BF4 obtained at 265 K, 100 K, 2.9 K, and 30 mK.
Solid lines are best fit results by using a function of A0e2(lt)b. A0 at
each temperature is normalized to be 1.
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spin-gap state, or a gapless state of the same ground state,
has not yet been clarified.
To study this matter, it is important to clarify whether or

not magnetic transitions exist, and to confirm a nonmagnetic
ground state. In this paper, we report results of zero-field
~ZF! and longitudinal-field ~LF! mSR on a single crystal of
the 2D S51 kagomé AFM m-MPYNN• BF4, which has
been proposed to show a spin-gap state by an ac-
susceptibility measurement.13 We carried out mSR down to
30 mK, and observed no clear static ordering of magnetic
moments.
The organic AFM m-MPYNN• BF4 @2-~3-N-methyl-

pyridium! -4,4,5,5 - tetramethyl -4,5 - dihydro-1H-imidazol - 1
-oxyl 3-N-oxide#, comprises magnetic layers of an a-nitro-
nyl nitroxide cation allyl radical (m-MPYNN) with S5 1

2 .14
Figure 1 shows a model of a crystal structure of
m-MPYNN•BF4 constructed by the m-MPYNN unit mol-
ecules. The radical spin has an isotropic g value of 2.006 like
other allyl radical spins. Two m-MPYNN molecules make a
dimer state by an intradimer ferromagnetic interaction 2J0 .
The dimers form a kagomé lattice through an interdimer AF
interaction 2J . Both 2J0 and 2J were obtained by the sus-
ceptibility measurement to be 23.3 and 23.1 K,
respectively.15 The kagomé lattices form a 2D layer struc-
ture. One-third of BF4 molecules are located at interstitial
spaces of the kagomé lattice, and two-thirds of the BF4 mol-
ecules sit in between layers. Because of the strong ferromag-
netic intradimer interaction, m-MPYNN• BF4 can be re-
garded as the 2D kagomé AFM with S51 below the
temperature of 2J0 /kB .15
A heat-capacity measurement on m-MPYNN• BF4 sug-

gested a short-range ordering of the dimer spins below 1.4 K.
This temperature is half of the exchange interaction tempera-
ture of 2uJukB53.1 K.13 The susceptibility showed a peak at
240 mK, and almost zero at 30 mK along each crystal axis.13
This susceptibility behavior is completely different from the
spin-glass behavior,16 but quite similar to that observed in

the 1D Heisenberg AFM, which shows a spin-gap state.
Therefore, the S51 m-MPYNN• BF4 is suggested to show a
2D spin-gap state with a nonmagnetic ground state.13
Positive muon spin relaxation (m1SR) is a good micro-

scopic probe to sense such a magnetic state of the system. A
muon spin is completely polarized along a beam direction
even in the ZF condition, and depolarized after the stop at a
potential-minimum position in the crystal of
m-MPYNN• BF4 interacting with a local field at a muon
site.17 A long- or short-range ordering of the dimer spins can
be recognized as a change of the depolarization behavior of
the muon spin, because a static or dynamically fluctuating
component of the internal field which is accompanied by the
magnetic transition affects strongly the muon-spin
polarization.17,18
The preparation procedures of m-MPYNN• BF4 have

been described elsewhere.14 Because a typical size of a piece
of the crystal was about 23232 mm3, we prepared more
than 30 pieces for the m1SR measurement. The samples
were mounted on a high-purity ~5N! Ag sample holder like a
mosaic, and fixed by an Apiezon-N grease. The alignment of
the crystal axes was not considered. The sample area was
about 30 mm in diameter, which was comparable to a muon
beam spot size at a sample position.
ZF- and LF-m1SR were carried out at Meson Science

Laboratory in KEK ~KEK-MSL! by using a pulsed surface
m1 beam with an energy of 4 MeV. A top-loading-type di-
lution refrigerator was used for low temperature measure-
ments down to 30 mK. A conventional gas-flow-type cry-
ostat was used for the temperature region from 2 to 300 K.
Forward and backward counters are positioned along the
beam line. An asymmetry parameter of the muon spin at time
t , A(t), is defined as @F(t)2B(t)#/@F(t)1B(t)# , where
F(t) and B(t) are muon events counted by the forward and
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ture is normalized to 1 at t50, to compare the difference of
the depolarization behavior. The depolarization behavior
cannot be described by either a simple Gaussian function or
a Lorentzian function. For convenience’s sake, the obtained

FIG. 1. Model of a crystal structure of m-MPYNN molecule
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spin-gap state, or a gapless state of the same ground state,
has not yet been clarified.
To study this matter, it is important to clarify whether or

not magnetic transitions exist, and to confirm a nonmagnetic
ground state. In this paper, we report results of zero-field
~ZF! and longitudinal-field ~LF! mSR on a single crystal of
the 2D S51 kagomé AFM m-MPYNN• BF4, which has
been proposed to show a spin-gap state by an ac-
susceptibility measurement.13 We carried out mSR down to
30 mK, and observed no clear static ordering of magnetic
moments.
The organic AFM m-MPYNN• BF4 @2-~3-N-methyl-

pyridium! -4,4,5,5 - tetramethyl -4,5 - dihydro-1H-imidazol - 1
-oxyl 3-N-oxide#, comprises magnetic layers of an a-nitro-
nyl nitroxide cation allyl radical (m-MPYNN) with S5 1

2 .14
Figure 1 shows a model of a crystal structure of
m-MPYNN•BF4 constructed by the m-MPYNN unit mol-
ecules. The radical spin has an isotropic g value of 2.006 like
other allyl radical spins. Two m-MPYNN molecules make a
dimer state by an intradimer ferromagnetic interaction 2J0 .
The dimers form a kagomé lattice through an interdimer AF
interaction 2J . Both 2J0 and 2J were obtained by the sus-
ceptibility measurement to be 23.3 and 23.1 K,
respectively.15 The kagomé lattices form a 2D layer struc-
ture. One-third of BF4 molecules are located at interstitial
spaces of the kagomé lattice, and two-thirds of the BF4 mol-
ecules sit in between layers. Because of the strong ferromag-
netic intradimer interaction, m-MPYNN• BF4 can be re-
garded as the 2D kagomé AFM with S51 below the
temperature of 2J0 /kB .15
A heat-capacity measurement on m-MPYNN• BF4 sug-

gested a short-range ordering of the dimer spins below 1.4 K.
This temperature is half of the exchange interaction tempera-
ture of 2uJukB53.1 K.13 The susceptibility showed a peak at
240 mK, and almost zero at 30 mK along each crystal axis.13
This susceptibility behavior is completely different from the
spin-glass behavior,16 but quite similar to that observed in

the 1D Heisenberg AFM, which shows a spin-gap state.
Therefore, the S51 m-MPYNN• BF4 is suggested to show a
2D spin-gap state with a nonmagnetic ground state.13
Positive muon spin relaxation (m1SR) is a good micro-

scopic probe to sense such a magnetic state of the system. A
muon spin is completely polarized along a beam direction
even in the ZF condition, and depolarized after the stop at a
potential-minimum position in the crystal of
m-MPYNN• BF4 interacting with a local field at a muon
site.17 A long- or short-range ordering of the dimer spins can
be recognized as a change of the depolarization behavior of
the muon spin, because a static or dynamically fluctuating
component of the internal field which is accompanied by the
magnetic transition affects strongly the muon-spin
polarization.17,18
The preparation procedures of m-MPYNN• BF4 have

been described elsewhere.14 Because a typical size of a piece
of the crystal was about 23232 mm3, we prepared more
than 30 pieces for the m1SR measurement. The samples
were mounted on a high-purity ~5N! Ag sample holder like a
mosaic, and fixed by an Apiezon-N grease. The alignment of
the crystal axes was not considered. The sample area was
about 30 mm in diameter, which was comparable to a muon
beam spot size at a sample position.
ZF- and LF-m1SR were carried out at Meson Science

Laboratory in KEK ~KEK-MSL! by using a pulsed surface
m1 beam with an energy of 4 MeV. A top-loading-type di-
lution refrigerator was used for low temperature measure-
ments down to 30 mK. A conventional gas-flow-type cry-
ostat was used for the temperature region from 2 to 300 K.
Forward and backward counters are positioned along the
beam line. An asymmetry parameter of the muon spin at time
t , A(t), is defined as @F(t)2B(t)#/@F(t)1B(t)# , where
F(t) and B(t) are muon events counted by the forward and
backward counters, respectively.
Figure 2 shows ZF-m1SR time spectra obtained at 265 K,

100 K, 2.9 K, and 30 mK. The asymmetry at each tempera-
ture is normalized to 1 at t50, to compare the difference of
the depolarization behavior. The depolarization behavior
cannot be described by either a simple Gaussian function or
a Lorentzian function. For convenience’s sake, the obtained

FIG. 1. Model of a crystal structure of m-MPYNN molecule
and kagomé structure of m-MPYNN• BF4. Two m-MPYNN mol-
ecules form a dimer state with S51 by a ferromagnetic intermo-
lecular interaction 2J0. The dimer couples with the neighboring
dimer by an antiferromagnetic interaction 2J .

FIG. 2. ZF-m1SR time spectrum of a single crystal of
m-MPYNN• BF4 obtained at 265 K, 100 K, 2.9 K, and 30 mK.
Solid lines are best fit results by using a function of A0e2(lt)b. A0 at
each temperature is normalized to be 1.
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~ZF! and longitudinal-field ~LF! mSR on a single crystal of
the 2D S51 kagomé AFM m-MPYNN• BF4, which has
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-oxyl 3-N-oxide#, comprises magnetic layers of an a-nitro-
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m-MPYNN•BF4 constructed by the m-MPYNN unit mol-
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other allyl radical spins. Two m-MPYNN molecules make a
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The dimers form a kagomé lattice through an interdimer AF
interaction 2J . Both 2J0 and 2J were obtained by the sus-
ceptibility measurement to be 23.3 and 23.1 K,
respectively.15 The kagomé lattices form a 2D layer struc-
ture. One-third of BF4 molecules are located at interstitial
spaces of the kagomé lattice, and two-thirds of the BF4 mol-
ecules sit in between layers. Because of the strong ferromag-
netic intradimer interaction, m-MPYNN• BF4 can be re-
garded as the 2D kagomé AFM with S51 below the
temperature of 2J0 /kB .15
A heat-capacity measurement on m-MPYNN• BF4 sug-

gested a short-range ordering of the dimer spins below 1.4 K.
This temperature is half of the exchange interaction tempera-
ture of 2uJukB53.1 K.13 The susceptibility showed a peak at
240 mK, and almost zero at 30 mK along each crystal axis.13
This susceptibility behavior is completely different from the
spin-glass behavior,16 but quite similar to that observed in

the 1D Heisenberg AFM, which shows a spin-gap state.
Therefore, the S51 m-MPYNN• BF4 is suggested to show a
2D spin-gap state with a nonmagnetic ground state.13
Positive muon spin relaxation (m1SR) is a good micro-
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muon spin is completely polarized along a beam direction
even in the ZF condition, and depolarized after the stop at a
potential-minimum position in the crystal of
m-MPYNN• BF4 interacting with a local field at a muon
site.17 A long- or short-range ordering of the dimer spins can
be recognized as a change of the depolarization behavior of
the muon spin, because a static or dynamically fluctuating
component of the internal field which is accompanied by the
magnetic transition affects strongly the muon-spin
polarization.17,18
The preparation procedures of m-MPYNN• BF4 have

been described elsewhere.14 Because a typical size of a piece
of the crystal was about 23232 mm3, we prepared more
than 30 pieces for the m1SR measurement. The samples
were mounted on a high-purity ~5N! Ag sample holder like a
mosaic, and fixed by an Apiezon-N grease. The alignment of
the crystal axes was not considered. The sample area was
about 30 mm in diameter, which was comparable to a muon
beam spot size at a sample position.
ZF- and LF-m1SR were carried out at Meson Science

Laboratory in KEK ~KEK-MSL! by using a pulsed surface
m1 beam with an energy of 4 MeV. A top-loading-type di-
lution refrigerator was used for low temperature measure-
ments down to 30 mK. A conventional gas-flow-type cry-
ostat was used for the temperature region from 2 to 300 K.
Forward and backward counters are positioned along the
beam line. An asymmetry parameter of the muon spin at time
t , A(t), is defined as @F(t)2B(t)#/@F(t)1B(t)# , where
F(t) and B(t) are muon events counted by the forward and
backward counters, respectively.
Figure 2 shows ZF-m1SR time spectra obtained at 265 K,

100 K, 2.9 K, and 30 mK. The asymmetry at each tempera-
ture is normalized to 1 at t50, to compare the difference of
the depolarization behavior. The depolarization behavior
cannot be described by either a simple Gaussian function or
a Lorentzian function. For convenience’s sake, the obtained

FIG. 1. Model of a crystal structure of m-MPYNN molecule
and kagomé structure of m-MPYNN• BF4. Two m-MPYNN mol-
ecules form a dimer state with S51 by a ferromagnetic intermo-
lecular interaction 2J0. The dimer couples with the neighboring
dimer by an antiferromagnetic interaction 2J .

FIG. 2. ZF-m1SR time spectrum of a single crystal of
m-MPYNN• BF4 obtained at 265 K, 100 K, 2.9 K, and 30 mK.
Solid lines are best fit results by using a function of A0e2(lt)b. A0 at
each temperature is normalized to be 1.
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FIG. 12. The coplanar 120◦-antiferromagnetic order with order-
ing wave vector q = ( π

3 , π√
3
) = (b1 + b2)/3. The magnetic moments,

denoted as A, B, and C, in every triangle are of equal magnitude
s̄
√

2nc/3, and form 120◦ angle relative to each. The moments in the
triangles of same color are oriented identically, but rotated by ±2π/3
between the triangles of different colors. The “

√
3 ×

√
3” magnetic

lattice, formed of three interpenetrating sublattices of triangles, has a
unit cell consisting of three differently colored triangles.

conspicuous when J2(=J ′′) ≈ J1(=J ′ = J ), and to have
enhanced numerical uncertainty away from J2/J1 ≈ 1. While
the first of these observations conforms to having δ = 0 on
J ′′ = J ′ line in our Fig. 4, the second one possibly hints at the
ordered phase with a nonzero δ. In the light of our Fig. 9 and
Eq. (25), a careful relook at the spin structure factor of the
spin- 1

2 J1-J2 problem would be able to decide if the q = (0,0)
phase there is of the same type as we have found here. In fact,
the structure factor calculated in Ref. [52] for J2/J1 = 0.4
looks (with naked eyes) very much like our Fig. 9, with a
slight difference in the intensities at (1,0) and (0,1), and the
like points, suggesting a nonzero δ in the q = (0,0) phase.

V. SUMMARY

We now conclude by summarizing the main points. Mo-
tivated by the current research on spin-1 kagome quantum
antiferromagnets, we have studied a spin-1 Heisenberg model,
the Ĥ of Eq. (1), on trimerized kagome lattice (see Fig. 1).
The Ĥ is a problem of coupled antiferromagnetic triangles
(with intratriangle interaction J = 1), which in the absence of
intertriangle couplings J ′ and J ′′ trivially realizes the exact
TS (trimerized singlet) ground state with zero local magnetic
moments and a finite-energy gap to triplet excitations. Here,
we have studied the stability of this TS ground state, and
its transition to ordered phases, as a function of J ′ and J ′′.
This we have done by deriving a bosonic plaquette-operator

representation for spin-1 operators in terms of the singlet
and triplet eigenstates of a triangle [see Eqs. (5) and the
Appendixes], and then writing an effective triplon model Ĥt

of Eq. (7) for the Ĥ with reference to the TS state. The notable
outcomes of this triplon analysis are as follows.

For J ′′ = 0, that is, in the nearest-neighbor case of Ĥ ,
the TS ground state is found to be always gapped and hence
stable against triplon excitations. It smoothly extends right
up to J ′ = 1 (the untrimerized model), in agreement with the
recent numerical findings of the same in the nearest-neighbor
spin-1 kagome Heisenberg antiferromagnetic model [34–36].
The TS phase is also found to be stable over a range of
J ′′, before undergoing transition to two gapless ordered AF
(antiferromagnetic) phases, one with ordering wave vector
q = (0,0) for positive J ′′, and the other with q = (π/3,π/

√
3)

for negative J ′′. The quantum phase diagram obtained from
these calculations is presented in Fig. 4. The magnetic order
in the phase with Goldstone modes at q = (π/3,π/

√
3) is the

familiar coplanar 120◦-AF order with
√

3 ×
√

3 structure (see
Fig. 12). In the other AF phase with q = (0,0), the magnetic
moments are coplanar, but of different magnitudes (two short
and one long in every triangle) and deviate from 120◦ angle rel-
ative to each other. These deviations, characterized by an angle
δ, are found to arise from the difference in the triplon velocities
at q = (0,0) [see Figs. 6 and 7, and Eqs. (21)–(23)], and depend
on J ′ and J ′′. Only when J ′′ = J ′, the moments become equal
in magnitude and form a perfect 120◦-AF order (with δ = 0).
This interesting coplanar AF order with a deviation δ, for
positive J ′′, is a new find with a scope for further investigations
in the kagome antiferromagnets of low quantum spins.
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APPENDIX A: EIGENSTATES OF THE SPIN-1
HEISENBERG PROBLEM ON A TRIANGLE

Here, we compute the eigenstates of the Heisenberg model,
given in the following, of three quantum spin-1’s:

Ĥ△ = J (S⃗1 · S⃗2 + S⃗2 · S⃗3 + S⃗3 · S⃗1). (A1)

The Ĥ△ has spin-rotation symmetry due to which the total
spin S = S1 + S2 + S3 is conserved. Therefore, its eigenstates
are the total-spin eigenstates given by the total-spin quantum
number S = 0,1,2,3, and the total-Sz with values m = ±3, ±
2, ±1,0. It also has a discrete threefold rotational symmetry
that leads to an additional conserved quantum number ν =
±1,0, describing three discrete rotations ων of the triangle.
Here, ω = ei2π/3 is a cube root of unity. Together, these
two symmetries make it possible to exactly determine the
eigenstates and eigenvalues of Ĥ△.

We denote the product states of three spin-1’s as |m1m2m3⟩
in the Sz basis, where mj = 1,0,1̄ are the eigenvalues of the
spin operators Sj,z for j = 1,2,3. Here, m̄ denotes “−m.”
We use this notation for writing negative m’s. First, we
sectorize these states according to their total-Sz quantum
number m = m1 + m2 + m3, as given in Table I. Then, we
reorganize the states within each m sector according to the
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A. Plaquette-operator representation of the
spin-1 operators on a triangle

The spin-1 Heisenberg model on a triangle, that is Ĥ△ =
J (S1 · S2 + S2 · S3 + S1 · S3), has a unique singlet eigenstate
|s⟩ with eigenvalue −3J . It has three sets of triplets (that is,
nine degenerate states with total spin equal to 1), |tmν⟩, given by
m = 1,0,1̄ (total Sz) and ν = 1,0,1̄. Here, −1 is denoted as 1̄,
and the quantum number ν comes from the threefold rotational
symmetry of Ĥ△. The energy of these triplets is −2J . It also
has two sets of quintets (10 states with total spin 2) and a
heptet (7 eigenstates with total spin 3) with energies 0 and 3J ,
respectively. The eigenvalue problem for Ĥ△ is worked out in
detail in Appendix A.

For J > 0, the singlet is the ground state of Ĥ△ and the
triplets form the elementary excitations with energy gap J . The
quintets, that cost an energy 3J from the ground state, are the
next higher excitations. Since they are safely above the triplets,
in the simplest approximation, we ignore the quintets and the
highest-energy heptets in writing a low-energy theory of the
trimerized KHA model Ĥ . Thus, we restrict the triangle’s
Hilbert space to have the singlet |s⟩ and all the 9 triplets |tmν⟩
only. This reduced problem would nevertheless be sufficient
to do a basic stability check of the TS ground state.

Like the bond-operator representation, that is known to
be so useful to the studies of dimer phases [43,44,46], we
derive here a plaquette-operator representation for the spin-1
operators on a triangular plaquette in the reduced basis
{|s⟩,|tmν⟩}. For this, let us first introduce the singlet and triplet
plaquette operators ŝ† and t̂

†
mν , that are defined as follows:

|s⟩ := ŝ†|ø⟩, (2a)

|tmν⟩ := t̂†mν |ø⟩. (2b)

Here, ŝ† are t
†
mν are the bosonic creation operators in a

Fock space with vacuum |ø⟩. The projection of the infinite-
dimensional Fock space onto the 10-dimensional Hilbert space
spanned by |s⟩ and |tmν⟩ is done by the following constraint
on the number of these bosons:

ŝ†ŝ +
!

m,ν

t̂†mν t̂mν = 1. (3)

In terms of the singlet and triplet plaquette operators intro-
duced above, the Hamiltonian of a triangle in the reduced
basis can be written as follows:

Ĥ△ ≈ −3J ŝ†ŝ − 2J
!

m,ν

t̂†mν t̂mν . (4)

Next, we represent the spin-1 operators of a triangle in terms
of the plaquette operators. Following, they are written in an
approximate form that is simple and useful. For more details,
please refer to Appendix B:

Sj,z ≈ s̄√
3
{cj Q̂z1̄ − sj Q̂z1}, (5a)

Sj,α ≈ 2s̄√
3
{cj−1Q̂α1̄ − sj−1Q̂α1} for α = x,y. (5b)

Here, j = 1,2,3 denote the spins of a triangle (see Fig. 1 for
spin labels), and α = x, y, and z their components. Moreover,

cj = cos ( 2πj
3 ) and sj = sin ( 2πj

3 ). The “coordinate” operators
Q̂αν for ν = 1,1̄ and α = x, y, and z are defined as Q̂αν =
(t̂†αν + t̂αν)/

√
2, where the operators t̂αν are given as follows:

t̂zν = (−i)
1−ν

2 t̂0ν, (6a)

t̂xν = (−i)
1−ν

2 (t̂1̄ν − t̂1ν)/
√

2, (6b)

t̂yν = i
1+ν

2 (t̂1̄ν + t̂1ν)/
√

2. (6c)

Likewise, we define the conjugate “momentum” operators
P̂αν = i(t̂†αν − t̂αν)/

√
2, such that [Q̂αν,P̂α′ν ′] = iδαα′δνν ′ and

P̂ 2
αν + Q̂2

αν = 2t̂†αν t̂αν + 1. This canonical change of variables
(from t̂ , t̂† to P̂ ,Q̂) is found to be convenient for further
analysis. Since the ν = 0 triplet operators t̂m0 do not appear in
Eqs. (5), we keep them as they are.

Apart from neglecting the quintets and heptets, we have
made two other simplifying approximations in writing Eqs. (5).
One, we have treated the singlet operator ŝ as mean field
s̄. Through s̄, which is a measure of the singlet amplitude
per triangle, we describe in mean-field approximation the TS
phase on the kagome lattice. Two, we have ignored the terms
bilinear in triplet operators (see Appendix B), which amounts
to neglecting the interaction between triplets in the effective
theory. These are two basic approximations of the mean-field
triplon analysis. For a general discussion on triplon mean-field
theory, please take a look at Refs. [43,44,46].

B. Plaquette-triplon mean-field theory

Now, we turn to the model Ĥ of Sec. II, and work
out an effective theory for it in terms of the plaquette
operators introduced in the previous subsection. We rewrite
the intratriangle interactions (J terms) in Ĥ as Eq. (4), with
ŝ replaced by the uniform TS mean field s̄. We also add to it
the local constraint s̄2 +

"
αν t̂†αν t̂αν = 1, through an average

Lagrange multiplier λ. The intertriangle interactions (J ′ and
J ′′ terms) in Ĥ are rewritten using Eqs. (5). These steps lead
to an effective bilinear problem of triplons that, after Fourier
transformation, takes the following form in the momentum
space:

Ĥt = e0N +
!

k

!

α=x,y,z

#
λ

$
t̂
†
α0(k)t̂α0(k) + 1

2

%

+ 1
2

&
λP̂†

α(k)P̂α(k) + Q̂†
α(k)Vα,k Q̂α(k)

'(
. (7)

Here, N is the total number of triangular unit cells in the
kagome lattice, and e0 = −s̄2J + λs̄2 − 2J − 11

2 λ. Moreover,
the operators

Q̂α(k) =
$
Q̂α1(k)
Q̂α1̄(k)

%
and P̂α(k) =

$
P̂α1(k)
P̂α1̄(k)

%
, (8)

where Q̂α1(k) and Q̂α1̄(k) are the Fourier components
of Q̂α1(r) and Q̂α1̄(r), respectively. That is, Q̂αν(r) =

1√
N

"
k eik·rQ̂αν(k) for ν = 1,1̄. Here, r denotes the position

vector of the triangular units of kagome lattice (see Fig. 1),
and k is the wave vector in the first Brillouin zone of the
corresponding reciprocal lattice (see Figs. 3 and 9). Like-
wise, P̂αν(r) = 1√

N

"
k eik·rP̂αν(k). Since Q̂αν(r) and P̂αν(r)
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!

m,ν

t̂†mν t̂mν . (4)

Next, we represent the spin-1 operators of a triangle in terms
of the plaquette operators. Following, they are written in an
approximate form that is simple and useful. For more details,
please refer to Appendix B:

Sj,z ≈ s̄√
3
{cj Q̂z1̄ − sj Q̂z1}, (5a)

Sj,α ≈ 2s̄√
3
{cj−1Q̂α1̄ − sj−1Q̂α1} for α = x,y. (5b)

Here, j = 1,2,3 denote the spins of a triangle (see Fig. 1 for
spin labels), and α = x, y, and z their components. Moreover,

cj = cos ( 2πj
3 ) and sj = sin ( 2πj

3 ). The “coordinate” operators
Q̂αν for ν = 1,1̄ and α = x, y, and z are defined as Q̂αν =
(t̂†αν + t̂αν)/

√
2, where the operators t̂αν are given as follows:

t̂zν = (−i)
1−ν

2 t̂0ν, (6a)

t̂xν = (−i)
1−ν

2 (t̂1̄ν − t̂1ν)/
√

2, (6b)

t̂yν = i
1+ν

2 (t̂1̄ν + t̂1ν)/
√

2. (6c)

Likewise, we define the conjugate “momentum” operators
P̂αν = i(t̂†αν − t̂αν)/

√
2, such that [Q̂αν,P̂α′ν ′] = iδαα′δνν ′ and

P̂ 2
αν + Q̂2

αν = 2t̂†αν t̂αν + 1. This canonical change of variables
(from t̂ , t̂† to P̂ ,Q̂) is found to be convenient for further
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Apart from neglecting the quintets and heptets, we have
made two other simplifying approximations in writing Eqs. (5).
One, we have treated the singlet operator ŝ as mean field
s̄. Through s̄, which is a measure of the singlet amplitude
per triangle, we describe in mean-field approximation the TS
phase on the kagome lattice. Two, we have ignored the terms
bilinear in triplet operators (see Appendix B), which amounts
to neglecting the interaction between triplets in the effective
theory. These are two basic approximations of the mean-field
triplon analysis. For a general discussion on triplon mean-field
theory, please take a look at Refs. [43,44,46].
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Now, we turn to the model Ĥ of Sec. II, and work
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ζ = nc1/nc1̄. In terms of nc and ζ , we can write nc1̄ = nc

2(1+ζ )

and nc1 = ζnc

2(1+ζ ) .
By putting these triplon displacements into the plaquette-

operator representation for spins, we get the following general
form of the magnetic moments:

mj (r) = mj (cos [ϕj − q · r], sin [ϕj − q · r],0). (22)

Here, mj (r) = ⟨Sj (r)⟩ is the magnetic moment due to
j th spin in the triangular unit cell at position r, with
three components mj,x(r) = mj cos [ϕj − q · r], mj,y(r) =
mj sin [ϕj − q · r], and mj,z(r) = 0. These moments are ob-
viously coplanar. Their amplitudes mj and the angles ϕj are
given below for j = 1, 2, and 3:

(m1,ϕ1) =
!

2s̄

"
nc

3(1 + ζ )
,
π

2

#
, (23a)

(m2,ϕ2) =
!

m1

√
1 + 3ζ

2
,ϕ1 + 2π

3
+ δ

#
, (23b)

(m3,ϕ3) =
!

m2,ϕ1 − 2π

3
− δ

#
. (23c)

Here, δ = tan−1 [
√

3(1 −
√

ζ )/(1 + 3
√

ζ )]. The mj (r)’s on
every triangle exactly add up to zero, as it should be in an
antiferromagnetic phase. From these general considerations,
now we turn to the specific cases.

1. Coplanar AF order with q = (0,0)

From Eqs. (19), applicable to the phase with Goldstone
mode at q = (0,0), we calculate λ, s̄2, and nc. In Fig. 5, we
plot nc as a function of J ′′ for fixed values of J ′, alongside
&t of the gapped phase. It shows a quantum phase transition
characterized by the triplon gap that goes to zero continuously
at the critical point, and nc that grows continuously on the
other side of the critical point starting from zero at the critical
point. The s̄2 and λ also exhibit a kinklike behavior across
the transition. In Fig. 6, we show the triplon dispersions, of

FIG. 5. The triplon gap &t and the condensate density nc vs J ′′.
Together, they characterize the quantum phase transition from the
gapped TS phase to the q = (0,0) AF ordered phase for Ĥ of Eq. (1).
Inset: λ and s̄2 vs J ′′.

FIG. 6. The triplon dispersions [as given in Eq. (15)] in the
gapless AF phase with Goldstone mode at q = (0,0). In this phase,
the four dispersions Eαµ,k for α = x,y and µ = ± go to zero linearly
in |k|, at the ( point.

which the four dispersions with α = x,y and µ = ± go to zero
linearly in |k| at q = (0,0), the ( point.

We infer the magnetic order in this phase from Eqs. (22)
and (23). Its salient features are as follows. First, the magnetic
moments are independent of r, obviously because q = (0,0).
That is, the mj (r)’s in all the triangular unit cells look identical,
as shown in Fig. 7.

FIG. 7. The coplanar antiferromagnetic order with q = (0,0).
Here, the magnetic moments, denoted as Ã, B̃, and C̃, are arranged
identically in all the unit cells (red triangles). The angle between Ã

and B̃ is 120◦ + δ, which is same as the angle between Ã and C̃. The
magnitude of B̃ is equal to that of C̃, but shorter than that of Ã. Refer
to Eqs. (23) for details.
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moments are independent of r, obviously because q = (0,0).
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FIG. 7. The coplanar antiferromagnetic order with q = (0,0).
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and B̃ is 120◦ + δ, which is same as the angle between Ã and C̃. The
magnitude of B̃ is equal to that of C̃, but shorter than that of Ã. Refer
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ζ = nc1/nc1̄. In terms of nc and ζ , we can write nc1̄ = nc

2(1+ζ )

and nc1 = ζnc

2(1+ζ ) .
By putting these triplon displacements into the plaquette-

operator representation for spins, we get the following general
form of the magnetic moments:

mj (r) = mj (cos [ϕj − q · r], sin [ϕj − q · r],0). (22)

Here, mj (r) = ⟨Sj (r)⟩ is the magnetic moment due to
j th spin in the triangular unit cell at position r, with
three components mj,x(r) = mj cos [ϕj − q · r], mj,y(r) =
mj sin [ϕj − q · r], and mj,z(r) = 0. These moments are ob-
viously coplanar. Their amplitudes mj and the angles ϕj are
given below for j = 1, 2, and 3:

(m1,ϕ1) =
!

2s̄

"
nc

3(1 + ζ )
,
π

2

#
, (23a)

(m2,ϕ2) =
!

m1

√
1 + 3ζ

2
,ϕ1 + 2π

3
+ δ

#
, (23b)

(m3,ϕ3) =
!

m2,ϕ1 − 2π

3
− δ

#
. (23c)

Here, δ = tan−1 [
√

3(1 −
√

ζ )/(1 + 3
√

ζ )]. The mj (r)’s on
every triangle exactly add up to zero, as it should be in an
antiferromagnetic phase. From these general considerations,
now we turn to the specific cases.

1. Coplanar AF order with q = (0,0)

From Eqs. (19), applicable to the phase with Goldstone
mode at q = (0,0), we calculate λ, s̄2, and nc. In Fig. 5, we
plot nc as a function of J ′′ for fixed values of J ′, alongside
&t of the gapped phase. It shows a quantum phase transition
characterized by the triplon gap that goes to zero continuously
at the critical point, and nc that grows continuously on the
other side of the critical point starting from zero at the critical
point. The s̄2 and λ also exhibit a kinklike behavior across
the transition. In Fig. 6, we show the triplon dispersions, of

FIG. 5. The triplon gap &t and the condensate density nc vs J ′′.
Together, they characterize the quantum phase transition from the
gapped TS phase to the q = (0,0) AF ordered phase for Ĥ of Eq. (1).
Inset: λ and s̄2 vs J ′′.

FIG. 6. The triplon dispersions [as given in Eq. (15)] in the
gapless AF phase with Goldstone mode at q = (0,0). In this phase,
the four dispersions Eαµ,k for α = x,y and µ = ± go to zero linearly
in |k|, at the ( point.

which the four dispersions with α = x,y and µ = ± go to zero
linearly in |k| at q = (0,0), the ( point.

We infer the magnetic order in this phase from Eqs. (22)
and (23). Its salient features are as follows. First, the magnetic
moments are independent of r, obviously because q = (0,0).
That is, the mj (r)’s in all the triangular unit cells look identical,
as shown in Fig. 7.

FIG. 7. The coplanar antiferromagnetic order with q = (0,0).
Here, the magnetic moments, denoted as Ã, B̃, and C̃, are arranged
identically in all the unit cells (red triangles). The angle between Ã

and B̃ is 120◦ + δ, which is same as the angle between Ã and C̃. The
magnitude of B̃ is equal to that of C̃, but shorter than that of Ã. Refer
to Eqs. (23) for details.

014427-7

Spin-1 KHA



P. Ghosh, A. K. Verma, and BK, PRB (2016)

Magnetic Order in the Two Phases

p
3⇥

p
3

Spin-1 KHA



P. Ghosh, A. K. Verma, and BK, PRB (2016)

Magnetic Order in the Two Phases
Novel q=(0,0) order p

3⇥
p
3

Spin-1 KHA



P. Ghosh, A. K. Verma, and BK, PRB (2016)

Structure factor of q=(0,0) order with δ≠0 

BZ1

BZ2 BZ3

BZ4

(-1,1)

(-1,0)

(0,1)

(0,-1)

(1,0)

(1,-1)

Spin-1 KHA



P. Ghosh, A. K. Verma, and BK, PRB (2016)

Structure factor of q=(0,0) order with δ≠0 

BZ1

BZ2 BZ3

BZ4

(-1,1)

(-1,0)

(0,1)

(0,-1)

(1,0)

(1,-1)

PLAQUETTE-TRIPLON ANALYSIS OF MAGNETIC . . . PHYSICAL REVIEW B 93, 014427 (2016)

FIG. 10. The triplon gap !t and the condensate density nc

describing the quantum phase transition from the gapped TS phase to
the gapless phase with Goldstone mode at q = ( π

3 , π√
3
). Inset: λ and

s̄2 vs J ′′.

sets of Bragg peaks distinguished by their intensities I(ν1,ν2).
While the intensities of all the peaks for odd integer values of ν2
(regardless of ν1) are same and proportional to (1 + 3ζ )m2

1, for
an odd ν1 and even ν2, the intensity is proportional to 4m2

1. For
instance, the Bragg peaks at the four points (ν1,ν2) = (0, ±1)
and ±(1, −1) have the same intensity, which is different from
the intensity of two other peaks at (±1,0). In Fig. 9, these two
sets of Braggs peaks are shown, respectively, by the fllled and
the hollow red circles. From the ratio of these intensities, one
can experimentally measure ζ , and hence δ, the deviation from
the 120◦-AF order. One can use the formula

I(1,0)

I(0,1)
= 4

1 + 3ζ
= 4 sin2

!
π

6
+ δ

"
(25)

to find ζ and δ. (The ζ , which is the ratio of the triplon velocities
at ' point, can also be measured alternatively by measuring
triplon dispersions from inelastic neutron scattering.) Note
that, for ζ = 1, we get the same intensity for all the Bragg
peaks, as it should be for the perfect 120◦-AF order with q =
(0,0) on the kagome lattice [47].

2. Coplanar 120◦-AF order with
√

3 ×
√

3 structure

The solutions of Eqs. (20) determine the nature of the
gapless phase for negative J ′′. The condensate density nc

and other quantities, calculated as a function of J ′′ for fixed
J ′, are plotted in Fig. 10. Here again, we see a continuous
rise of nc starting from zero at the critical point. Moreover,
the dispersions Eα−,k (for α = x,y) go to zero linearly at
q = (π/3,π/

√
3) = (b1 + b2)/3, the K point, as shown in

Fig. 11.
Interestingly, ζ is always equal to 1 in this gapless phase.

This is so because the condensation of the triplons with
dispersion Eα−,k contributes equally to nc1 and nc1̄, as Q̂α−(q)
is an equal weight linear combination of Q̂α1(q) and Q̂α1̄(q).
Thus, in this phase, we have δ = 0, and m1 = m2 = m3 =
s̄
√

2nc/3. That is, the magnetic moments in every triangle are

FIG. 11. The energy dispersions of the triplon excitations in the
gapless AF phase with Goldstone mode at q = ( π

3 , π√
3
). Here, two

degenerate dispersions Ex−,k and Ey−,k go to zero linearly at q, that
is, K point in the Brillouin zone (see Fig. 3).

equal in magnitude, and orientated at 120◦ angle relative to
each other. But now they have r-dependent angles ϕj − q · r,
as given in Eq. (22). It means that the magnetic moments will
rotate from one triangle to another, while keeping their internal
relative angles fixed at 120◦.

To understand the r dependence of the magnetic moments,
let us write r as r = l1a1 + l2a2, where l1 and l2 are integers. In
the present case, q = (b1 + b2)/3, therefore, q · r = 2π

3 (l1 +
l2). It immediately implies that the moments will rotate by
2π
3 , if l1 + l2 changes by −1 or 2. Or, they will rotate by

− 2π
3 , if l1 + l2 changes by 1 or −2. The moments will not

rotate, however, if the change in l1 + l2 occurs in integer
multiples of 3. The magnetic structure that results from
these considerations is shown in Fig. 12. It consists of three
interpenetrating sublattices of the triangles shown in red, blue,
and purple colors. The magnetic moments in the triangles of
one sublattice have the same 120◦ orientation, which differs
from the orientations on the other two sublattices by ±2π/3.
This is the familiar coplanar 120◦-AF order with

√
3 ×

√
3

structure. In a diffraction measurement, this magnetic structure
would express through the Bragg peaks at K points in the first
Brillouin zone, and also at other suitable points in the extended
Brillouin zone, as shown in Ref. [47].

We end this section with a brief comparative note on
other studies of KHA model of quantum spins with first- and
second-neighbor interactions. As it appears, there are hardly
any studies on spin-1 KHA with first- and second-neighbor
interactions, except for a few Schwinger boson calculations
which broadly agree on the occurrence of two ordered phases
[q = (0,0) and

√
3 ×

√
3; both with 120◦-AF order] for

different signs of J ′′ (and J ′ = J > 0 in our notation), but
undermine the quantum-disordered phase between the two
for spin-1 [48,49]. They do not find any deviation from
the 120◦-AF order in the q = (0,0) phase. The studies on
the corresponding spin- 1

2 model, that has been investigated
more actively by different methods, also claim to find the
same (120◦-AF) ordered phases, separated by a nonmagnetic
phase [50–52]. However, in Ref. [50] for spin- 1

2 J1-J2
KHA, the 120◦-AF order for q = (0,0) is noted to be most
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FIG. 10. (Color online) Spin-resolved entanglement spectra obtained from the ground-state wave function of the J1-J2 Heisenberg model
on the kagome lattice at J2 = 1.0. Data are for a cylinder with 4 × 12 unit cells. (a),(b) Schematic representation of the q = 0 state on the
kagome lattice. A, B, and C denote the three ferromagnetic sublattices. Bonds connecting spins in different sublattices are shown with different
colors. The black dashed line marks the cut defining the bipartition used to calculate the entanglement spectrum. Two possible cuts are shown:
(a) The cut crosses only A-B and B-C bonds, (b) the cut crosses A-B, B-C, and A-C bonds. (c),(d) The entanglement spectra obtained from
the bipartitions shown in (a) and (b), plotted vs SA(SA + 1), with SA being the total spin in subsystem A. Each symbol corresponds to a 2SA + 1
degenerate multiplet of levels. The red symbols denote the lowest (2SA + 1)2 levels. Notice that deviations from the expected tower-of-states
structure (cf. Fig. 9) are large using the bipartition shown in (a).

antiferromagnetic and ferromagnetic J2. In particular, we
investigated the behavior of the model around the pure kagome
point at J2 = 0. To this purpose, we monitored the behavior of
the spin triplet gap, the static structure factor, and the magnetic
correlation length, as a function of J2. We should remark
that our results are based on finite-size cylinders. Strong
finite-size effects do not allow us to provide conclusive results
about the phase diagram of the model in the thermodynamic
limit.

By comparing the finite-size behaviors of the spin gap,
the structure factor, and the correlation lengths, we found
numerical evidence suggesting that the ground state of the
model displays magnetic order for J2 ! −0.1 and J2 " 0.2.
Precisely, for J2 ! −0.1, the structure factor exhibits sharp
peaks at the K points of the extended Brillouin zone, in
agreement with what is expected for the classical

√
3 ×

√
3

state, whereas at J2 " 0.2, one observes peaks at the M
points, which signal the q = 0 magnetic pattern. In both
cases, the correlation lengths associated with the two structures
show a rapid increase upon increasing |J2| and the system
size. Correspondingly, the triplet gap decreases, suggesting
a vanishing gap in the thermodynamic limit. Within the
system sizes accessible to the simulations, our results are
consistent with the presence of a magnetically disordered
phase for −0.1 ! J2 ! 0.2, which is compatible with spin-
liquid behavior [31]. In this region, the spin gap shows a
weaker dependence on the cylinder size. Moreover, the DMRG
data support a finite gap for infinitely long cylinders. The
static structure factor is featureless at the J2 = 0 point, and
it exhibits not very pronounced structures in the whole region
−0.1 ! J2 ! 0.2. The magnetic correlation lengths associated
with the

√
3 ×

√
3 and the q = 0 order are of the order of the

lattice unit.
As a final point, we investigated the structure of the ground-

state entanglement spectrum (ES) in the q = 0 ordered phase.
We found that the identification of the tower-of-states structure,
which is associated with the SU(2) symmetry breaking in the
thermodynamic limit, depends dramatically on the choice of

the spatial bipartition of the state, at least for small system
sizes.

Recently, we became aware of two related works. In
Ref. [58], a DMRG study of the phase diagram of the J1-J2-J3
Heisenberg model on the kagome lattice is performed, and in
Ref. [59], the phase diagram of the J1-J2 Heisenberg model on
the kagome lattice is studied with a variational Monte Carlo
method. The results of both works are in qualitative agreement
with the ones reported in this paper.
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FIG. 11. (Color online) The static spin structure factor S(q) ob-
tained from ground-state DMRG simulations of the J1-J2 Heisenberg
model (a) on kagome cylinders with integer number of 3 × 12 unit
cells and (b) on small tori with 3 × 3 unit cells for different values
of J2. The solid and the dotted lines show the first and the extended
Brillouin zones, respectively. The spin correlations are qualitatively
the same as in Fig. 3 for all J2 values and boundary conditions.
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FIG. 10. (Color online) Spin-resolved entanglement spectra obtained from the ground-state wave function of the J1-J2 Heisenberg model
on the kagome lattice at J2 = 1.0. Data are for a cylinder with 4 × 12 unit cells. (a),(b) Schematic representation of the q = 0 state on the
kagome lattice. A, B, and C denote the three ferromagnetic sublattices. Bonds connecting spins in different sublattices are shown with different
colors. The black dashed line marks the cut defining the bipartition used to calculate the entanglement spectrum. Two possible cuts are shown:
(a) The cut crosses only A-B and B-C bonds, (b) the cut crosses A-B, B-C, and A-C bonds. (c),(d) The entanglement spectra obtained from
the bipartitions shown in (a) and (b), plotted vs SA(SA + 1), with SA being the total spin in subsystem A. Each symbol corresponds to a 2SA + 1
degenerate multiplet of levels. The red symbols denote the lowest (2SA + 1)2 levels. Notice that deviations from the expected tower-of-states
structure (cf. Fig. 9) are large using the bipartition shown in (a).

antiferromagnetic and ferromagnetic J2. In particular, we
investigated the behavior of the model around the pure kagome
point at J2 = 0. To this purpose, we monitored the behavior of
the spin triplet gap, the static structure factor, and the magnetic
correlation length, as a function of J2. We should remark
that our results are based on finite-size cylinders. Strong
finite-size effects do not allow us to provide conclusive results
about the phase diagram of the model in the thermodynamic
limit.

By comparing the finite-size behaviors of the spin gap,
the structure factor, and the correlation lengths, we found
numerical evidence suggesting that the ground state of the
model displays magnetic order for J2 ! −0.1 and J2 " 0.2.
Precisely, for J2 ! −0.1, the structure factor exhibits sharp
peaks at the K points of the extended Brillouin zone, in
agreement with what is expected for the classical

√
3 ×

√
3

state, whereas at J2 " 0.2, one observes peaks at the M
points, which signal the q = 0 magnetic pattern. In both
cases, the correlation lengths associated with the two structures
show a rapid increase upon increasing |J2| and the system
size. Correspondingly, the triplet gap decreases, suggesting
a vanishing gap in the thermodynamic limit. Within the
system sizes accessible to the simulations, our results are
consistent with the presence of a magnetically disordered
phase for −0.1 ! J2 ! 0.2, which is compatible with spin-
liquid behavior [31]. In this region, the spin gap shows a
weaker dependence on the cylinder size. Moreover, the DMRG
data support a finite gap for infinitely long cylinders. The
static structure factor is featureless at the J2 = 0 point, and
it exhibits not very pronounced structures in the whole region
−0.1 ! J2 ! 0.2. The magnetic correlation lengths associated
with the

√
3 ×

√
3 and the q = 0 order are of the order of the

lattice unit.
As a final point, we investigated the structure of the ground-

state entanglement spectrum (ES) in the q = 0 ordered phase.
We found that the identification of the tower-of-states structure,
which is associated with the SU(2) symmetry breaking in the
thermodynamic limit, depends dramatically on the choice of

the spatial bipartition of the state, at least for small system
sizes.

Recently, we became aware of two related works. In
Ref. [58], a DMRG study of the phase diagram of the J1-J2-J3
Heisenberg model on the kagome lattice is performed, and in
Ref. [59], the phase diagram of the J1-J2 Heisenberg model on
the kagome lattice is studied with a variational Monte Carlo
method. The results of both works are in qualitative agreement
with the ones reported in this paper.
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FIG. 11. (Color online) The static spin structure factor S(q) ob-
tained from ground-state DMRG simulations of the J1-J2 Heisenberg
model (a) on kagome cylinders with integer number of 3 × 12 unit
cells and (b) on small tori with 3 × 3 unit cells for different values
of J2. The solid and the dotted lines show the first and the extended
Brillouin zones, respectively. The spin correlations are qualitatively
the same as in Fig. 3 for all J2 values and boundary conditions.
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FIG. 1. (Color online) (a) Quantum phase diagram of the J1-J2 kagome Heisenberg model. Colored regions correspond to the magnetically
ordered phases q = 0, cuboc, ferromagnetic, and

√
3 ×

√
3 order, while white regimes are nonmagnetic. Faint areas near the phase transitions

(e.g., between the cuboc and the ferromagnetic phase) are regions of significant numerical uncertainty. (b) Flow of the susceptibilities at the
ordering vectors of the four ordered regimes. Arrows indicate the instability features. The curves for q = 0, cuboc, ferromagnetic, and

√
3 ×

√
3

order are given for α = 45◦, 130◦, 180◦, and 315◦, respectively (black dots in the phase diagram). (c) Susceptibilities at the ordering vectors
of the ordered phases as a function of α at constant " = 0.6, well above the instability features. Ordered regimes occur in the vicinity of the
maxima of these curves. (d)–(g) show the susceptibility profiles for all types of orders (at the points indicated in the phase diagram) at the
instability breakdown.

measurements [25]. Furthermore, we compute the dimer
susceptibilities for different pattern candidates. While local
pinwheel correlations tend to get enhanced by the RG flow,
long-range valence-bond crystal (VBC) orders are rejected, as
seen by a strongly inhomogeneous pattern response (Fig. 3).
This suggests that the initial RG bias for VBC flows away
towards a random valence-bond (RVB) liquid type state, which
is consistent with spin liquid proposals for the KHM.

Model. The Hamiltonian of the J1-J2 kagome Heisenberg
model (KHM) is given by

HKHM = J1

!

⟨ij⟩
SiSj + J2

!

⟨⟨ij⟩⟩
SiSj , (1)

where ⟨ij ⟩ and ⟨⟨ij ⟩⟩ denote nearest neighbor and second
neighbor pairs, respectively. We parametrize the couplings by

J1 = J cos α and J2 = J sin α, which enables us to character-
ize each point in parameter space by a single angle α (Fig. 1),
with 0 ! α < 2π . (All energies are given in units of J in
the following.) For α = 90◦, the system decouples into three
independent kagome lattices, which implies that the system at
this point has the same physical properties as at α = 0. For
its classical counterpart [29], the J1-J2 KHM exhibits four
types of magnetic order: (i) the planar q = 0 Néel state with a
three-site unit cell which appears for purely antiferromagnetic
interactions at 0◦ < α < 90◦, (ii) the nonplanar cuboc state
with a 12-site unit cell located at 90◦ < α < 161.6◦, (iii) a
ferromagnetic phase at 161.6◦ < α < 270◦, and (iv) the planar√

3 ×
√

3 Néel state with a nine-site unit cell in the region
270◦ < α < 360◦ (the phases are also found in the quantum
phase diagram, Fig. 1). These types of order correspond to

FIG. 2. (Color online) Nonmagnetic phase for | J2
J1

| ≪ 1: (a) " flow of the largest k component of the magnetic susceptibility for α = 0.
The flow behavior is smooth to " = 0. (Small oscillations below " ≈ 0.3 are due the frequency discretization.) (b), (c) k-space resolved
susceptibility at " = 0. Small maxima can be seen at the K points of the second Brillouin zone for J2 = 0 in (b). These maxima vanish for at
J2 = 0.017J1 in (c), with a strong resemblance to Ref. [25].
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spin-gap state, or a gapless state of the same ground state,
has not yet been clarified.
To study this matter, it is important to clarify whether or

not magnetic transitions exist, and to confirm a nonmagnetic
ground state. In this paper, we report results of zero-field
~ZF! and longitudinal-field ~LF! mSR on a single crystal of
the 2D S51 kagomé AFM m-MPYNN• BF4, which has
been proposed to show a spin-gap state by an ac-
susceptibility measurement.13 We carried out mSR down to
30 mK, and observed no clear static ordering of magnetic
moments.
The organic AFM m-MPYNN• BF4 @2-~3-N-methyl-

pyridium! -4,4,5,5 - tetramethyl -4,5 - dihydro-1H-imidazol - 1
-oxyl 3-N-oxide#, comprises magnetic layers of an a-nitro-
nyl nitroxide cation allyl radical (m-MPYNN) with S5 1

2 .14
Figure 1 shows a model of a crystal structure of
m-MPYNN•BF4 constructed by the m-MPYNN unit mol-
ecules. The radical spin has an isotropic g value of 2.006 like
other allyl radical spins. Two m-MPYNN molecules make a
dimer state by an intradimer ferromagnetic interaction 2J0 .
The dimers form a kagomé lattice through an interdimer AF
interaction 2J . Both 2J0 and 2J were obtained by the sus-
ceptibility measurement to be 23.3 and 23.1 K,
respectively.15 The kagomé lattices form a 2D layer struc-
ture. One-third of BF4 molecules are located at interstitial
spaces of the kagomé lattice, and two-thirds of the BF4 mol-
ecules sit in between layers. Because of the strong ferromag-
netic intradimer interaction, m-MPYNN• BF4 can be re-
garded as the 2D kagomé AFM with S51 below the
temperature of 2J0 /kB .15
A heat-capacity measurement on m-MPYNN• BF4 sug-

gested a short-range ordering of the dimer spins below 1.4 K.
This temperature is half of the exchange interaction tempera-
ture of 2uJukB53.1 K.13 The susceptibility showed a peak at
240 mK, and almost zero at 30 mK along each crystal axis.13
This susceptibility behavior is completely different from the
spin-glass behavior,16 but quite similar to that observed in

the 1D Heisenberg AFM, which shows a spin-gap state.
Therefore, the S51 m-MPYNN• BF4 is suggested to show a
2D spin-gap state with a nonmagnetic ground state.13
Positive muon spin relaxation (m1SR) is a good micro-

scopic probe to sense such a magnetic state of the system. A
muon spin is completely polarized along a beam direction
even in the ZF condition, and depolarized after the stop at a
potential-minimum position in the crystal of
m-MPYNN• BF4 interacting with a local field at a muon
site.17 A long- or short-range ordering of the dimer spins can
be recognized as a change of the depolarization behavior of
the muon spin, because a static or dynamically fluctuating
component of the internal field which is accompanied by the
magnetic transition affects strongly the muon-spin
polarization.17,18
The preparation procedures of m-MPYNN• BF4 have

been described elsewhere.14 Because a typical size of a piece
of the crystal was about 23232 mm3, we prepared more
than 30 pieces for the m1SR measurement. The samples
were mounted on a high-purity ~5N! Ag sample holder like a
mosaic, and fixed by an Apiezon-N grease. The alignment of
the crystal axes was not considered. The sample area was
about 30 mm in diameter, which was comparable to a muon
beam spot size at a sample position.
ZF- and LF-m1SR were carried out at Meson Science

Laboratory in KEK ~KEK-MSL! by using a pulsed surface
m1 beam with an energy of 4 MeV. A top-loading-type di-
lution refrigerator was used for low temperature measure-
ments down to 30 mK. A conventional gas-flow-type cry-
ostat was used for the temperature region from 2 to 300 K.
Forward and backward counters are positioned along the
beam line. An asymmetry parameter of the muon spin at time
t , A(t), is defined as @F(t)2B(t)#/@F(t)1B(t)# , where
F(t) and B(t) are muon events counted by the forward and
backward counters, respectively.
Figure 2 shows ZF-m1SR time spectra obtained at 265 K,

100 K, 2.9 K, and 30 mK. The asymmetry at each tempera-
ture is normalized to 1 at t50, to compare the difference of
the depolarization behavior. The depolarization behavior
cannot be described by either a simple Gaussian function or
a Lorentzian function. For convenience’s sake, the obtained

FIG. 1. Model of a crystal structure of m-MPYNN molecule
and kagomé structure of m-MPYNN• BF4. Two m-MPYNN mol-
ecules form a dimer state with S51 by a ferromagnetic intermo-
lecular interaction 2J0. The dimer couples with the neighboring
dimer by an antiferromagnetic interaction 2J .

FIG. 2. ZF-m1SR time spectrum of a single crystal of
m-MPYNN• BF4 obtained at 265 K, 100 K, 2.9 K, and 30 mK.
Solid lines are best fit results by using a function of A0e2(lt)b. A0 at
each temperature is normalized to be 1.
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spin-gap state, or a gapless state of the same ground state,
has not yet been clarified.
To study this matter, it is important to clarify whether or

not magnetic transitions exist, and to confirm a nonmagnetic
ground state. In this paper, we report results of zero-field
~ZF! and longitudinal-field ~LF! mSR on a single crystal of
the 2D S51 kagomé AFM m-MPYNN• BF4, which has
been proposed to show a spin-gap state by an ac-
susceptibility measurement.13 We carried out mSR down to
30 mK, and observed no clear static ordering of magnetic
moments.
The organic AFM m-MPYNN• BF4 @2-~3-N-methyl-

pyridium! -4,4,5,5 - tetramethyl -4,5 - dihydro-1H-imidazol - 1
-oxyl 3-N-oxide#, comprises magnetic layers of an a-nitro-
nyl nitroxide cation allyl radical (m-MPYNN) with S5 1

2 .14
Figure 1 shows a model of a crystal structure of
m-MPYNN•BF4 constructed by the m-MPYNN unit mol-
ecules. The radical spin has an isotropic g value of 2.006 like
other allyl radical spins. Two m-MPYNN molecules make a
dimer state by an intradimer ferromagnetic interaction 2J0 .
The dimers form a kagomé lattice through an interdimer AF
interaction 2J . Both 2J0 and 2J were obtained by the sus-
ceptibility measurement to be 23.3 and 23.1 K,
respectively.15 The kagomé lattices form a 2D layer struc-
ture. One-third of BF4 molecules are located at interstitial
spaces of the kagomé lattice, and two-thirds of the BF4 mol-
ecules sit in between layers. Because of the strong ferromag-
netic intradimer interaction, m-MPYNN• BF4 can be re-
garded as the 2D kagomé AFM with S51 below the
temperature of 2J0 /kB .15
A heat-capacity measurement on m-MPYNN• BF4 sug-

gested a short-range ordering of the dimer spins below 1.4 K.
This temperature is half of the exchange interaction tempera-
ture of 2uJukB53.1 K.13 The susceptibility showed a peak at
240 mK, and almost zero at 30 mK along each crystal axis.13
This susceptibility behavior is completely different from the
spin-glass behavior,16 but quite similar to that observed in

the 1D Heisenberg AFM, which shows a spin-gap state.
Therefore, the S51 m-MPYNN• BF4 is suggested to show a
2D spin-gap state with a nonmagnetic ground state.13
Positive muon spin relaxation (m1SR) is a good micro-

scopic probe to sense such a magnetic state of the system. A
muon spin is completely polarized along a beam direction
even in the ZF condition, and depolarized after the stop at a
potential-minimum position in the crystal of
m-MPYNN• BF4 interacting with a local field at a muon
site.17 A long- or short-range ordering of the dimer spins can
be recognized as a change of the depolarization behavior of
the muon spin, because a static or dynamically fluctuating
component of the internal field which is accompanied by the
magnetic transition affects strongly the muon-spin
polarization.17,18
The preparation procedures of m-MPYNN• BF4 have

been described elsewhere.14 Because a typical size of a piece
of the crystal was about 23232 mm3, we prepared more
than 30 pieces for the m1SR measurement. The samples
were mounted on a high-purity ~5N! Ag sample holder like a
mosaic, and fixed by an Apiezon-N grease. The alignment of
the crystal axes was not considered. The sample area was
about 30 mm in diameter, which was comparable to a muon
beam spot size at a sample position.
ZF- and LF-m1SR were carried out at Meson Science

Laboratory in KEK ~KEK-MSL! by using a pulsed surface
m1 beam with an energy of 4 MeV. A top-loading-type di-
lution refrigerator was used for low temperature measure-
ments down to 30 mK. A conventional gas-flow-type cry-
ostat was used for the temperature region from 2 to 300 K.
Forward and backward counters are positioned along the
beam line. An asymmetry parameter of the muon spin at time
t , A(t), is defined as @F(t)2B(t)#/@F(t)1B(t)# , where
F(t) and B(t) are muon events counted by the forward and
backward counters, respectively.
Figure 2 shows ZF-m1SR time spectra obtained at 265 K,

100 K, 2.9 K, and 30 mK. The asymmetry at each tempera-
ture is normalized to 1 at t50, to compare the difference of
the depolarization behavior. The depolarization behavior
cannot be described by either a simple Gaussian function or
a Lorentzian function. For convenience’s sake, the obtained

FIG. 1. Model of a crystal structure of m-MPYNN molecule
and kagomé structure of m-MPYNN• BF4. Two m-MPYNN mol-
ecules form a dimer state with S51 by a ferromagnetic intermo-
lecular interaction 2J0. The dimer couples with the neighboring
dimer by an antiferromagnetic interaction 2J .

FIG. 2. ZF-m1SR time spectrum of a single crystal of
m-MPYNN• BF4 obtained at 265 K, 100 K, 2.9 K, and 30 mK.
Solid lines are best fit results by using a function of A0e2(lt)b. A0 at
each temperature is normalized to be 1.
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spin-gap state, or a gapless state of the same ground state,
has not yet been clarified.
To study this matter, it is important to clarify whether or

not magnetic transitions exist, and to confirm a nonmagnetic
ground state. In this paper, we report results of zero-field
~ZF! and longitudinal-field ~LF! mSR on a single crystal of
the 2D S51 kagomé AFM m-MPYNN• BF4, which has
been proposed to show a spin-gap state by an ac-
susceptibility measurement.13 We carried out mSR down to
30 mK, and observed no clear static ordering of magnetic
moments.
The organic AFM m-MPYNN• BF4 @2-~3-N-methyl-

pyridium! -4,4,5,5 - tetramethyl -4,5 - dihydro-1H-imidazol - 1
-oxyl 3-N-oxide#, comprises magnetic layers of an a-nitro-
nyl nitroxide cation allyl radical (m-MPYNN) with S5 1

2 .14
Figure 1 shows a model of a crystal structure of
m-MPYNN•BF4 constructed by the m-MPYNN unit mol-
ecules. The radical spin has an isotropic g value of 2.006 like
other allyl radical spins. Two m-MPYNN molecules make a
dimer state by an intradimer ferromagnetic interaction 2J0 .
The dimers form a kagomé lattice through an interdimer AF
interaction 2J . Both 2J0 and 2J were obtained by the sus-
ceptibility measurement to be 23.3 and 23.1 K,
respectively.15 The kagomé lattices form a 2D layer struc-
ture. One-third of BF4 molecules are located at interstitial
spaces of the kagomé lattice, and two-thirds of the BF4 mol-
ecules sit in between layers. Because of the strong ferromag-
netic intradimer interaction, m-MPYNN• BF4 can be re-
garded as the 2D kagomé AFM with S51 below the
temperature of 2J0 /kB .15
A heat-capacity measurement on m-MPYNN• BF4 sug-

gested a short-range ordering of the dimer spins below 1.4 K.
This temperature is half of the exchange interaction tempera-
ture of 2uJukB53.1 K.13 The susceptibility showed a peak at
240 mK, and almost zero at 30 mK along each crystal axis.13
This susceptibility behavior is completely different from the
spin-glass behavior,16 but quite similar to that observed in

the 1D Heisenberg AFM, which shows a spin-gap state.
Therefore, the S51 m-MPYNN• BF4 is suggested to show a
2D spin-gap state with a nonmagnetic ground state.13
Positive muon spin relaxation (m1SR) is a good micro-

scopic probe to sense such a magnetic state of the system. A
muon spin is completely polarized along a beam direction
even in the ZF condition, and depolarized after the stop at a
potential-minimum position in the crystal of
m-MPYNN• BF4 interacting with a local field at a muon
site.17 A long- or short-range ordering of the dimer spins can
be recognized as a change of the depolarization behavior of
the muon spin, because a static or dynamically fluctuating
component of the internal field which is accompanied by the
magnetic transition affects strongly the muon-spin
polarization.17,18
The preparation procedures of m-MPYNN• BF4 have

been described elsewhere.14 Because a typical size of a piece
of the crystal was about 23232 mm3, we prepared more
than 30 pieces for the m1SR measurement. The samples
were mounted on a high-purity ~5N! Ag sample holder like a
mosaic, and fixed by an Apiezon-N grease. The alignment of
the crystal axes was not considered. The sample area was
about 30 mm in diameter, which was comparable to a muon
beam spot size at a sample position.
ZF- and LF-m1SR were carried out at Meson Science

Laboratory in KEK ~KEK-MSL! by using a pulsed surface
m1 beam with an energy of 4 MeV. A top-loading-type di-
lution refrigerator was used for low temperature measure-
ments down to 30 mK. A conventional gas-flow-type cry-
ostat was used for the temperature region from 2 to 300 K.
Forward and backward counters are positioned along the
beam line. An asymmetry parameter of the muon spin at time
t , A(t), is defined as @F(t)2B(t)#/@F(t)1B(t)# , where
F(t) and B(t) are muon events counted by the forward and
backward counters, respectively.
Figure 2 shows ZF-m1SR time spectra obtained at 265 K,

100 K, 2.9 K, and 30 mK. The asymmetry at each tempera-
ture is normalized to 1 at t50, to compare the difference of
the depolarization behavior. The depolarization behavior
cannot be described by either a simple Gaussian function or
a Lorentzian function. For convenience’s sake, the obtained

FIG. 1. Model of a crystal structure of m-MPYNN molecule
and kagomé structure of m-MPYNN• BF4. Two m-MPYNN mol-
ecules form a dimer state with S51 by a ferromagnetic intermo-
lecular interaction 2J0. The dimer couples with the neighboring
dimer by an antiferromagnetic interaction 2J .

FIG. 2. ZF-m1SR time spectrum of a single crystal of
m-MPYNN• BF4 obtained at 265 K, 100 K, 2.9 K, and 30 mK.
Solid lines are best fit results by using a function of A0e2(lt)b. A0 at
each temperature is normalized to be 1.
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TABLE I. The exchange interactions for m-MPYNN+ · X+ ·
1
3 (acetone) from Refs. [16,17].

X I BF4 (BF4)0.72I0.28 ClO4

JA 1.6 K 3.11 K 1.20 K 0.19 K
JF − 10.2 K − 23.26 K − 11.3 K − 10.5 K
JF /JA − 6.375 − 7.479 − 9.416 − 55.263

the thick blue bonds depict the interhexagonal FM interaction,
JF < 0. The dotted green lines, joining the centers of the FM
bonds, are drawn to indicate the underlying kagome lattice.
The unit cell of the Hida model has six spins, as labeled in the
figure. The Hamiltonian of the Hida model is given below:

Ĥ = JF

!

⟨i,j⟩
S⃗i · S⃗j + JA

!

⟨i,j⟩
S⃗i · S⃗j . (1)

Every S⃗i here is a spin-1/2 operator. Some experimental values
of JF and JA, estimated from the susceptibility measurements
on the m-MPYNN · X family of compounds [16,17], are
presented in Table I. In the limit |JF |/JA → ∞, the Hida
model exactly becomes the spin-1 KHA model, HKHA =
"JA

#
⟨i,j⟩ Si · Sj , with the nearest-neighbor interaction "JA =

JA/4 [25].
The Hida model for JF = 0 is a model of independent

hexagons with a trivial ground state in which every AFM
hexagon is in its lowest energy singlet state. How this uniform
HS (hexagonal singlet) ground state changes with JF , and
eventually becomes the TS ground state for large enough JF ,
is the question that we address in the next two sections. By
doing triplon mean-field theory (TMFT), we first compare the
energies of the candidate states to see their relative tendencies
as a function of |JF |/JA. Next, we do a Schwinger boson
mean-field theory (SBMFT) of the Hida model, which gives
us a clear understanding of the transition from the HS to the
TS phase in the ground state.

III. TRIPLON MEAN-FIELD THEORY

The triplon mean-field theory is a low-energy bosonic
theory of the triplet fluctuations for a given nonmagnetic
quantum state. In our previous work, we did such a theory
of the TS state for spin-1 KHA [31]. This approach provides a
simple means to study the renormalization and the stability of
a reference state against its low-energy quantum fluctuations.
For the Hida model, we identify three singlet states plausible
to be the ground state for different ranges of |JF |/JA. These
are shown in Fig. 2.

The state depicted in Fig. 2(a) is the HS state, in which all the
AFM (red) hexagons form the singlet (with uniform amplitude
per bond). It preserves all the symmetries of the underlying
lattice, and is expected to be the ground state for small |JF |/JA.
For JF = 0, it is anyway the exact ground state. The state
shown in Fig. 2(c) is the TS state (analogous to the spin-1

KHA), in which all up-oriented, , (or all down-oriented,

) hexagons with alternate red and blue bonds form the

singlet. This state breaks the lattice symmetry exactly in the
same way as the trimerized singlet state of the spin-1 KHA,
and is expected to be the ground state when |JF | ≫ JA. Upon
a careful observation, we realize that this TS state can also be
viewed as the HS state with dimerized singlet amplitudes (with
alternate strong and weak red bonds in every antiferromagnetic
hexagon). It presents us with an interesting third state shown
in Fig. 2(b), which we call the dimerized-HS or D-HS state. In
this state, we do not bother about forming the lowest-energy
singlet on a hexagon as a whole. Instead, we only form the
dimer singlets on the alternate AFM bonds, as in Fig. 2(b).
Using TMFT, we compute the energies of these three states
as a function of |JF |/JA, and see how they compete to be the
ground state.

For doing TMFT, we first derive the representation of the
spin-1/2 operators in terms of the lowest energy singlet and
triplet eigenstates of the individual elementary blocks on which
the candidate state forms the singlet. For the HS state, the

elementary blocks are the AFM hexagons, ; for the TS
state, these blocks are, say, the up-oriented hexagons with

alternate AFM-FM bonds, ; and for the D-HS state, only

the three AFM bonds on up-oriented AFM-FM hexagons, ,
are individually treated as the elementary blocks. We find
the eigenstates and eigenvalues of the corresponding block
Heisenberg Hamiltonians separately for the three cases. Of
these, we keep only the lowest lying singlet and the triplets
immediately above it, and ignore the rest of the higher energy
states, as we are interested in the minimal low-energy descrip-
tion of the system with respect to the three candidate states.
Then, in this reduced basis, {|bk⟩}, we write the basic spin-1/2
operators on the hexagons as Sj,α =

#
k,l M

k,l
j,α|bl⟩⟨bk|, where

Mk,l
j,α = ⟨bk|Sj,α|bl⟩, j = 1 to 6 is the spin label (as in Fig. 1),

α = x,y,z are the three components of the spin operators.
For further simplification, we approximate the singlet state

on every elementary block by a mean singlet amplitude s̄.
We treat the triplet states by associating to them the bosonic
triplon operators, and keep in the representation of the spin-
1/2 operators only those triplon terms that couple to s̄. This
latter approximation amounts to neglecting the triplon-triplon
interaction in the full Hamiltonian. We then rewrite the full
Hamiltonian Ĥ of Eq. (1) in this triplon representation of
the spin-1/2 operators. The constraint on the total number of
bosons is satisfied via a mean Lagrange multiplier λ. These
steps lead to a Hamiltonian which is bilinear in the triplon
operators, and describes the effective low-energy triplon dy-
namics of the Hida model. Below, we formulate the TMFT
separately for the HS, D-HS, and TS states.

A. Hexagonal singlet (HS) state

Using the convention given in Fig. 1, we write the spin-1/2
block Hamiltonian of a single AFM hexagon as

H = JA{S⃗3(r) · [S⃗2(r) + S⃗6(r + a1)]

+ S⃗1(r + a1) · [S⃗6(r + a1) + S⃗4(r + a3)]

+ S⃗5(r + a3) · [S⃗4(r + a3) + S⃗2(r)]}. (2)
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spin-gap state, or a gapless state of the same ground state,
has not yet been clarified.
To study this matter, it is important to clarify whether or

not magnetic transitions exist, and to confirm a nonmagnetic
ground state. In this paper, we report results of zero-field
~ZF! and longitudinal-field ~LF! mSR on a single crystal of
the 2D S51 kagomé AFM m-MPYNN• BF4, which has
been proposed to show a spin-gap state by an ac-
susceptibility measurement.13 We carried out mSR down to
30 mK, and observed no clear static ordering of magnetic
moments.
The organic AFM m-MPYNN• BF4 @2-~3-N-methyl-

pyridium! -4,4,5,5 - tetramethyl -4,5 - dihydro-1H-imidazol - 1
-oxyl 3-N-oxide#, comprises magnetic layers of an a-nitro-
nyl nitroxide cation allyl radical (m-MPYNN) with S5 1

2 .14
Figure 1 shows a model of a crystal structure of
m-MPYNN•BF4 constructed by the m-MPYNN unit mol-
ecules. The radical spin has an isotropic g value of 2.006 like
other allyl radical spins. Two m-MPYNN molecules make a
dimer state by an intradimer ferromagnetic interaction 2J0 .
The dimers form a kagomé lattice through an interdimer AF
interaction 2J . Both 2J0 and 2J were obtained by the sus-
ceptibility measurement to be 23.3 and 23.1 K,
respectively.15 The kagomé lattices form a 2D layer struc-
ture. One-third of BF4 molecules are located at interstitial
spaces of the kagomé lattice, and two-thirds of the BF4 mol-
ecules sit in between layers. Because of the strong ferromag-
netic intradimer interaction, m-MPYNN• BF4 can be re-
garded as the 2D kagomé AFM with S51 below the
temperature of 2J0 /kB .15
A heat-capacity measurement on m-MPYNN• BF4 sug-

gested a short-range ordering of the dimer spins below 1.4 K.
This temperature is half of the exchange interaction tempera-
ture of 2uJukB53.1 K.13 The susceptibility showed a peak at
240 mK, and almost zero at 30 mK along each crystal axis.13
This susceptibility behavior is completely different from the
spin-glass behavior,16 but quite similar to that observed in

the 1D Heisenberg AFM, which shows a spin-gap state.
Therefore, the S51 m-MPYNN• BF4 is suggested to show a
2D spin-gap state with a nonmagnetic ground state.13
Positive muon spin relaxation (m1SR) is a good micro-

scopic probe to sense such a magnetic state of the system. A
muon spin is completely polarized along a beam direction
even in the ZF condition, and depolarized after the stop at a
potential-minimum position in the crystal of
m-MPYNN• BF4 interacting with a local field at a muon
site.17 A long- or short-range ordering of the dimer spins can
be recognized as a change of the depolarization behavior of
the muon spin, because a static or dynamically fluctuating
component of the internal field which is accompanied by the
magnetic transition affects strongly the muon-spin
polarization.17,18
The preparation procedures of m-MPYNN• BF4 have

been described elsewhere.14 Because a typical size of a piece
of the crystal was about 23232 mm3, we prepared more
than 30 pieces for the m1SR measurement. The samples
were mounted on a high-purity ~5N! Ag sample holder like a
mosaic, and fixed by an Apiezon-N grease. The alignment of
the crystal axes was not considered. The sample area was
about 30 mm in diameter, which was comparable to a muon
beam spot size at a sample position.
ZF- and LF-m1SR were carried out at Meson Science

Laboratory in KEK ~KEK-MSL! by using a pulsed surface
m1 beam with an energy of 4 MeV. A top-loading-type di-
lution refrigerator was used for low temperature measure-
ments down to 30 mK. A conventional gas-flow-type cry-
ostat was used for the temperature region from 2 to 300 K.
Forward and backward counters are positioned along the
beam line. An asymmetry parameter of the muon spin at time
t , A(t), is defined as @F(t)2B(t)#/@F(t)1B(t)# , where
F(t) and B(t) are muon events counted by the forward and
backward counters, respectively.
Figure 2 shows ZF-m1SR time spectra obtained at 265 K,

100 K, 2.9 K, and 30 mK. The asymmetry at each tempera-
ture is normalized to 1 at t50, to compare the difference of
the depolarization behavior. The depolarization behavior
cannot be described by either a simple Gaussian function or
a Lorentzian function. For convenience’s sake, the obtained

FIG. 1. Model of a crystal structure of m-MPYNN molecule
and kagomé structure of m-MPYNN• BF4. Two m-MPYNN mol-
ecules form a dimer state with S51 by a ferromagnetic intermo-
lecular interaction 2J0. The dimer couples with the neighboring
dimer by an antiferromagnetic interaction 2J .

FIG. 2. ZF-m1SR time spectrum of a single crystal of
m-MPYNN• BF4 obtained at 265 K, 100 K, 2.9 K, and 30 mK.
Solid lines are best fit results by using a function of A0e2(lt)b. A0 at
each temperature is normalized to be 1.
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TABLE I. The exchange interactions for m-MPYNN+ · X+ ·
1
3 (acetone) from Refs. [16,17].

X I BF4 (BF4)0.72I0.28 ClO4

JA 1.6 K 3.11 K 1.20 K 0.19 K
JF − 10.2 K − 23.26 K − 11.3 K − 10.5 K
JF /JA − 6.375 − 7.479 − 9.416 − 55.263

the thick blue bonds depict the interhexagonal FM interaction,
JF < 0. The dotted green lines, joining the centers of the FM
bonds, are drawn to indicate the underlying kagome lattice.
The unit cell of the Hida model has six spins, as labeled in the
figure. The Hamiltonian of the Hida model is given below:

Ĥ = JF

!

⟨i,j⟩
S⃗i · S⃗j + JA

!

⟨i,j⟩
S⃗i · S⃗j . (1)

Every S⃗i here is a spin-1/2 operator. Some experimental values
of JF and JA, estimated from the susceptibility measurements
on the m-MPYNN · X family of compounds [16,17], are
presented in Table I. In the limit |JF |/JA → ∞, the Hida
model exactly becomes the spin-1 KHA model, HKHA =
"JA

#
⟨i,j⟩ Si · Sj , with the nearest-neighbor interaction "JA =

JA/4 [25].
The Hida model for JF = 0 is a model of independent

hexagons with a trivial ground state in which every AFM
hexagon is in its lowest energy singlet state. How this uniform
HS (hexagonal singlet) ground state changes with JF , and
eventually becomes the TS ground state for large enough JF ,
is the question that we address in the next two sections. By
doing triplon mean-field theory (TMFT), we first compare the
energies of the candidate states to see their relative tendencies
as a function of |JF |/JA. Next, we do a Schwinger boson
mean-field theory (SBMFT) of the Hida model, which gives
us a clear understanding of the transition from the HS to the
TS phase in the ground state.

III. TRIPLON MEAN-FIELD THEORY

The triplon mean-field theory is a low-energy bosonic
theory of the triplet fluctuations for a given nonmagnetic
quantum state. In our previous work, we did such a theory
of the TS state for spin-1 KHA [31]. This approach provides a
simple means to study the renormalization and the stability of
a reference state against its low-energy quantum fluctuations.
For the Hida model, we identify three singlet states plausible
to be the ground state for different ranges of |JF |/JA. These
are shown in Fig. 2.

The state depicted in Fig. 2(a) is the HS state, in which all the
AFM (red) hexagons form the singlet (with uniform amplitude
per bond). It preserves all the symmetries of the underlying
lattice, and is expected to be the ground state for small |JF |/JA.
For JF = 0, it is anyway the exact ground state. The state
shown in Fig. 2(c) is the TS state (analogous to the spin-1

KHA), in which all up-oriented, , (or all down-oriented,

) hexagons with alternate red and blue bonds form the

singlet. This state breaks the lattice symmetry exactly in the
same way as the trimerized singlet state of the spin-1 KHA,
and is expected to be the ground state when |JF | ≫ JA. Upon
a careful observation, we realize that this TS state can also be
viewed as the HS state with dimerized singlet amplitudes (with
alternate strong and weak red bonds in every antiferromagnetic
hexagon). It presents us with an interesting third state shown
in Fig. 2(b), which we call the dimerized-HS or D-HS state. In
this state, we do not bother about forming the lowest-energy
singlet on a hexagon as a whole. Instead, we only form the
dimer singlets on the alternate AFM bonds, as in Fig. 2(b).
Using TMFT, we compute the energies of these three states
as a function of |JF |/JA, and see how they compete to be the
ground state.

For doing TMFT, we first derive the representation of the
spin-1/2 operators in terms of the lowest energy singlet and
triplet eigenstates of the individual elementary blocks on which
the candidate state forms the singlet. For the HS state, the

elementary blocks are the AFM hexagons, ; for the TS
state, these blocks are, say, the up-oriented hexagons with

alternate AFM-FM bonds, ; and for the D-HS state, only

the three AFM bonds on up-oriented AFM-FM hexagons, ,
are individually treated as the elementary blocks. We find
the eigenstates and eigenvalues of the corresponding block
Heisenberg Hamiltonians separately for the three cases. Of
these, we keep only the lowest lying singlet and the triplets
immediately above it, and ignore the rest of the higher energy
states, as we are interested in the minimal low-energy descrip-
tion of the system with respect to the three candidate states.
Then, in this reduced basis, {|bk⟩}, we write the basic spin-1/2
operators on the hexagons as Sj,α =

#
k,l M

k,l
j,α|bl⟩⟨bk|, where

Mk,l
j,α = ⟨bk|Sj,α|bl⟩, j = 1 to 6 is the spin label (as in Fig. 1),

α = x,y,z are the three components of the spin operators.
For further simplification, we approximate the singlet state

on every elementary block by a mean singlet amplitude s̄.
We treat the triplet states by associating to them the bosonic
triplon operators, and keep in the representation of the spin-
1/2 operators only those triplon terms that couple to s̄. This
latter approximation amounts to neglecting the triplon-triplon
interaction in the full Hamiltonian. We then rewrite the full
Hamiltonian Ĥ of Eq. (1) in this triplon representation of
the spin-1/2 operators. The constraint on the total number of
bosons is satisfied via a mean Lagrange multiplier λ. These
steps lead to a Hamiltonian which is bilinear in the triplon
operators, and describes the effective low-energy triplon dy-
namics of the Hida model. Below, we formulate the TMFT
separately for the HS, D-HS, and TS states.

A. Hexagonal singlet (HS) state

Using the convention given in Fig. 1, we write the spin-1/2
block Hamiltonian of a single AFM hexagon as

H = JA{S⃗3(r) · [S⃗2(r) + S⃗6(r + a1)]

+ S⃗1(r + a1) · [S⃗6(r + a1) + S⃗4(r + a3)]

+ S⃗5(r + a3) · [S⃗4(r + a3) + S⃗2(r)]}. (2)
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FIG. 4. The static structure factor S(q) in the HS and D-HS ground states of the Hida model. The color-code bar on the bottom-left applies
to the plots (a) and (b), and that on the bottom-right applies to (c) and (d). The extended Brillouin zone (up to fourth Brillouin zone) is shown
in solid-black lines.

the S(q) of D-HS state but not in the HS state, while the points
of maxima in both form a honeycomb lattice.

To make the distinguishing feature more precise, in Fig. 5,
we plot the S(q) in the HS and D-HS phases along certain high-
symmetry directions in the first and the extended (upto fourth)
Brillouin zones. A qualitative difference in S(q) between the
two phases shows up along the M1M

′
1 line in the first Brillouin

zone and M2M
′
2 line in the extended Brillouin zone. In the HS

phase, the variation of S(q) along M1M
′
1 is very small (mostly

flat except near the two ends), while its variation along M2M
′
2

is significant. Interestingly, it is exactly opposite in the D-HS
phase, where the S(q) along M2M

′
2 stays pretty flat, while

it varies significantly along the M1M
′
1 line. To quantify this

JF = −0.1 (HS)

JF = −5.0 (D-HS)

Γ M1 M1 K1 Γ M2 M2 K2 Γ

FIG. 5. The static structure factor, S(q), plotted along the high-
symmetry lines of the first and the extended Brillouin zone in the HS
and D-HS ground states of the Hida model. The high-symmetry lines
are shown in blue over the Brillouin zones above the actual plots.

relative variation, we define a quantity

fv =
max[S(q)M1M

′
1
] − min[S(q)M1M

′
1
]

max[S(q)M2M
′
2
] − min[S(q)M2M

′
2
]

as the ratio of the difference between the maximum and
minumum values of S(q) along M1M

′
1 and M2M

′
2 directions.

We, for instance, get fv ∼ 0.0789 in the HS phase for JF =
−0.1, and fv ∼ 8471.62 for JF = −5.0 in the D-HS phase.
Clearly, for experiments, it suggests that if fv < 1, then the
material is in the HS phase, and if fv > 1, then it is in the
D-HS phase. We propose this relative variation of S(q) along
M1M

′
1 and M2M

′
2 directions as a characteristic feature that can

unambiguously differentiate between the HS and D-HS states
in a neutron diffraction experiment.

Since the TS state for large negative JF approaches the
D-HS state, in Fig. 6, we also compare the S(q) in the D-HS
state with that in the TS state at JF /JA = −10, and also
with the S(q) in the TS ground state of the spin-1 kagome
Heisenberg AFM model (studied in our earlier paper [31]).
Well, they all look pretty much the same! This clearly implies
that the TS ground state that we and others have found for
the spin-1 KHA is essentially the D-HS ground state of the
Hida model in the limit of large negative JF . Or in other
words, the TS ground state of the spin-1 KHA is adiabatically
connected to the D-HS ground state of the spin-1/2 Hida
model.

Clearly, the TMFT of the Hida model has given us an
important understanding of the ground state. But, as is the case
with triplon analysis, it (like the spin-wave analysis) is based
on an a priori knowledge or insights about the possible ground
state. That is why we first motivated the three states (HS, D-HS,
and TS), and then studied their competition for the ground state
by doing triplon analysis. However, it would be nice, if we
could also arrive at the same or similar physical conclusions
by some alternate method without many a priori assumptions
about the possible ground state. With this motivation, we
further investigate the Hida model by doing Schwinger boson
mean-field theory (SBMFT) in the next section. Interestingly,
the results of SBMFT qualitatively agree with what TMFT has
taught us, and also reveal some novel features of the HS (for
small JF ) to TS (for large JF ) transition.
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FIG. 6. Comparing the S(q) in the D-HS and TS states of the Hida model (at JF /JA = −10) with that in the TS ground state of the spin-1
kagome Heisenberg antiferromagnet.

IV. SCHWINGER BOSON MEAN-FIELD THEORY

The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
We start by writing the Schwinger boson representation of the
spin operators in terms of the boson operators ai and bi defined
on every site i as

S+
i = a

†
i bi, (40a)

S−
i = b

†
i ai, (40b)

Sz
i = 1

2
(a†

i ai − b
†
i bi) (40c)

with the constraint a
†
i ai + b

†
i bi = 2S for the spin quantum

number S. For the moment, we keep S as general, but
eventually, we will consider S = 1/2.

To write the Heisenberg exchange interaction between the
spins, S⃗i and S⃗j , we introduce the following two bosonic
operators involving the sites i and j :

Aij = 1√
2

(aibj − biaj ), (41a)

Fij = 1√
2

(a†
i aj + b

†
i bj ). (41b)

Physically, the Fij represents the hopping of the bosons and
A

†
ij forms the singlet between ith and j th sites. Using these two

operators, the Heisenberg exchange operator can be written as
S⃗i · S⃗j = : F

†
ijFij : −A

†
ijAij , where : O : is the normal ordered

form of the operator O. Given this operator identity, the Hida
model of Eq. (1) takes the following form:

H = JF

2

!

⟨i,j⟩
(: F

†
ijFij : −A

†
ijAij )

+ JA

2

!

⟨i,j⟩
(: F

†
ijFij : −A

†
ijAij ). (42)

Due to the local constraint on the number of bosons per site,
the Aij and Fij are also constrained to satisfy the condition

: F
†
ijFij : +A

†
ijAij = 2S2. (43)

Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of

the up-oriented hexagons ( ), αA = ⟨Aij ⟩ and φA = ⟨Fij ⟩,
and on every AFM bond of the down-oriented hexagons

( ), α′
A = ⟨Aij ⟩ and φ′

A = ⟨Fij ⟩. This choice of mean-field
parameters is the very minimal that would allow spontaneous
symmetry breaking (dimerization of the AFM hexagons), not
by a priori assumption, but by the self-consistent determination
of (αA,φA) and (α′

A,φ′
A) through the mean-field dynamics of the

Schwinger bosons. So, if it turns out that (αA,φA) = (α′
A,φ′

A),
then we have the uniform HS phase. But if (αA,φA) ̸= (α′

A,φ′
A),

then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.

Under this mean-field approximation, the Hamiltonian in
Eq. (42) takes the following form:

HSB
MF = JF

2

!

⟨i,j⟩
[φF (F †

ij + Fij ) − αF (A†
ij + Aij )]
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i
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i bi − 1). (44)
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The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
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spin operators in terms of the boson operators ai and bi defined
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Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of

the up-oriented hexagons ( ), αA = ⟨Aij ⟩ and φA = ⟨Fij ⟩,
and on every AFM bond of the down-oriented hexagons

( ), α′
A = ⟨Aij ⟩ and φ′
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parameters is the very minimal that would allow spontaneous
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A) through the mean-field dynamics of the
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then we have the uniform HS phase. But if (αA,φA) ̸= (α′
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then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.

Under this mean-field approximation, the Hamiltonian in
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The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
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ijAij , where : O : is the normal ordered

form of the operator O. Given this operator identity, the Hida
model of Eq. (1) takes the following form:
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the Aij and Fij are also constrained to satisfy the condition
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ijAij = 2S2. (43)

Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of

the up-oriented hexagons ( ), αA = ⟨Aij ⟩ and φA = ⟨Fij ⟩,
and on every AFM bond of the down-oriented hexagons

( ), α′
A = ⟨Aij ⟩ and φ′

A = ⟨Fij ⟩. This choice of mean-field
parameters is the very minimal that would allow spontaneous
symmetry breaking (dimerization of the AFM hexagons), not
by a priori assumption, but by the self-consistent determination
of (αA,φA) and (α′

A,φ′
A) through the mean-field dynamics of the

Schwinger bosons. So, if it turns out that (αA,φA) = (α′
A,φ′

A),
then we have the uniform HS phase. But if (αA,φA) ̸= (α′

A,φ′
A),

then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.

Under this mean-field approximation, the Hamiltonian in
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IV. SCHWINGER BOSON MEAN-FIELD THEORY

The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
We start by writing the Schwinger boson representation of the
spin operators in terms of the boson operators ai and bi defined
on every site i as

S+
i = a

†
i bi, (40a)

S−
i = b

†
i ai, (40b)

Sz
i = 1

2
(a†

i ai − b
†
i bi) (40c)

with the constraint a
†
i ai + b

†
i bi = 2S for the spin quantum

number S. For the moment, we keep S as general, but
eventually, we will consider S = 1/2.

To write the Heisenberg exchange interaction between the
spins, S⃗i and S⃗j , we introduce the following two bosonic
operators involving the sites i and j :

Aij = 1√
2

(aibj − biaj ), (41a)

Fij = 1√
2

(a†
i aj + b

†
i bj ). (41b)

Physically, the Fij represents the hopping of the bosons and
A

†
ij forms the singlet between ith and j th sites. Using these two

operators, the Heisenberg exchange operator can be written as
S⃗i · S⃗j = : F
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ijFij : −A
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ijAij , where : O : is the normal ordered

form of the operator O. Given this operator identity, the Hida
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Due to the local constraint on the number of bosons per site,
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Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of

the up-oriented hexagons ( ), αA = ⟨Aij ⟩ and φA = ⟨Fij ⟩,
and on every AFM bond of the down-oriented hexagons

( ), α′
A = ⟨Aij ⟩ and φ′

A = ⟨Fij ⟩. This choice of mean-field
parameters is the very minimal that would allow spontaneous
symmetry breaking (dimerization of the AFM hexagons), not
by a priori assumption, but by the self-consistent determination
of (αA,φA) and (α′

A,φ′
A) through the mean-field dynamics of the

Schwinger bosons. So, if it turns out that (αA,φA) = (α′
A,φ′

A),
then we have the uniform HS phase. But if (αA,φA) ̸= (α′

A,φ′
A),

then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.

Under this mean-field approximation, the Hamiltonian in
Eq. (42) takes the following form:
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IV. SCHWINGER BOSON MEAN-FIELD THEORY

The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
We start by writing the Schwinger boson representation of the
spin operators in terms of the boson operators ai and bi defined
on every site i as

S+
i = a

†
i bi, (40a)
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i = b
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i ai, (40b)

Sz
i = 1
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i ai − b
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i bi) (40c)

with the constraint a
†
i ai + b

†
i bi = 2S for the spin quantum

number S. For the moment, we keep S as general, but
eventually, we will consider S = 1/2.

To write the Heisenberg exchange interaction between the
spins, S⃗i and S⃗j , we introduce the following two bosonic
operators involving the sites i and j :

Aij = 1√
2

(aibj − biaj ), (41a)

Fij = 1√
2

(a†
i aj + b
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i bj ). (41b)

Physically, the Fij represents the hopping of the bosons and
A

†
ij forms the singlet between ith and j th sites. Using these two
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Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of

the up-oriented hexagons ( ), αA = ⟨Aij ⟩ and φA = ⟨Fij ⟩,
and on every AFM bond of the down-oriented hexagons

( ), α′
A = ⟨Aij ⟩ and φ′

A = ⟨Fij ⟩. This choice of mean-field
parameters is the very minimal that would allow spontaneous
symmetry breaking (dimerization of the AFM hexagons), not
by a priori assumption, but by the self-consistent determination
of (αA,φA) and (α′

A,φ′
A) through the mean-field dynamics of the

Schwinger bosons. So, if it turns out that (αA,φA) = (α′
A,φ′

A),
then we have the uniform HS phase. But if (αA,φA) ̸= (α′

A,φ′
A),

then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.

Under this mean-field approximation, the Hamiltonian in
Eq. (42) takes the following form:
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IV. SCHWINGER BOSON MEAN-FIELD THEORY

The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
We start by writing the Schwinger boson representation of the
spin operators in terms of the boson operators ai and bi defined
on every site i as

S+
i = a

†
i bi, (40a)

S−
i = b

†
i ai, (40b)

Sz
i = 1

2
(a†

i ai − b
†
i bi) (40c)

with the constraint a
†
i ai + b

†
i bi = 2S for the spin quantum

number S. For the moment, we keep S as general, but
eventually, we will consider S = 1/2.

To write the Heisenberg exchange interaction between the
spins, S⃗i and S⃗j , we introduce the following two bosonic
operators involving the sites i and j :

Aij = 1√
2

(aibj − biaj ), (41a)

Fij = 1√
2

(a†
i aj + b

†
i bj ). (41b)

Physically, the Fij represents the hopping of the bosons and
A

†
ij forms the singlet between ith and j th sites. Using these two

operators, the Heisenberg exchange operator can be written as
S⃗i · S⃗j = : F
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ijFij : −A
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ijAij , where : O : is the normal ordered

form of the operator O. Given this operator identity, the Hida
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Due to the local constraint on the number of bosons per site,
the Aij and Fij are also constrained to satisfy the condition

: F
†
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ijAij = 2S2. (43)

Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of

the up-oriented hexagons ( ), αA = ⟨Aij ⟩ and φA = ⟨Fij ⟩,
and on every AFM bond of the down-oriented hexagons

( ), α′
A = ⟨Aij ⟩ and φ′

A = ⟨Fij ⟩. This choice of mean-field
parameters is the very minimal that would allow spontaneous
symmetry breaking (dimerization of the AFM hexagons), not
by a priori assumption, but by the self-consistent determination
of (αA,φA) and (α′

A,φ′
A) through the mean-field dynamics of the

Schwinger bosons. So, if it turns out that (αA,φA) = (α′
A,φ′

A),
then we have the uniform HS phase. But if (αA,φA) ̸= (α′

A,φ′
A),

then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.

Under this mean-field approximation, the Hamiltonian in
Eq. (42) takes the following form:
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IV. SCHWINGER BOSON MEAN-FIELD THEORY

The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
We start by writing the Schwinger boson representation of the
spin operators in terms of the boson operators ai and bi defined
on every site i as

S+
i = a

†
i bi, (40a)

S−
i = b

†
i ai, (40b)

Sz
i = 1
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(a†

i ai − b
†
i bi) (40c)

with the constraint a
†
i ai + b

†
i bi = 2S for the spin quantum

number S. For the moment, we keep S as general, but
eventually, we will consider S = 1/2.

To write the Heisenberg exchange interaction between the
spins, S⃗i and S⃗j , we introduce the following two bosonic
operators involving the sites i and j :

Aij = 1√
2

(aibj − biaj ), (41a)

Fij = 1√
2

(a†
i aj + b

†
i bj ). (41b)

Physically, the Fij represents the hopping of the bosons and
A

†
ij forms the singlet between ith and j th sites. Using these two

operators, the Heisenberg exchange operator can be written as
S⃗i · S⃗j = : F

†
ijFij : −A

†
ijAij , where : O : is the normal ordered

form of the operator O. Given this operator identity, the Hida
model of Eq. (1) takes the following form:
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Due to the local constraint on the number of bosons per site,
the Aij and Fij are also constrained to satisfy the condition

: F
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ijFij : +A
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ijAij = 2S2. (43)

Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of

the up-oriented hexagons ( ), αA = ⟨Aij ⟩ and φA = ⟨Fij ⟩,
and on every AFM bond of the down-oriented hexagons

( ), α′
A = ⟨Aij ⟩ and φ′

A = ⟨Fij ⟩. This choice of mean-field
parameters is the very minimal that would allow spontaneous
symmetry breaking (dimerization of the AFM hexagons), not
by a priori assumption, but by the self-consistent determination
of (αA,φA) and (α′

A,φ′
A) through the mean-field dynamics of the

Schwinger bosons. So, if it turns out that (αA,φA) = (α′
A,φ′

A),
then we have the uniform HS phase. But if (αA,φA) ̸= (α′

A,φ′
A),

then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.

Under this mean-field approximation, the Hamiltonian in
Eq. (42) takes the following form:
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IV. SCHWINGER BOSON MEAN-FIELD THEORY

The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
We start by writing the Schwinger boson representation of the
spin operators in terms of the boson operators ai and bi defined
on every site i as
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i bi, (40a)
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i bi) (40c)
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i bi = 2S for the spin quantum

number S. For the moment, we keep S as general, but
eventually, we will consider S = 1/2.

To write the Heisenberg exchange interaction between the
spins, S⃗i and S⃗j , we introduce the following two bosonic
operators involving the sites i and j :

Aij = 1√
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(aibj − biaj ), (41a)

Fij = 1√
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i aj + b
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i bj ). (41b)

Physically, the Fij represents the hopping of the bosons and
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Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of

the up-oriented hexagons ( ), αA = ⟨Aij ⟩ and φA = ⟨Fij ⟩,
and on every AFM bond of the down-oriented hexagons

( ), α′
A = ⟨Aij ⟩ and φ′

A = ⟨Fij ⟩. This choice of mean-field
parameters is the very minimal that would allow spontaneous
symmetry breaking (dimerization of the AFM hexagons), not
by a priori assumption, but by the self-consistent determination
of (αA,φA) and (α′
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A) through the mean-field dynamics of the

Schwinger bosons. So, if it turns out that (αA,φA) = (α′
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A),
then we have the uniform HS phase. But if (αA,φA) ̸= (α′

A,φ′
A),

then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.

Under this mean-field approximation, the Hamiltonian in
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IV. SCHWINGER BOSON MEAN-FIELD THEORY

The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
We start by writing the Schwinger boson representation of the
spin operators in terms of the boson operators ai and bi defined
on every site i as

S+
i = a
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i bi, (40a)
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with the constraint a
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number S. For the moment, we keep S as general, but
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To write the Heisenberg exchange interaction between the
spins, S⃗i and S⃗j , we introduce the following two bosonic
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the operators there by introducing the mean fields, αF , φF , α,
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The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
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applied to the Heisenberg models on different lattices such as
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the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of
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parameters is the very minimal that would allow spontaneous
symmetry breaking (dimerization of the AFM hexagons), not
by a priori assumption, but by the self-consistent determination
of (αA,φA) and (α′

A,φ′
A) through the mean-field dynamics of the

Schwinger bosons. So, if it turns out that (αA,φA) = (α′
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A),
then we have the uniform HS phase. But if (αA,φA) ̸= (α′

A,φ′
A),

then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.

Under this mean-field approximation, the Hamiltonian in
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phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
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Here, we formulate the SBMFT for the Hida model of Eq. (1).
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eventually, we will consider S = 1/2.
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the up-oriented hexagons ( ), αA = ⟨Aij ⟩ and φA = ⟨Fij ⟩,
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then we have the uniform HS phase. But if (αA,φA) ̸= (α′

A,φ′
A),

then we have the D-HS phase. For simplicity, we treat these
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phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
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with the constraint a
†
i ai + b
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number S. For the moment, we keep S as general, but
eventually, we will consider S = 1/2.

To write the Heisenberg exchange interaction between the
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the operators there by introducing the mean fields, αF , φF , α,
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( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of
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The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
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number S. For the moment, we keep S as general, but
eventually, we will consider S = 1/2.

To write the Heisenberg exchange interaction between the
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Fij = 1√
2

(a†
i aj + b

†
i bj ). (41b)

Physically, the Fij represents the hopping of the bosons and
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Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of
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and on every AFM bond of the down-oriented hexagons
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proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
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IV. SCHWINGER BOSON MEAN-FIELD THEORY

The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
We start by writing the Schwinger boson representation of the
spin operators in terms of the boson operators ai and bi defined
on every site i as

S+
i = a

†
i bi, (40a)

S−
i = b

†
i ai, (40b)

Sz
i = 1

2
(a†

i ai − b
†
i bi) (40c)

with the constraint a
†
i ai + b

†
i bi = 2S for the spin quantum

number S. For the moment, we keep S as general, but
eventually, we will consider S = 1/2.

To write the Heisenberg exchange interaction between the
spins, S⃗i and S⃗j , we introduce the following two bosonic
operators involving the sites i and j :

Aij = 1√
2

(aibj − biaj ), (41a)

Fij = 1√
2

(a†
i aj + b

†
i bj ). (41b)

Physically, the Fij represents the hopping of the bosons and
A

†
ij forms the singlet between ith and j th sites. Using these two

operators, the Heisenberg exchange operator can be written as
S⃗i · S⃗j = : F

†
ijFij : −A

†
ijAij , where : O : is the normal ordered

form of the operator O. Given this operator identity, the Hida
model of Eq. (1) takes the following form:
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Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of

the up-oriented hexagons ( ), αA = ⟨Aij ⟩ and φA = ⟨Fij ⟩,
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( ), α′
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A = ⟨Fij ⟩. This choice of mean-field
parameters is the very minimal that would allow spontaneous
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of (αA,φA) and (α′
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A) through the mean-field dynamics of the

Schwinger bosons. So, if it turns out that (αA,φA) = (α′
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A),
then we have the uniform HS phase. But if (αA,φA) ̸= (α′
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A),

then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.
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IV. SCHWINGER BOSON MEAN-FIELD THEORY

The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
We start by writing the Schwinger boson representation of the
spin operators in terms of the boson operators ai and bi defined
on every site i as

S+
i = a

†
i bi, (40a)
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i = b

†
i ai, (40b)

Sz
i = 1

2
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i ai − b
†
i bi) (40c)

with the constraint a
†
i ai + b

†
i bi = 2S for the spin quantum

number S. For the moment, we keep S as general, but
eventually, we will consider S = 1/2.

To write the Heisenberg exchange interaction between the
spins, S⃗i and S⃗j , we introduce the following two bosonic
operators involving the sites i and j :

Aij = 1√
2

(aibj − biaj ), (41a)

Fij = 1√
2

(a†
i aj + b

†
i bj ). (41b)

Physically, the Fij represents the hopping of the bosons and
A

†
ij forms the singlet between ith and j th sites. Using these two

operators, the Heisenberg exchange operator can be written as
S⃗i · S⃗j = : F
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ijAij , where : O : is the normal ordered

form of the operator O. Given this operator identity, the Hida
model of Eq. (1) takes the following form:

H = JF

2

!

⟨i,j⟩
(: F

†
ijFij : −A

†
ijAij )

+ JA

2

!

⟨i,j⟩
(: F

†
ijFij : −A

†
ijAij ). (42)

Due to the local constraint on the number of bosons per site,
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: F
†
ijFij : +A

†
ijAij = 2S2. (43)

Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of

the up-oriented hexagons ( ), αA = ⟨Aij ⟩ and φA = ⟨Fij ⟩,
and on every AFM bond of the down-oriented hexagons

( ), α′
A = ⟨Aij ⟩ and φ′

A = ⟨Fij ⟩. This choice of mean-field
parameters is the very minimal that would allow spontaneous
symmetry breaking (dimerization of the AFM hexagons), not
by a priori assumption, but by the self-consistent determination
of (αA,φA) and (α′

A,φ′
A) through the mean-field dynamics of the

Schwinger bosons. So, if it turns out that (αA,φA) = (α′
A,φ′

A),
then we have the uniform HS phase. But if (αA,φA) ̸= (α′

A,φ′
A),

then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.

Under this mean-field approximation, the Hamiltonian in
Eq. (42) takes the following form:
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IV. SCHWINGER BOSON MEAN-FIELD THEORY

The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
We start by writing the Schwinger boson representation of the
spin operators in terms of the boson operators ai and bi defined
on every site i as

S+
i = a
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i bi, (40a)
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i ai, (40b)
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i ai − b
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i bi) (40c)

with the constraint a
†
i ai + b

†
i bi = 2S for the spin quantum

number S. For the moment, we keep S as general, but
eventually, we will consider S = 1/2.

To write the Heisenberg exchange interaction between the
spins, S⃗i and S⃗j , we introduce the following two bosonic
operators involving the sites i and j :

Aij = 1√
2

(aibj − biaj ), (41a)

Fij = 1√
2
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i aj + b
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i bj ). (41b)

Physically, the Fij represents the hopping of the bosons and
A

†
ij forms the singlet between ith and j th sites. Using these two

operators, the Heisenberg exchange operator can be written as
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Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of

the up-oriented hexagons ( ), αA = ⟨Aij ⟩ and φA = ⟨Fij ⟩,
and on every AFM bond of the down-oriented hexagons

( ), α′
A = ⟨Aij ⟩ and φ′

A = ⟨Fij ⟩. This choice of mean-field
parameters is the very minimal that would allow spontaneous
symmetry breaking (dimerization of the AFM hexagons), not
by a priori assumption, but by the self-consistent determination
of (αA,φA) and (α′

A,φ′
A) through the mean-field dynamics of the

Schwinger bosons. So, if it turns out that (αA,φA) = (α′
A,φ′

A),
then we have the uniform HS phase. But if (αA,φA) ̸= (α′

A,φ′
A),

then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.

Under this mean-field approximation, the Hamiltonian in
Eq. (42) takes the following form:
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IV. SCHWINGER BOSON MEAN-FIELD THEORY

The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
We start by writing the Schwinger boson representation of the
spin operators in terms of the boson operators ai and bi defined
on every site i as

S+
i = a

†
i bi, (40a)
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i ai, (40b)
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i ai − b
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i bi) (40c)

with the constraint a
†
i ai + b

†
i bi = 2S for the spin quantum

number S. For the moment, we keep S as general, but
eventually, we will consider S = 1/2.

To write the Heisenberg exchange interaction between the
spins, S⃗i and S⃗j , we introduce the following two bosonic
operators involving the sites i and j :

Aij = 1√
2

(aibj − biaj ), (41a)

Fij = 1√
2

(a†
i aj + b

†
i bj ). (41b)

Physically, the Fij represents the hopping of the bosons and
A

†
ij forms the singlet between ith and j th sites. Using these two

operators, the Heisenberg exchange operator can be written as
S⃗i · S⃗j = : F
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ijAij , where : O : is the normal ordered

form of the operator O. Given this operator identity, the Hida
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the Aij and Fij are also constrained to satisfy the condition
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Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of

the up-oriented hexagons ( ), αA = ⟨Aij ⟩ and φA = ⟨Fij ⟩,
and on every AFM bond of the down-oriented hexagons

( ), α′
A = ⟨Aij ⟩ and φ′

A = ⟨Fij ⟩. This choice of mean-field
parameters is the very minimal that would allow spontaneous
symmetry breaking (dimerization of the AFM hexagons), not
by a priori assumption, but by the self-consistent determination
of (αA,φA) and (α′
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A) through the mean-field dynamics of the

Schwinger bosons. So, if it turns out that (αA,φA) = (α′
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A),
then we have the uniform HS phase. But if (αA,φA) ̸= (α′

A,φ′
A),

then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.

Under this mean-field approximation, the Hamiltonian in
Eq. (42) takes the following form:
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The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
We start by writing the Schwinger boson representation of the
spin operators in terms of the boson operators ai and bi defined
on every site i as

S+
i = a
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i bi, (40a)
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i bi) (40c)

with the constraint a
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i ai + b

†
i bi = 2S for the spin quantum

number S. For the moment, we keep S as general, but
eventually, we will consider S = 1/2.

To write the Heisenberg exchange interaction between the
spins, S⃗i and S⃗j , we introduce the following two bosonic
operators involving the sites i and j :

Aij = 1√
2

(aibj − biaj ), (41a)

Fij = 1√
2
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i aj + b
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i bj ). (41b)

Physically, the Fij represents the hopping of the bosons and
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ij forms the singlet between ith and j th sites. Using these two

operators, the Heisenberg exchange operator can be written as
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Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of

the up-oriented hexagons ( ), αA = ⟨Aij ⟩ and φA = ⟨Fij ⟩,
and on every AFM bond of the down-oriented hexagons

( ), α′
A = ⟨Aij ⟩ and φ′

A = ⟨Fij ⟩. This choice of mean-field
parameters is the very minimal that would allow spontaneous
symmetry breaking (dimerization of the AFM hexagons), not
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A) through the mean-field dynamics of the
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A),
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then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.
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The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
We start by writing the Schwinger boson representation of the
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number S. For the moment, we keep S as general, but
eventually, we will consider S = 1/2.

To write the Heisenberg exchange interaction between the
spins, S⃗i and S⃗j , we introduce the following two bosonic
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Fij = 1√
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Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of

the up-oriented hexagons ( ), αA = ⟨Aij ⟩ and φA = ⟨Fij ⟩,
and on every AFM bond of the down-oriented hexagons

( ), α′
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parameters is the very minimal that would allow spontaneous
symmetry breaking (dimerization of the AFM hexagons), not
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then we have the D-HS phase. For simplicity, we treat these
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IV. SCHWINGER BOSON MEAN-FIELD THEORY

The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
We start by writing the Schwinger boson representation of the
spin operators in terms of the boson operators ai and bi defined
on every site i as

S+
i = a

†
i bi, (40a)
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i = b
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i ai, (40b)

Sz
i = 1
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(a†

i ai − b
†
i bi) (40c)

with the constraint a
†
i ai + b

†
i bi = 2S for the spin quantum

number S. For the moment, we keep S as general, but
eventually, we will consider S = 1/2.

To write the Heisenberg exchange interaction between the
spins, S⃗i and S⃗j , we introduce the following two bosonic
operators involving the sites i and j :

Aij = 1√
2

(aibj − biaj ), (41a)

Fij = 1√
2

(a†
i aj + b

†
i bj ). (41b)

Physically, the Fij represents the hopping of the bosons and
A

†
ij forms the singlet between ith and j th sites. Using these two

operators, the Heisenberg exchange operator can be written as
S⃗i · S⃗j = : F

†
ijFij : −A
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ijAij , where : O : is the normal ordered

form of the operator O. Given this operator identity, the Hida
model of Eq. (1) takes the following form:
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Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of
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parameters is the very minimal that would allow spontaneous
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A) through the mean-field dynamics of the

Schwinger bosons. So, if it turns out that (αA,φA) = (α′
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A),
then we have the uniform HS phase. But if (αA,φA) ̸= (α′

A,φ′
A),

then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.

Under this mean-field approximation, the Hamiltonian in
Eq. (42) takes the following form:
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IV. SCHWINGER BOSON MEAN-FIELD THEORY

The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
We start by writing the Schwinger boson representation of the
spin operators in terms of the boson operators ai and bi defined
on every site i as

S+
i = a
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i bi, (40a)
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i ai, (40b)
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i ai − b
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i bi) (40c)

with the constraint a
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i ai + b

†
i bi = 2S for the spin quantum

number S. For the moment, we keep S as general, but
eventually, we will consider S = 1/2.

To write the Heisenberg exchange interaction between the
spins, S⃗i and S⃗j , we introduce the following two bosonic
operators involving the sites i and j :

Aij = 1√
2

(aibj − biaj ), (41a)

Fij = 1√
2

(a†
i aj + b
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i bj ). (41b)

Physically, the Fij represents the hopping of the bosons and
A
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ij forms the singlet between ith and j th sites. Using these two
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Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of

the up-oriented hexagons ( ), αA = ⟨Aij ⟩ and φA = ⟨Fij ⟩,
and on every AFM bond of the down-oriented hexagons

( ), α′
A = ⟨Aij ⟩ and φ′

A = ⟨Fij ⟩. This choice of mean-field
parameters is the very minimal that would allow spontaneous
symmetry breaking (dimerization of the AFM hexagons), not
by a priori assumption, but by the self-consistent determination
of (αA,φA) and (α′
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A) through the mean-field dynamics of the

Schwinger bosons. So, if it turns out that (αA,φA) = (α′
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A),
then we have the uniform HS phase. But if (αA,φA) ̸= (α′

A,φ′
A),

then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.

Under this mean-field approximation, the Hamiltonian in
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The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
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number S. For the moment, we keep S as general, but
eventually, we will consider S = 1/2.

To write the Heisenberg exchange interaction between the
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Aij = 1√
2

(aibj − biaj ), (41a)
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Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of
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and on every AFM bond of the down-oriented hexagons

( ), α′
A = ⟨Aij ⟩ and φ′

A = ⟨Fij ⟩. This choice of mean-field
parameters is the very minimal that would allow spontaneous
symmetry breaking (dimerization of the AFM hexagons), not
by a priori assumption, but by the self-consistent determination
of (αA,φA) and (α′
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A) through the mean-field dynamics of the

Schwinger bosons. So, if it turns out that (αA,φA) = (α′
A,φ′

A),
then we have the uniform HS phase. But if (αA,φA) ̸= (α′

A,φ′
A),

then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.

Under this mean-field approximation, the Hamiltonian in
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IV. SCHWINGER BOSON MEAN-FIELD THEORY

The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
We start by writing the Schwinger boson representation of the
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i bi, (40a)
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i ai + b

†
i bi = 2S for the spin quantum

number S. For the moment, we keep S as general, but
eventually, we will consider S = 1/2.

To write the Heisenberg exchange interaction between the
spins, S⃗i and S⃗j , we introduce the following two bosonic
operators involving the sites i and j :

Aij = 1√
2

(aibj − biaj ), (41a)

Fij = 1√
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i aj + b

†
i bj ). (41b)

Physically, the Fij represents the hopping of the bosons and
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ij forms the singlet between ith and j th sites. Using these two

operators, the Heisenberg exchange operator can be written as
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Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of

the up-oriented hexagons ( ), αA = ⟨Aij ⟩ and φA = ⟨Fij ⟩,
and on every AFM bond of the down-oriented hexagons

( ), α′
A = ⟨Aij ⟩ and φ′

A = ⟨Fij ⟩. This choice of mean-field
parameters is the very minimal that would allow spontaneous
symmetry breaking (dimerization of the AFM hexagons), not
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A) through the mean-field dynamics of the

Schwinger bosons. So, if it turns out that (αA,φA) = (α′
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A),
then we have the uniform HS phase. But if (αA,φA) ̸= (α′

A,φ′
A),

then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.

Under this mean-field approximation, the Hamiltonian in
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The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
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number S. For the moment, we keep S as general, but
eventually, we will consider S = 1/2.

To write the Heisenberg exchange interaction between the
spins, S⃗i and S⃗j , we introduce the following two bosonic
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Due to the local constraint on the number of bosons per site,
the Aij and Fij are also constrained to satisfy the condition

: F
†
ijFij : +A

†
ijAij = 2S2. (43)

Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of

the up-oriented hexagons ( ), αA = ⟨Aij ⟩ and φA = ⟨Fij ⟩,
and on every AFM bond of the down-oriented hexagons

( ), α′
A = ⟨Aij ⟩ and φ′

A = ⟨Fij ⟩. This choice of mean-field
parameters is the very minimal that would allow spontaneous
symmetry breaking (dimerization of the AFM hexagons), not
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A) through the mean-field dynamics of the
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then we have the uniform HS phase. But if (αA,φA) ̸= (α′
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then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.

Under this mean-field approximation, the Hamiltonian in
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The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
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Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of

the up-oriented hexagons ( ), αA = ⟨Aij ⟩ and φA = ⟨Fij ⟩,
and on every AFM bond of the down-oriented hexagons

( ), α′
A = ⟨Aij ⟩ and φ′
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parameters is the very minimal that would allow spontaneous
symmetry breaking (dimerization of the AFM hexagons), not
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A) through the mean-field dynamics of the

Schwinger bosons. So, if it turns out that (αA,φA) = (α′
A,φ′

A),
then we have the uniform HS phase. But if (αA,φA) ̸= (α′

A,φ′
A),

then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.

Under this mean-field approximation, the Hamiltonian in
Eq. (42) takes the following form:

HSB
MF = JF

2

!

⟨i,j⟩
[φF (F †

ij + Fij ) − αF (A†
ij + Aij )]

+ JA

2

!

⟨i,j⟩
[φA(F †

ij + Fij ) − αA(A†
ij + Aij )]

+ JA

2

!

⟨i,j⟩
[φ′

A(F †
ij + Fij ) − α′

A(A†
ij + Aij )]

− 3JF

2
Nuc

"
φ2

F − α2
F

#

− 3JA

2
Nuc

$"
φ2

A − α2
A

#
+

"
φ′

A
2 − α′

A
2#%

+ λ
!

i

(a†
i ai + b

†
i bi − 1). (44)
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FIG. 6. Comparing the S(q) in the D-HS and TS states of the Hida model (at JF /JA = −10) with that in the TS ground state of the spin-1
kagome Heisenberg antiferromagnet.

IV. SCHWINGER BOSON MEAN-FIELD THEORY

The SBMFT (Schwinger boson mean-field theory) has been
proven to be effective in describing the ordered and disordered
phases of interacting quantum spins [36–39]. It has been
applied to the Heisenberg models on different lattices such as
the square [40], triangular [41,42] and kagome lattices [41–46].
Here, we formulate the SBMFT for the Hida model of Eq. (1).
We start by writing the Schwinger boson representation of the
spin operators in terms of the boson operators ai and bi defined
on every site i as

S+
i = a

†
i bi, (40a)

S−
i = b

†
i ai, (40b)

Sz
i = 1

2
(a†

i ai − b
†
i bi) (40c)

with the constraint a
†
i ai + b

†
i bi = 2S for the spin quantum

number S. For the moment, we keep S as general, but
eventually, we will consider S = 1/2.

To write the Heisenberg exchange interaction between the
spins, S⃗i and S⃗j , we introduce the following two bosonic
operators involving the sites i and j :

Aij = 1√
2

(aibj − biaj ), (41a)

Fij = 1√
2

(a†
i aj + b

†
i bj ). (41b)

Physically, the Fij represents the hopping of the bosons and
A

†
ij forms the singlet between ith and j th sites. Using these two

operators, the Heisenberg exchange operator can be written as
S⃗i · S⃗j = : F

†
ijFij : −A

†
ijAij , where : O : is the normal ordered

form of the operator O. Given this operator identity, the Hida
model of Eq. (1) takes the following form:

H = JF

2

!

⟨i,j⟩
(: F

†
ijFij : −A

†
ijAij )

+ JA

2

!

⟨i,j⟩
(: F

†
ijFij : −A

†
ijAij ). (42)

Due to the local constraint on the number of bosons per site,
the Aij and Fij are also constrained to satisfy the condition

: F
†
ijFij : +A

†
ijAij = 2S2. (43)

Since Eq. (42) is quartic in Schwinger bosons, we decouple
the operators there by introducing the mean fields, αF , φF , α,
φ, α′, and φ′, which are defined as follows: on all FM bonds

( ), αF = ⟨Aij ⟩ and φF = ⟨Fij ⟩, on every AFM bond of

the up-oriented hexagons ( ), αA = ⟨Aij ⟩ and φA = ⟨Fij ⟩,
and on every AFM bond of the down-oriented hexagons

( ), α′
A = ⟨Aij ⟩ and φ′

A = ⟨Fij ⟩. This choice of mean-field
parameters is the very minimal that would allow spontaneous
symmetry breaking (dimerization of the AFM hexagons), not
by a priori assumption, but by the self-consistent determination
of (αA,φA) and (α′

A,φ′
A) through the mean-field dynamics of the

Schwinger bosons. So, if it turns out that (αA,φA) = (α′
A,φ′

A),
then we have the uniform HS phase. But if (αA,φA) ̸= (α′

A,φ′
A),

then we have the D-HS phase. For simplicity, we treat these
mean-field parameters as real.

Under this mean-field approximation, the Hamiltonian in
Eq. (42) takes the following form:

HSB
MF = JF

2

!

⟨i,j⟩
[φF (F †

ij + Fij ) − αF (A†
ij + Aij )]

+ JA

2

!

⟨i,j⟩
[φA(F †

ij + Fij ) − αA(A†
ij + Aij )]

+ JA

2

!

⟨i,j⟩
[φ′

A(F †
ij + Fij ) − α′

A(A†
ij + Aij )]

− 3JF

2
Nuc

"
φ2

F − α2
F

#

− 3JA

2
Nuc

$"
φ2

A − α2
A

#
+

"
φ′

A
2 − α′

A
2#%

+ λ
!

i

(a†
i ai + b

†
i bi − 1). (44)
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The ρ̄2 = ā2 + b̄2 is a measure of the moment formation per
FM bond. For large negative JF , which corresponds to having
spin-1 moment per FM bond, ρ̄2 must tend to the value of 2
(which it does in our calculations).

We diagonalized Eq. (49) using Bogoliubov transformation.
In the diagonal form, it reads as

HSB
MF =

!

k

3!

i=1

Ei,k(a†
i,kai,k + bi,kb†

i,k) + e0Nuc,

where Ei,k’s are the six quasiparticle dispersions for six boson
modes per unit cell. Its ground state is the vacuum of the
Bogoliubov quasiparticles, and the ground-state energy per
unit cell is given as

eg = 1
2Nuc

!

k

6!

i=1

Ei,k + e0, (53)

which is a function of the mean-field parameters, αF , φF , αA,
φA, α′

A, φ′
A, the Lagrange multiplier λ, and ρ̄2. A physical

solution for all these parameters would be the one that mini-
mizes eg . We reparameterize our mean-field parameters using
the constraint in Eq. (43):

(φF ,αF ) =
√

2 S(cos θF , sin θF ), (54a)

(φA,αA) =
√

2 S(cos θA, sin θA), (54b)

(φ′
A,α′

A) =
√

2 S(cos θ ′
A, sin θ ′

A). (54c)

To solve for the physical values of the mean-field param-
eters, we minimize the following function using the simplex
method (see Ref. [47]):

F(λ,ρ̄2,θF ,θA,θ ′
A)

= eg + wλ

"
∂eg

∂λ

#2

+ wρ̄2

"
∂eg

∂ρ̄2

#2

+wθF

"
∂eg

∂θF

#2

+ wθA

"
∂eg

∂θA

#2

+ wθ ′
A

"
∂eg

∂θ ′
A

#2

. (55)

The tolerance of the standard deviation of the simplex is set to
be 10−12. We set the weight, wλ, to have a higher value than the
other w’s. This ensures a faster convergence. It is also possible
to get complex Eik in the parameter space. This situation is
avoided by adding a huge penalty to the function values. If
the system becomes gapless then the minimization algorithm
will not converge, or will give physically inconsistent results.
In such cases, it will be required to introduce a condensation
order parameter for the gapless mode. This does not concerns
us currently, as we find them to be gapped.

Results from the SBMFT calculations

The SBMFT formulated above allows us to investigate
with increasing JF the following aspects of the problem: (1)
spontaneous dimerization, if any, of the AFM bonds and (2)
the formation of spin-1 moments on the FM bonds.

Through the numerical minimization of the ground-state
energy, we compute the mean-field parameters as a function of
JF . On the FM bonds, we find (φF ,αF ) = (1/

√
2,0) for all JF .

The other mean-field parameters are presented in Fig. 7. For the

FIG. 7. Variation of the mean-field parameters on the AFM bonds
with JF . The αA and φA stay constant at 1/

√
2 and 0, respectively,

for all JF . The α′
A and φ′

A compete to dominate each other with a
marked change in their relative strengths across JF /JA ∼ −2.33.
Notably, α′

A ̸= αA (except when JF /JA is closer to zero), which
implies spontaneous dimerization of the AFM bonds in the Hida
model.

AFM bonds on the up-oriented hexagons, we find (φA,αA) =
(0,1/

√
2) for all JF . The α′

A and φ′
A on the AFM bonds of

the down-oriented hexagons, however, change with JF in an
interesting way. For large negative JF , the α′

A is nearly zero,
as opposed to αA. It clearly points to the dimerization of AFM
bonds in the Hida model. For very small values of JF , (φ′

A,α′
A)

tends to become (φA,αA) [keeping φ′
A

2 + α′
A

2 = 1/2, as per
Eq. (43)]. This suggests that for very small JF , the dimerization
tends to vanish and gives way to the uniform HS phase. In going
from strong to weak negative JF , the mean-field parameters
vary continuously, but the slopes dφ′

A/dJF and dα′
A/dJF show

a jump discontinuity at JF /JA = −2.33, which is an indication
of a continuous quantum phase transition.

For a more direct physical understanding of the SBMFT re-
sults, we calculate (1) the order parameter for the dimerization
of the AFM bonds and (2) the total spin moment per FM bond.
The dimerization order-parameter, OD , is defined as

OD = 1
3Nuc

$$$$$$$$

!

⟨i,j⟩
⟨S⃗i · S⃗j ⟩ −

!

⟨i,j⟩
⟨S⃗i · S⃗j ⟩

$$$$$$$$
. (56)

It distinguishes the singlet weight on the AFM bonds of the up-
oriented hexagons from that of the down-oriented hexagons.
The average total spin moment, %S, per FM bond is defined as
follows:

%S(%S + 1) = 1
3Nuc

!

⟨i,j⟩
⟨(S⃗i + S⃗j )2⟩

= 1
3Nuc

!

⟨i,j⟩

&'
S⃗2

i

(
+

'
S⃗2

j

(
+ 2⟨S⃗i · S⃗j ⟩

)
. (57)

014413-11



Two Quantum Phase Transitions
Schwinger Boson Mean-Field Theory of Hida  Model

-10 -8 -6 -4 -2 0
0.00

0.01

0.02

0.03

0.04

0.05

JF /JA

O
D

-1.12 0.00
0.00

0.01

spontaneous dimerisation
JF /JA ~ –0.28

P. Ghosh and BK, PRB 97, 014413 (2018)

(a) HS

(b) D-HS

(c) TS

SPONTANEOUS DIMERIZATION AND MOMENT FORMATION … PHYSICAL REVIEW B 97, 014413 (2018)

The ρ̄2 = ā2 + b̄2 is a measure of the moment formation per
FM bond. For large negative JF , which corresponds to having
spin-1 moment per FM bond, ρ̄2 must tend to the value of 2
(which it does in our calculations).

We diagonalized Eq. (49) using Bogoliubov transformation.
In the diagonal form, it reads as

HSB
MF =

!

k

3!

i=1

Ei,k(a†
i,kai,k + bi,kb†

i,k) + e0Nuc,

where Ei,k’s are the six quasiparticle dispersions for six boson
modes per unit cell. Its ground state is the vacuum of the
Bogoliubov quasiparticles, and the ground-state energy per
unit cell is given as

eg = 1
2Nuc

!

k

6!

i=1

Ei,k + e0, (53)

which is a function of the mean-field parameters, αF , φF , αA,
φA, α′

A, φ′
A, the Lagrange multiplier λ, and ρ̄2. A physical

solution for all these parameters would be the one that mini-
mizes eg . We reparameterize our mean-field parameters using
the constraint in Eq. (43):

(φF ,αF ) =
√

2 S(cos θF , sin θF ), (54a)

(φA,αA) =
√

2 S(cos θA, sin θA), (54b)

(φ′
A,α′

A) =
√

2 S(cos θ ′
A, sin θ ′

A). (54c)

To solve for the physical values of the mean-field param-
eters, we minimize the following function using the simplex
method (see Ref. [47]):

F(λ,ρ̄2,θF ,θA,θ ′
A)

= eg + wλ

"
∂eg

∂λ

#2

+ wρ̄2

"
∂eg

∂ρ̄2

#2

+wθF

"
∂eg

∂θF

#2

+ wθA

"
∂eg

∂θA

#2

+ wθ ′
A

"
∂eg

∂θ ′
A

#2

. (55)

The tolerance of the standard deviation of the simplex is set to
be 10−12. We set the weight, wλ, to have a higher value than the
other w’s. This ensures a faster convergence. It is also possible
to get complex Eik in the parameter space. This situation is
avoided by adding a huge penalty to the function values. If
the system becomes gapless then the minimization algorithm
will not converge, or will give physically inconsistent results.
In such cases, it will be required to introduce a condensation
order parameter for the gapless mode. This does not concerns
us currently, as we find them to be gapped.

Results from the SBMFT calculations

The SBMFT formulated above allows us to investigate
with increasing JF the following aspects of the problem: (1)
spontaneous dimerization, if any, of the AFM bonds and (2)
the formation of spin-1 moments on the FM bonds.

Through the numerical minimization of the ground-state
energy, we compute the mean-field parameters as a function of
JF . On the FM bonds, we find (φF ,αF ) = (1/

√
2,0) for all JF .

The other mean-field parameters are presented in Fig. 7. For the

FIG. 7. Variation of the mean-field parameters on the AFM bonds
with JF . The αA and φA stay constant at 1/

√
2 and 0, respectively,

for all JF . The α′
A and φ′

A compete to dominate each other with a
marked change in their relative strengths across JF /JA ∼ −2.33.
Notably, α′

A ̸= αA (except when JF /JA is closer to zero), which
implies spontaneous dimerization of the AFM bonds in the Hida
model.

AFM bonds on the up-oriented hexagons, we find (φA,αA) =
(0,1/

√
2) for all JF . The α′

A and φ′
A on the AFM bonds of

the down-oriented hexagons, however, change with JF in an
interesting way. For large negative JF , the α′

A is nearly zero,
as opposed to αA. It clearly points to the dimerization of AFM
bonds in the Hida model. For very small values of JF , (φ′

A,α′
A)

tends to become (φA,αA) [keeping φ′
A

2 + α′
A

2 = 1/2, as per
Eq. (43)]. This suggests that for very small JF , the dimerization
tends to vanish and gives way to the uniform HS phase. In going
from strong to weak negative JF , the mean-field parameters
vary continuously, but the slopes dφ′

A/dJF and dα′
A/dJF show

a jump discontinuity at JF /JA = −2.33, which is an indication
of a continuous quantum phase transition.

For a more direct physical understanding of the SBMFT re-
sults, we calculate (1) the order parameter for the dimerization
of the AFM bonds and (2) the total spin moment per FM bond.
The dimerization order-parameter, OD , is defined as

OD = 1
3Nuc

$$$$$$$$

!

⟨i,j⟩
⟨S⃗i · S⃗j ⟩ −

!

⟨i,j⟩
⟨S⃗i · S⃗j ⟩

$$$$$$$$
. (56)

It distinguishes the singlet weight on the AFM bonds of the up-
oriented hexagons from that of the down-oriented hexagons.
The average total spin moment, %S, per FM bond is defined as
follows:

%S(%S + 1) = 1
3Nuc

!

⟨i,j⟩
⟨(S⃗i + S⃗j )2⟩

= 1
3Nuc

!

⟨i,j⟩

&'
S⃗2

i

(
+

'
S⃗2

j

(
+ 2⟨S⃗i · S⃗j ⟩

)
. (57)
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The ρ̄2 = ā2 + b̄2 is a measure of the moment formation per
FM bond. For large negative JF , which corresponds to having
spin-1 moment per FM bond, ρ̄2 must tend to the value of 2
(which it does in our calculations).

We diagonalized Eq. (49) using Bogoliubov transformation.
In the diagonal form, it reads as

HSB
MF =

!

k

3!

i=1

Ei,k(a†
i,kai,k + bi,kb†

i,k) + e0Nuc,

where Ei,k’s are the six quasiparticle dispersions for six boson
modes per unit cell. Its ground state is the vacuum of the
Bogoliubov quasiparticles, and the ground-state energy per
unit cell is given as

eg = 1
2Nuc

!

k

6!

i=1

Ei,k + e0, (53)

which is a function of the mean-field parameters, αF , φF , αA,
φA, α′

A, φ′
A, the Lagrange multiplier λ, and ρ̄2. A physical

solution for all these parameters would be the one that mini-
mizes eg . We reparameterize our mean-field parameters using
the constraint in Eq. (43):

(φF ,αF ) =
√

2 S(cos θF , sin θF ), (54a)

(φA,αA) =
√

2 S(cos θA, sin θA), (54b)

(φ′
A,α′

A) =
√

2 S(cos θ ′
A, sin θ ′

A). (54c)

To solve for the physical values of the mean-field param-
eters, we minimize the following function using the simplex
method (see Ref. [47]):

F(λ,ρ̄2,θF ,θA,θ ′
A)

= eg + wλ

"
∂eg

∂λ

#2

+ wρ̄2

"
∂eg

∂ρ̄2

#2

+wθF

"
∂eg

∂θF

#2

+ wθA

"
∂eg

∂θA

#2

+ wθ ′
A

"
∂eg

∂θ ′
A

#2

. (55)

The tolerance of the standard deviation of the simplex is set to
be 10−12. We set the weight, wλ, to have a higher value than the
other w’s. This ensures a faster convergence. It is also possible
to get complex Eik in the parameter space. This situation is
avoided by adding a huge penalty to the function values. If
the system becomes gapless then the minimization algorithm
will not converge, or will give physically inconsistent results.
In such cases, it will be required to introduce a condensation
order parameter for the gapless mode. This does not concerns
us currently, as we find them to be gapped.

Results from the SBMFT calculations

The SBMFT formulated above allows us to investigate
with increasing JF the following aspects of the problem: (1)
spontaneous dimerization, if any, of the AFM bonds and (2)
the formation of spin-1 moments on the FM bonds.

Through the numerical minimization of the ground-state
energy, we compute the mean-field parameters as a function of
JF . On the FM bonds, we find (φF ,αF ) = (1/

√
2,0) for all JF .

The other mean-field parameters are presented in Fig. 7. For the

FIG. 7. Variation of the mean-field parameters on the AFM bonds
with JF . The αA and φA stay constant at 1/

√
2 and 0, respectively,

for all JF . The α′
A and φ′

A compete to dominate each other with a
marked change in their relative strengths across JF /JA ∼ −2.33.
Notably, α′

A ̸= αA (except when JF /JA is closer to zero), which
implies spontaneous dimerization of the AFM bonds in the Hida
model.

AFM bonds on the up-oriented hexagons, we find (φA,αA) =
(0,1/

√
2) for all JF . The α′

A and φ′
A on the AFM bonds of

the down-oriented hexagons, however, change with JF in an
interesting way. For large negative JF , the α′

A is nearly zero,
as opposed to αA. It clearly points to the dimerization of AFM
bonds in the Hida model. For very small values of JF , (φ′

A,α′
A)

tends to become (φA,αA) [keeping φ′
A

2 + α′
A

2 = 1/2, as per
Eq. (43)]. This suggests that for very small JF , the dimerization
tends to vanish and gives way to the uniform HS phase. In going
from strong to weak negative JF , the mean-field parameters
vary continuously, but the slopes dφ′

A/dJF and dα′
A/dJF show

a jump discontinuity at JF /JA = −2.33, which is an indication
of a continuous quantum phase transition.

For a more direct physical understanding of the SBMFT re-
sults, we calculate (1) the order parameter for the dimerization
of the AFM bonds and (2) the total spin moment per FM bond.
The dimerization order-parameter, OD , is defined as

OD = 1
3Nuc

$$$$$$$$

!

⟨i,j⟩
⟨S⃗i · S⃗j ⟩ −

!

⟨i,j⟩
⟨S⃗i · S⃗j ⟩

$$$$$$$$
. (56)

It distinguishes the singlet weight on the AFM bonds of the up-
oriented hexagons from that of the down-oriented hexagons.
The average total spin moment, %S, per FM bond is defined as
follows:

%S(%S + 1) = 1
3Nuc

!

⟨i,j⟩
⟨(S⃗i + S⃗j )2⟩

= 1
3Nuc

!

⟨i,j⟩

&'
S⃗2

i

(
+

'
S⃗2

j

(
+ 2⟨S⃗i · S⃗j ⟩

)
. (57)
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Summary
The spin-1/2 Hida model, applicable to a family of spin-
gapped organic salts, exhibits two transition in the spin-
gapped, singlet ground with respect to JF /JA.

For JF /JA~–1.46, pair of spin-1/2 moments on every FM 
bond begin to behave as “bound” moment.

It first undergoes spontaneous dimerisation” at JF /JA~–0.3 

The spontaneously trimerised singlet phase of the spin-1 
KHA is same as the dimerised-HS phase of the Hida 
model for strong JF /JA.

The m-MPYNN.X family of organic salts realise the 
D-HS (TS) phase at low temperatures.



Thank you.


