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MAGNETIC MOMENT FRAGMENTATION

FERROMAGNETIC COULOMB PHASE IN CLASSICAL SPIN ICE PHYSICAL REVIEW B 91, 094431 (2015)
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FIG. 10. (Color online) Structure factor for (spin-flip) polarized neutron scattering [17] SSF( Q), defined in Eq. (5), for scattering wave
vector Q in the (hhℓ) plane and incident polarization P along [11̄0]. The first three plots are for temperatures above T c>, the fourth is in the
intermediate phase, T c< < T < T c>, and the last is below T c<. Pinch points, characteristic of the dipolar correlations of the Coulomb phase, are
visible at all temperatures but the lowest. In the intermediate phase, there are also Bragg peaks at certain reciprocal-lattice vectors, indicating
spontaneous magnetization. The system size is L = 16 and all plots have V4/T = 0.05. (Wave vectors are measured in units corresponding to
the conventional cubic unit cell.)

the magnetization provides such a quantity for this ordering
transition, it is difficult to calculate accurately, as a result of the
topological constraints on the magnetization, which suppress
fluctuations of the latter.

We instead consider the quantity L⟨M2
z ⟩, which, as a result

of the scaling form

!
M2

z

"
≈ L− d+γ /ν$

#
L1/ν T − T c>

T c>

$
, (9)

where $ is a universal function, is expected to have zero
scaling dimension for this transition. (This quantity is equal,
up to powers of L, to the flux stiffness ϒ , which is not expected
to have vanishing scaling dimension at a transition between
two spin liquids.) As shown in Fig. 11, L⟨M2

z ⟩ plotted as a
function of T/p indeed has a crossing point for large system
sizes. Using the crossings for successive L values, we estimate
(T/p)c = 3.3509(3) for V4/T = 0.05.

While the observed crossing is consistent with the mean-
field exponents, it is also compatible with the Ising universality
class, which has [32] d − γ /ν = 1.0366(8). We can go
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FIG. 11. (Color online) Plot of L⟨M2
z ⟩ vs temperature near the

higher-temperature transition, for various system sizes L. (In each
case V4/T = 0.05 is fixed.) This quantity has vanishing scaling
dimension for the mean-field universality class, consistent with the
crossing point for large L, at (T/p)c> = 3.3509(3).
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z ⟩ vs temperature near the

higher-temperature transition, for various system sizes L. (In each
case V4/T = 0.05 is fixed.) This quantity has vanishing scaling
dimension for the mean-field universality class, consistent with the
crossing point for large L, at (T/p)c> = 3.3509(3).
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higher-temperature transition, for various system sizes L. (In each
case V4/T = 0.05 is fixed.) This quantity has vanishing scaling
dimension for the mean-field universality class, consistent with the
crossing point for large L, at (T/p)c> = 3.3509(3).
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case V4/T = 0.05 is fixed.) This quantity has vanishing scaling
dimension for the mean-field universality class, consistent with the
crossing point for large L, at (T/p)c> = 3.3509(3).
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We develop a nonperturbative gauge mean field theory (gMFT) method to study a general effective

spin-1=2 model for magnetism in rare earth pyrochlores. gMFT is based on a novel exact slave-particle

formulation, and matches both the perturbative regime near the classical spin ice limit and the

semiclassical approximation far from it. We show that the full phase diagram contains two exotic phases:

a quantum spin liquid and a Coulombic ferromagnet, both of which support deconfined spinon excitations

and emergent quantum electrodynamics. Phenomenological properties of these phases are discussed.
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Amongst the celebrated exotic phases of matter, of
particular recent interest are the quantum spin liquids
(QSLs) [1]. Behind seemingly innocuous defining
properties—strong spin correlations, the absence of static
magnetic moments, and unbroken crystalline symmetry—
QSLs display the consequences of extreme quantum
entanglement. These include emergent gauge fields and
fractional excitations, which take these states beyond the
usual ‘‘mean field’’ paradigm of phases of matter. Not only
are these phases challenging to predict and describe, they
have also proven very hard to find in the laboratory, render-
ing their search and discovery even more tantalizing.

A consensual place to look for QSLs is among frustrated
magnets [1]. Frustration allows the spins to avoid phases
where they are either ordered or frozen, with relatively
small fluctuations and correlations between them. Recent
experiments have given compelling evidence of a QSL
state in certain two-dimensional organic materials [2],
but both microscopic and fully consistent phenomenologi-
cal theories are lacking. By contrast, classical spin liquids
have been conclusively seen and microscopically under-
stood in the spin ice pyrochlores [3]. This raises the pos-
sibility, suggested experimentally [4] and theoretically [5],
of QSLs in those rare earth pyrochlores in which spins are
nonclassical, supported by recent results on Yb2Ti2O7 [4].
However, for any material, only detailed, quantitative the-
ory predicting the type(s) and properties of QSLs that
appear and matching experiments can take the physics to
the next level.

We take up this challenge here for quantum rare earth
pyrochlores. Our analysis confirms that a ‘‘Uð1Þ’’ QSL
phase exists in the phase diagram (Fig. 1) of a spectrum
of real materials, and is furthermore supplemented by
another exotic phase, a Coulombic ferromagnet, which
contains spinons, but displays nonzero magnetization.
We also study the confinement transitions out of
these Coulomb phases, which are analogous to ‘‘Higgs’’

transitions [6]. Finally, we discuss experimental signatures
of the Uð1Þ QSL, and of the Uð1Þ Coulomb ferromagnet.
The most general nearest-neighbor symmetry-allowed

exchange Hamiltonian for spin-1=2 spins (real or effective)
on the pyrochlore lattice is

H ¼
X

hiji
fJzz Sz

iS
z
j $ J%ðSþ

i S
$
j þ S$

i S
þ
j Þ

þ J%%½!ijS
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i S

þ
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ijS
$
i S

$
j )

þ Jz%½Sz
i ð"ijSþ

j þ " (
ijS

$
j Þ þ i $ j)g; (1)

where ! is a 4 * 4 complex unimodular matrix, and " ¼
$ !( [4]. The explicit expression of ! and of the local bases
whose components are used in Eq. (1) are given in the
Supplemental Material [7]. The first term (we assume in
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FIG. 1 (color online). Gauge mean field phase diagram ob-
tained for J%% ¼ 0 and Jzz > 0. ‘‘QSL,’’ ‘‘CFM,’’ ‘‘FM,’’ and
‘‘AFM’’ denote the Uð1Þ quantum spin liquid, Coulomb ferro-
magnet, standard ferromagnet, and standard antiferromagnet,
respectively. Phase boundaries with (without) white lines indi-
cate discontinuous (continuous) transitions in gMFT. Note that
the diagram is symmetric in Jz% ! $ Jz%.
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contains spinons, but displays nonzero magnetization.
We also study the confinement transitions out of
these Coulomb phases, which are analogous to ‘‘Higgs’’

transitions [6]. Finally, we discuss experimental signatures
of the Uð1Þ QSL, and of the Uð1Þ Coulomb ferromagnet.
The most general nearest-neighbor symmetry-allowed

exchange Hamiltonian for spin-1=2 spins (real or effective)
on the pyrochlore lattice is

H ¼
X

hiji
fJzz Sz

iS
z
j $ J%ðSþ

i S
$
j þ S$

i S
þ
j Þ

þ J%%½!ijS
þ
i S

þ
j þ !(

ijS
$
i S

$
j )

þ Jz%½Sz
i ð"ijSþ

j þ " (
ijS

$
j Þ þ i $ j)g; (1)

where ! is a 4 * 4 complex unimodular matrix, and " ¼
$ !( [4]. The explicit expression of ! and of the local bases
whose components are used in Eq. (1) are given in the
Supplemental Material [7]. The first term (we assume in
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FIG. 1 (color online). Gauge mean field phase diagram ob-
tained for J%% ¼ 0 and Jzz > 0. ‘‘QSL,’’ ‘‘CFM,’’ ‘‘FM,’’ and
‘‘AFM’’ denote the Uð1Þ quantum spin liquid, Coulomb ferro-
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Magnetic monopoles in spin ice
C. Castelnovo1, R. Moessner1,2 & S. L. Sondhi3

Electrically charged particles, such as the electron, are ubiquitous.
In contrast, no elementary particles with a net magnetic charge
have ever been observed, despite intensive and prolonged searches
(see ref. 1 for example). We pursue an alternative strategy, namely
that of realizing them not as elementary but rather as emergent
particles—that is, as manifestations of the correlations present in
a strongly interacting many-body system. The most prominent
examples of emergent quasiparticles are the ones with fractional
electric charge e/3 in quantum Hall physics2. Here we propose that
magnetic monopoles emerge in a class of exotic magnets known
collectively as spin ice3–5: the dipole moment of the underlying
electronic degrees of freedom fractionalises into monopoles.
This would account for a mysterious phase transition observed
experimentally in spin ice in a magnetic field6,7, which is a
liquid–gas transition of the magnetic monopoles. These monopoles
can also be detected by other means, for example, in an experiment
modelled after the Stanford magnetic monopole search8.

Spin-ice materials are characterized by the presence of magnetic
moments mi residing on the sites i of a pyrochlore lattice (depicted
in Fig. 1). These moments are constrained to point along their respec-
tive local Ising axes êei (the diamond lattice bonds in Fig. 1), and they
can be modelled as Ising spins mi 5 mSîeei , where Si 5 61 and m~ mij j.
For the spin-ice compounds discussed here, Dy2Ti2O7 and Ho2Ti2O7,
(where Dy is dysprosium and Ho is holmium) the magnitude m of the
magnetic moments equals approximately ten Bohr magnetons
(m < 10mB). The thermodynamic properties of these compounds are
known to be described with good accuracy by an energy term that
accounts for the nearest-neighbour exchange and the long-range
dipolar interactions9,10 (for a review of spin ice, see ref. 4):
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The distance between spins is rij, and a < 3.54 Å is the pyrochlore
nearest-neighbour distance. D 5 m0m2/(4pa3) 5 1.41 K is the coup-
ling constant of the dipolar interaction.

Spin ice was identified as a very unusual magnet when it was noted
that it does not order to the lowest temperatures T even though it
appeared to have ferromagnetic interactions3. Indeed, spin ice
was found to have a residual entropy at low T (ref. 5), which
is well-approximated by the Pauling entropy for water ice,
S < SP 5 (1/2)log(3/2) per spin. Pauling’s entropy measures the huge
ground-state degeneracy arising from the so-called ice rules. In the
context of spin ice, its observation implies a macroscopically degen-
erate ground state manifold obeying the ‘ice rule’ that two spins point
into each vertex of the diamond lattice, and two out.

We contend that excitations above this ground-state manifold—
that is, defects that locally violate the ice rule—are magnetic
monopoles with the necessary long-distance properties. From the
perspective of the seemingly local physics of the ice rule, the emergence
of monopoles at first seems rather surprising. We will probe deeper

into how the long-range magnetic interactions contained in equation
(1) give rise to the ice rule in the first place. We then incorporate
insights from recent progress in understanding the entropic physics
of spin ice, and the physics of fractionalization in high dimensions11–15,
of which our monopoles will prove to be a classical instance.

We consider a modest deformation of equation (1), loosely
inspired by Nagle’s work16 on the ‘unit model’ description of water
ice: we replace the interaction energy of the magnetic dipoles living
on pyrochlore sites with the interaction energy of dumbbells consist-
ing of equal and opposite magnetic charges that live at the ends of the
diamond bonds (see Fig. 2). The two ways of assigning charges on
each diamond bond reproduce the two orientations of the original
dipole. Demanding that the dipole moment of the spin be repro-
duced quantitatively fixes the value of the charge at 6m/ad, where
the diamond lattice bond length ad~

ffiffiffiffiffiffiffi
3=2

p
a.

The energy of a configuration of dipoles is computed as the pair-
wise interaction energy of magnetic charges, given by the magnetic
Coulomb law:
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Figure 1 | The pyrochlore and diamond lattices. The magnetic moments in
spin ice reside on the sites of the pyrochlore lattice, which consists of corner-
sharing tetrahedra. These are at the same time the midpoints of the bonds of
the diamond lattice (black) formed by the centres of the tetrahedra. The ratio
of the lattice constant of the diamond and pyrochlore lattices is
ad=a~

ffiffiffiffiffiffiffiffi
3=2

p
. The Ising axes are the local [111] directions, which point along

the respective diamond lattice bonds.
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Electrically charged particles, such as the electron, are ubiquitous.
In contrast, no elementary particles with a net magnetic charge
have ever been observed, despite intensive and prolonged searches
(see ref. 1 for example). We pursue an alternative strategy, namely
that of realizing them not as elementary but rather as emergent
particles—that is, as manifestations of the correlations present in
a strongly interacting many-body system. The most prominent
examples of emergent quasiparticles are the ones with fractional
electric charge e/3 in quantum Hall physics2. Here we propose that
magnetic monopoles emerge in a class of exotic magnets known
collectively as spin ice3–5: the dipole moment of the underlying
electronic degrees of freedom fractionalises into monopoles.
This would account for a mysterious phase transition observed
experimentally in spin ice in a magnetic field6,7, which is a
liquid–gas transition of the magnetic monopoles. These monopoles
can also be detected by other means, for example, in an experiment
modelled after the Stanford magnetic monopole search8.

Spin-ice materials are characterized by the presence of magnetic
moments mi residing on the sites i of a pyrochlore lattice (depicted
in Fig. 1). These moments are constrained to point along their respec-
tive local Ising axes êei (the diamond lattice bonds in Fig. 1), and they
can be modelled as Ising spins mi 5 mSîeei , where Si 5 61 and m~ mij j.
For the spin-ice compounds discussed here, Dy2Ti2O7 and Ho2Ti2O7,
(where Dy is dysprosium and Ho is holmium) the magnitude m of the
magnetic moments equals approximately ten Bohr magnetons
(m < 10mB). The thermodynamic properties of these compounds are
known to be described with good accuracy by an energy term that
accounts for the nearest-neighbour exchange and the long-range
dipolar interactions9,10 (for a review of spin ice, see ref. 4):
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The distance between spins is rij, and a < 3.54 Å is the pyrochlore
nearest-neighbour distance. D 5 m0m2/(4pa3) 5 1.41 K is the coup-
ling constant of the dipolar interaction.

Spin ice was identified as a very unusual magnet when it was noted
that it does not order to the lowest temperatures T even though it
appeared to have ferromagnetic interactions3. Indeed, spin ice
was found to have a residual entropy at low T (ref. 5), which
is well-approximated by the Pauling entropy for water ice,
S < SP 5 (1/2)log(3/2) per spin. Pauling’s entropy measures the huge
ground-state degeneracy arising from the so-called ice rules. In the
context of spin ice, its observation implies a macroscopically degen-
erate ground state manifold obeying the ‘ice rule’ that two spins point
into each vertex of the diamond lattice, and two out.

We contend that excitations above this ground-state manifold—
that is, defects that locally violate the ice rule—are magnetic
monopoles with the necessary long-distance properties. From the
perspective of the seemingly local physics of the ice rule, the emergence
of monopoles at first seems rather surprising. We will probe deeper

into how the long-range magnetic interactions contained in equation
(1) give rise to the ice rule in the first place. We then incorporate
insights from recent progress in understanding the entropic physics
of spin ice, and the physics of fractionalization in high dimensions11–15,
of which our monopoles will prove to be a classical instance.

We consider a modest deformation of equation (1), loosely
inspired by Nagle’s work16 on the ‘unit model’ description of water
ice: we replace the interaction energy of the magnetic dipoles living
on pyrochlore sites with the interaction energy of dumbbells consist-
ing of equal and opposite magnetic charges that live at the ends of the
diamond bonds (see Fig. 2). The two ways of assigning charges on
each diamond bond reproduce the two orientations of the original
dipole. Demanding that the dipole moment of the spin be repro-
duced quantitatively fixes the value of the charge at 6m/ad, where
the diamond lattice bond length ad~

ffiffiffiffiffiffiffi
3=2

p
a.

The energy of a configuration of dipoles is computed as the pair-
wise interaction energy of magnetic charges, given by the magnetic
Coulomb law:
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Figure 1 | The pyrochlore and diamond lattices. The magnetic moments in
spin ice reside on the sites of the pyrochlore lattice, which consists of corner-
sharing tetrahedra. These are at the same time the midpoints of the bonds of
the diamond lattice (black) formed by the centres of the tetrahedra. The ratio
of the lattice constant of the diamond and pyrochlore lattices is
ad=a~

ffiffiffiffiffiffiffiffi
3=2

p
. The Ising axes are the local [111] directions, which point along

the respective diamond lattice bonds.
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Electrically charged particles, such as the electron, are ubiquitous.
In contrast, no elementary particles with a net magnetic charge
have ever been observed, despite intensive and prolonged searches
(see ref. 1 for example). We pursue an alternative strategy, namely
that of realizing them not as elementary but rather as emergent
particles—that is, as manifestations of the correlations present in
a strongly interacting many-body system. The most prominent
examples of emergent quasiparticles are the ones with fractional
electric charge e/3 in quantum Hall physics2. Here we propose that
magnetic monopoles emerge in a class of exotic magnets known
collectively as spin ice3–5: the dipole moment of the underlying
electronic degrees of freedom fractionalises into monopoles.
This would account for a mysterious phase transition observed
experimentally in spin ice in a magnetic field6,7, which is a
liquid–gas transition of the magnetic monopoles. These monopoles
can also be detected by other means, for example, in an experiment
modelled after the Stanford magnetic monopole search8.

Spin-ice materials are characterized by the presence of magnetic
moments mi residing on the sites i of a pyrochlore lattice (depicted
in Fig. 1). These moments are constrained to point along their respec-
tive local Ising axes êei (the diamond lattice bonds in Fig. 1), and they
can be modelled as Ising spins mi 5 mSîeei , where Si 5 61 and m~ mij j.
For the spin-ice compounds discussed here, Dy2Ti2O7 and Ho2Ti2O7,
(where Dy is dysprosium and Ho is holmium) the magnitude m of the
magnetic moments equals approximately ten Bohr magnetons
(m < 10mB). The thermodynamic properties of these compounds are
known to be described with good accuracy by an energy term that
accounts for the nearest-neighbour exchange and the long-range
dipolar interactions9,10 (for a review of spin ice, see ref. 4):
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The distance between spins is rij, and a < 3.54 Å is the pyrochlore
nearest-neighbour distance. D 5 m0m2/(4pa3) 5 1.41 K is the coup-
ling constant of the dipolar interaction.

Spin ice was identified as a very unusual magnet when it was noted
that it does not order to the lowest temperatures T even though it
appeared to have ferromagnetic interactions3. Indeed, spin ice
was found to have a residual entropy at low T (ref. 5), which
is well-approximated by the Pauling entropy for water ice,
S < SP 5 (1/2)log(3/2) per spin. Pauling’s entropy measures the huge
ground-state degeneracy arising from the so-called ice rules. In the
context of spin ice, its observation implies a macroscopically degen-
erate ground state manifold obeying the ‘ice rule’ that two spins point
into each vertex of the diamond lattice, and two out.

We contend that excitations above this ground-state manifold—
that is, defects that locally violate the ice rule—are magnetic
monopoles with the necessary long-distance properties. From the
perspective of the seemingly local physics of the ice rule, the emergence
of monopoles at first seems rather surprising. We will probe deeper

into how the long-range magnetic interactions contained in equation
(1) give rise to the ice rule in the first place. We then incorporate
insights from recent progress in understanding the entropic physics
of spin ice, and the physics of fractionalization in high dimensions11–15,
of which our monopoles will prove to be a classical instance.

We consider a modest deformation of equation (1), loosely
inspired by Nagle’s work16 on the ‘unit model’ description of water
ice: we replace the interaction energy of the magnetic dipoles living
on pyrochlore sites with the interaction energy of dumbbells consist-
ing of equal and opposite magnetic charges that live at the ends of the
diamond bonds (see Fig. 2). The two ways of assigning charges on
each diamond bond reproduce the two orientations of the original
dipole. Demanding that the dipole moment of the spin be repro-
duced quantitatively fixes the value of the charge at 6m/ad, where
the diamond lattice bond length ad~

ffiffiffiffiffiffiffi
3=2

p
a.

The energy of a configuration of dipoles is computed as the pair-
wise interaction energy of magnetic charges, given by the magnetic
Coulomb law:
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Figure 1 | The pyrochlore and diamond lattices. The magnetic moments in
spin ice reside on the sites of the pyrochlore lattice, which consists of corner-
sharing tetrahedra. These are at the same time the midpoints of the bonds of
the diamond lattice (black) formed by the centres of the tetrahedra. The ratio
of the lattice constant of the diamond and pyrochlore lattices is
ad=a~

ffiffiffiffiffiffiffiffi
3=2

p
. The Ising axes are the local [111] directions, which point along

the respective diamond lattice bonds.
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Electrically charged particles, such as the electron, are ubiquitous.
In contrast, no elementary particles with a net magnetic charge
have ever been observed, despite intensive and prolonged searches
(see ref. 1 for example). We pursue an alternative strategy, namely
that of realizing them not as elementary but rather as emergent
particles—that is, as manifestations of the correlations present in
a strongly interacting many-body system. The most prominent
examples of emergent quasiparticles are the ones with fractional
electric charge e/3 in quantum Hall physics2. Here we propose that
magnetic monopoles emerge in a class of exotic magnets known
collectively as spin ice3–5: the dipole moment of the underlying
electronic degrees of freedom fractionalises into monopoles.
This would account for a mysterious phase transition observed
experimentally in spin ice in a magnetic field6,7, which is a
liquid–gas transition of the magnetic monopoles. These monopoles
can also be detected by other means, for example, in an experiment
modelled after the Stanford magnetic monopole search8.

Spin-ice materials are characterized by the presence of magnetic
moments mi residing on the sites i of a pyrochlore lattice (depicted
in Fig. 1). These moments are constrained to point along their respec-
tive local Ising axes êei (the diamond lattice bonds in Fig. 1), and they
can be modelled as Ising spins mi 5 mSîeei , where Si 5 61 and m~ mij j.
For the spin-ice compounds discussed here, Dy2Ti2O7 and Ho2Ti2O7,
(where Dy is dysprosium and Ho is holmium) the magnitude m of the
magnetic moments equals approximately ten Bohr magnetons
(m < 10mB). The thermodynamic properties of these compounds are
known to be described with good accuracy by an energy term that
accounts for the nearest-neighbour exchange and the long-range
dipolar interactions9,10 (for a review of spin ice, see ref. 4):
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The distance between spins is rij, and a < 3.54 Å is the pyrochlore
nearest-neighbour distance. D 5 m0m2/(4pa3) 5 1.41 K is the coup-
ling constant of the dipolar interaction.

Spin ice was identified as a very unusual magnet when it was noted
that it does not order to the lowest temperatures T even though it
appeared to have ferromagnetic interactions3. Indeed, spin ice
was found to have a residual entropy at low T (ref. 5), which
is well-approximated by the Pauling entropy for water ice,
S < SP 5 (1/2)log(3/2) per spin. Pauling’s entropy measures the huge
ground-state degeneracy arising from the so-called ice rules. In the
context of spin ice, its observation implies a macroscopically degen-
erate ground state manifold obeying the ‘ice rule’ that two spins point
into each vertex of the diamond lattice, and two out.

We contend that excitations above this ground-state manifold—
that is, defects that locally violate the ice rule—are magnetic
monopoles with the necessary long-distance properties. From the
perspective of the seemingly local physics of the ice rule, the emergence
of monopoles at first seems rather surprising. We will probe deeper

into how the long-range magnetic interactions contained in equation
(1) give rise to the ice rule in the first place. We then incorporate
insights from recent progress in understanding the entropic physics
of spin ice, and the physics of fractionalization in high dimensions11–15,
of which our monopoles will prove to be a classical instance.

We consider a modest deformation of equation (1), loosely
inspired by Nagle’s work16 on the ‘unit model’ description of water
ice: we replace the interaction energy of the magnetic dipoles living
on pyrochlore sites with the interaction energy of dumbbells consist-
ing of equal and opposite magnetic charges that live at the ends of the
diamond bonds (see Fig. 2). The two ways of assigning charges on
each diamond bond reproduce the two orientations of the original
dipole. Demanding that the dipole moment of the spin be repro-
duced quantitatively fixes the value of the charge at 6m/ad, where
the diamond lattice bond length ad~

ffiffiffiffiffiffiffi
3=2

p
a.

The energy of a configuration of dipoles is computed as the pair-
wise interaction energy of magnetic charges, given by the magnetic
Coulomb law:
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Figure 1 | The pyrochlore and diamond lattices. The magnetic moments in
spin ice reside on the sites of the pyrochlore lattice, which consists of corner-
sharing tetrahedra. These are at the same time the midpoints of the bonds of
the diamond lattice (black) formed by the centres of the tetrahedra. The ratio
of the lattice constant of the diamond and pyrochlore lattices is
ad=a~

ffiffiffiffiffiffiffiffi
3=2

p
. The Ising axes are the local [111] directions, which point along

the respective diamond lattice bonds.
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where Qa denotes the total magnetic charge at site a in the diamond
lattice, and rab is the distance between two sites. The finite ‘self-
energy’ u0/2 is required to reproduce the net nearest-neighbour inter-
action correctly. Equation (2)—which is derived in detail in the
Supplementary Information—is equivalent to the dipolar energy
equation (1), up to corrections that are small everywhere, and vanish
with distance at least as fast as 1/r5.

We consider first the ground states of the system. The total energy
is minimized if each diamond lattice site is net neutral, that is, we
must orient the dumbbells so that Qa 5 0 on each site. But this is just
the above-mentioned ice rule, as illustrated in Fig. 2. Thus, one of the
most remarkable features of spin ice follows directly from the dumb-
bell model: the measured low-T entropy agrees with the Pauling
entropy (which follows from the short-distance ice rules), even
though the dipolar interactions are long-range.

We now turn to the excited states. Naively, the most elementary
excitation involves inverting a single dipole / dumbbell to generate a

local net dipole moment 2m. However, this is misleading in a crucial
sense. The inverted dumbbell in fact corresponds to two adjacent
sites with net magnetic charge Qa 5 6qm 5 62m/ad—a nearest-
neighbour monopole–antimonopole pair. As shown in Fig. 2e, the
monopoles can be separated from one another without further viola-
tions of local neutrality by flipping a chain of adjacent dumbbells. A
pair of monopoles separated by a distance r experiences a Coulombic
interaction, {m0q2

m

!
4prð Þ, mediated by monopolar magnetic fields,

see Fig. 3.
This interaction is indeed magnetic, hence the presence of the

vacuum permeability m0, and not 1/e0, the inverse of the vacuum
permittivity. It takes only a finite energy to separate the monopoles
to infinity (that is, they are deconfined), and so they are the true
elementary excitations of the system: the local dipolar excitation
fractionalizes.

By taking the pictures from the dumbbell representation seriously,
we may be thought somehow to be introducing monopoles where
there were none to begin with. In general, it is of course well known
that a string of dipoles arranged head to tail realizes a monopole–
antimonopole pair at its ends17. However, to obtain deconfined
monopoles, it is essential that the cost of creating such a string of
dipoles remain bounded as its length grows, that is, the relevant string
tension should vanish. This is evidently not true in a vacuum (such as
that of the Universe) where the growth of the string can only come at
the cost of creating additional dipoles. Magnetic materials, which
come equipped with vacua (ground states) filled with magnetic
dipoles, are more promising. However, even here a dipole string is
not always a natural excitation, and when it is—for example, in an
ordered ferromagnet – a string of inverted dipoles is accompanied
by costly domain walls along its length (except, as usual, for one-
dimensional systems18), causing the incipient monopoles to remain
confined.

The unusual properties of spin ice arise from its exotic ground
states. The ice rule can be viewed as requiring that two dipole strings
enter and exit each site of the diamond lattice. In a typical spin-ice
ground state, there is a ‘soup’ of such strings: many dipole strings
of arbitrary size and shape can be identified that connect a given pair
of sites. Inverting the dipoles along any one such string creates a
monopole–antimonopole pair on the sites at its ends. The associated
energy cost does not diverge with the length of the string, unlike in
the case of an ordered ferromagnet, because no domain walls are
created along the string, and the monopoles are thus deconfined.

We did not make reference to the Dirac condition19 that the fun-
damental electric charge e and any magnetic charge q must exhibit the
relationship eq 5 nh/m0 whence any monopoles in our universe must
be quantized in units of qD 5 h/m0e. This follows from the monopole
being attached to a Dirac string, which has to be unobservable17. By
contrast, the string soup characteristic of spin ice at low temperature

a b
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Figure 2 | Mapping from dipoles to dumbbells. The dumbbell picture
(c, d) is obtained by replacing each spin in a and b by a pair of opposite
magnetic charges placed on the adjacent sites of the diamond lattice. In the
left panels (a, c), two neighbouring tetrahedra obey the ice rule, with two
spins pointing in and two out, giving zero net charge on each site. In the right
panels (b, d), inverting the shared spin generates a pair of magnetic
monopoles (diamond sites with net magnetic charge). This configuration
has a higher net magnetic moment and it is favoured by an applied magnetic
field oriented upward (corresponding to a [111] direction). e, A pair of
separated monopoles (large red and blue spheres). A chain of inverted
dipoles (‘Dirac string’) between them is highlighted in white, and the
magnetic field lines are sketched.
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Figure 3 | Monopole interaction. Comparison of the magnetic Coulomb
energy {m0q2

m

!
4prð Þ (equation (2); solid line) with a direct numerical

evaluation of the monopole interaction energy in dipolar spin ice (equation
(1); open circles), for a given spin-ice configuration (Fig. 2e), as a function of
monopole separation.
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where Qa denotes the total magnetic charge at site a in the diamond
lattice, and rab is the distance between two sites. The finite ‘self-
energy’ u0/2 is required to reproduce the net nearest-neighbour inter-
action correctly. Equation (2)—which is derived in detail in the
Supplementary Information—is equivalent to the dipolar energy
equation (1), up to corrections that are small everywhere, and vanish
with distance at least as fast as 1/r5.

We consider first the ground states of the system. The total energy
is minimized if each diamond lattice site is net neutral, that is, we
must orient the dumbbells so that Qa 5 0 on each site. But this is just
the above-mentioned ice rule, as illustrated in Fig. 2. Thus, one of the
most remarkable features of spin ice follows directly from the dumb-
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Figure 2 | Mapping from dipoles to dumbbells. The dumbbell picture
(c, d) is obtained by replacing each spin in a and b by a pair of opposite
magnetic charges placed on the adjacent sites of the diamond lattice. In the
left panels (a, c), two neighbouring tetrahedra obey the ice rule, with two
spins pointing in and two out, giving zero net charge on each site. In the right
panels (b, d), inverting the shared spin generates a pair of magnetic
monopoles (diamond sites with net magnetic charge). This configuration
has a higher net magnetic moment and it is favoured by an applied magnetic
field oriented upward (corresponding to a [111] direction). e, A pair of
separated monopoles (large red and blue spheres). A chain of inverted
dipoles (‘Dirac string’) between them is highlighted in white, and the
magnetic field lines are sketched.
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Figure 3 | Monopole interaction. Comparison of the magnetic Coulomb
energy {m0q2
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!
4prð Þ (equation (2); solid line) with a direct numerical

evaluation of the monopole interaction energy in dipolar spin ice (equation
(1); open circles), for a given spin-ice configuration (Fig. 2e), as a function of
monopole separation.
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dumbbell model of spin ice. Here, the point dipoles of the
dipolar spin-ice model [14] are extended to infinitesimally
thin magnetic needles lying along the axes linking the
centers of adjoining tetrahedra of the pyrochlore lattice
(see Fig. 1) that constitute a diamond lattice of nodes for
magnetic charge [15]. The needles touch at the diamond-
lattice sites so that, by construction, the long-range parts of
the dipolar interactions are perfectly screened for the
ensemble of ice-rules states in which two needles point
in and two out of each tetrahedron [16]. These ground
states form a vacuum from which monopoles are excited
by reversing the orientation of a needle, breaking the ice
rules on a pair of neighboring sites. As vacuums go, this
one is rather exceptional, as it is far from empty. Rather, the
magnetic moments constitute the curl of a lattice gauge
field [17], the Coulomb phase, with manifest experimental
consequences for spin-ice materials. These effects include
diffuse neutron-scattering patterns showing the sharp
pinch-point features [18] characteristic of dipolar correla-
tions, and the generation of large internal magnetic fields
despite the status of vacuum [19,20].

In an analogy with electrostatics, the monopole-charge
distribution obeys Gauss’s law for the magnetic field
~r ! ~H ¼ !m , where !m is the monopole density. The mono-
pole number is not conserved, and the energetics of the dumb-
bellmodel at low temperature correspond to aCoulombgas in
the grand canonical ensemble, in which the phase space of

monopole configurations is constrained by the underlying ice
rules. One can define a Landau energy ~U ¼ UC # "N,
where UC is the Coulomb energy of the neutral gas of N
monopoles and " is the chemical potential such that#2" is
the energy cost of introducing a neutral pair of monopoles an
infinite distance apart. For temperatures of order #" , the
Coulomb-gas picture of spin ice must be extended to include
doubly charged monopoles (see Appendix A).
The divergence in ~H is related to the breaking of the ice

rules through ~M, the magnetic-moment density that itself

obeys Gauss’s law ~r ! ~M ¼ #!m . This constraint does
not, however, define the entire moment density, which
can have two contributions through a Helmholtz decom-
position. The first ~Mm is the gradient of a scalar potential
and provides the magnetic charge; the second ~Md is a
dipolar field, can be represented as the curl of a vector
potential, and is divergence free [21,22]:

~M ¼ ~Mm þ ~Md ¼ ~rcðrÞ þ ~r ^ ~Q: (1)

In states obeying the ice rules, ~Mm ¼ 0, while ~Md ¼ ~M;
this decomposition corresponds to an emergent Coulomb
phase [10]. Breaking the ice rules and introducingmagnetic
charge lead to the conversion of ~M from the divergence-
free ~Md to the divergence-full field ~Mm . Central to the
discussions in this paper is the concept that this conversion
is, in general, partial—the divergence-free part is not

FIG. 1. Lattice structures: (a) Pyrochlore lattice, showing monopole-crystal and magnetic needle (spin) orientations. The sublattice
index !i defined in Eq. (4) isþ1 (respectively,#1) on the diamond sites where the blue (respectively, red) monopoles sit. The minority
spins (red arrows) are equivalent to dimers positioned on the diamond lattice. (b) Two-in–one-out spin configurations in the confined KII
kagome spin-ice phase. (c) Spin and needle configurations for a three-in–one-out vertex carrying an isolated north pole showingmagnetic-
moment fractionalization into divergence-full and divergence-free elements. We emphasize that the divergence-free field emerging here,
despite being a Coulomb phase, is different from the standard one in the absence of monopoles described in Ref. [11].
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The Coulomb phase, with its dipolar correlations and pinch-point–scattering patterns, is central to

discussions of geometrically frustrated systems, from water ice to binary and mixed-valence alloys, as

well as numerous examples of frustrated magnets. The emergent Coulomb phase of lattice-based systems

has been associated with divergence-free fields and the absence of long-range order. Here, we go beyond

this paradigm, demonstrating that a Coulomb phase can emerge naturally as a persistent fluctuating

background in an otherwise ordered system. To explain this behavior, we introduce the concept of the

fragmentation of the field of magnetic moments into two parts, one giving rise to a magnetic monopole

crystal, the other a magnetic fluid with all the characteristics of an emergent Coulomb phase. Our theory is

backed up by numerical simulations, and we discuss its importance with regard to the interpretation of a

number of experimental results.

DOI: 10.1103/PhysRevX.4.011007 Subject Areas: Magnetism, Statistical Physics,

Strongly Correlated Materials

I. INTRODUCTION

The interplay between frustration, topological order,
fractionalization, and emergent physics has been the focus
of a rapidly increasing body of work in recent years. In
themselves, these concepts are not new. Frustration under-
pins theories of glassiness and has been much discussed
since the seminal studies of Anderson and Villain [1,2].
Likewise, concepts of topological order and fractionaliza-
tion, from the fractional quantum Hall effect [3] and
quasiparticles in graphenelike systems [4] to solitons in
one dimension [5,6], have been prominent topics in theo-
retical and experimental condensed-matter physics for
over 30 years.

The subtleties of the interdependence between these
concepts have been elucidated only recently, in the context
of the so-called emergent Coulomb phase of highly frus-
trated magnetic models. However, the phenomenology of
the Coulomb phase, with its characteristic dipolar correla-
tions and emergent gauge structure, is not limited to the
realms of frustrated magnetism. Indeed, similar behavior is
observed in water ice [7] and models of heavy-fermion
behavior in spinels [8], as well as in models of binary and
mixed-valence alloys [9].

Henley [10] succinctly sets out three requirements for
the emergence of a Coulomb phase on a lattice: (i) Each

microscopic variable can be mapped onto a signed flux
directed along a bond in a bipartite lattice, (ii) the sum of
the incoming fluxes at each lattice vertex is zero, and
(iii) the system has no long-range order. Elementary
excitations out of the divergence-free manifold are seen
to fractionalize, giving rise to effective magnetic mono-
poles that can interact via a Coulomb potential [11] and (in
three dimensions) may be brought to infinite separation
with finite energy cost.
In this paper, we demonstrate how the lattice-based mag-

netic Coulomb phase emerges in a considerably wider class
of models than those covered by the conditions stipulated
above. More specifically, we show that such a phase exists
for a model ‘‘magnetolyte’’ irrespective of the magnetic
monopole density or of monopole ordering [12]. We intro-
duce the concept of magnetic-moment fragmentation,
whereby the magnetic-moment field undergoes a novel
form of fractionalization into two parts: a divergence-full
part representing magnetic monopoles and a divergence-
free part corresponding to the emergent Coulomb phase
with independent and ergodic spin fluctuations [13]. Our
results apply even for a monopole crystal that is shown to
exist in juxtaposition with mobile spin degrees of freedom:
a previously unseen coexistence between a spin liquid and
long-range order induced by magnetic monopole crystalli-
zation. The implications of this field fragmentation arewide
reaching and relevant for the interpretation of a number of
experiments, as discussed below.

II. THE MODEL

Magnetic monopoles [11] emerge as quasiparticle
excitations from the ground-state configurations of the
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completely suppressed by the presence of the monopoles.
Thus, in almost all circumstances, one has the coexistence
of two complementary fields, reminiscent of the
Hamiltonian splitting in topologically ordered phases [23].

The total charge inside a microscopic volume surround-

ing a diamond-lattice site i isQi ¼ "R
~M # d ~S, with d ~S an

outward-pointing surface element. For the dumbbell
model, the integral reduces to a discrete sum Qi ¼
"P

jMij, where Mij ¼ ~M # d ~Sij ¼ ±m=a, d ~Sij is an

infinitesimal surface element cutting the needle, m is the
strength of the magnetic moment, and a is the distance
between diamond-lattice sites. The positive (negative) sign
is for the needle pointing away from (into) the site i, so
that Mij ¼ "Mji. An ice-rules configuration with two
needles into and two out of the site indeed gives Qi ¼ 0,
while three in and one out (three out and one in) gives
Qi ¼ þð"Þ2m=a [11].

The fields for an isolated three-in–one-out vertex can be
split into divergence-full and divergence-free parts subject
to the constraint that the amplitude of each field element is
jMijj ¼ m=a:

½Mij(
!
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m
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¼ ð"1;"1;"1; 1Þ
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The first set of fields satisfies Gauss’s law for the charge at
the origin; the second set satisfies a discrete divergence-
free condition and constitutes a residual dipolar field dress-
ing the monopole [see Fig. 1(c)]. Decomposition further
away from the charge could be made by solving the lattice
Poisson equation to find the field sets belonging to ~Mm that
would be subtracted from the Mij to find the discrete

elements of ~Md. Singly charged monopoles leave a resid-
ual contribution to ~Md at each vertex, and it is only when
the vertex is occupied by a doubly charged monopole for
which ½Mij( ¼ ±ðm=aÞð1; 1; 1; 1Þ that the contribution to
~Md is totally suppressed. Hence, a fluid of singly charged
monopoles should be accompanied by a correlated random
dipolar field whose detailed structure is updated by the
monopole dynamics and only destroyed on the temperature
scale at which doubly charged monopoles proliferate.
Indeed, the pinch points in diffuse neutron scattering
from spin-ice materials are maintained up to surprisingly
high temperatures [18,24], indicating the presence of such
a dipolar field. The emergence of the dipolar field is further
illustrated in Appendix C, where we show how the ½Mij(
are divided around a pair of isolated nearest-neighbor
charges of the same sign.

The random fluctuations in the underlying gauge field can
be ironed out by breaking the two-sublattice translational
symmetry of the diamond lattice, creating amonopole crystal
with north and south poles localized on different sublattices.

For an ideally ordered array, the divergence-free fields on
alternate sites are perfectly satisfied by the sets ½Mij(d ¼
þð"Þðm=aÞð1=2; 1=2; 1=2;"3=2Þ. Thus, one sees the emer-
gence of a new Coulomb phasewith extensive entropy super-
imposed on monopole order, in which each vertex has three
contributions to the dipolar field of strength 1=2 [in units of
ðm=aÞ] and one of strength 3=2, which is shared between a
pair of neighboring sites on opposite sublattices. This frag-
mented state could be termed an ‘‘antiferromagnetic
Coulomb magnet’’ by analogy with the ‘‘ferromagnetic
Coulomb magnet,’’ predicted in the gauge mean-field theory
of quantummagnets on a pyrochlore lattice [25]. The ordered
component corresponds to a broken symmetry of the Ising
spins described in the local-axis reference frame into the
three-up–one-down or three-down–one-up sector. For the
divergence-free part ~Md, placing a dimer along the bond of
strength 3=2 provides a mapping between the emergent
dipolar field and hard-core dimers on the (bipartite) diamond
lattice [26]. The extensive entropy of the dipolar field is
thus associated with closed loops of dimer moves [27].
Introducing quantum-loop dynamics gives rise to a U(1)
liquid phase close to the Rokhsar-Kivelson point [28,29].
A monopole-crystal ground state can be induced in the

dumbbell model by modifying the chemical potential so
that the total Coulomb energyUC outweighs the energy cost
for creating the particles "!N. For the monopolar crystal
UC ¼ ðN0=2Þ"u, where u ¼ "!0Q

2=4#a is the Coulomb
energy for a nearest-neighbor pair of monopoles of
charge ±Q, !0 is the permeability, N0 is the number of
diamond-lattice sites, and " ¼ 1:638 is the Madelung con-
stant. We define a reduced chemical potential !) ¼ !=u,
and thus the ground state should be a monopole crystal for

!) <!)
0 ¼

"

2
¼ 0:819: (3)

Monopole crystallization has also recently been studied
within the dipolar spin-ice model, in the canonical en-
semble, that is, with fixed monopole number [30], leading
to a region of phase separation between the crystalline
and the fluid phases. For classical spin ice, crossing this
phase boundary would correspond to leaving the spin-ice
phase [14], at which point double charges become
favored. The ordering is then to a structure in complete
analogy with zinc blende: a crystal of doubly charged
monopoles for which ~Md is everywhere zero, correspond-
ing to the ‘‘all-in–all-out’’ (AIAO)magnetic order observed
in FeF3 [31].
In the modeling of spin ice, the chemical potential can

be extracted from the dumbbell approximation to the di-
polar spin-ice model (see the Supplementary Information
of Ref. [11]). To put spin-ice materials in the context of the
present work, we note that the dumbbell approximation for
dysprosium titanate yields ! ¼ "4:35 K, while direct
simulations for dipolar spin ice give ! ¼ "4:46 K [32],
so that !) * 1:42, well away from the monopole-crystal
phase boundary. In Appendix A, we return to this modeling
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The Coulomb phase, with its dipolar correlations and pinch-point–scattering patterns, is central to

discussions of geometrically frustrated systems, from water ice to binary and mixed-valence alloys, as

well as numerous examples of frustrated magnets. The emergent Coulomb phase of lattice-based systems

has been associated with divergence-free fields and the absence of long-range order. Here, we go beyond

this paradigm, demonstrating that a Coulomb phase can emerge naturally as a persistent fluctuating

background in an otherwise ordered system. To explain this behavior, we introduce the concept of the

fragmentation of the field of magnetic moments into two parts, one giving rise to a magnetic monopole

crystal, the other a magnetic fluid with all the characteristics of an emergent Coulomb phase. Our theory is

backed up by numerical simulations, and we discuss its importance with regard to the interpretation of a

number of experimental results.

DOI: 10.1103/PhysRevX.4.011007 Subject Areas: Magnetism, Statistical Physics,

Strongly Correlated Materials

I. INTRODUCTION

The interplay between frustration, topological order,
fractionalization, and emergent physics has been the focus
of a rapidly increasing body of work in recent years. In
themselves, these concepts are not new. Frustration under-
pins theories of glassiness and has been much discussed
since the seminal studies of Anderson and Villain [1,2].
Likewise, concepts of topological order and fractionaliza-
tion, from the fractional quantum Hall effect [3] and
quasiparticles in graphenelike systems [4] to solitons in
one dimension [5,6], have been prominent topics in theo-
retical and experimental condensed-matter physics for
over 30 years.

The subtleties of the interdependence between these
concepts have been elucidated only recently, in the context
of the so-called emergent Coulomb phase of highly frus-
trated magnetic models. However, the phenomenology of
the Coulomb phase, with its characteristic dipolar correla-
tions and emergent gauge structure, is not limited to the
realms of frustrated magnetism. Indeed, similar behavior is
observed in water ice [7] and models of heavy-fermion
behavior in spinels [8], as well as in models of binary and
mixed-valence alloys [9].

Henley [10] succinctly sets out three requirements for
the emergence of a Coulomb phase on a lattice: (i) Each

microscopic variable can be mapped onto a signed flux
directed along a bond in a bipartite lattice, (ii) the sum of
the incoming fluxes at each lattice vertex is zero, and
(iii) the system has no long-range order. Elementary
excitations out of the divergence-free manifold are seen
to fractionalize, giving rise to effective magnetic mono-
poles that can interact via a Coulomb potential [11] and (in
three dimensions) may be brought to infinite separation
with finite energy cost.
In this paper, we demonstrate how the lattice-based mag-

netic Coulomb phase emerges in a considerably wider class
of models than those covered by the conditions stipulated
above. More specifically, we show that such a phase exists
for a model ‘‘magnetolyte’’ irrespective of the magnetic
monopole density or of monopole ordering [12]. We intro-
duce the concept of magnetic-moment fragmentation,
whereby the magnetic-moment field undergoes a novel
form of fractionalization into two parts: a divergence-full
part representing magnetic monopoles and a divergence-
free part corresponding to the emergent Coulomb phase
with independent and ergodic spin fluctuations [13]. Our
results apply even for a monopole crystal that is shown to
exist in juxtaposition with mobile spin degrees of freedom:
a previously unseen coexistence between a spin liquid and
long-range order induced by magnetic monopole crystalli-
zation. The implications of this field fragmentation arewide
reaching and relevant for the interpretation of a number of
experiments, as discussed below.

II. THE MODEL

Magnetic monopoles [11] emerge as quasiparticle
excitations from the ground-state configurations of the
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and show that the magnetostatics of monopoles leads to a
prediction for the phase boundary where the ratio of
nearest-neighbor exchange to dipolar energy scale reaches
Jnn=Dnn ¼ "0:918, in excellent agreement with direct
analysis of the dipolar model [33]. Further, we show that,
for a pair of doubly charged monopoles, both the chemical
potential and the Coulomb energy are scaled by a factor
of 4 compared with the values for the singly charged
monopoles discussed in the main text. Hence, the zero-
temperature spin-ice–monopole-crystal phase boundary
occurs at the same point, whether one includes or excludes
the doubly charged monopoles that complete the magnetic
charge description of spin ice. In this paper, we explicitly
exclude double charges, taking us away from traditional
spin-ice modeling for large monopole concentrations, a
point we return to in Sec. IV when discussing the experi-
mental relevance of our results.

III. RESULTS

We have tested these ideas directly through Monte Carlo
simulations of the dumbbell model (details are given in
Appendix B). In Fig. 2, we show the evolution of an order
parameter for monopole crystallization Mc and monopole
number density n, as a function of reduced temperature
T# ¼ kBT=juj for different values of !#. Mc is defined as

Mc ¼
!""""""""

1

N0

XN0

i¼1

qi!i

""""""""
#
; (4)

where qi ¼ ðQia=2m Þ ¼ f"1; 0;þ1g is the topological
charge on site i, !i ¼ ±1 is a diamond-sublattice index
(see Fig. 1), h. . .i denotes a statistical average, and n ¼
hNi=N0. The data show clear evidence of monopole crys-
tallization at a transition temperature T#

C that varies with
!#. At this temperature, a lattice fluid gives way to a phase
with reduced translational symmetry, in which Mc

approaches unity. Debye-Hückel theory for an uncon-
strained Coulomb gas on a bipartite lattice predicts a line
of second-order transitions in the ð!#; TÞ plane, becoming
first order via a tricritical point as !# increases [34]. Our
data are consistent with this scenario, despite the additional
constraints of the dumbbell model. From the finite-size
scaling analysis shown in Appendix E, we estimate a
tricritical point !#

tr ' 0:78, T#
tr ' 0:13. This temperature

is comparable to that obtained from the numerical simula-
tion of a cubic-lattice Coulomb gas [35], although !#

tr is
surprisingly close to !#

0. For small values of !#, a con-
tinuous transition takes the system from a high-density
fluid (n > 4=7) to the crystalline phase. However, as !#

increases toward the phase boundary at approximately 0.8,
the fluid density is able to reach lower values near Tc

[shown by the data for!# ¼ 0:794 in Fig. 2(b)], indicating
that while the crystalline ground state is energetically
favored, the finite monopole density of the fluid phase is
stabilized by entropy. It is this minimum in the density as

the transition is approached that drives the transition to first
order, as in the Blume-Capel model for spin-one systems
[35]. More work is required to extract the effect of the
constraints in detail and to establish the tricritical parame-
ters with precision. There could, in principle, also be a
liquid-gas transition at higher temperature, between low-
and high-density fluids, but at the level of Debye-Hückel
theory, this transition is suppressed by the monopole
ordering [34]. There is no strong evidence of this liquid-
gas transition in our simulations, although the crossover
from a high-density fluid (region II of the phase diagram in
Fig. 3) to a low-density fluid (region III) just outside the
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FIG. 2. (a) Order parameter Mc for monopole crystallization,
as defined in Eq. (4), and (b) density of charges n, as a
function of reduced temperature T# for chemical potential !# ¼
0:767 (+), 0.778 ((), 0.784 (h), 0.794 (j), and 0.801 ()). The
transition appears to pass from second order to first order via a
tricritical point for !#

tr ' 0:78. The very narrow first-order
region ends at !# ' 0:80, above which spin-ice physics is
recovered (e.g., the open black circles). The alternating positive
or negative charges on the diamond lattice can also be seen as
stacked monolayers of monopoles of the same charge in all three
cubic directions. Note that the configurational constraints of the
singly charged monopole fluid result in a high-temperature limit
for the density of n ¼ 4=7, rather than the n ¼ 0:5 expected for
an unconstrained bipartite lattice gas. A generalization of the
worm algorithm has been developed to ensure equilibration at
low temperature (Appendix B).
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completely suppressed by the presence of the monopoles.
Thus, in almost all circumstances, one has the coexistence
of two complementary fields, reminiscent of the
Hamiltonian splitting in topologically ordered phases [23].

The total charge inside a microscopic volume surround-

ing a diamond-lattice site i isQi ¼ "R
~M # d ~S, with d ~S an

outward-pointing surface element. For the dumbbell
model, the integral reduces to a discrete sum Qi ¼
"P

jMij, where Mij ¼ ~M # d ~Sij ¼ ±m=a, d ~Sij is an

infinitesimal surface element cutting the needle, m is the
strength of the magnetic moment, and a is the distance
between diamond-lattice sites. The positive (negative) sign
is for the needle pointing away from (into) the site i, so
that Mij ¼ "Mji. An ice-rules configuration with two
needles into and two out of the site indeed gives Qi ¼ 0,
while three in and one out (three out and one in) gives
Qi ¼ þð"Þ2m=a [11].

The fields for an isolated three-in–one-out vertex can be
split into divergence-full and divergence-free parts subject
to the constraint that the amplitude of each field element is
jMijj ¼ m=a:

½Mij(
!
a

m

"
¼ ð"1;"1;"1; 1Þ

¼
!
" 1

2
;" 1

2
;" 1

2
;" 1

2

"
þ

!
" 1

2
;" 1

2
;" 1

2
;
3

2

"
:

(2)

The first set of fields satisfies Gauss’s law for the charge at
the origin; the second set satisfies a discrete divergence-
free condition and constitutes a residual dipolar field dress-
ing the monopole [see Fig. 1(c)]. Decomposition further
away from the charge could be made by solving the lattice
Poisson equation to find the field sets belonging to ~Mm that
would be subtracted from the Mij to find the discrete

elements of ~Md. Singly charged monopoles leave a resid-
ual contribution to ~Md at each vertex, and it is only when
the vertex is occupied by a doubly charged monopole for
which ½Mij( ¼ ±ðm=aÞð1; 1; 1; 1Þ that the contribution to
~Md is totally suppressed. Hence, a fluid of singly charged
monopoles should be accompanied by a correlated random
dipolar field whose detailed structure is updated by the
monopole dynamics and only destroyed on the temperature
scale at which doubly charged monopoles proliferate.
Indeed, the pinch points in diffuse neutron scattering
from spin-ice materials are maintained up to surprisingly
high temperatures [18,24], indicating the presence of such
a dipolar field. The emergence of the dipolar field is further
illustrated in Appendix C, where we show how the ½Mij(
are divided around a pair of isolated nearest-neighbor
charges of the same sign.

The random fluctuations in the underlying gauge field can
be ironed out by breaking the two-sublattice translational
symmetry of the diamond lattice, creating amonopole crystal
with north and south poles localized on different sublattices.

For an ideally ordered array, the divergence-free fields on
alternate sites are perfectly satisfied by the sets ½Mij(d ¼
þð"Þðm=aÞð1=2; 1=2; 1=2;"3=2Þ. Thus, one sees the emer-
gence of a new Coulomb phasewith extensive entropy super-
imposed on monopole order, in which each vertex has three
contributions to the dipolar field of strength 1=2 [in units of
ðm=aÞ] and one of strength 3=2, which is shared between a
pair of neighboring sites on opposite sublattices. This frag-
mented state could be termed an ‘‘antiferromagnetic
Coulomb magnet’’ by analogy with the ‘‘ferromagnetic
Coulomb magnet,’’ predicted in the gauge mean-field theory
of quantummagnets on a pyrochlore lattice [25]. The ordered
component corresponds to a broken symmetry of the Ising
spins described in the local-axis reference frame into the
three-up–one-down or three-down–one-up sector. For the
divergence-free part ~Md, placing a dimer along the bond of
strength 3=2 provides a mapping between the emergent
dipolar field and hard-core dimers on the (bipartite) diamond
lattice [26]. The extensive entropy of the dipolar field is
thus associated with closed loops of dimer moves [27].
Introducing quantum-loop dynamics gives rise to a U(1)
liquid phase close to the Rokhsar-Kivelson point [28,29].
A monopole-crystal ground state can be induced in the

dumbbell model by modifying the chemical potential so
that the total Coulomb energyUC outweighs the energy cost
for creating the particles "!N. For the monopolar crystal
UC ¼ ðN0=2Þ"u, where u ¼ "!0Q

2=4#a is the Coulomb
energy for a nearest-neighbor pair of monopoles of
charge ±Q, !0 is the permeability, N0 is the number of
diamond-lattice sites, and " ¼ 1:638 is the Madelung con-
stant. We define a reduced chemical potential !) ¼ !=u,
and thus the ground state should be a monopole crystal for

!) <!)
0 ¼

"

2
¼ 0:819: (3)

Monopole crystallization has also recently been studied
within the dipolar spin-ice model, in the canonical en-
semble, that is, with fixed monopole number [30], leading
to a region of phase separation between the crystalline
and the fluid phases. For classical spin ice, crossing this
phase boundary would correspond to leaving the spin-ice
phase [14], at which point double charges become
favored. The ordering is then to a structure in complete
analogy with zinc blende: a crystal of doubly charged
monopoles for which ~Md is everywhere zero, correspond-
ing to the ‘‘all-in–all-out’’ (AIAO)magnetic order observed
in FeF3 [31].
In the modeling of spin ice, the chemical potential can

be extracted from the dumbbell approximation to the di-
polar spin-ice model (see the Supplementary Information
of Ref. [11]). To put spin-ice materials in the context of the
present work, we note that the dumbbell approximation for
dysprosium titanate yields ! ¼ "4:35 K, while direct
simulations for dipolar spin ice give ! ¼ "4:46 K [32],
so that !) * 1:42, well away from the monopole-crystal
phase boundary. In Appendix A, we return to this modeling
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completely suppressed by the presence of the monopoles.
Thus, in almost all circumstances, one has the coexistence
of two complementary fields, reminiscent of the
Hamiltonian splitting in topologically ordered phases [23].

The total charge inside a microscopic volume surround-

ing a diamond-lattice site i isQi ¼ "R
~M # d ~S, with d ~S an

outward-pointing surface element. For the dumbbell
model, the integral reduces to a discrete sum Qi ¼
"P

jMij, where Mij ¼ ~M # d ~Sij ¼ ±m=a, d ~Sij is an

infinitesimal surface element cutting the needle, m is the
strength of the magnetic moment, and a is the distance
between diamond-lattice sites. The positive (negative) sign
is for the needle pointing away from (into) the site i, so
that Mij ¼ "Mji. An ice-rules configuration with two
needles into and two out of the site indeed gives Qi ¼ 0,
while three in and one out (three out and one in) gives
Qi ¼ þð"Þ2m=a [11].

The fields for an isolated three-in–one-out vertex can be
split into divergence-full and divergence-free parts subject
to the constraint that the amplitude of each field element is
jMijj ¼ m=a:

½Mij(
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The first set of fields satisfies Gauss’s law for the charge at
the origin; the second set satisfies a discrete divergence-
free condition and constitutes a residual dipolar field dress-
ing the monopole [see Fig. 1(c)]. Decomposition further
away from the charge could be made by solving the lattice
Poisson equation to find the field sets belonging to ~Mm that
would be subtracted from the Mij to find the discrete

elements of ~Md. Singly charged monopoles leave a resid-
ual contribution to ~Md at each vertex, and it is only when
the vertex is occupied by a doubly charged monopole for
which ½Mij( ¼ ±ðm=aÞð1; 1; 1; 1Þ that the contribution to
~Md is totally suppressed. Hence, a fluid of singly charged
monopoles should be accompanied by a correlated random
dipolar field whose detailed structure is updated by the
monopole dynamics and only destroyed on the temperature
scale at which doubly charged monopoles proliferate.
Indeed, the pinch points in diffuse neutron scattering
from spin-ice materials are maintained up to surprisingly
high temperatures [18,24], indicating the presence of such
a dipolar field. The emergence of the dipolar field is further
illustrated in Appendix C, where we show how the ½Mij(
are divided around a pair of isolated nearest-neighbor
charges of the same sign.

The random fluctuations in the underlying gauge field can
be ironed out by breaking the two-sublattice translational
symmetry of the diamond lattice, creating amonopole crystal
with north and south poles localized on different sublattices.

For an ideally ordered array, the divergence-free fields on
alternate sites are perfectly satisfied by the sets ½Mij(d ¼
þð"Þðm=aÞð1=2; 1=2; 1=2;"3=2Þ. Thus, one sees the emer-
gence of a new Coulomb phasewith extensive entropy super-
imposed on monopole order, in which each vertex has three
contributions to the dipolar field of strength 1=2 [in units of
ðm=aÞ] and one of strength 3=2, which is shared between a
pair of neighboring sites on opposite sublattices. This frag-
mented state could be termed an ‘‘antiferromagnetic
Coulomb magnet’’ by analogy with the ‘‘ferromagnetic
Coulomb magnet,’’ predicted in the gauge mean-field theory
of quantummagnets on a pyrochlore lattice [25]. The ordered
component corresponds to a broken symmetry of the Ising
spins described in the local-axis reference frame into the
three-up–one-down or three-down–one-up sector. For the
divergence-free part ~Md, placing a dimer along the bond of
strength 3=2 provides a mapping between the emergent
dipolar field and hard-core dimers on the (bipartite) diamond
lattice [26]. The extensive entropy of the dipolar field is
thus associated with closed loops of dimer moves [27].
Introducing quantum-loop dynamics gives rise to a U(1)
liquid phase close to the Rokhsar-Kivelson point [28,29].
A monopole-crystal ground state can be induced in the

dumbbell model by modifying the chemical potential so
that the total Coulomb energyUC outweighs the energy cost
for creating the particles "!N. For the monopolar crystal
UC ¼ ðN0=2Þ"u, where u ¼ "!0Q

2=4#a is the Coulomb
energy for a nearest-neighbor pair of monopoles of
charge ±Q, !0 is the permeability, N0 is the number of
diamond-lattice sites, and " ¼ 1:638 is the Madelung con-
stant. We define a reduced chemical potential !) ¼ !=u,
and thus the ground state should be a monopole crystal for

!) <!)
0 ¼

"

2
¼ 0:819: (3)

Monopole crystallization has also recently been studied
within the dipolar spin-ice model, in the canonical en-
semble, that is, with fixed monopole number [30], leading
to a region of phase separation between the crystalline
and the fluid phases. For classical spin ice, crossing this
phase boundary would correspond to leaving the spin-ice
phase [14], at which point double charges become
favored. The ordering is then to a structure in complete
analogy with zinc blende: a crystal of doubly charged
monopoles for which ~Md is everywhere zero, correspond-
ing to the ‘‘all-in–all-out’’ (AIAO)magnetic order observed
in FeF3 [31].
In the modeling of spin ice, the chemical potential can

be extracted from the dumbbell approximation to the di-
polar spin-ice model (see the Supplementary Information
of Ref. [11]). To put spin-ice materials in the context of the
present work, we note that the dumbbell approximation for
dysprosium titanate yields ! ¼ "4:35 K, while direct
simulations for dipolar spin ice give ! ¼ "4:46 K [32],
so that !) * 1:42, well away from the monopole-crystal
phase boundary. In Appendix A, we return to this modeling
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Observation of magnetic fragmentation in spin ice
S. Petit1*, E. Lhotel2*, B. Canals2, M. Ciomaga Hatnean3, J. Ollivier4, H. Mutka4, E. Ressouche5,
A. R. Wildes4, M. R. Lees3 and G. Balakrishnan3

Fractionalized excitations that emerge from a many-body
system have revealed rich physics and concepts, from com-
posite fermions in two-dimensional electron systems, revealed
through the fractional quantum Hall e�ect1, to spinons in
antiferromagnetic chains2 and,more recently, fractionalization
of Dirac electrons in graphene3 and magnetic monopoles in
spin ice4. Even more surprising is the fragmentation of the
degrees of freedom themselves, leading to coexisting and a
priori independent ground states. This puzzling phenomenon
was recently put forward in the context of spin ice, in which the
magneticmomentfield can fragment, resulting in adual ground
stateconsistingofafluctuatingspin liquid, aso-calledCoulomb
phase5, on top of a magnetic monopole crystal6. Here we
show, bymeansof neutron scatteringmeasurements, that such
fragmentation occurs in the spin ice candidate Nd2Zr2O7. We
observe the spectacular coexistence of an antiferromagnetic
order inducedby themonopole crystallization and afluctuating
state with ferromagnetic correlations. Experimentally, this
fragmentation manifests itself through the superposition of
magnetic Bragg peaks, characteristic of the ordered phase, and
a pinch point pattern, characteristic of the Coulomb phase.
These results highlight the relevance of the fragmentation con-
cept to describe thephysics of systems that are simultaneously
ordered and fluctuating.

The physics of spin ice materials is intimately connected with
the pyrochlore lattice, composed of corner-sharing tetrahedra. On
the corners of these tetrahedra reside rare-earth magnetic moments
Ji, which, as a consequence of the strong crystal electric field, are
constrained to point along their local trigonal axes zi, and behave
like Ising spins. The magnetic interactions are composed of nearest-
neighbour exchangeJ and dipolar interactions between spins i and
j separated by a distance rij (ref. 7):

H=J

X

hi,ji
Ji · Jj + Dr 3nn

X

hi,ji

 Ji · Jj
|rij|3

� 3(Ji ·rij)(Jj ·rij)
|rij|5

�
(1)

where D=µo(gJµB)
2/(4⇡r 3nn), µ0 is the permeability of free space,

gJ is the Landé factor of the magnetic moment, µB is the Bohr
magneton and rnn is the nearest-neighbour distance between rare-
earth ions. The nearest-neighbour spin ice Hamiltonian is obtained
by truncating the Hamiltonian (1), yielding:

Hnn = �J +5D
3

X

hi,ji
J zi J zj (2)

When the e�ective interaction Je� = (�J + 5D)/3 is positive—
that is, when the dipolar term overcomes the antiferromagnetic
exchange—a very unusual magnetic state develops, known as the

spin ice state. The system remains in a highly correlated but
disordered ground state where the local magnetization fulfils the
so-called ‘ice rule’: each tetrahedron has two spins pointing in and
two spins pointing out (see Fig. 1a), in close analogy with the rule
which controls the hydrogen position in water ice8. The extensive
degeneracy of this ground state results in a residual entropy at low
temperature which is well approximated by the Pauling entropy for
water ice9.

Such highly degenerate states, where the organizing principle
is dictated by a local constraint, belong to the class of Coulomb
phases5,10,11: the constraint (the ice rule for spin ice) can be
interpreted as a divergence-free condition of an emergent gauge
field. This field has correlations that fall o� with distance like the
dipolar interaction12,13. In reciprocal space, this power-law character
leads to bow-tie singularities, called pinch points, in the magnetic
structure factor. They form a key experimental signature of the
Coulomb phase physics. They have been observed by neutron
di�raction in the spin ice materials Ho2Ti2O7 and Dy2Ti2O7, in
excellent agreement with theoretical predictions14,15.

Classical excitations above the spin ice manifold are defects that
locally violate the ice rule and so the divergence-free condition: by
reversing the orientation of a moment, ‘three in–one out’ and ‘one
in–three out’ configurations are created (see Fig. 1b). Considering
the Ising spins as dumbbells with two opposite magnetic charges
at their extremities, such defects result in a magnetic charge in the
centre of the tetrahedron, called amagnetic monopole, that give rise
to a non-zero divergence of the local magnetization4.

Recently, theoreticians have introduced the concept of magnetic
moment fragmentation6, whereby the local magnetic moment field
fragments into the sum of two parts, a divergence-full and a
divergence-free part (see Fig. 1c): for example, a monopole in the
spin configurationm={1,1,1,�1} on a tetrahedron can be written
m=1/2{1,1, 1, 1}+1/2{1,1, 1,�3}. In this decomposition, the first
term carries the total magnetic charge of the monopole. If the
monopoles organize as a crystal of alternating magnetic charges,
the fragmentation leads to the superposition of an ordered ‘all in–
all out’ configuration (Fig. 1d) and of an emergent Coulomb phase
associated with the divergence-free contribution (Fig. 1e).

This monopole crystallization occurs when the monopole
density is high enough such that the Coulomb interaction between
monopoles (which originates in the dipolar interaction between
magneticmoments) isminimized through charge ordering, whereas
the remaining fluctuating divergence-free part provides a gain
in entropy.

The necessary conditions for an experimental realization of
this physics are severe: in pyrochlore systems, the fragmentation
is expected in the case of strong Ising anisotropy combined
with e�ective ferromagnetic interactions, and for a specific ratio
between the dipolar and exchange interactions to form the crystal
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Figure 1 | Spin ice and magnetic fragmentation. a,b, Schematic of
tetrahedra obeying the ice rule. a, The spin state {s1, s2, s3, s4} of a
tetrahedron can be described using the convention: si = 1 for a spin pointing
in and �1 for a spin pointing out. The ice rule is simply written as

P
i si =0,

which corresponds to a divergence-free condition. b, A spin-flip generates
two magnetic monopoles. The red (blue) monopole in b can be written
m+ ={1, 1, 1,�1} (m� ={�1,�1,�1, 1}), so that

P
i si =±2 on a tetrahedron.

c–e, In the fragmentation theory, the local magnetic moment field
fragments through a Helmholtz decomposition into two parts, a
divergence-full and a divergence-free part. Each fragment carries
components si 6=±1. For instance, for the m+ monopole {1, 1, 1,�1}, this
leads to: {1, 1, 1,�1}={1/2, 1/2, 1/2, 1/2}+{1/2, 1/2, 1/2,�(3/2)}. c, Sketch of
monopole crystallization, with the representation of the fragmented
moments. d, The divergence-full contributions (green arrows)
{1/2, 1/2, 1/2, 1/2} and {�1/2,�1/2,�1/2,�1/2}, form an ‘all in–all out’ state
and carry the magnetic charge (

P
i si =±2). e, The second contribution is

composed of three components 1/2 (orange arrows) and one component
3/2 (magenta) (for example {1/2, 1/2, 1/2,�(3/2)}), in such a way that theP

i si =0 constraint is fulfilled. It thus obeys a divergence-free condition,
but is di�erent from the ice rule, and forms a new kind of Coulomb phase.
The same argument can be made for the other magnetic configurations
m+ ={1, 1,�1, 1}, {1,�1, 1, 1}, or {�1, 1, 1, 1} (and associated m�). The
divergence-full contribution remains identical, whereas the position of the
magenta 3/2 component that emerges in the divergence-free contribution
changes, as a fingerprint of the degeneracy.

of monopoles. If fragmentation occurs, the theory predicts that
the magnetic structure factor should exhibit both Bragg peaks
characteristic of the ‘all in–all out’ structure and a pinch point
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Figure 2 | Pinch point pattern in Nd2Zr2O7. a, Inelastic neutron
scattering intensity averaged in the energy range 45<E<55µeV measured
at T =60 mK with an incident wavelength �=6 Å. The red spots denote the
antiferromagnetic Bragg peak positions that appear at zero energy transfer.
b, Dynamical structure factor S(Q, E=50µeV) calculated in the RPA
approximation for the pseudospin 1/2 model described by equation (3), with
J 0 = 1.2 K and K=�0.55 K. The model takes into account a ferromagnetic
exchange J 0 along with a transverse interaction K whose physical origin is a
coupling between octopoles. Blue arrows indicate the pinch point positions.

pattern typical of a Coulomb phase6. The pyrochlore system
Nd2Zr2O7 is a good candidate in the search for such a system.
Previous studies have provided evidence for the strong Ising
character of the Nd3+ ion, and for ferromagnetic interactions,
inferred from the positive Curie–Weiss temperature ✓CW =195mK
(ref. 16). Moreover, Nd2Zr2O7 orders below TN = 285mK in an
‘all in–all out’ state carrying a reduced ordered magnetic moment
of about one third of the total Nd3+ magnetic moment µe� =2.4µB
(ref. 17) (see Supplementary Information).

To demonstrate that the fragmentation occurs in Nd2Zr2O7, it
is essential to observe signatures of the Coulomb phase. To this
end, neutron scattering experiments have been carried out as a
function of temperature and magnetic field on a large single crystal.
As shown in Fig. 2a, the key point here is that the neutron data
at 60mK do exhibit arm-like features along the (00`) and (hhh)
directions, with pinch points at the (002) and (111) positions,
expected in the Coulomb phase6. This pinch point pattern is
observed simultaneously with the ‘all in–all out’ Bragg peaks17,18 at
(220) and (113), which we interpret as evidence for fragmentation
and monopole crystallization.

Importantly, this structured neutron scattering signal appears
as a flat mode at finite energy around Eo = 70 µeV (see Figs 3
top and 4a,b). In addition, above this flat mode, collective
dispersive excitations stem from the pinch points and not from the
antiferromagnetic ‘all in–all out’ wavevectors (see Fig. 3 top). They
are characterized by a spin gap�⇡Eo and reach amaximum energy
of about 0.25meV.
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monopole-crystal phase boundary is quite sharp and could
be considered as a vestige of such a transition.

In Fig. 3, we show the resulting phase diagram, as
mapped out by the divergence of the specific heat C! at
the phase transition. The monopole-crystal phase termi-
nates for !! " 0:8, in approximate agreement with our
prediction of !!

0 ¼ 0:819, the small difference being most

likely due to finite-size effects exacerbated by the long-
range interactions.
In Fig. 4, we show a simulated elastic neutron-scattering

map determined within the static approximation, setting
the magnetic form factor equal to unity and by averaging
over 2000 randomly selected configurations of the ideal
monopole crystal. For scattering purposes, the magnetic

needles are once again taken as unit vectors (spins) ~Si on
the sites of the pyrochlore lattice. The structure factor SðQÞ
is dominated by Bragg peaks at the (220) positions, char-
acteristic of the all-in–all-out structure observed in FeF3
[31]. The intensity of these peaks is precisely one quarter
of that expected for complete all-in–all-out ordering and is
consistent with scattering from monopoles constructed
from fragmented spins with effective length 1=2. SðQÞ
also reveals diffuse scattering with the clearly defined
pinch points of a Coulomb phase. We have compared the
intensity of the diffuse scattering with that found when the
length of the minority spin at each vertex is extended to
three while the length of the majority spins remains fixed at
unity. The resulting structure factor has no Bragg peaks and
has 4 times the intensity of the true diffuse scattering for a
given wave vector. The ensemble of Bragg peaks plus
emergent Coulomb phase therefore appears in excellent
agreement with the predicted moment fragmentation
of Eq. (2).
Magnetic charge crystallization also occurs for the dumb-

bell model on the kagome lattice (see Fig. 1) [36–40].
Breaking a Z2 symmetry for needle orientations on each
triangular vertex plunges the system from the unconstrained
‘‘KI’’ phase into the constrained ‘‘KII’’ Coulomb phase,
realized in spin-ice materials by applying a field along the
(111) direction of the pyrochlore lattice [41,42]. The mo-

FIG. 3. The position of the singularity in the specific heat C!

in the ð!!; T!Þplane traces out the phase boundary for the
monopole-crystal phase. The most intense peak signals the
passage of the transition from second to first order via a tricritical
point. Indexes I, II, and III mark the monopole crystal, high-
density fluid, and low-density fluids, respectively. Regions II and
III are separated by a continuous crossover, and the gas of
monopoles (III) corresponds to the low-temperature phase for
spin ice.

FIG. 4. Simulated unpolarized neutron-scattering structure factors SðQÞfor the pyrochlore monopole crystal (left) and for in-plane
scattering from kagome ice (right). The pyrochlore SðQÞhas been calculated by averaging over 2000 distinct monopole-crystal ground
states of a lattice with L ¼ 8. In order to reveal the diffuse scattering, the Bragg peaks in the pyrochlore data are plotted as contours in
gray scale superimposed on the contribution to SðQÞfrom the dipolar field. The wave vector Q is in units of 2"=a0, where a0 ¼ 4a=

ffiffiffi
3

p

is the lattice parameter of the cubic unit cell of the pyrochlore lattice. The kagome-ice data are taken from Ref. [102].

MAGNETIC-MOMENT FRAGMENTATION AND MONOPOLE . . . PHYS. REV. X 4, 011007 (2014)

011007-5

LETTERS
PUBLISHED ONLINE: 4 APRIL 2016 | DOI: 10.1038/NPHYS3710

Observation of magnetic fragmentation in spin ice
S. Petit1*, E. Lhotel2*, B. Canals2, M. Ciomaga Hatnean3, J. Ollivier4, H. Mutka4, E. Ressouche5,
A. R. Wildes4, M. R. Lees3 and G. Balakrishnan3

Fractionalized excitations that emerge from a many-body
system have revealed rich physics and concepts, from com-
posite fermions in two-dimensional electron systems, revealed
through the fractional quantum Hall e�ect1, to spinons in
antiferromagnetic chains2 and,more recently, fractionalization
of Dirac electrons in graphene3 and magnetic monopoles in
spin ice4. Even more surprising is the fragmentation of the
degrees of freedom themselves, leading to coexisting and a
priori independent ground states. This puzzling phenomenon
was recently put forward in the context of spin ice, in which the
magneticmomentfield can fragment, resulting in adual ground
stateconsistingofafluctuatingspin liquid, aso-calledCoulomb
phase5, on top of a magnetic monopole crystal6. Here we
show, bymeansof neutron scatteringmeasurements, that such
fragmentation occurs in the spin ice candidate Nd2Zr2O7. We
observe the spectacular coexistence of an antiferromagnetic
order inducedby themonopole crystallization and afluctuating
state with ferromagnetic correlations. Experimentally, this
fragmentation manifests itself through the superposition of
magnetic Bragg peaks, characteristic of the ordered phase, and
a pinch point pattern, characteristic of the Coulomb phase.
These results highlight the relevance of the fragmentation con-
cept to describe thephysics of systems that are simultaneously
ordered and fluctuating.

The physics of spin ice materials is intimately connected with
the pyrochlore lattice, composed of corner-sharing tetrahedra. On
the corners of these tetrahedra reside rare-earth magnetic moments
Ji, which, as a consequence of the strong crystal electric field, are
constrained to point along their local trigonal axes zi, and behave
like Ising spins. The magnetic interactions are composed of nearest-
neighbour exchangeJ and dipolar interactions between spins i and
j separated by a distance rij (ref. 7):

H=J

X

hi,ji
Ji · Jj + Dr 3nn

X

hi,ji

 Ji · Jj
|rij|3

� 3(Ji ·rij)(Jj ·rij)
|rij|5

�
(1)

where D=µo(gJµB)
2/(4⇡r 3nn), µ0 is the permeability of free space,

gJ is the Landé factor of the magnetic moment, µB is the Bohr
magneton and rnn is the nearest-neighbour distance between rare-
earth ions. The nearest-neighbour spin ice Hamiltonian is obtained
by truncating the Hamiltonian (1), yielding:

Hnn = �J +5D
3

X

hi,ji
J zi J zj (2)

When the e�ective interaction Je� = (�J + 5D)/3 is positive—
that is, when the dipolar term overcomes the antiferromagnetic
exchange—a very unusual magnetic state develops, known as the

spin ice state. The system remains in a highly correlated but
disordered ground state where the local magnetization fulfils the
so-called ‘ice rule’: each tetrahedron has two spins pointing in and
two spins pointing out (see Fig. 1a), in close analogy with the rule
which controls the hydrogen position in water ice8. The extensive
degeneracy of this ground state results in a residual entropy at low
temperature which is well approximated by the Pauling entropy for
water ice9.

Such highly degenerate states, where the organizing principle
is dictated by a local constraint, belong to the class of Coulomb
phases5,10,11: the constraint (the ice rule for spin ice) can be
interpreted as a divergence-free condition of an emergent gauge
field. This field has correlations that fall o� with distance like the
dipolar interaction12,13. In reciprocal space, this power-law character
leads to bow-tie singularities, called pinch points, in the magnetic
structure factor. They form a key experimental signature of the
Coulomb phase physics. They have been observed by neutron
di�raction in the spin ice materials Ho2Ti2O7 and Dy2Ti2O7, in
excellent agreement with theoretical predictions14,15.

Classical excitations above the spin ice manifold are defects that
locally violate the ice rule and so the divergence-free condition: by
reversing the orientation of a moment, ‘three in–one out’ and ‘one
in–three out’ configurations are created (see Fig. 1b). Considering
the Ising spins as dumbbells with two opposite magnetic charges
at their extremities, such defects result in a magnetic charge in the
centre of the tetrahedron, called amagnetic monopole, that give rise
to a non-zero divergence of the local magnetization4.

Recently, theoreticians have introduced the concept of magnetic
moment fragmentation6, whereby the local magnetic moment field
fragments into the sum of two parts, a divergence-full and a
divergence-free part (see Fig. 1c): for example, a monopole in the
spin configurationm={1,1,1,�1} on a tetrahedron can be written
m=1/2{1,1, 1, 1}+1/2{1,1, 1,�3}. In this decomposition, the first
term carries the total magnetic charge of the monopole. If the
monopoles organize as a crystal of alternating magnetic charges,
the fragmentation leads to the superposition of an ordered ‘all in–
all out’ configuration (Fig. 1d) and of an emergent Coulomb phase
associated with the divergence-free contribution (Fig. 1e).

This monopole crystallization occurs when the monopole
density is high enough such that the Coulomb interaction between
monopoles (which originates in the dipolar interaction between
magneticmoments) isminimized through charge ordering, whereas
the remaining fluctuating divergence-free part provides a gain
in entropy.

The necessary conditions for an experimental realization of
this physics are severe: in pyrochlore systems, the fragmentation
is expected in the case of strong Ising anisotropy combined
with e�ective ferromagnetic interactions, and for a specific ratio
between the dipolar and exchange interactions to form the crystal

© 2016 Macmillan Publishers Limited. All rights reserved
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We study the low-temperature behavior of spin ice when uniaxial pressure induces a tetragonal

distortion. There is a phase transition between a Coulomb liquid and a fully magnetized phase.

Unusually, it combines features of discontinuous and continuous transitions: the order parameter exhibits

a jump, but this is accompanied by a divergent susceptibility and vanishing domain wall tension. All these

aspects can be understood as a consequence of an emergent SU(2) symmetry at the critical point. We map

out a possible experimental realization.

DOI: 10.1103/PhysRevLett.105.087201 PACS numbers: 75.10.Hk, 05.70.Jk, 75.40.Cx, 75.40.Mg

One fascinating aspect of condensed matter physics is
the extent to which the nature and symmetries of emergent
low-energy degrees of freedom can be independent of the
high energy ones from which they derive. While low-
energy degrees of freedom of many types are possible,
systems in which these correspond to a gauge field are still
rare. In this paper we study this theme in a setting which
brings forth an unusual sequence of low-energy fluctua-
tions and symmetries: we consider spin ice, a frustrated
Ising magnet on the pyrochlore lattice, whose low-
temperature behavior is well described by a gauge field,
an emergent magnetostatics, representing a so-called
Coulomb phase where correlations decay algebraically as
r!3. Transitions out of such a phase have attracted a great
deal of attention recently [1–5].

We ask what happens when the host crystal is subjected
to uniaxial pressure. This is a powerful probe which has
previously produced interesting information in frustrated
magnets [6,7]. Specifically, we consider a pressure-
induced strain that lowers the crystal symmetry from cubic
to tetragonal. We find that this induces a highly unusual
symmetry-breaking phase transition out of the Coulomb
phase: it is characterized by discontinuities in the magne-
tization and energy, without being first order. Rather, it
occurs at a multicritical point of infinite order and is
accompanied by a divergent susceptibility. We demonstrate
both these features using Monte Carlo simulations. Further
salient properties of the critical point include the absence
of a domain wall tension, along with spin correlations that
vanish in a plane perpendicular to the strain-induced te-
tragonal axis. These should be observable experimentally,
and we discuss the scope for realizing such a transition in
the laboratory.

The unusual nature of the transition is a consequence of
an emergent SU(2) symmetry: as the pressure reduces the
symmetry of the external space, an enhanced internal
symmetry appears. We show this by means of an exact
solution in three dimensions at the critical temperature and
a mapping to a quantum phase transition in 2þ 1 dimen-

sions, between Ising and XY anisotropy in a spin-1=2
ferromagnet. Transitions with analogous features have
been studied previously in the context of ferroelectrics
[8], using versions of the model for potassium dihydrogen
phosphate (KDP) introduced by Slater [9], which in its
two-dimensional form is equivalent to the six-vertex model
and exactly solved [10]. Spin ice has the potential to
provide a much cleaner realization of this physics than
the transition in ferroelectrics, since its magnetic degrees
of freedom are much more accurately represented by Ising
variables supported on a rigid lattice.
Spin ice is well modeled by Ising spins Si parallel to

their local easy axis on the pyrochlore lattice [11]. At low
temperature, we can limit ourselves to the highly degener-
ate ground state ensemble with two spins pointing in and
two out of each tetrahedron (ice rules) and consider effec-
tive nearest neighbor interactions [12,13]. After coarse
graining the magnetization, the discrete ice rules can be
written in terms of a continuum zero-divergence constraint
from which emerges the algebraic correlations [14,15]. We
lift the degeneracy underlying the Coulomb phase via the
exchange modulation

H ¼ !
X

hi;ji
JijSi $Sj; (1)

where Jij ¼ J ! !> 0 for bonds on (001) planes perpen-
dicular to the strain axis, and Jij ¼ J otherwise (see Fig. 1).
For !> 0, the Z2 symmetry of this Hamiltonian is sponta-
neously broken at temperature Tc % ! in favor of a state
magnetized parallel to the [001] direction. If the strain
were very large, so that Tc % J, ordering would be from
a conventional paramagnetic state and in the standard
three-dimensional Ising universality class. In contrast, for
realistic small strains, Tc is much less than J and ordering
is from the Coulomb phase, with the striking features we
describe.
We first present results from Monte Carlo simulations in

which efficient loop updates preserve the ice rules [16,17].
The temperature dependence of the magnetization M and
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of the inverse susceptibility !!1 are shown in Fig. 2, upper
panel: remarkably, M takes its saturation value Msat at all
temperatures below Tc, but ! diverges as Tc is approached
from above. To better characterize the transition, we also
examine the probability distribution function (PDF) of the
order parameter; shown in Fig. 2, lower panel. This is a
standard diagnostic: two peaks are expected in the PDF at
the transition point when this is first order, but only one
peak if it is continuous [18]. Again, we find unconventional
behavior: a PDF that is uniform over all values ofM at Tc.

An exactly uniform order parameter distribution arises
within Landau theory as a limiting case. The free energy
GðMÞ close to a multicritical point of order n is

GðMÞ ¼ a

2
ðT ! TcÞM2 þ b

2n
M2n: (2)

In the limit n ! 1, it is independent of M for jMj< 1 at
T ¼ Tc. Moreover, the order parameter exponent takes the
value " ¼ 1=ð2n! 2Þ, generating a jump for n ! 1.
Also, the susceptibility (!& A'jðT ! TcÞ=Tcj!# for T _
Tc) has an exponent # ¼ 1 independent of n and an am-
plitude ratio A!=Aþ ¼ 1=ð2n! 2Þ that vanishes as n !
1. All these are features of our simulations. This success
of mean field theory reflects the exceptional value of the
upper critical dimension, dc2 ¼ 1, which follows from
standard arguments with allowance for the anisotropic
spatial scaling; see Eq. (5) below. This symmetry-breaking
transition differs markedly from the symmetry-sustaining
Kasteleyn transition induced in the same system at $ ¼ 0
by an applied field [5].
In previous discussions of the ferroelectric KDP model

[8– 10,19– 22] some distinctive aspects have been recog-
nized. Indeed, Slater’s original approximation [9] yields a
free energy independent of the order parameter at the
transition, which on this basis has been called infinite order
[23]. Such a conclusion is evidently very delicate [19], and
corrections to the approximation or physical perturbations
have the potential to convert the transition into a conven-
tional one: either first order or continuous. This is in fact
the case for the material KDP itself, which has a first-order
transition that can be driven through a tricritical point
under pressure [8]. While in two dimensions an exact
solution of the KDP model corroborates the main features
of Slater’s results [10,22,24], it is not a priori clear what
this tells us for higher dimension.
The ice rules impose the same value of the magnetiza-

tion M in all (001) planes: any configuration can be
mapped onto an ensemble of strings of down spins span-
ning the system from top to bottom, with the convention
that the string vacuum is the state in which all spins are up
[19]. The number of strings defines (i) the total magneti-
zation and (ii) a topological sector, so that the former can
be used to label the latter. The equiprobability of all sectors
(see Fig. 2) already suggests that the free energy is inde-
pendent of the number of strings. This observation can be
made precise using the transfer matrix that acts between
two adjacent (001) layers of the lattice [25]. Since this
transfer matrix is a direct product of factors T representing
separate tetrahedra, we first discuss a single tetrahedron. A
single string can enter the tetrahedron at either site in one
(001) layer and leave it at either site in the other layer, with
energy cost 4$=3. This sector is therefore represented in T
by a 2( 2 block in which all entries are the Boltzmann
factor ! ¼ e!4$"=3. By contrast, zero or two strings in a
tetrahedron cost no energy and impose the next configura-
tion locally, generating two 1( 1 blocks with unit entries
in T. For later use, we also introduce a matrix "þ; these
two have the form

T ¼
1

! !
! !

1

0
BBB@

1
CCCA and "þ ¼

0 1 1 0
0 0 0 1
0 0 0 1
0 0 0 0

0
BBB@

1
CCCA: (3)
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FIG. 2 (color online). Top: Simulation data forM (blue circles)
and ð!TcÞ!1 (red triangles) vs T=Tc. Bottom: PDF of M=Msat at
different temperatures. For T < Tc (red) the PDF has two sharp
peaks at M ¼ 'Msat. For T ¼ Tc (black) the PDF is broad in
small samples (dashed black line for L? ¼ Lz ¼ 4) and almost
flat in larger samples (solid black line for L? ¼ 4 and Lz ¼ 18).
For T > Tc (blue) the PDF is Gaussian. (Values at T ! Tc scaled
to fit on vertical axis.)

FIG. 1 (color online). A tetrahedron of the pyrochlore lattice
with exchange J and J ! $ as indicated: the dashed bonds lie in
(001) planes. One of the two ground states for $> 0 is shown.
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of the inverse susceptibility !!1 are shown in Fig. 2, upper
panel: remarkably, M takes its saturation value Msat at all
temperatures below Tc, but ! diverges as Tc is approached
from above. To better characterize the transition, we also
examine the probability distribution function (PDF) of the
order parameter; shown in Fig. 2, lower panel. This is a
standard diagnostic: two peaks are expected in the PDF at
the transition point when this is first order, but only one
peak if it is continuous [18]. Again, we find unconventional
behavior: a PDF that is uniform over all values ofM at Tc.

An exactly uniform order parameter distribution arises
within Landau theory as a limiting case. The free energy
GðMÞ close to a multicritical point of order n is

GðMÞ ¼ a

2
ðT ! TcÞM2 þ b

2n
M2n: (2)

In the limit n ! 1, it is independent of M for jMj< 1 at
T ¼ Tc. Moreover, the order parameter exponent takes the
value " ¼ 1=ð2n! 2Þ, generating a jump for n ! 1.
Also, the susceptibility (!& A'jðT ! TcÞ=Tcj!# for T _
Tc) has an exponent # ¼ 1 independent of n and an am-
plitude ratio A!=Aþ ¼ 1=ð2n! 2Þ that vanishes as n !
1. All these are features of our simulations. This success
of mean field theory reflects the exceptional value of the
upper critical dimension, dc2 ¼ 1, which follows from
standard arguments with allowance for the anisotropic
spatial scaling; see Eq. (5) below. This symmetry-breaking
transition differs markedly from the symmetry-sustaining
Kasteleyn transition induced in the same system at $ ¼ 0
by an applied field [5].
In previous discussions of the ferroelectric KDP model

[8– 10,19– 22] some distinctive aspects have been recog-
nized. Indeed, Slater’s original approximation [9] yields a
free energy independent of the order parameter at the
transition, which on this basis has been called infinite order
[23]. Such a conclusion is evidently very delicate [19], and
corrections to the approximation or physical perturbations
have the potential to convert the transition into a conven-
tional one: either first order or continuous. This is in fact
the case for the material KDP itself, which has a first-order
transition that can be driven through a tricritical point
under pressure [8]. While in two dimensions an exact
solution of the KDP model corroborates the main features
of Slater’s results [10,22,24], it is not a priori clear what
this tells us for higher dimension.
The ice rules impose the same value of the magnetiza-

tion M in all (001) planes: any configuration can be
mapped onto an ensemble of strings of down spins span-
ning the system from top to bottom, with the convention
that the string vacuum is the state in which all spins are up
[19]. The number of strings defines (i) the total magneti-
zation and (ii) a topological sector, so that the former can
be used to label the latter. The equiprobability of all sectors
(see Fig. 2) already suggests that the free energy is inde-
pendent of the number of strings. This observation can be
made precise using the transfer matrix that acts between
two adjacent (001) layers of the lattice [25]. Since this
transfer matrix is a direct product of factors T representing
separate tetrahedra, we first discuss a single tetrahedron. A
single string can enter the tetrahedron at either site in one
(001) layer and leave it at either site in the other layer, with
energy cost 4$=3. This sector is therefore represented in T
by a 2( 2 block in which all entries are the Boltzmann
factor ! ¼ e!4$"=3. By contrast, zero or two strings in a
tetrahedron cost no energy and impose the next configura-
tion locally, generating two 1( 1 blocks with unit entries
in T. For later use, we also introduce a matrix "þ; these
two have the form

T ¼
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FIG. 2 (color online). Top: Simulation data forM (blue circles)
and ð!TcÞ!1 (red triangles) vs T=Tc. Bottom: PDF of M=Msat at
different temperatures. For T < Tc (red) the PDF has two sharp
peaks at M ¼ 'Msat. For T ¼ Tc (black) the PDF is broad in
small samples (dashed black line for L? ¼ Lz ¼ 4) and almost
flat in larger samples (solid black line for L? ¼ 4 and Lz ¼ 18).
For T > Tc (blue) the PDF is Gaussian. (Values at T ! Tc scaled
to fit on vertical axis.)

FIG. 1 (color online). A tetrahedron of the pyrochlore lattice
with exchange J and J ! $ as indicated: the dashed bonds lie in
(001) planes. One of the two ground states for $> 0 is shown.
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We study the low-temperature behavior of spin ice when uniaxial pressure induces a tetragonal

distortion. There is a phase transition between a Coulomb liquid and a fully magnetized phase.

Unusually, it combines features of discontinuous and continuous transitions: the order parameter exhibits

a jump, but this is accompanied by a divergent susceptibility and vanishing domain wall tension. All these

aspects can be understood as a consequence of an emergent SU(2) symmetry at the critical point. We map

out a possible experimental realization.
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One fascinating aspect of condensed matter physics is
the extent to which the nature and symmetries of emergent
low-energy degrees of freedom can be independent of the
high energy ones from which they derive. While low-
energy degrees of freedom of many types are possible,
systems in which these correspond to a gauge field are still
rare. In this paper we study this theme in a setting which
brings forth an unusual sequence of low-energy fluctua-
tions and symmetries: we consider spin ice, a frustrated
Ising magnet on the pyrochlore lattice, whose low-
temperature behavior is well described by a gauge field,
an emergent magnetostatics, representing a so-called
Coulomb phase where correlations decay algebraically as
r!3. Transitions out of such a phase have attracted a great
deal of attention recently [1–5].

We ask what happens when the host crystal is subjected
to uniaxial pressure. This is a powerful probe which has
previously produced interesting information in frustrated
magnets [6,7]. Specifically, we consider a pressure-
induced strain that lowers the crystal symmetry from cubic
to tetragonal. We find that this induces a highly unusual
symmetry-breaking phase transition out of the Coulomb
phase: it is characterized by discontinuities in the magne-
tization and energy, without being first order. Rather, it
occurs at a multicritical point of infinite order and is
accompanied by a divergent susceptibility. We demonstrate
both these features using Monte Carlo simulations. Further
salient properties of the critical point include the absence
of a domain wall tension, along with spin correlations that
vanish in a plane perpendicular to the strain-induced te-
tragonal axis. These should be observable experimentally,
and we discuss the scope for realizing such a transition in
the laboratory.

The unusual nature of the transition is a consequence of
an emergent SU(2) symmetry: as the pressure reduces the
symmetry of the external space, an enhanced internal
symmetry appears. We show this by means of an exact
solution in three dimensions at the critical temperature and
a mapping to a quantum phase transition in 2þ 1 dimen-

sions, between Ising and XY anisotropy in a spin-1=2
ferromagnet. Transitions with analogous features have
been studied previously in the context of ferroelectrics
[8], using versions of the model for potassium dihydrogen
phosphate (KDP) introduced by Slater [9], which in its
two-dimensional form is equivalent to the six-vertex model
and exactly solved [10]. Spin ice has the potential to
provide a much cleaner realization of this physics than
the transition in ferroelectrics, since its magnetic degrees
of freedom are much more accurately represented by Ising
variables supported on a rigid lattice.
Spin ice is well modeled by Ising spins Si parallel to

their local easy axis on the pyrochlore lattice [11]. At low
temperature, we can limit ourselves to the highly degener-
ate ground state ensemble with two spins pointing in and
two out of each tetrahedron (ice rules) and consider effec-
tive nearest neighbor interactions [12,13]. After coarse
graining the magnetization, the discrete ice rules can be
written in terms of a continuum zero-divergence constraint
from which emerges the algebraic correlations [14,15]. We
lift the degeneracy underlying the Coulomb phase via the
exchange modulation

H ¼ !
X

hi;ji
JijSi $Sj; (1)

where Jij ¼ J ! !> 0 for bonds on (001) planes perpen-
dicular to the strain axis, and Jij ¼ J otherwise (see Fig. 1).
For !> 0, the Z2 symmetry of this Hamiltonian is sponta-
neously broken at temperature Tc % ! in favor of a state
magnetized parallel to the [001] direction. If the strain
were very large, so that Tc % J, ordering would be from
a conventional paramagnetic state and in the standard
three-dimensional Ising universality class. In contrast, for
realistic small strains, Tc is much less than J and ordering
is from the Coulomb phase, with the striking features we
describe.
We first present results from Monte Carlo simulations in

which efficient loop updates preserve the ice rules [16,17].
The temperature dependence of the magnetization M and
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Spin ice is a frustrated magnetic system that at low temperatures exhibits a Coulomb phase, a classical spin
liquid with topological order and deconfined excitations. This work establishes the presence of a Coulomb
phase with coexisting ferromagnetic order in a microscopic model of classical spin ice subject to uniaxial lattice
distortion. General theoretical arguments are presented for the presence of such a phase, and its existence is
confirmed using Monte Carlo results. This example is used to illustrate generic properties of spin liquids with
magnetic order, including deconfinement of monopoles, signatures in the neutron-scattering structure factor, and
critical behavior at phase transitions. An analogous phase, a superfluid with spontaneously broken particle-hole
symmetry, is demonstrated in a model of hard-core lattice bosons, related to spin ice through the quantum-classical
correspondence.
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I. INTRODUCTION

Spin liquids are phases where magnetic degrees of freedom
exhibit strong local correlations, despite the persistence of
large fluctuations [1], of either quantum-mechanical or thermal
origin. They occur at low temperature in certain frustrated
systems, where interactions are large compared to thermal
fluctuations, but mutual competition between the interactions
prevents formation of a rigidly ordered configuration. Spin liq-
uids have been of theoretical interest for several decades [2,3],
but evidence for their existence in physical systems [4,5],
and even in microscopic models [6– 8], is considerably more
recent.

While spin liquids are often distinguished from conven-
tional low-temperature phases, such as ferromagnets, by the
fact that they lack magnetic order, their defining characteristics
go beyond the mere absence of conventional order. A precise
definition of a quantum spin liquid (QSL) can be phrased
in terms of long-range entanglement [1], while the Coulomb
phase [9], the classical spin liquid (CSL) that is of primary
interest here, can be defined through deconfinement of frac-
tionalized “monopole” excitations [8]. Experimental evidence
exists for a Coulomb phase in the spin-ice compounds, which
can be treated as classical at relevant temperatures [10].

These definitions provide positive characterizations for
QSL and CSL phases, and also make clear the possibility
of a magnetically ordered spin liquid, in which spin-liquid
phenomena coexist with conventional symmetry-breaking
order. Some examples of such phases have been reported in
the theoretical literature: Mean-field studies of quantum spin
ice [11] identified an ordered QSL, referred to as a “Coulomb
ferromagnet,” although quantum Monte Carlo simulations
have not revealed such a phase [12]. Recent work [13] has
also demonstrated the possibility of antiferromagnetic order
coexisting with a CSL.

The compatibility of magnetic order and spin-liquid phe-
nomenology also allows for the existence of phase transitions
between ordered and disordered spin liquids. One might
anticipate novel critical behavior at such transitions, since it
is known that transitions from spins liquids into conventional
ordered phases can transcend the usual Landau paradigm [9].

This work demonstrates that a ferromagnetic Coulomb
phase can occur in a model of classical spin ice, and

provides a detailed study of this phase and the associated
transitions. Theoretical arguments, including mapping to a
related quantum model, are used to show that such a phase
exists and that it can be reached through a continuous transition
from the paramagnetic Coulomb phase. We present Monte
Carlo (MC) results that confirm both of these statements,
and illustrate the generic properties of ordered spin liquids,
including the structure factor for elastic neutron scattering.

We also consider the critical behavior at the ordering
transition and predict that, despite the Ising nature of the order
parameter and the presence of only short-range interactions
in the microscopic model, the transition should belong in the
mean-field universality class, as a result of coupling to the
effective gauge-field fluctuations of the spin liquid. While the
numerical results are consistent with this prediction, larger
system sizes would be required for a definitive confirmation of
the universality class. This phase transition provides another
interesting example of the diversity of critical phenomena that
exists in the neighborhood of spin-liquid phases.

Outline

In Sec. II, the model of spin ice is introduced, and a choice
of perturbations that lead to a ferromagnetic Coulomb phase
is motivated. The basic structure of the phase diagram is
then illustrated using MC results, showing the appearance
of such a phase at intermediate temperatures for certain
values of the parameters. In Sec. III, the phase in question is
studied in detail, to confirm that it has nonzero magnetization
while simultaneously exhibiting the characteristic features of a
Coulomb phase. Sections IV and V consider in turn the critical
behavior at the higher- and lower-temperature transitions out
of this ferromagnetic Coulomb phase.

We conclude in Sec. VI, by summarizing the features
that are expected to be generic to ordered spin liquids, both
quantum and classical, and discuss briefly the effect of a
nonzero density of magnetic monopoles. In the Appendix, the
classical-quantum mapping developed in Ref. [14] is applied
to this system, and the resulting quantum model is related to a
problem of hard-core quantum bosons studied by Rokhsar and
Kotliar [15].
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II. MODEL AND PHASE STRUCTURE

A. Nearest-neighbor model of spin ice

The spin-ice materials [8,10] Ho2Ti2O7 and Dy2Ti2O7
are well described by a model of classical spins Si on the
sites i of a pyrochlore lattice, a network of corner-sharing
tetrahedra. Each spin is subject to a strong easy-axis anisotropy
constraining it to point parallel or antiparallel to the local
⟨111⟩ axis joining the centers of adjacent tetrahedra, Si = ±n̂i .
Including only nearest-neighbor interactions, the Hamiltonian
can be written as

Hnn = −
!

⟨ij⟩
Jij Si · Sj , (1)

where Jij is a ferromagnetic coupling between nearest-
neighbor sites ⟨ij ⟩ of the lattice.

In the unperturbed model, the interaction is uniform, Jij =
J > 0, and favors those states where, of the four spins on each
tetrahedron, two point in and two point out. The latter condition
is referred to as the “ice rule” and selects a set of states that is
degenerate in the nearest-neighbor model and whose number
grows exponentially with the number of spins. While a more
realistic microscopic model thanHnn would also include dipo-
lar interactions [10], their effect is primarily to renormalize J ,
with only a small splitting of the ice-rule states [16].

We will mostly concentrate on the limit where the ice
rule is enforced as a constraint, represented by Eq. (1) with
temperature T ≪ J . Assuming ergodicity within the ice-rule
manifold, the system in this limit exhibits a Coulomb phase, in
which the spins are disordered but highly correlated. Replacing
the spins Si by a continuous vector field B(r) and the ice rule
by ∇ · B = 0 leads to an effective coarse-grained description
for this phase [9]. A quadratic action for the “magnetic field” B
correctly describes the long-wavelength neutron scattering at
low temperature in spin ice [17], and predicts that monopoles
in B, corresponding to single tetrahedra where the ice rule is
broken, are deconfined [8]. Much of the physics is in fact
qualitatively unaltered by a small density of such defects
(see Sec. VI), and their effects on the critical properties can
be understood by treating monopole fugacity as a relevant
perturbation (in the renormalization-group sense) [18,19].

An important property of the ice-rule states for present
purposes is that they obey a topological constraint on the mag-
netization [8,9]: Starting from any ice-rule state and flipping
a spin Si breaks the ice rule on the two tetrahedra shared by
site i. The only updates that connect configurations within the
ice-rule manifold are those that involve flipping a set of spins
aligned head to tail along a closed loop. Any such update for
a contractible loop preserves the magnetization density,

M = 1
Ns

!

i

Si , (2)

where Ns =
"

i 1 is the number of spins. Changing the
magnetization while remaining within an ice-rule state in fact
requires flipping spins along a loop that spans the system
(assuming periodic boundary conditions). Sets of states with
the same magnetization therefore constitute “topological
sectors,” [8] disconnected by local updates. This topological
conservation law is broken by a nonzero density of monopoles,

Et
2
3 J 2 p Et

2
3 J 2 p Et

2
3 J 2 p

FIG. 1. (Color online) Three configurations of a single tetrahe-
dron, and their energy Et in the nearest-neighbor Hamiltonian Hnn,
Eq. (1), with Jij given in Sec. II B. Pairs of spins situated in
the same horizontal plane, indicated with dashed (red) lines, have
reduced coupling Jij = J − 3p, while others have Jij = J . All three
configurations obey the ice rule, having two spins pointing in and
two pointing out. The first two are lowest-energy configurations for a
single tetrahedron (since the antiferromagnetically aligned pairs are
those with reduced coupling), while the one on the right is one of the
remaining four ice-rule configurations whose energy is higher by 4p.
Excitations above the ground state are described by strings of spins
flipped relative to a fully polarized configuration, and increase the
energy by 4p per tetrahedron. When a pair of strings pass through the
same tetrahedron, all four spins are inverted and the energy is again
minimized; the strings therefore feel an attractive interaction.

but remains approximately valid, and conceptually useful, at
low temperatures.

Nonzero magnetic susceptibility χ requires that the system
fluctuates between different sectors [20]; in the thermody-
namic limit, one can therefore distinguish “incompressible”
phases with χ = 0 from those with χ > 0.

B. Uniaxial distortion

To split the energy of the six ice-rule states on a given
tetrahedron requires breaking the cubic symmetry of the
pyrochlore lattice. Following Ref. [21], we consider an explicit
uniaxial symmetry breaking, with Jij = J − 3p (J > 3p >
0) for pairs of spins whose relative displacement lies in the
(001) plane and Jij = J for all others. (Such a perturbation
could be effected in experiment by application of uniaxial
pressure [21].) As illustrated in Fig. 1, the result is to favor
the two configurations where the total (vector) spin of the
tetrahedron is along the [001] axis, whose energy is reduced
by 4p compared to the other four. In contrast to the case of an
applied field [14,22], an Ising symmetry remains; there are two
degenerate lowest-energy states, with all spins on all tetrahedra
maximally polarized, consistent with the local easy axes, either
along (“up”) or against (“down”) the [001] direction.

We first briefly review the phase structure of the model
Hnn with this distortion; readers are referred to Refs. [21,23]
for more details. For p ≪ T ≪ J , the system remains in
the Coulomb phase, while below a critical temperature
Tc = 4p(ln 2)− 1 it becomes a fully polarized ferromagnet.
At the transition, the up-down symmetry is broken and
the magnetization along the [001] direction, Mz, becomes
nonzero. While an Ising order parameter can naturally be
defined, the transition in the ice-rules limit has quite different
properties from the standard Ising universality class. Starting
from either of the fully polarized states, the only closed loops
are “strings” spanning the system in the [001] direction, which
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netization [8,9]: Starting from any ice-rule state and flipping
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site i. The only updates that connect configurations within the
ice-rule manifold are those that involve flipping a set of spins
aligned head to tail along a closed loop. Any such update for
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Eq. (1), with Jij given in Sec. II B. Pairs of spins situated in
the same horizontal plane, indicated with dashed (red) lines, have
reduced coupling Jij = J − 3p, while others have Jij = J . All three
configurations obey the ice rule, having two spins pointing in and
two pointing out. The first two are lowest-energy configurations for a
single tetrahedron (since the antiferromagnetically aligned pairs are
those with reduced coupling), while the one on the right is one of the
remaining four ice-rule configurations whose energy is higher by 4p.
Excitations above the ground state are described by strings of spins
flipped relative to a fully polarized configuration, and increase the
energy by 4p per tetrahedron. When a pair of strings pass through the
same tetrahedron, all four spins are inverted and the energy is again
minimized; the strings therefore feel an attractive interaction.

but remains approximately valid, and conceptually useful, at
low temperatures.

Nonzero magnetic susceptibility χ requires that the system
fluctuates between different sectors [20]; in the thermody-
namic limit, one can therefore distinguish “incompressible”
phases with χ = 0 from those with χ > 0.

B. Uniaxial distortion

To split the energy of the six ice-rule states on a given
tetrahedron requires breaking the cubic symmetry of the
pyrochlore lattice. Following Ref. [21], we consider an explicit
uniaxial symmetry breaking, with Jij = J − 3p (J > 3p >
0) for pairs of spins whose relative displacement lies in the
(001) plane and Jij = J for all others. (Such a perturbation
could be effected in experiment by application of uniaxial
pressure [21].) As illustrated in Fig. 1, the result is to favor
the two configurations where the total (vector) spin of the
tetrahedron is along the [001] axis, whose energy is reduced
by 4p compared to the other four. In contrast to the case of an
applied field [14,22], an Ising symmetry remains; there are two
degenerate lowest-energy states, with all spins on all tetrahedra
maximally polarized, consistent with the local easy axes, either
along (“up”) or against (“down”) the [001] direction.

We first briefly review the phase structure of the model
Hnn with this distortion; readers are referred to Refs. [21,23]
for more details. For p ≪ T ≪ J , the system remains in
the Coulomb phase, while below a critical temperature
Tc = 4p(ln 2)− 1 it becomes a fully polarized ferromagnet.
At the transition, the up-down symmetry is broken and
the magnetization along the [001] direction, Mz, becomes
nonzero. While an Ising order parameter can naturally be
defined, the transition in the ice-rules limit has quite different
properties from the standard Ising universality class. Starting
from either of the fully polarized states, the only closed loops
are “strings” spanning the system in the [001] direction, which
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cost energy proportional to the (linear) system size L. The
transition occurs when the entropy of a single string, also ∝L,
outweighs the energy, and so its free energy changes from
positive to negative; the string density then increases from
zero to nonzero.

As a consequence, the system on the lower-temperature side
of the transition is fully polarized, with zero string density,
as in the related case of an applied field [14,22]. A crucial
distinction in this case is that two strings feel an effective
attraction when sharing a tetrahedron (see Fig. 1). At the
critical point, this exactly balances the entropy cost of the
excluded volume due to the hard-core interactions between
strings. In fact, as Jaubert et al. [21] have shown, the free energy
at T = Tc as a function of string density is precisely constant
(in the thermodynamic limit). Because each string consists
of a fixed number of flipped spins relative to the starting
configuration, this implies that the free energy is independent
of magnetization. As the temperature increases through the
transition, the global minimum of F (Mz), which can be
interpreted as a Landau function, jumps from Mz = ± Msat to
Mz = 0. (The resulting discontinuity in the magnetization is
illustrated below in Fig. 3.) Since all coefficients in the Landau
free energy vanish at the transition, this has been referred to
as “infinite-order multicriticality” [21].

C. Additional interactions

Given the magnetization-independent free energy at the
transition, it is clear that any perturbation that produces a
positive fourth-order coefficient in the Landau function should
lead to an intermediate phase with 0 < |Mz| < Msat. While
this argument does not provide a prescription for constructing
appropriate perturbations, one expects on general grounds that
a sufficiently long-ranged four-spin interaction will have this
effect. (As will also be demonstrated, a quartic coefficient with
opposite sign should lead to a first-order transition.)

As we detail in the following, MC results in fact demon-
strate that it is sufficient to add a four-spin interaction acting
between tetrahedra on opposite sides of a hexagonal loop, as
illustrated in Fig. 2.

The perturbation used throughout this work can be written
explicitly as

H4s = V4

!

{t t ′}
[!+(St ,St ′) + !− (St ,St ′)] , (3)

where

!± (S,S′) =
"

1 if S = S′ = ± 4√
3

ẑ
0 otherwise

(4)

and St ≡
#

i∈t Si is the total (vector) spin on tetrahedron t .
The sum in Eq. (3) is over pairs of tetrahedra {t t ′} across a
hexagon (see Fig. 2), and the summand is 1 if both tetrahedra
have all spins polarized in the same vertical direction, and
0 otherwise. (Note that, while this expression apparently
involves eight spins, it is equivalent to a four-spin interaction
under projection into the ice-rule states. This form of the
interaction is partly motivated by the quantum mapping,
described in the Appendix.)

Regarding the choice ofH4s, it is not the goal of this work to
classify the various types of interactions according to whether

FIG. 2. (Color online) Illustration of the four-spin interaction
H4s added to the model to stabilize the ferromagnetic Coulomb phase.
The arrows represent spins on the sites of a pyrochlore lattice, a
network of corner-sharing tetrahedra. (This configuration obeys the
ice rule, with two spins pointing into and two pointing out of each
tetrahedron.) The additional interaction couples pairs of tetrahedra
at opposite sides of hexagons; one such pair and its hexagon are
highlighted.

they produce a ferromagnetic Coulomb phase, and we are
not aware of a general argument that would allow for such a
classification [24]. (The search for appropriate interactions is
in any case better informed by experimental evidence about
which interactions occur in particular materials.) Rather, the
goal here is to study a particular case where such a phase is
known to exist, and elucidate those properties of the phase
and its transitions that are expected to be universal, or at least
qualitatively generic.

Plots of the magnetization as a function of temperature, for
V4 positive, negative, and zero, are shown in Figs. 3 and 4.
These results were produced using MC simulations based on
a directed-loop algorithm [25,26]. The lattice consists of L ×
L × L cubic unit cells, each containing four tetrahedra of each
orientation, and hence 16 spins. For V4 ! 0, a step is observed
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FIG. 3. Magnetization vs temperature, for fixed V4/T = 0 (left)
and V4/T = − 0.01 (right), and L = 24 (Ns = 16L3 ≃ 2 × 105

spins). In both cases, there is a jump from saturation to zero
magnetization, at a transition temperature indicated with a vertical
line. For each temperature, the spontaneous magnetization is found
by applying a weak field along the z direction and extrapolating to
zero field.
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appropriate perturbations, one expects on general grounds that
a sufficiently long-ranged four-spin interaction will have this
effect. (As will also be demonstrated, a quartic coefficient with
opposite sign should lead to a first-order transition.)

As we detail in the following, MC results in fact demon-
strate that it is sufficient to add a four-spin interaction acting
between tetrahedra on opposite sides of a hexagonal loop, as
illustrated in Fig. 2.

The perturbation used throughout this work can be written
explicitly as

H4s = V4

!

{t t ′}
[!+(St ,St ′) + !− (St ,St ′)] , (3)

where

!± (S,S′) =
"

1 if S = S′ = ± 4√
3

ẑ
0 otherwise

(4)

and St ≡
#

i∈t Si is the total (vector) spin on tetrahedron t .
The sum in Eq. (3) is over pairs of tetrahedra {t t ′} across a
hexagon (see Fig. 2), and the summand is 1 if both tetrahedra
have all spins polarized in the same vertical direction, and
0 otherwise. (Note that, while this expression apparently
involves eight spins, it is equivalent to a four-spin interaction
under projection into the ice-rule states. This form of the
interaction is partly motivated by the quantum mapping,
described in the Appendix.)

Regarding the choice ofH4s, it is not the goal of this work to
classify the various types of interactions according to whether

FIG. 2. (Color online) Illustration of the four-spin interaction
H4s added to the model to stabilize the ferromagnetic Coulomb phase.
The arrows represent spins on the sites of a pyrochlore lattice, a
network of corner-sharing tetrahedra. (This configuration obeys the
ice rule, with two spins pointing into and two pointing out of each
tetrahedron.) The additional interaction couples pairs of tetrahedra
at opposite sides of hexagons; one such pair and its hexagon are
highlighted.

they produce a ferromagnetic Coulomb phase, and we are
not aware of a general argument that would allow for such a
classification [24]. (The search for appropriate interactions is
in any case better informed by experimental evidence about
which interactions occur in particular materials.) Rather, the
goal here is to study a particular case where such a phase is
known to exist, and elucidate those properties of the phase
and its transitions that are expected to be universal, or at least
qualitatively generic.

Plots of the magnetization as a function of temperature, for
V4 positive, negative, and zero, are shown in Figs. 3 and 4.
These results were produced using MC simulations based on
a directed-loop algorithm [25,26]. The lattice consists of L ×
L × L cubic unit cells, each containing four tetrahedra of each
orientation, and hence 16 spins. For V4 ! 0, a step is observed
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FIG. 3. Magnetization vs temperature, for fixed V4/T = 0 (left)
and V4/T = − 0.01 (right), and L = 24 (Ns = 16L3 ≃ 2 × 105

spins). In both cases, there is a jump from saturation to zero
magnetization, at a transition temperature indicated with a vertical
line. For each temperature, the spontaneous magnetization is found
by applying a weak field along the z direction and extrapolating to
zero field.
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cost energy proportional to the (linear) system size L. The
transition occurs when the entropy of a single string, also ∝L,
outweighs the energy, and so its free energy changes from
positive to negative; the string density then increases from
zero to nonzero.

As a consequence, the system on the lower-temperature side
of the transition is fully polarized, with zero string density,
as in the related case of an applied field [14,22]. A crucial
distinction in this case is that two strings feel an effective
attraction when sharing a tetrahedron (see Fig. 1). At the
critical point, this exactly balances the entropy cost of the
excluded volume due to the hard-core interactions between
strings. In fact, as Jaubert et al. [21] have shown, the free energy
at T = Tc as a function of string density is precisely constant
(in the thermodynamic limit). Because each string consists
of a fixed number of flipped spins relative to the starting
configuration, this implies that the free energy is independent
of magnetization. As the temperature increases through the
transition, the global minimum of F (Mz), which can be
interpreted as a Landau function, jumps from Mz = ± Msat to
Mz = 0. (The resulting discontinuity in the magnetization is
illustrated below in Fig. 3.) Since all coefficients in the Landau
free energy vanish at the transition, this has been referred to
as “infinite-order multicriticality” [21].

C. Additional interactions

Given the magnetization-independent free energy at the
transition, it is clear that any perturbation that produces a
positive fourth-order coefficient in the Landau function should
lead to an intermediate phase with 0 < |Mz| < Msat. While
this argument does not provide a prescription for constructing
appropriate perturbations, one expects on general grounds that
a sufficiently long-ranged four-spin interaction will have this
effect. (As will also be demonstrated, a quartic coefficient with
opposite sign should lead to a first-order transition.)

As we detail in the following, MC results in fact demon-
strate that it is sufficient to add a four-spin interaction acting
between tetrahedra on opposite sides of a hexagonal loop, as
illustrated in Fig. 2.

The perturbation used throughout this work can be written
explicitly as

H4s = V4
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where
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1 if S = S′ = ± 4√
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ẑ
0 otherwise

(4)

and St ≡
#

i∈t Si is the total (vector) spin on tetrahedron t .
The sum in Eq. (3) is over pairs of tetrahedra {t t ′} across a
hexagon (see Fig. 2), and the summand is 1 if both tetrahedra
have all spins polarized in the same vertical direction, and
0 otherwise. (Note that, while this expression apparently
involves eight spins, it is equivalent to a four-spin interaction
under projection into the ice-rule states. This form of the
interaction is partly motivated by the quantum mapping,
described in the Appendix.)

Regarding the choice ofH4s, it is not the goal of this work to
classify the various types of interactions according to whether

FIG. 2. (Color online) Illustration of the four-spin interaction
H4s added to the model to stabilize the ferromagnetic Coulomb phase.
The arrows represent spins on the sites of a pyrochlore lattice, a
network of corner-sharing tetrahedra. (This configuration obeys the
ice rule, with two spins pointing into and two pointing out of each
tetrahedron.) The additional interaction couples pairs of tetrahedra
at opposite sides of hexagons; one such pair and its hexagon are
highlighted.

they produce a ferromagnetic Coulomb phase, and we are
not aware of a general argument that would allow for such a
classification [24]. (The search for appropriate interactions is
in any case better informed by experimental evidence about
which interactions occur in particular materials.) Rather, the
goal here is to study a particular case where such a phase is
known to exist, and elucidate those properties of the phase
and its transitions that are expected to be universal, or at least
qualitatively generic.

Plots of the magnetization as a function of temperature, for
V4 positive, negative, and zero, are shown in Figs. 3 and 4.
These results were produced using MC simulations based on
a directed-loop algorithm [25,26]. The lattice consists of L ×
L × L cubic unit cells, each containing four tetrahedra of each
orientation, and hence 16 spins. For V4 ! 0, a step is observed

5.5 6.0 6.5 7.0

0.2

0.4

0.6

0.8

1.0

m
ag

ne
tiz

at
io

n
M

z
M

sa
t

T p

FIG. 3. Magnetization vs temperature, for fixed V4/T = 0 (left)
and V4/T = − 0.01 (right), and L = 24 (Ns = 16L3 ≃ 2 × 105

spins). In both cases, there is a jump from saturation to zero
magnetization, at a transition temperature indicated with a vertical
line. For each temperature, the spontaneous magnetization is found
by applying a weak field along the z direction and extrapolating to
zero field.
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FIG. 4. Magnetization vs temperature, for fixed V4/T = 0.05
and system size L = 24. The vertical lines at T/p ≃ 3.15 and 3.35
indicate positions of phase transitions, determined as described in
Secs. V and IV respectively. Below the lower-temperature transition,
the magnetization remains at its saturation value, apart from small
finite-size corrections, while above the higher-temperature transition,
it vanishes. The intermediate phase is a ferromagnet with nonzero
and continuously varying magnetization.

in the magnetization, from essentially fully saturated, with
small deviations due to finite-size effects [21], to zero within
error bars. This step is accompanied by a single peak in the
specific heat (not shown), whose height grows with system
volume, indicating a single first-order transition.

By contrast, when V4 > 0 (Fig. 4), there are clearly three
distinct regimes as the temperature T is lowered. The high-
temperature phase is paramagnetic, with M = 0, and is the
usual Coulomb phase observed at T ≪ J in spin ice. The
magnetization first becomes nonzero at T c> before reaching its
saturation value at T c<. While the system is ferromagnetic for
all T < T c>, it is a saturated ferromagnet, with Mz = ±Msat,
only below T < T c<. As shown in Fig. 5, the variance of the
energy (proportional to the specific heat) in this case displays
two peaks, both at most weakly diverging with L, consistent
with a pair of continuous transitions.

Figure 6 shows histograms of the energy and magneti-
zation for L = 16, V4/T = 0.05, and T/p = 3.31, near the
higher-temperature peak of the energy variance. The unimodal
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FIG. 5. (Color online) Variance of energy, (⟨E2⟩ − ⟨E⟩2)/Ns, vs
temperature for fixed V4/T = 0.05 and various system sizes. The
vertical lines indicate the positions of phase transitions in the
thermodynamic limit (determined by other means). The double-peak
structure, with peak heights at most weakly diverging with L, is
consistent with a pair of continuous transitions.

structure of the energy distribution confirms the continuous na-
ture of the transition, while the two peaks of the magnetization
indicate that this is a symmetry-breaking transition into a state
with nonzero but unsaturated magnetization. This should be
contrasted with the case of V4 = 0, where the magnetization
histogram is flat at the transition [21]. Figure 7 shows the
case of V4 < 0, where the transition is of first order, with a
bimodal structure in the energy and coexisting peaks in the
magnetization distribution, at both Mz = 0 and Mz = ±Msat.

III. INTERMEDIATE PHASE

Having established the presence of a pair of phase tran-
sitions when V4 > 0, we now turn to the intermediate phase
in the temperature range T c< < T < T c>. It will be argued
that this phase shares the essential spin-liquid features of the
Coulomb phase above T c>, but it is distinguished by a nonzero
spontaneous magnetization.

The presence of a nonzero but unsaturated magnetization
in the intermediate phase is evident from Figs. 4 and 6.
Continuously changing magnetization implies that the mag-
netic susceptibility is nonzero, and hence that there are
fluctuations between different topological (magnetization)
sectors. This fact alone distinguishes the intermediate phase
from the low-temperature saturated ferromagnet, where the
flux stiffness vanishes in the thermodynamic limit, and there
are no topological-sector fluctuations [8,20].

Two phenomena that are characteristic of the Coulomb
phase are deconfinement and algebraic spin-spin correlations;
these are discussed in turn in the following subsections.

A. Monopole distribution function

A single tetrahedron at which the ice rule is broken
(i.e., where the number of spins pointing in and out differs)
corresponds to a monopole in the continuous vector field
B(r). Such defects are rare for T ≪ J , and, at least as a
first approximation, we treat the density of thermally excited
monopoles as vanishing.

It is useful to consider, however, the introduction of a single
pair of oppositely charged monopoles into an otherwise defect-
free background. The effective interaction between the pair,
induced by the fluctuations of the surrounding spins, allows
one to distinguish spin-liquid phases from others such as the
saturated ferromagnet. In the Coulomb phase, the monopoles
are subject to an effective Coulomb interaction, with a finite
limit for large separation. The saturated ferromagnet is, by
contrast, a confining phase, in which the free energy of a
pair of monopoles grows without bound as their separation
increases [8,18,19].

To determine directly whether monopoles are deconfined,
one can define the monopole distribution function Gm(r+,r−)
as the partition function calculated in the presence of a pair
of monopoles of opposite charge at r±. (More explicitly, the
ensemble is constrained so that all tetrahedra obey the ice
rule, apart from those at r±, where three spins point out
and one points in, and vice versa.) This function, which is
related to the effective interaction between monopoles Um by
Gm = e−Um/T , has a nonzero limit for infinite separation
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FIG. 4. Magnetization vs temperature, for fixed V4/T = 0.05
and system size L = 24. The vertical lines at T/p ≃ 3.15 and 3.35
indicate positions of phase transitions, determined as described in
Secs. V and IV respectively. Below the lower-temperature transition,
the magnetization remains at its saturation value, apart from small
finite-size corrections, while above the higher-temperature transition,
it vanishes. The intermediate phase is a ferromagnet with nonzero
and continuously varying magnetization.

in the magnetization, from essentially fully saturated, with
small deviations due to finite-size effects [21], to zero within
error bars. This step is accompanied by a single peak in the
specific heat (not shown), whose height grows with system
volume, indicating a single first-order transition.

By contrast, when V4 > 0 (Fig. 4), there are clearly three
distinct regimes as the temperature T is lowered. The high-
temperature phase is paramagnetic, with M = 0, and is the
usual Coulomb phase observed at T ≪ J in spin ice. The
magnetization first becomes nonzero at T c> before reaching its
saturation value at T c<. While the system is ferromagnetic for
all T < T c>, it is a saturated ferromagnet, with Mz = ±Msat,
only below T < T c<. As shown in Fig. 5, the variance of the
energy (proportional to the specific heat) in this case displays
two peaks, both at most weakly diverging with L, consistent
with a pair of continuous transitions.

Figure 6 shows histograms of the energy and magneti-
zation for L = 16, V4/T = 0.05, and T/p = 3.31, near the
higher-temperature peak of the energy variance. The unimodal
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FIG. 5. (Color online) Variance of energy, (⟨E2⟩ − ⟨E⟩2)/Ns, vs
temperature for fixed V4/T = 0.05 and various system sizes. The
vertical lines indicate the positions of phase transitions in the
thermodynamic limit (determined by other means). The double-peak
structure, with peak heights at most weakly diverging with L, is
consistent with a pair of continuous transitions.

structure of the energy distribution confirms the continuous na-
ture of the transition, while the two peaks of the magnetization
indicate that this is a symmetry-breaking transition into a state
with nonzero but unsaturated magnetization. This should be
contrasted with the case of V4 = 0, where the magnetization
histogram is flat at the transition [21]. Figure 7 shows the
case of V4 < 0, where the transition is of first order, with a
bimodal structure in the energy and coexisting peaks in the
magnetization distribution, at both Mz = 0 and Mz = ±Msat.

III. INTERMEDIATE PHASE

Having established the presence of a pair of phase tran-
sitions when V4 > 0, we now turn to the intermediate phase
in the temperature range T c< < T < T c>. It will be argued
that this phase shares the essential spin-liquid features of the
Coulomb phase above T c>, but it is distinguished by a nonzero
spontaneous magnetization.

The presence of a nonzero but unsaturated magnetization
in the intermediate phase is evident from Figs. 4 and 6.
Continuously changing magnetization implies that the mag-
netic susceptibility is nonzero, and hence that there are
fluctuations between different topological (magnetization)
sectors. This fact alone distinguishes the intermediate phase
from the low-temperature saturated ferromagnet, where the
flux stiffness vanishes in the thermodynamic limit, and there
are no topological-sector fluctuations [8,20].

Two phenomena that are characteristic of the Coulomb
phase are deconfinement and algebraic spin-spin correlations;
these are discussed in turn in the following subsections.

A. Monopole distribution function

A single tetrahedron at which the ice rule is broken
(i.e., where the number of spins pointing in and out differs)
corresponds to a monopole in the continuous vector field
B(r). Such defects are rare for T ≪ J , and, at least as a
first approximation, we treat the density of thermally excited
monopoles as vanishing.

It is useful to consider, however, the introduction of a single
pair of oppositely charged monopoles into an otherwise defect-
free background. The effective interaction between the pair,
induced by the fluctuations of the surrounding spins, allows
one to distinguish spin-liquid phases from others such as the
saturated ferromagnet. In the Coulomb phase, the monopoles
are subject to an effective Coulomb interaction, with a finite
limit for large separation. The saturated ferromagnet is, by
contrast, a confining phase, in which the free energy of a
pair of monopoles grows without bound as their separation
increases [8,18,19].

To determine directly whether monopoles are deconfined,
one can define the monopole distribution function Gm(r+,r−)
as the partition function calculated in the presence of a pair
of monopoles of opposite charge at r±. (More explicitly, the
ensemble is constrained so that all tetrahedra obey the ice
rule, apart from those at r±, where three spins point out
and one points in, and vice versa.) This function, which is
related to the effective interaction between monopoles Um by
Gm = e−Um/T , has a nonzero limit for infinite separation
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cost energy proportional to the (linear) system size L. The
transition occurs when the entropy of a single string, also ∝L,
outweighs the energy, and so its free energy changes from
positive to negative; the string density then increases from
zero to nonzero.

As a consequence, the system on the lower-temperature side
of the transition is fully polarized, with zero string density,
as in the related case of an applied field [14,22]. A crucial
distinction in this case is that two strings feel an effective
attraction when sharing a tetrahedron (see Fig. 1). At the
critical point, this exactly balances the entropy cost of the
excluded volume due to the hard-core interactions between
strings. In fact, as Jaubert et al. [21] have shown, the free energy
at T = Tc as a function of string density is precisely constant
(in the thermodynamic limit). Because each string consists
of a fixed number of flipped spins relative to the starting
configuration, this implies that the free energy is independent
of magnetization. As the temperature increases through the
transition, the global minimum of F (Mz), which can be
interpreted as a Landau function, jumps from Mz = ± Msat to
Mz = 0. (The resulting discontinuity in the magnetization is
illustrated below in Fig. 3.) Since all coefficients in the Landau
free energy vanish at the transition, this has been referred to
as “infinite-order multicriticality” [21].

C. Additional interactions

Given the magnetization-independent free energy at the
transition, it is clear that any perturbation that produces a
positive fourth-order coefficient in the Landau function should
lead to an intermediate phase with 0 < |Mz| < Msat. While
this argument does not provide a prescription for constructing
appropriate perturbations, one expects on general grounds that
a sufficiently long-ranged four-spin interaction will have this
effect. (As will also be demonstrated, a quartic coefficient with
opposite sign should lead to a first-order transition.)

As we detail in the following, MC results in fact demon-
strate that it is sufficient to add a four-spin interaction acting
between tetrahedra on opposite sides of a hexagonal loop, as
illustrated in Fig. 2.

The perturbation used throughout this work can be written
explicitly as

H4s = V4

!

{t t ′}
[!+(St ,St ′) + !− (St ,St ′)] , (3)

where

!± (S,S′) =
"

1 if S = S′ = ± 4√
3

ẑ
0 otherwise

(4)

and St ≡
#

i∈t Si is the total (vector) spin on tetrahedron t .
The sum in Eq. (3) is over pairs of tetrahedra {t t ′} across a
hexagon (see Fig. 2), and the summand is 1 if both tetrahedra
have all spins polarized in the same vertical direction, and
0 otherwise. (Note that, while this expression apparently
involves eight spins, it is equivalent to a four-spin interaction
under projection into the ice-rule states. This form of the
interaction is partly motivated by the quantum mapping,
described in the Appendix.)

Regarding the choice ofH4s, it is not the goal of this work to
classify the various types of interactions according to whether

FIG. 2. (Color online) Illustration of the four-spin interaction
H4s added to the model to stabilize the ferromagnetic Coulomb phase.
The arrows represent spins on the sites of a pyrochlore lattice, a
network of corner-sharing tetrahedra. (This configuration obeys the
ice rule, with two spins pointing into and two pointing out of each
tetrahedron.) The additional interaction couples pairs of tetrahedra
at opposite sides of hexagons; one such pair and its hexagon are
highlighted.

they produce a ferromagnetic Coulomb phase, and we are
not aware of a general argument that would allow for such a
classification [24]. (The search for appropriate interactions is
in any case better informed by experimental evidence about
which interactions occur in particular materials.) Rather, the
goal here is to study a particular case where such a phase is
known to exist, and elucidate those properties of the phase
and its transitions that are expected to be universal, or at least
qualitatively generic.

Plots of the magnetization as a function of temperature, for
V4 positive, negative, and zero, are shown in Figs. 3 and 4.
These results were produced using MC simulations based on
a directed-loop algorithm [25,26]. The lattice consists of L ×
L × L cubic unit cells, each containing four tetrahedra of each
orientation, and hence 16 spins. For V4 ! 0, a step is observed
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FIG. 3. Magnetization vs temperature, for fixed V4/T = 0 (left)
and V4/T = − 0.01 (right), and L = 24 (Ns = 16L3 ≃ 2 × 105

spins). In both cases, there is a jump from saturation to zero
magnetization, at a transition temperature indicated with a vertical
line. For each temperature, the spontaneous magnetization is found
by applying a weak field along the z direction and extrapolating to
zero field.

094431-3



PHYSICAL REVIEW B 91, 094431 (2015)

Ferromagnetic Coulomb phase in classical spin ice

Stephen Powell
School of Physics and Astronomy, The University of Nottingham, Nottingham NG7 2RD, United Kingdom

(Received 12 December 2014; revised manuscript received 10 March 2015; published 27 March 2015)

Spin ice is a frustrated magnetic system that at low temperatures exhibits a Coulomb phase, a classical spin
liquid with topological order and deconfined excitations. This work establishes the presence of a Coulomb
phase with coexisting ferromagnetic order in a microscopic model of classical spin ice subject to uniaxial lattice
distortion. General theoretical arguments are presented for the presence of such a phase, and its existence is
confirmed using Monte Carlo results. This example is used to illustrate generic properties of spin liquids with
magnetic order, including deconfinement of monopoles, signatures in the neutron-scattering structure factor, and
critical behavior at phase transitions. An analogous phase, a superfluid with spontaneously broken particle-hole
symmetry, is demonstrated in a model of hard-core lattice bosons, related to spin ice through the quantum-classical
correspondence.
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I. INTRODUCTION

Spin liquids are phases where magnetic degrees of freedom
exhibit strong local correlations, despite the persistence of
large fluctuations [1], of either quantum-mechanical or thermal
origin. They occur at low temperature in certain frustrated
systems, where interactions are large compared to thermal
fluctuations, but mutual competition between the interactions
prevents formation of a rigidly ordered configuration. Spin liq-
uids have been of theoretical interest for several decades [2,3],
but evidence for their existence in physical systems [4,5],
and even in microscopic models [6– 8], is considerably more
recent.

While spin liquids are often distinguished from conven-
tional low-temperature phases, such as ferromagnets, by the
fact that they lack magnetic order, their defining characteristics
go beyond the mere absence of conventional order. A precise
definition of a quantum spin liquid (QSL) can be phrased
in terms of long-range entanglement [1], while the Coulomb
phase [9], the classical spin liquid (CSL) that is of primary
interest here, can be defined through deconfinement of frac-
tionalized “monopole” excitations [8]. Experimental evidence
exists for a Coulomb phase in the spin-ice compounds, which
can be treated as classical at relevant temperatures [10].

These definitions provide positive characterizations for
QSL and CSL phases, and also make clear the possibility
of a magnetically ordered spin liquid, in which spin-liquid
phenomena coexist with conventional symmetry-breaking
order. Some examples of such phases have been reported in
the theoretical literature: Mean-field studies of quantum spin
ice [11] identified an ordered QSL, referred to as a “Coulomb
ferromagnet,” although quantum Monte Carlo simulations
have not revealed such a phase [12]. Recent work [13] has
also demonstrated the possibility of antiferromagnetic order
coexisting with a CSL.

The compatibility of magnetic order and spin-liquid phe-
nomenology also allows for the existence of phase transitions
between ordered and disordered spin liquids. One might
anticipate novel critical behavior at such transitions, since it
is known that transitions from spins liquids into conventional
ordered phases can transcend the usual Landau paradigm [9].

This work demonstrates that a ferromagnetic Coulomb
phase can occur in a model of classical spin ice, and

provides a detailed study of this phase and the associated
transitions. Theoretical arguments, including mapping to a
related quantum model, are used to show that such a phase
exists and that it can be reached through a continuous transition
from the paramagnetic Coulomb phase. We present Monte
Carlo (MC) results that confirm both of these statements,
and illustrate the generic properties of ordered spin liquids,
including the structure factor for elastic neutron scattering.

We also consider the critical behavior at the ordering
transition and predict that, despite the Ising nature of the order
parameter and the presence of only short-range interactions
in the microscopic model, the transition should belong in the
mean-field universality class, as a result of coupling to the
effective gauge-field fluctuations of the spin liquid. While the
numerical results are consistent with this prediction, larger
system sizes would be required for a definitive confirmation of
the universality class. This phase transition provides another
interesting example of the diversity of critical phenomena that
exists in the neighborhood of spin-liquid phases.

Outline

In Sec. II, the model of spin ice is introduced, and a choice
of perturbations that lead to a ferromagnetic Coulomb phase
is motivated. The basic structure of the phase diagram is
then illustrated using MC results, showing the appearance
of such a phase at intermediate temperatures for certain
values of the parameters. In Sec. III, the phase in question is
studied in detail, to confirm that it has nonzero magnetization
while simultaneously exhibiting the characteristic features of a
Coulomb phase. Sections IV and V consider in turn the critical
behavior at the higher- and lower-temperature transitions out
of this ferromagnetic Coulomb phase.

We conclude in Sec. VI, by summarizing the features
that are expected to be generic to ordered spin liquids, both
quantum and classical, and discuss briefly the effect of a
nonzero density of magnetic monopoles. In the Appendix, the
classical-quantum mapping developed in Ref. [14] is applied
to this system, and the resulting quantum model is related to a
problem of hard-core quantum bosons studied by Rokhsar and
Kotliar [15].
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FIG. 10. (Color online) Structure factor for (spin-flip) polarized neutron scattering [17] SSF( Q), defined in Eq. (5), for scattering wave
vector Q in the (hhℓ) plane and incident polarization P along [11̄0]. The first three plots are for temperatures above T c>, the fourth is in the
intermediate phase, T c< < T < T c>, and the last is below T c<. Pinch points, characteristic of the dipolar correlations of the Coulomb phase, are
visible at all temperatures but the lowest. In the intermediate phase, there are also Bragg peaks at certain reciprocal-lattice vectors, indicating
spontaneous magnetization. The system size is L = 16 and all plots have V4/T = 0.05. (Wave vectors are measured in units corresponding to
the conventional cubic unit cell.)

the magnetization provides such a quantity for this ordering
transition, it is difficult to calculate accurately, as a result of the
topological constraints on the magnetization, which suppress
fluctuations of the latter.

We instead consider the quantity L⟨M2
z ⟩, which, as a result

of the scaling form

!
M2

z

"
≈ L− d+γ /ν$

#
L1/ν T − T c>

T c>

$
, (9)

where $ is a universal function, is expected to have zero
scaling dimension for this transition. (This quantity is equal,
up to powers of L, to the flux stiffness ϒ , which is not expected
to have vanishing scaling dimension at a transition between
two spin liquids.) As shown in Fig. 11, L⟨M2

z ⟩ plotted as a
function of T/p indeed has a crossing point for large system
sizes. Using the crossings for successive L values, we estimate
(T/p)c = 3.3509(3) for V4/T = 0.05.

While the observed crossing is consistent with the mean-
field exponents, it is also compatible with the Ising universality
class, which has [32] d − γ /ν = 1.0366(8). We can go
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FIG. 11. (Color online) Plot of L⟨M2
z ⟩ vs temperature near the

higher-temperature transition, for various system sizes L. (In each
case V4/T = 0.05 is fixed.) This quantity has vanishing scaling
dimension for the mean-field universality class, consistent with the
crossing point for large L, at (T/p)c> = 3.3509(3).
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During the past twenty years, Josephson-junction ar-
rays have proved to be very good tools to investigate clas-
sical and quantum phase transitions [1]. Recently, much
attention has been paid to systems which display highly
degenerate classical ground states [2] due to the presence
of Aharonov-Bohm cages [3]. Interestingly, a glassy vor-
tex phase without disorder has been predicted for such
two-dimensional (2D) structures [4] in agreement with ex-
perimental observations [5]. In this Letter, we investigate
the influence of quantum fluctuations on such systems in
a 1D model introduced in [6]. In this remarkably simple
example, the huge classical degeneracy is a direct conse-
quence of a local !2 symmetry which is unbroken in the
presence of quantum fluctuations. We show that this may
stabilize an unusual nematic Luttinger liquid (LL) phase
in which charge 4 e bound states of Cooper pairs are the
elementary objects.

We consider the chain of loops shown in Fig. 1 em-
bedded in a uniform magnetic field. We denote by f
the magnetic flux per elementary plaquette and we set
g ! 2 pf!f0, where f0 ! h!2 e is the superconducting
flux quantum. Each site of this lattice is supposed to be
occupied by a superconducting island. A convenient de-
scription of the low-energy Hilbert space of this system in-
volves local boson operators ay

n , by
n , cy

n "an, bn, cn#that
create (destroy) Cooper pairs on the three types of islands
of the lattice, respectively represented by black, grey, and
white circles in Fig. 1. The system is described by the fol-
lowing Josephson coupling Hamiltonian:

H J ! 2tJ

X

n
ay

n "bn 1 cn 1 bn21 1 e2igcn21# 1 H.c.

(1)

We first focus on the special value g ! p (half a flux
quantum per loop). As shown in [6], this Hamiltonian
has, in this case, a single-particle spectrum composed of
three highly degenerate flat bands ´0 ! 0, ´6 ! 62 tJ .
The corresponding eigenstates can be chosen as strictly
localized (cage states) around each fourfold coordinated

site (see Fig. 1). This leads naturally to the notion of
Aharonov-Bohm cages discussed in [3].

Let us introduce the set of boson operators Ay
a,n "Aa,n#

that creates (destroys) one Cooper pair with energy
´a "a ! 0, 6# in a cage state localized around the nth
fourfold site. These operators can be simply expressed as a
linear combination of the operators ay

n , by
n , cy

n , by
n21, cy

n21
only, whose coefficients are given in Fig. 1 so that we get

H J !
X

n,a
´aAy

a,nAa,n . (2)

In this present form, H J clearly exhibits a local U(1)
symmetry. We shall now study the effect of boson-boson
interaction on this symmetry. Therefore, we consider a real
valued function n ! sn, and we construct a unitary opera-
tor Us defined by UsAa,nU21

s ! e2isn Aa,n which com-
mutes with H J . Using the precise form of the cage states,
we easily obtain

Usay
n anU21

s ! ay
nan , (3)

Usby
n bnU21

s ! cos2 "Dn#by
n bn 1 sin2 "Dn#cy

n cn 1 zn ,

(4)
Uscy

n cnU21
s ! sin2 "Dn#by

n bn 1 cos2 "Dn#cy
n cn 2 zn ,

(5)

+1-1 +1 +1

0 0
0

+1+1

0 0

-1 +1

+ 2

FIG. 1. The chain of loops and the three (non-normalized) cage
eigenstates corresponding to ´0 (left) and ´6 (right). The dashed
lines symbolize the hopping term 2tJe2ig .
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FIG. 2. Behavior of F!xn" for g ! 0 (solid line), g ! 3 p#4
(dashed line), and g ! p (dotted line).

[8,9], to induce tunneling between the two degenerate
classical ground states shown in Fig. 3. The true quantum
mechanical ground state is therefore a macroscopic linear
superposition of these two classical states and provides
a simple example of a “Schrödinger cat.” For a system
with N loops, eigenstates are classified according to the
various irreducible representations of the local !2 group
which mix all the 2 N classical ground states. One of our
next goals is to describe how quantum fluctuations lift
the degeneracy among these representations, which is an
artifact of the classical limit.

At small g !
p

EC#EJ , the properties of the system
are actually very similar to those of a quantum XY model.
For small g, we thus expect the infinite chain to be in
a LL phase for g , g"!g" and in a gapful insulating
(I) phase for g . g"!g". The transition at g"!g" is
of a Berezinskii-Kosterlitz-Thouless (BKT) type [10].
Simple spin wave calculations using the harmonic ap-
proximation of H around its classical ground state predict
g"!g" !

p

cos!g#4 " g"!0 " with g"!0 " ! p
p

3 #2 . The
main effect of the magnetic field, in this simple ap-
proximation, is thus to replace g by an effective

FIG. 3. Two possible classical ground states of H with differ-
ent chirality.

geff ! g#
p

cos!g#4 " which controls all the correlation
function exponents in the LL phase.

To analyze the effect of the quantum fluctuations in the
vicinity of g ! p where the additional local !2 symmetry
emerges, it is convenient to eliminate the twofold coordi-
nated islands to get a simple description of the low-energy
physics of this system. Therefore, instead of H , we now
consider the following Hamiltonian:

HXY !
X

n

g0

2
P2

u,n 2
1
g0 $cos%p!un 2 un11 2 g#2 "&

1 e cos!un 2 un11 2 g#2 "'.

(7)

The parameter g0 is provided by fitting the exponent of the
correlation function (ei!um 2un") in the semiclassical regime
with its value obtained with H in the harmonic approxima-
tion. This choice leads to g0 ! 2 5 #4 3 21 #2 g. The parameter
e ! 4 jg 2 pj is determined from the energy splitting be-
tween the two local minima of the single loop potential
energy. Finally, in our case, we have p ! 2 but we dis-
cuss hereafter the properties of HXY for an arbitrary p.

The Hamiltonian HXY has a local !p symmetry at
e ! 0 , corresponding to the local transformations Ta:
uj ! uj 1 2 paj#p, where aj is an integer. The irre-
ducible representations of this group are easily obtained
in a basis which diagonalizes simultaneously the Pu,j’s.
For a state jc) such that Pu,jjc) ! ljjc), where lj

is an integer, we have Tajc) ! exp!i
P

j
2 p
p ljaj " jc).

Writing lj ! m j 1 pnj with m j and nj integers and
0 # m j # p 2 1 , we find that the set of m j’s completely
specifies the irreducible representation of the local !p
group. For each such representation, the action of the
corresponding projector on the approximate Gaussian
ground state of HXY produces a natural trial wave function,
at least when g0 ø 1 . We have computed the expectation
value of HXY on these states. Doing so, we noticed that
2 p#p tunnel processes occurring on different lattice sites
are mostly uncorrelated. Neglecting completely these
correlations we obtain

(HXY ) !
g0L2

2 N
2

Ce2f

g0

X

j
cos

∑

2 p

p
!m j 2 L#N"

∏

,

(8)

up to a constant energy independent of the representation
and to factors of order e22 f . In (8), L !

P

j lj is the total
angular momentum, C is a number close to 2 p 2 2 8 at
small g0, and f * 4 p#pg0. The ground state is therefore
obtained by choosing the identity representation of the lo-
cal !p group !m j ! 0 ".

Next, we see that the term proportional to e couples
different irreducible representations of the local !p group.
When p ! 2 the action of this perturbation on the 2 N

low-energy trial states just discussed is well described by
a quantum Ising model in a transverse magnetic field:

H I ! 2
1
g0

µ

Ce2f
X

n
sX

n 1 De
X

n
sZ

n sZ
n11

∂

, (9)
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eigenstates corresponding to ´0 (left) and ´6 (right). The dashed
lines symbolize the hopping term 2tJe2ig .
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We study the ground state vortex lattices of a kagomé array of Josephson junctions in an external magnetic
field. We give a simple model that accounts for the principal dependence of ground state energy on the density
of vortices, and exhibit the exact ground state configurations for a sequence of special values. A Monte Carlo
simulated annealing shows that there is very little further structure. For the special case f!AB/#0!1/2 it is
known that there is an infinite degeneracy. We give a numerical technique for evaluating the zero temperature
entropy.
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I. INTRODUCTION

A superconducting network in an external magnetic field
is a frustrated system.1 The adjacent superconductors are
connected by a Josephson junction, which attains a minimum
energy when the phases of neighboring superconductors dif-
fer in a way that depends on their relative positions and on
the strength of the magnetic field. This optimum phase rela-
tionship generally cannot be attained globally, since the sum
of the phase differences around any closed loop must be zero
!mod 2$). This leads to observable effects: a decoration of
the sample by nickel particles indicates a superlattice of
magnetic sites,2,3 visualized as clusters of Ni particles. The
magnetic sites are a manifestation of the presence of current
vortices, which in turn are a consequence of the long-range
superconducting coherence. The square lattice version of this
model has been studied by a number of workers4; in this case
the vortices are believed to generally form a periodic struc-
ture at low temperatures.
The kagomé structure is interesting because it contains

plaquettes of very different areas. These plaquettes attain
their unfrustrated configuration !that BA/#0 be an integer" at
different values of the field, giving a more complex relation-
ship between energy and field than that obtained for Bravais
lattices.
In recent experimental and theoretical studies, the fully

frustrated kagomé lattice of superconducting wires was
found to lack an ordered superlattice. Higgins et al.5 mea-
sured the resistance of an aluminum kagomé wire network,
and verified the absence of any anomaly for the case of 1/2
flux quantum per unit cell, in agreement with the theoretical
study of Lin and Nori.6 The experiments of Pannetier et al.
on the dual lattice to the kagomé lattice, the so-called dice
lattice !or the T3 geometry", have shown the same behavior.7
It is believed that the high degeneracy of the fully frus-

trated state of the kagomé lattice is responsible for this be-
havior. As almost all of the states in this degenerate manifold
are disordered, there is no way for the system to find the
commensurate state, unless some other mechanism inter-
venes. This reasoning is inspired by the knowledge of the
ground state properties of the Heisenberg antiferromagnet on
a kagomé lattice.8 The disordered nature of the ground states
in the degenerate manifold has also led to the investigation

of the possible glassy characteristics. This is specially inter-
esting, because such spin systems are inherently without
disorder.9
Here we study the ground state properties of the frustrated

planar rotor model on the kagomé lattice.10 This model de-
scribes an array of Josephson junctions, assuming that only
the phase of the superconducting order parameter is allowed
to fluctuate. In Sec. II, we describe this model, and in Sec. III
we present a general scheme for studying the ground state
configurations. In Sec. IV, we study the ground states at vari-
ous values of the vortex density, focussing on the cases
where a simple periodic structure is available. In Sec. V, we
discuss the special case f!1/2, where an infinite degeneracy
occurs. Section VI gives a summary of results.

II. KAGOMÉ LATTICE

A kagomé lattice is a collection of corner-sharing tri-
angles, as shown in Fig. 1. The unit cell contains two equi-
lateral triangles and one hexagon. There are two bonds per
site of the kagomé lattice, and three sites per unit cell.
Usually it is convenient to measure the external magnetic

field in terms of flux quanta per unit cell. However, in the
present case it is better to use a different scale, by defining
f!AB/#0, where A is the area of the triangular plaquette,
and #0!ch/2e is the flux quantum. For a given value of the
external magnetic field, this definition yields values for f
which are numerically eight times smaller than the usual
definition !because the triangle is 1/8 of a unit cell".
The Josephson junction array is constructed such that the

FIG. 1. The unit cell for the kagomé structure.
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sites of the kagomé lattice are occupied by the superconduct-
ing islands, and each bond carries a Josephson junction. Let
!i j" denote the bond connecting two nearest neighbors i and
j. The phase of the superconducting order parameter at the
superconducting island i is denoted by # i . Due to the pres-
ence of a magnetic field perpendicular to the plane of the
lattice, this phase is rotated by an amount determined by the
line integral of the vector potential along the bond !i j":

$ i j!
2e
c%!i

j
A! &r! '•d l! . &1'

The Hamiltonian is given by

H!"J(
!i j"

cos&# i"# j"$ i j', &2'

where the coupling constant J is taken to be positive.
Increasing f by unity adds one flux quantum to each tri-

angle and six flux quanta to the hexagons, which can be
gauged out of Eq. &2' by redefining # i . The Hamiltonian is
also invariant under the reversal of the field direction. This
allows us to restrict our study to f in the interval )0,1/2*&the
choice of scale for f was made for this reason'. However,
there is an energy cost to having a nonintegral multiple of
flux quanta in a plaquette.
The phase field +# i,accommodates the frustration intro-

duced by Ai j by introducing singular points which are the
equivalents of the vortices in type-II superconductors &and
will be called vortices in what follows'. The presence of
these vortices can be revealed by introducing the gauge-
invariant phase differences

v i j!&# i"# j"$ i j'/2-"&integer', &3'

where the integer is chosen so that " 1
2 #v i j#

1
2 , and then

computing the vorticity

V!( v i j , &4'

where the sum is over the edges of a plaquette. If v i j are
slowly varying, the phase differences cancel out in the sum,
leaving just the flux measured in units of the flux quantum—
specifically V!" f for triangular plaquettes and V!"6 f for
hexagonal plaquettes. However, for plaquettes containing a
vortex, V differs from this by an integer. We observe that this
result can be restated as meaning that there is a ‘‘back-
ground’’ vorticity " f per triangle &a hexagon contains six
triangles', and then a vortex confers integer vorticity to its
plaquette.
There is another way to characterize the vortices. Each

link of the network carries a supercurrent directed from site i
to site j,

Ji j!J sin&2-v i j', &5'

where J!2eJ/% is the critical current for a link. Now we
may define the circulation

C!( sin&2-v i j', &6'

again summing over the edges of the plaquette. Well away
from any vortex, the v i j are small )to minimize Hamiltonian
&2'*, and then the circulation and the vorticity agree. How-
ever, they differ near the vortex core: the circulation is al-
tered there, and in rare circumstances will describe the vortex
as being delocalized over several plaquettes, while the vor-
ticity must assign the vortex to some particular plaquette.
The circulation is a more physical variable, while the vortic-
ity gives a better representation of the mathematical con-
straints.
When f is rational, the $ i j are periodic &modulo 2-), and

then the phase field and vortex pattern can also be periodic
on a superlattice. Only in this case can the system exhibit
superconductivity: the breaking of translational symmetry
prevents flux flow. Thus we restrict our attention to the case
when f!p/q is a rational fraction. A special property of this
case is that the directed sums of v i j and sin(2-vij) around the
boundary of a periodicity cell necessarily vanish &since every
link and its periodic image contribute in opposite sense', and
thus we have a pair of rules, that the sum of V and the sum of
C over all plaquettes in a periodicity cell are both zero.

III. INDEPENDENT VORTEX MODEL

The ground state of the system on any type of lattice,
kagomé or otherwise, is a particular set of phases # i that
minimizes the energy of the entire lattice, as given by Eq.
&2'. Although there are no isolated plaquettes in a lattice, it is
a remarkable empirical finding that for rational values of f
the system distributes the phases so that nearly all the
plaquettes act as if isolated in achieving the minimum en-
ergy. This constitutes the independent-vortex model.
Now consider the case of isolated plaquettes—triangles or

hexagons—without external connections. A triangular
plaquette minimizes its energy to

E!"3J cos" 2-&f ♯" f '
3 # , &7'

where f ♯ is the integer nearest to f, while the minimal energy
for a hexagonal plaquette is

E!"6J cos" 2-&F♯"6 f '
6 # , &8'

where F♯ is the integer nearest to 6 f . The corresponding
vorticity is f ♯" f for triangles, and F♯"6 f for hexagons.
Figure 2 shows how the energy per site of the isolated
plaquette depends on f for the interval 0# f# 1

2 .
We observe that within this range the lowest energy state

for the triangle is always f ♯!0, while for the hexagon it is
F♯!0, 1, 2 or 3, depending on the value of f. However, the
situation becomes complicated because the vorticity sum rule
prevents us from putting all the plaquettes into their lowest
energy state. According to Fig. 2, it costs less energy to
change the vorticity of a hexagon than to introduce a triangle
of excited vorticity, except for the interval 0.435# f# 1

2 . This
suggests that over much of the range of f, the vortices are
resident only on the hexagons, so that the ground state con-
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F♯ , within a background of hexagons characterized by a
different value, with all triangles in the f♯!0 state. These
observations are consistent with the simple model that led to
Fig. 3. However, we note that except at the special values
f!n/8, Fig. 3 gives energy that is significantly lower, be-
cause that model ignores the inconsistent assignment of cur-
rents by hexagons and by triangles.
Figure 4 also differs from Fig. 3 by the presence of

smaller features at intermediate values of f, such as at f
! 1

24 , 112 , 16 , 524 , and 7
24 . These can be described as periodic

arrangements of the different vorticity sites with a supercell
that contains three unit cells of the kagomé structure. In the
study of the square lattice structure,10 it was found that for
every f!p/q the lowest energy structure was a periodic ar-
rangement of the vortices, with a supercell was a periodic
arrangement of the vortices. The supercell frequently had the
area of q unit cells !the exceptions were twice as large". We
suspect that the kagomé structure for 8 f!P/Q may also be
periodic, with a supercell whose area is Q times larger than
the kagomé unit cell. The square lattice study10 also found
that the energy is slightly lower when q is small !so that f is
a simple rational fraction", but that these cusps rapidly de-
crease in size with q. The implications for the present work
are that increased annealing effort would reveal further cusps
for small Q, but that these would lead only to a slight rough-
ening of the curve in Fig. 4.
This structure in the dependence of the energy on f arises

because the energy depends on the current distribution in a
way that is well approximated by saying that the vortices
interact as if they were particles carrying integer-valued
charge !as specified by F♯ or f♯), with a neutalizing back-
ground charge density " f per triangle. The vorticity sum
rule then becomes the expected statement of overall charge
neutrality, and the lowest energy configurations will be those
that give the most uniform distribution of vortices. For cases
when f is a simple rational fraction, this is accomplished by a
periodic structure; for other values of f, the periodicity is at
best large scale, implying a larger ‘‘Coulombic’’ energy. The
most important qualification to this model is that the energy
is more closely associated with the circulation than with the
vorticity, so that the charge of a vortex is actually somewhat
delocalized over neighboring plaquettes—especially in the
case of the triangle vortices.
An interesting set of nontrivial structures arises when we

decorate the !3#!3 superlattice, with one hexagon having
F♯!M and two having F♯!M$1 !an example is shown
in Fig. 5". The unit supercell contains three unit cells of the
original structure !shown in Fig. 1", and thus nine kagomé
sites and the area of 24 triangles. The vorticity sum rule
requires that the explicit vorticity contributed by the hexa-
gons be canceled by the background vorticity provided by
the magnetic field, implying M%2N!24f . Symmetry dic-
tates that the currents on the six sides of any hexagon are the
same, resulting in an expression for the energy per site:

E!"
6
9 cos 2#!M6 " f ""

12
9 cos 2#!N6 " f " . !10"

The values for f and the corresponding energies are given
in Table I below.

Other arrangements of the vortices can be constructed
with nearly the same energy. However, with the exception of
the case f!10/24 these appear to be the arrangements that
make the density of vortices most uniform, which results in
the lowest energy.
As suggested by the independent vortex model, for f

&3/8 we expect the hexagons to all be in the same state
F♯!3, while the triangles having an appropriate density in
f♯!1. For example, consider the cases f!2/5 and f
!5/12. The ground states are shown in Figs. 6 and 7. The
structure for f!5/12 shown in Fig. 7 has an energy of
"1.184, slightly lower than the candidate structure given in
the last line of Table I.
As noted above, the triangle vortices are somewhat more

delocalized !in terms of their circulation pattern" than for the
hexagons. As a consequence, the total energy is less sensitive
to the local arrangement of these vortices, and the true
ground state is not so readily distinguished from a large set
of nearly degenerate alternatives. However, we believe the
ground state configuration to be unique, and that we have
correctly identified them.
In the study of ground state vortex lattices as a function of

frustration parameter, one usually gives importance to the
vortex lattices that can be commensurate with the underlying
lattice structure. This means, for example, that a vortex su-
perlattice with a unit cell of size 8#8 cannot be observed on
a 50#50 underlying grid. In practice, however, it is easier to

FIG. 5. Vortex arrangement for the ground state for f!1/6. The
triangles are all in the state f♯!0, while the hexagons are in states
F♯!1 !with no current on their boundaries" and 2 !with current
J!3/2). Dots have been drawn in the hexagons with F♯!2 vor-
ticity.

TABLE I. Values of f and E for the !3#!3 Bravais structures.

M N f E E

1 0 1
24 "(!8%!6)/3 "1.7593

0 1 2
24 "!3 "1.732

1 1 3
24 "(3%!3)/!6 "1.9319

2 1 4
24 "5/3 "1.6667

1 2 5
24 "(!6%5!2)/6 "1.5868

2 2 6
24 "!3 "1.7321

3 2 7
24 "(3!6%!2)/6 "1.4604

2 3 8
24 "4/3 "1.3333

9 3 3
24 "!2 "1.4142

4 3 10
24 "2/!3 "1.1547
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Phase transitions in a kagomé lattice of Josephson junctions

M. S. Rzchowski
Physics Department and Applied Superconductivity Center, University of Wisconsin-Madison, Madison, Wisconsin 53706
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We observe a phase transition at 0.076 of the coupling energy in a fully frustrated kagomé lattice of
Josephson junctions ~XY kagomé antiferromagnet! using Monte Carlo methods. The jump in the superfluid
density at the transition temperature retains its universal Kosterlitz-Thouless value despite the thermodynamic
degeneracy of the low-temperature phase. We find these observations to be consistent with an unbinding
transition involving vortex-antivortex pairs with 1/3 the normal phase gradient. We also observe an unusual
sequence of five field-dependent ground states consisting of currents of equal magnitude circulating around
each elementary triangle in the structure. @S0163-1829~97!05417-9#

I. INTRODUCTION

The Heisenberg kagomé antiferromagnetic has gained re-
cent attention in its experimentally accessible incarnation
SrCr 82xGr41xO19 , which has been found to have two-
dimensional ~2D! kagomé planes ~Fig. 1! of antiferromag-
netically coupled Cr 31 magnetic ions, separated by more
diluted triangular planes.1 This system of magnetic spins on
the kagomé planes has the distinguishing characteristic of
allowing a classical ground-state ‘‘entropy’’ at zero tempera-
ture that scales with the number of sites in the lattice.2 At
temperatures of the order of 1022J/k , where J is the cou-
pling energy and k is Boltzmann’s constant, this 2D Heisen-
berg kagomé system is known to select a degenerate mani-
fold of states with the Heisenberg spins lying in a common
plane via an order-from-disorder mechanism.3 At a tempera-
ture below this, there is theoretical evidence that quantum
and thermal fluctuations further select one of the degenerate
planar states over the others.4
In this paper we investigate the two-dimensional spin rep-

resentation (XY model! of the kagomé lattice in the form of
an array of Josephson junctions. Although this system does
not exhibit the out-of-plane freedom1 of the Heisenberg sys-
tem, it does retain an extremely large ground-state degen-
eracy for the analog of antiferromagnetic coupling ~full frus-
tration!. Our numerical results in the antiferromagnetic case
are consistent with a phase transition of vortex-antivortex
pairs that dissociate via a Kosterlitz-Thouless ~KT! mecha-
nism, but that exhibit only 1/3 the phase gradient of
ferromagnetic-bond vortices and are thought to suppress the
transition temperature by a factor of '9 from the ferromag-
netic case.2,5 We also find that the exponent of power-law
correlations at the transition temperature is consistent with
the estimated jump in superfluid density at the transition in
the sense of conventional theory of the KT transition. In
addition we find a sequence of ground states for various frus-
tration, of which the antiferromagnetic-bond state is a special
case, that are identical apart from a scaling factor. This scal-
able sequence of ground states is apparently peculiar to the
kagomé Josephson-junction lattice.
Arrays of Josephson junctions provide experimentally ac-

cessible and controllable systems in which to explore phase
transitions in 2D classical magnets. Experimental systems

consist of photolithographically defined 2D arrays of super-
conducting ‘‘islands’’ coupled weakly to their nearest neigh-
bors by either a normal metal6 or insulating7 barrier. The
Josephson junctions thus formed have an energy in zero ap-
plied magnetic field proportional to the cosine of the differ-
ence of the phase of the superconducting order parameter on
the two islands coupled by the junction. The magnetic anal-
ogy is then made by considering the phase of each island to
be the angle that the corresponding XY spin makes with a
defined axis. This system has been used to experimentally
and theoretically study8 the Kosterlitz-Thouless ~KT! transi-
tion in XY magnets.
An external magnetic field applied perpendicular to the

sample does not couple directly to ‘‘spins’’ in the Josephson
system as it does in a magnet, but instead introduces into the
expression for the coupling energy a phase shift proportional
to the line integral of the vector potential between lattice
sites, resulting in a Hamiltonian for the system that can be
written9

H52 (
i , jP$NN%

EJcos~u i2u j2Ai j!, ~1!

where

FIG. 1. Schematic representation of the ground states for
f50, 1/8, 1/4, 3/8, and 1/2 for an array of Josephson junctions on a
kagomé lattice. The arrows represent the direction of circulating
currents. All currents in these ground states are of equal magnitude,
unlike other lattices investigated.
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MOTIVATION

‣ (classical) arrays of Josephson junctions = frustrated systems 

‣ Increasing frustration destabilizes ferromagnetic 
groundstate  

‣ (Mostly) single point of massive degeneracy 

‣ Frustration enters as phase shifts: 

‣ What happens if the couplings are changed? 

‣  
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signs of the couplings in every unit cell and destabilize
the uniform (ferromagnetic) ground state.

III. LINEAR REGIME: DISPERSION
RELATION ω(k)

In this Section we study the stability of the uniform
(ferromagnetic) ground state on the three lattices dis-
played in Fig. 1 by analyzing the spectrum of linear ex-
citations around the ground state.30 As we will see the
uniform solution generically becomes unstable for high
enough frustration, and the linear spectrum acquires neg-
ative modes. Also unlike the more conventional transi-
tions, where a single or few modes destabilize the ground
state, in the models considered, the entire lower band
turns flat, indicating the onset of massive degeneracy.

A. Diamond chain

The state of the diamond chain of Josephson junc-
tions is described by three phases per unit cell, ϕn =
{ϕ0,n,ϕ+,n,ϕ−,n} (see the top part of Fig. 1. The dis-
tribution of Josephson coupling strength in a single cell
is chosen as α1 = α2 = α3 = 1 and α4 = α. The param-
eter α can take values from 1 to −1. For convenience,
we define the frustration parameter f = (1− α)/2 vary-
ing from 0 (non-frustrated arrays) to 1 (maximal frus-
tration). The precise choice of α4 is not important, and
it can be swapped with any other αi. As we linearize
Eq. (2) around the uniform (ferromagnetic) solution, the
dynamic equations become

1

ω2
p

ϕ̈+,n = ϕ0,n + ϕ0,(n+1) − 2ϕ+,n , (5)

1

ω2
p

ϕ̈−,n = (1− 2f)ϕ0,n + ϕ0,(n+1) − 2(1− f)ϕ−,n ,

1

ω2
p

ϕ̈0,n = ϕ+,n + ϕ+,(n−1) + (1− 2f)ϕ−,n

+ϕ−,(n−1) − 2(2− f)ϕ0,n .

Using periodicity of the system and applying the Fourier
transform with respect to space and time, we obtain the
dispersion relation ωD(k) as solutions of the following
transcendent equation (α = 1− 2f):

− (ωD)2

ω2
p

+ 3 + α =
4 cos2

!
k
2

"

2− ω2
+

(α− 1)2 + 4α cos2
!
k
2

"

−ω2 + 1 + α
(6)

This equation has three solutions ωD
m(k), representing the

three bands which are shown in Fig. 2 for different values
of the frustration parameter f . One can see that flat-
bands occur for two particular values of the frustration
parameter, f = 0 and f = 2/3. In the latter case the flat-
band is the lowest band of the spectrum, indicating the

FIG. 2. (Color online) The dispersion relation ωD(k) for the
diamond chain of Josephson junctions for several values of
the frustration parameter: f = 0 (black lines), f = 0.55 (blue
line), f = 0.65 (red line). Flat bands occur for f = 0 and
f = 2/3. The flatband at fc = 2/3 is the lowest one and
marks the transition. Beyond fc = 2/3 the uniform state is
not a ground state, marked by the appearance of the negative
(unstable modes).

phase transition and the change of the ground state as the
frustration parameter goes to the region f > fD

c = 2/3.

B. Sawtooth chain

Similarly to the previous subsection, here, we ana-
lyze the dynamics of the sawtooth chain of Josephson
oscillators (see the bootom part of Fig. 1). The saw-
tooth chain is described by two phases per unit cell,
ϕn = {ϕ0,n,ϕ+,n}. The Josephson couplings strengths in
a single cell (as shown in Fig. 1) is fixed to α1 = α2 = 1
and α3 = α. The frustration parameter f = (1 − α)/2
varies from 0 to 1. The linearized dynamic equations (2)
for the sawtooth chain are

1

ω2
p

ϕ̈+,n = ϕ0,n + ϕ0,(n+1) − 2ϕ+,n , (7)

1

ω2
p

ϕ̈0,n = ϕ+,n + ϕ+,(n−1) + (1− 2f)ϕ0,n−1

+(1− 2f)ϕ0,(n+1) − 2(1− 2f)ϕ0,n .

The dispersion relation ωST (k) for time and space peri-
odic solution reads

ωST (k) = ωp

#
2 + 2α sin2

k

2
±
$
4α2 sin4

k

2
+ 4 cos2

k

2

%1/2

(8)
There are two solutions for every k corresponding to 2
bands, shown in Fig. 3 for several values of the frustra-
tion parameter f . The flatband occurs for two partic-
ular values of the frustration parameter, f = 0.25 and
f = 0.75. Again, in the latter case the flatband is the

Linearise around the uniform groundstate f  fc

f = 0, 0.55, 0.65

black, blue,red
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We present a study of Josephson junctions arrays with two-band superconducting elements in the high-
capacitance limit. We consider two particular geometries for these arrays: a single rhombus and a rhombi chain
with two-band superconducting elements at the spinal positions. We show that the rhombus shaped JJ circuit
and the rhombi chain can be mapped onto a triangular JJ circuit and a JJ two-leg ladder, respectively, with
zero effective magnetic flux, but with Josephson couplings that are magnetic flux dependent. If the two-band
superconductors are in a sign-reversed pairing state, one observes transitions to or from chiral phase configurations
in the mapped superconducting arrays when magnetic flux or temperature are varied. The phase diagram for
these chiral configurations is discussed. When half-flux quantum threads each rhombus plaquette, new phase
configurations of the rhombi chain appear that are characterized by the doubling of the periodicity of the energy
density along the chain, with every other two-band superconductor locked in a sign-reversed state. In the case of
identical Josephson couplings, the energy of these phase configurations becomes independent of the inner flux
in the rhombi chain and the supercurrent along the rhombi chain is zero.
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I. INTRODUCTION

Frustrated Josephson junction (JJ) arrays have been exten-
sively studied in the last decades [1– 8]. These studies have
been to a large extent motivated by the close analogy with
frustrated classical spin systems [9– 11] and more recently
by the possible relevance of these systems to quantum
computation [5,6,12]. This analogy requires the conditions
of low temperature and symmetric JJs, both in experimen-
tal and theoretical studies. Such conditions imply that the
superconducting phases are the only variables required to
describe the superconducting system. If the Josephson current
is studied as a function of temperature, the variation of the
magnitudes of the superconducting order parameters has to
be taken into account, particularly when asymmetric junctions
are present or if, as in the case of the present paper, two-band
superconducting elements are introduced in the JJ array.

In the case of a JJ array with two-band superconducting
elements, besides the usual Josephson tunnelings, one must
consider the interband tunnelings [13,14], which effectively
modify the geometry of the JJ array. In fact, a multiband
superconductor can be regarded as a simple realization of
a short JJ array. The interband pairings are equivalent to
Josephson tunnelings and, for example, a three-band super-
conductor is analogous to a triangular circuit of asymmetric
JJs [15– 18]. Frustration in this case occurs if one or several
interband interactions are repulsive since a repulsive interband
interaction in a multiband superconductor plays a similar role
to that of a π junction in a Josephson junction array [19].
Another superconducting system equivalent to a triangular JJ
array is a single JJ between a two-band superconductor (TBS)
and a single-band s-wave superconductor. In this system, chiral

states have also been predicted in the absence of magnetic
flux if the TBS is in a sign-reversed state [13,16]. Such
a sign-reversed two-band scenario, the so-called s± state,
has been recently proposed in the context of the iron-based
superconductors [20].

The JJ rhombi chain of one-band superconductors (OBS)
is one of the most simple geometries where frustration effects
have been studied theoretically and experimentally [4,5,7,8].
It has been shown that in this system, the frustration induced
by a magnetic flux of half-flux quantum per plaquette leads to
the halving of the period of the supercurrent sawtooth profile
obtained with variation of the magnetic flux in the chain. In
this manuscript, we present a study of a rhombus and a rhombi
chain with two-band (one-band) superconducting elements at
the spinal (edge) positions in the high-capacitance limit (see
Figs. 1 and 2). We assume a closed ring geometry for the
rhombi chain [7,21] and magnetic flux threads the ring as well
as each of the rhombi plaquettes (see Fig. 1).

One of the main results of this paper is the mapping of the
rhombus and the rhombi chain onto a triangular JJ circuit and
a JJ two-leg ladder, respectively, with zero effective magnetic
flux in each plaquette, but with Josephson couplings that are
magnetic flux dependent. If the TBSs are in a sign-reversed
pairing state, transitions are observed between chiral and
nonchiral states in the effective JJ arrays induced by magnetic
field. We show that the existence of a chiral state in the
effective JJ arrays depends on the relative signs of the interband
couplings and Josephson tunneling constants, on their absolute
values and on the value of magnetic flux, and the respective
phase diagram is constructed.

A second important result is that, as the magnetic flux
approaches half-flux quantum per rhombus plaquette, one
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FIG. 1. Schematic diagram of a rhombi JJ chain with periodic
boundary conditions, where TBSs at the spinal positions alternate
with OBSs at the edge positions. The crosses indicate JJs, single lines
indicate OBSs, and double lines indicate TBSs. !f is the magnetic
flux per plaquette and !i is the inner flux in the chain.

observes a halving of the period in the energy-phase plot
as in the case of one-band rhombi chain [5], but with
additional structure due to new phase configurations, which are
characterized by the doubling of the periodicity of the energy
density along the rhombi chain, with every other TBS locked
in a sign-reversed state. If the system is completely symmetric
in what concerns the Josephson couplings, the energy of these
phase configurations becomes independent of the inner flux in
the rhombi chain, and consequently, plateaus are observed in
the energy-phase plots, which become wider as the Josephson
tunneling constants are decreased. The respective supercurrent
along the chain is therefore blocked and the usual sawtoothlike
supercurrent-phase plot of the rhombi chain is intercalated with
zero current regions. This current blocking is due to the locking
of every other TBS in a sign-reversed state, which effectively
divide the chain into decoupled regions (which are two rhombi
long).

The remaining part of this paper is organized in the
following way. The behavior of the rhombi chain of JJs
between OBSs is reviewed in Sec. II. A new perspective
for the known results is presented. In Sec. III, we study in
detail the phase diagram of a single rhombus with two-band
superconducting elements at the spinal positions. The JJ
rhombi chain with TBSs is discussed in Sec. IV. Finally, in
Sec. V, we draw the conclusions of this work. In Appendix A,
we describe JJ arrays in the high-capacitance limit and the
modifications to the Hamiltonian if two-band superconducting
elements are introduced in the array. The mapping onto a one-
particle tight-binding model is also discussed. The temperature
dependence of the Josephson as well as the interband couplings
is presented in Appendix B.

FIG. 2. (Color online) The rhombi chain displayed in Fig. 1 can
be considered as equivalent to a JJ two-leg ladder of one-band
superconductors with diagonal tunnellings, if one interprets the two
bands of the two-band superconductors as two sites of the JJ ladder.
In this figure, the dots indicate the superconducting elements, the
two-band superconductors are shown as blue dashed boxes (one dot
per band) and the segments indicate the Josephson tunnellings.

II. SYMMETRIC RHOMBI CHAIN OF ONE-BAND
SUPERCONDUCTORS

The JJ rhombi chain of OBSs in the high-capacitance limit
has been studied in detail in Refs. [4,5,8,22]. One of the
most distinct properties of the rhombi chain is the halving
of the period of the supercurrent sawtoothlike profile which
occurs when magnetic flux approaches half-flux quantum
per rhombus plaquette. This halving is due to two factors:
(i) the frustration induced by the magnetic flux threading each
rhombus plaquette and (ii) the periodic boundary conditions.
Below, we explain this behavior, mapping the rhombi chain
onto a linear JJ chain, with Josephson couplings, which depend
on the magnetic flux. We first address a linear JJ chain in order
to better explain the origin of the peculiarities of the rhombi
chain under magnetic flux.

A. Linear chain

The Hamiltonian of a linear JJ chain in the high-capacitance
limit is given by (see Appendix A)

H = −
!

i

J cos(φi − φi+1 − Ai,i+1). (1)

If open boundary conditions are assumed (for instance,
removing one JJ from a ring of JJs), the energy of each JJ can be
minimized independently, that is, the argument of all cosines
can be simultaneously zero, φi − φi+1 − Ai,i+1 = 0, ∀i, and
the minimum energy is −NJ J , where NJ is the number of JJs.
If periodic boundary conditions are assumed (a ring of JJs),
one could still try a similar approach, that is, one could impose
that the argument of all cosines are zero except for the JJ,
which was added to the previous JJ chain with open boundary,
φi − φi+1 − Ai,i+1 = 0 for i = 1, . . . ,N − 1. This implies
that φN − φ1 − AN,1 = −2πf where

"N
i=1 Ai,i+1 = 2πf =

2π!i/!0 and therefore the respective Josephson energy
becomes

EJ = −(N − 1)J − J cos(!i), (2)

where the magnetic flux !i (and all fluxes in the remaining part
of this paper) is written in units of !0/2π , that is, !i = 2π
corresponds to the magnetic flux quantum. However, this is not
the energy absolute minimum of the JJ ring. This can be shown
by mapping the JJ ring into a tight-binding Hamiltonian. The
mapping is constructed using the fact that if one considers
the two-site tight-binding Hamiltonian H = −te−iA12 |2⟩⟨1| −
teiA12 |1⟩⟨2| and the state |ψ⟩ = eiφ1 |1⟩ + eiφ2 |2⟩, then one
has ⟨ψ |H |ψ⟩ = −2t cos(φ2 − φ1 + A12). Thus the energy of
the JJ ring is equivalent to the expectation value of the
tight-binding Hamiltonian of a linear chain with periodic
boundary conditions in the state |ψ⟩ =

"N
j=1 eiφj |j ⟩. The

eigenstates of the 1D tight-binding Hamiltonian are Bloch
states |k⟩ = 1√

N

"N
j=1 eikj |j ⟩ where k = n · 2π/N , with n =

0,1, . . . ,N − 1 and where we have assumed the gauge such
that Ai,i+1 = 2πf/N , such that the tight-binding Hamiltonian
is translationally invariant. The respective eigenvalues are
ϵk = −2t cos(k − 2πf/N), independently of the gauge. The
state |ψ⟩ can be decomposed in the momentum basis {|k⟩} so
that |ψ⟩ =

"
k ak|k⟩ and ⟨ψ |H |ψ⟩ =

"
k |ak|2ϵk . In the case

of the JJ ring, the correspondence |ψ⟩ =
√

N |k⟩ is possible,
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FIG. 1. Schematic diagram of a rhombi JJ chain with periodic
boundary conditions, where TBSs at the spinal positions alternate
with OBSs at the edge positions. The crosses indicate JJs, single lines
indicate OBSs, and double lines indicate TBSs. !f is the magnetic
flux per plaquette and !i is the inner flux in the chain.

observes a halving of the period in the energy-phase plot
as in the case of one-band rhombi chain [5], but with
additional structure due to new phase configurations, which are
characterized by the doubling of the periodicity of the energy
density along the rhombi chain, with every other TBS locked
in a sign-reversed state. If the system is completely symmetric
in what concerns the Josephson couplings, the energy of these
phase configurations becomes independent of the inner flux in
the rhombi chain, and consequently, plateaus are observed in
the energy-phase plots, which become wider as the Josephson
tunneling constants are decreased. The respective supercurrent
along the chain is therefore blocked and the usual sawtoothlike
supercurrent-phase plot of the rhombi chain is intercalated with
zero current regions. This current blocking is due to the locking
of every other TBS in a sign-reversed state, which effectively
divide the chain into decoupled regions (which are two rhombi
long).

The remaining part of this paper is organized in the
following way. The behavior of the rhombi chain of JJs
between OBSs is reviewed in Sec. II. A new perspective
for the known results is presented. In Sec. III, we study in
detail the phase diagram of a single rhombus with two-band
superconducting elements at the spinal positions. The JJ
rhombi chain with TBSs is discussed in Sec. IV. Finally, in
Sec. V, we draw the conclusions of this work. In Appendix A,
we describe JJ arrays in the high-capacitance limit and the
modifications to the Hamiltonian if two-band superconducting
elements are introduced in the array. The mapping onto a one-
particle tight-binding model is also discussed. The temperature
dependence of the Josephson as well as the interband couplings
is presented in Appendix B.

FIG. 2. (Color online) The rhombi chain displayed in Fig. 1 can
be considered as equivalent to a JJ two-leg ladder of one-band
superconductors with diagonal tunnellings, if one interprets the two
bands of the two-band superconductors as two sites of the JJ ladder.
In this figure, the dots indicate the superconducting elements, the
two-band superconductors are shown as blue dashed boxes (one dot
per band) and the segments indicate the Josephson tunnellings.

II. SYMMETRIC RHOMBI CHAIN OF ONE-BAND
SUPERCONDUCTORS
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per rhombus plaquette. This halving is due to two factors:
(i) the frustration induced by the magnetic flux threading each
rhombus plaquette and (ii) the periodic boundary conditions.
Below, we explain this behavior, mapping the rhombi chain
onto a linear JJ chain, with Josephson couplings, which depend
on the magnetic flux. We first address a linear JJ chain in order
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A. Linear chain
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H = −
!

i
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i=1 Ai,i+1 = 2πf =

2π!i/!0 and therefore the respective Josephson energy
becomes

EJ = −(N − 1)J − J cos(!i), (2)

where the magnetic flux !i (and all fluxes in the remaining part
of this paper) is written in units of !0/2π , that is, !i = 2π
corresponds to the magnetic flux quantum. However, this is not
the energy absolute minimum of the JJ ring. This can be shown
by mapping the JJ ring into a tight-binding Hamiltonian. The
mapping is constructed using the fact that if one considers
the two-site tight-binding Hamiltonian H = −te−iA12 |2⟩⟨1| −
teiA12 |1⟩⟨2| and the state |ψ⟩ = eiφ1 |1⟩ + eiφ2 |2⟩, then one
has ⟨ψ |H |ψ⟩ = −2t cos(φ2 − φ1 + A12). Thus the energy of
the JJ ring is equivalent to the expectation value of the
tight-binding Hamiltonian of a linear chain with periodic
boundary conditions in the state |ψ⟩ =

"N
j=1 eiφj |j ⟩. The

eigenstates of the 1D tight-binding Hamiltonian are Bloch
states |k⟩ = 1√

N

"N
j=1 eikj |j ⟩ where k = n · 2π/N , with n =

0,1, . . . ,N − 1 and where we have assumed the gauge such
that Ai,i+1 = 2πf/N , such that the tight-binding Hamiltonian
is translationally invariant. The respective eigenvalues are
ϵk = −2t cos(k − 2πf/N), independently of the gauge. The
state |ψ⟩ can be decomposed in the momentum basis {|k⟩} so
that |ψ⟩ =

"
k ak|k⟩ and ⟨ψ |H |ψ⟩ =

"
k |ak|2ϵk . In the case

of the JJ ring, the correspondence |ψ⟩ =
√

N |k⟩ is possible,
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FIG. 3. (Color online) The dispersion relation ω(k) for the
sawtooth chain of Josephson junctions for several values of
the frustration parameter: f = 0 (black lines), f = 0.25
(blue lines), f = 0.5 (green lines), f = 0.75 (red lines). The
flatbands occurring at f = 0.25 and f = 0.75 (the lowest one)
are shown.

lowest band of the spectrum, and it marks the change of
the ground state as the frustration parameter goes to the
region f > fST

c = 3/4.

C. Kagome lattice

The analysis of 1D Josephson junction arrays extends
straightforwardly to higher dimensions. We consider here
the case of frustrated 2D kagome lattice (see, Fig. 1),
where all couplings are set to 1 except the horizontal
links, where the couplings are set equal to α. The frus-
tration parameter f = (1 − α)/2. Indeed, writing the
set of dynamic equations for phases on the three sublat-
tices, ϕ0,ij ,ϕ

±
ij (indicated by black, red and green circles

respectively in Fig. 1), we obtain the dispersion relation
ω2(kx, ky):

!
−ω2

ω2
p

+ 4

" #$
−ω2

ω2
p

+ 2α+ 2

%2

− 4α2 cos2
kx + ky

2

&

= 4

$
cos2

kx
2

+ cos2
ky
2

%$
−ω2

ω2
p

+ 2α+ 2

%
+

+16α cos
kx + ky

2
cos

kx
2

cos
ky
2
. (9)

Three bands are obtained as the roots of the above poly-
nomial for every pair of values kx, ky. The lowest band
becomes completely flat at the critical value of frustra-
tion f = 3/4 (α = −1/2): ωKGL(kx, ky) = 0. This
is illustrated in Fig. 4. Like the 1D case this indicates
the instability of the ferromagnetic state and marks the
transition to a different (non-ferromagnetic) degenerate
ground state.31

FIG. 4. (Color online) The dispersion relations ω(kx, ky)
given by Eq. (9) on the frustrated kagome lattice for two val-
ues of frustration: low, f = 2/3 (higher band, colored) and
critical, f = 3/4 (lower band, flat). Only the lowest bands
are shown. At critical frustration fc = 2/3 the lowest band,
painted in black, becomes completely flat, marking instabil-
ity of the uniform groundstate towards new, highly degenerate
groundstate.

IV. THERMODYNAMICS OF FRUSTRATED
ARRAYS OF JOSEPHSON JUNCTIONS:
SPATIAL CORRELATION FUNCTIONS

In the classical regime the thermodynamic properties
of the arrays of interacting Josephson junctions are de-
scribed by the partition function

Z =

'
D{ϕi} exp

!
− U

kBT

"
, (10)

where the potential energy U{ϕn} depends on the set of
vertex phases. The correlation functions of interest are
expressed as

Cp(n) =
1

Z

'
D{ϕi} exp

(
− U

kBT
+ ip[ϕ0,m − ϕ0,m+n]

)

(11)
Note that due to the global symmetry ϕn → −ϕn re-
spected by the energy U the above expression is real.

A. Frustrated diamond chains

In a particular case of diamond chain the potential
energy is written as

U{ϕn} = −EJ

*

n

cos[ϕ+,n − ϕ0,n] + cos[ϕ+,n − ϕ0,n+1]

+ cos[ϕ−,n − ϕ0,n+1] + (1− 2f) cos[ϕ−,n − ϕ0,n] (12)

The correlation functions Cp(n) (11) can be computed ex-
actly for the chain by introducing new variables: ϕ+,n −
ϕ0,n = s1n, ϕ0,n+1 − ϕ+,n = s2n, ϕ−,n − ϕ0,n+1 = s3n

5

and ϕ0,n − ϕ−,n = s4n. New variables satisfy a simple
constraint, s1n+s2n+s3n+s4n = 0. Integrating over s3n
and s1n − s2n the spatial correlation functions evaluate
to

CD
p (n) =

!
FD
p

FD
0

"n

α = 1− 2f,

FD
p =

# 2π

0
dueipuI0

$
2K cos

u

2

%
I0

$
K
&
1 + α2 + 2α cosu

%
,

(13)

where K = EJ/(kBT ) and I0(z) is the modified Bessel
function.32 For high temperatures kBT ≫ EJ (K ≪ 1)
one obtains the expected strong suppression of correla-
tions

CD
p (n) ≃

'
ηp(f)

EJ

kBT

(2pn
, (14)

where ηp(f) is a smooth function of order one that de-
pends on both p and f . For p = 1 one has explicitly
η1(f) = 1− f .
The situation is less obvious in the low temperature

regime as kBT ≪ EJ (K ≫ 1). The spatial decay of
correlation functions strongly depends on the value of
the frustration parameter f . Indeed, for 0 < f < 2/3 the
value u ≃ 0 gives a most important contribution to the
integrals over u in the Eq. (13), and therefore, the spatial
correlation function displays long-range correlations as

CD
p (n) = exp

'
− (1− f)kBT

(2− 3f)EJ
p2n

(
, 0 < f < 2/3 (15)

Thus, one can see that in this regime the correlation
length ξp defined as 1/ξp = − ln[Cp(n)]/n, increases as
ξp ≃ 1/T with the decrease of temperature T .
However in the highly frustrated regime as fD

c =
2/3 < f < 1, the values u = ±u0 =
±2 arccos[

&
(f)/[2(2f − 1)]] give the most important

contribution to the integrals over u in Eq. (13), and we
obtain a crossover to a regime of short-range correlations
as

CD
p (n) = exp

'
−βp(f)kBT

EJ
p2n

(
{cos(pu0)}n, (16)

where βp(f) is a smooth function of p of order one.
The correlation functions, CD

p=1,2(n), computed for
several values of temperature and frustration are shown
in Fig. 5. As one can see the critical frustration fD

c = 2/3
that determines the crossover from long-range to short-
range correlations, coincides with the value of f where
the lowest band in the spectrum ω(k) of linear excitations
turns flat. This corresponds to a transition from unique
ground state u = 0, to a highly degenerate ground state
characterized by two possible values of u = ±u0 that can
be chosen independently for every unit cell. Explicitly
the single cell phases for two degenerate states are written
as ϕ0,n = −u0/2; ϕ+,n = 0; ϕ0,n+1 = u0/2; ϕ−,n = 0

FIG. 5. (Color online) The typical spatial dependencies of
the diamond chain correlation functions, CD

1 (n) (solid lines)
and CD

2 (n) (dashed lines), for different temperatures (top)
and frustrations (bottom). Top: the parameters kBT = EJ

(black line) kBT = 0.1EJ (blue line) and kBT = 0.01EJ (red
line) and the frustration f = 0 were chosen. Bottom: the
frustration f = 0.5 (black lines), f = 0.75 (blue lines) and
f = 1 (red line), kBT = 0.02EJ were chosen.

and the mirror state- ϕ0,n = +u0/2; ϕ+,n = 0; ϕ0,n+1 =
−u0/2; ϕ−,n = 0.

However, as we turn to higher order correlation func-
tions with p > 1 we find that e.g. for frustration f ≃ 1
the value of u ≃ π/2 and the correlation function C2(n)
displays a long-range behavior with sign alternation on
adjacent cells. Since the correlation functions Cp(n) char-
acterize the thermodynamic properties of Cooper pairs
with the charge, 2pe, such phenomenon, namely, a short-
range behavior of the correlation function C1(n) and a
long-range behavior of the correlation function C2(n) was
coined as 2e-4e transition in Refs. 10, 26, and 27.
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FIG. 3. (Color online) The dispersion relation ω(k) for the
sawtooth chain of Josephson junctions for several values of
the frustration parameter: f = 0 (black lines), f = 0.25
(blue lines), f = 0.5 (green lines), f = 0.75 (red lines). The
flatbands occurring at f = 0.25 and f = 0.75 (the lowest one)
are shown.

lowest band of the spectrum, and it marks the change of
the ground state as the frustration parameter goes to the
region f > fST

c = 3/4.

C. Kagome lattice

The analysis of 1D Josephson junction arrays extends
straightforwardly to higher dimensions. We consider here
the case of frustrated 2D kagome lattice (see, Fig. 1),
where all couplings are set to 1 except the horizontal
links, where the couplings are set equal to α. The frus-
tration parameter f = (1 − α)/2. Indeed, writing the
set of dynamic equations for phases on the three sublat-
tices, ϕ0,ij ,ϕ

±
ij (indicated by black, red and green circles

respectively in Fig. 1), we obtain the dispersion relation
ω2(kx, ky):
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Three bands are obtained as the roots of the above poly-
nomial for every pair of values kx, ky. The lowest band
becomes completely flat at the critical value of frustra-
tion f = 3/4 (α = −1/2): ωKGL(kx, ky) = 0. This
is illustrated in Fig. 4. Like the 1D case this indicates
the instability of the ferromagnetic state and marks the
transition to a different (non-ferromagnetic) degenerate
ground state.31

FIG. 4. (Color online) The dispersion relations ω(kx, ky)
given by Eq. (9) on the frustrated kagome lattice for two val-
ues of frustration: low, f = 2/3 (higher band, colored) and
critical, f = 3/4 (lower band, flat). Only the lowest bands
are shown. At critical frustration fc = 2/3 the lowest band,
painted in black, becomes completely flat, marking instabil-
ity of the uniform groundstate towards new, highly degenerate
groundstate.

IV. THERMODYNAMICS OF FRUSTRATED
ARRAYS OF JOSEPHSON JUNCTIONS:
SPATIAL CORRELATION FUNCTIONS

In the classical regime the thermodynamic properties
of the arrays of interacting Josephson junctions are de-
scribed by the partition function

Z =

'
D{ϕi} exp

!
− U

kBT

"
, (10)

where the potential energy U{ϕn} depends on the set of
vertex phases. The correlation functions of interest are
expressed as

Cp(n) =
1

Z

'
D{ϕi} exp

(
− U

kBT
+ ip[ϕ0,m − ϕ0,m+n]

)

(11)
Note that due to the global symmetry ϕn → −ϕn re-
spected by the energy U the above expression is real.

A. Frustrated diamond chains

In a particular case of diamond chain the potential
energy is written as

U{ϕn} = −EJ

*
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cos[ϕ+,n − ϕ0,n] + cos[ϕ+,n − ϕ0,n+1]

+ cos[ϕ−,n − ϕ0,n+1] + (1− 2f) cos[ϕ−,n − ϕ0,n] (12)

The correlation functions Cp(n) (11) can be computed ex-
actly for the chain by introducing new variables: ϕ+,n −
ϕ0,n = s1n, ϕ0,n+1 − ϕ+,n = s2n, ϕ−,n − ϕ0,n+1 = s3n
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THE GROUND STATES: DESCRIPTION

‣ Triangles in hexagons either have the same color, or equal 
number of colors, if top and bottom triangles have 
different colors  

‣   

‣                    maps onto the kagome AFM

|S�| = const

↵ = �1



THE GROUND STATES: DESCRIPTION

maps onto kagome AFM↵ = �1
Groundstates = tricoloring the kagome lattice



COUNTING THE GROUND STATES

↵ 6= �1 : ln NGS / 0.23 ln 2N0.444

↵ = �1 : ln NGS / 0.126N
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TAKE AWAY MESSAGE

‣ classical XY model on the kagome lattice with explicit sublattice 
symmetry breaking 

‣ Transition from uniform/ferromagnetic groundstate to frustrated, highly 
degenerate 

‣ Degeneracy of the groundstates persists for a range of frustrations 

‣ Restoration of order for specific frustrations in higher order correlation 
functions 

‣ What happens if quantum fluctuations are added? 

‣ Possible new highly degenerate Hamiltonians, also for Heisenberg spins

�37
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