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Introduction

A fundamental motif in frustrated magnetism: the ‘fully coupled’
cluster of N spins with every spin coupled to every other spin

HN = J
∑

i ,j

Si · Sj ∼ J(
N∑

i=1

Si )
2

Natural molecular geometries:

How do we minimize energy?

• Energy is positive semi-definite — lowest value is zero 
• N spins must add to zero  
• In how many ways can this be achieved? 

E = J(~S1 · ~S2 + ~S1 · ~S3 + . . .) = J
X

i 6=j

~Si · ~Sj
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Introduction
• A fundamental motif in frustrated magnetism: cluster of ‘fully mutually’ coupled spins — cluster Hamilto-

nian: HN = J
X

i 6=j

Si · Sj ⇠ J

8
<
:

NX

i=1

Si

9
=
;

2

, J > 0

Figure 1: N = 2 Figure 2: N = 3 Figure 3: N = 4

• Low energy semiclassical theory for N = 2, 3 exists and proved fruitful
• Goal: To develop a large-S semiclassical theory for N = 4 motif
• Result:

— Semiclassical theory for N = 4 cluster
— Example of dynamics of a particle on a ‘non-manifold’ – space with singularities
— ‘Emergent’ spin order parameter
— Starting point for low energy field theories of Pyrochlore and other systems

Parametrization of N = 4 Classical Ground State Space
Cluster Hamiltonian : H4 = J(S1 + S2 + S3 + S4)

2

• Classical ground state space: {S2 ⌦ S2 ⌦ S2 ⌦ S2|P4
i=1 Si = 0}

• Naive expectation: ground state space is a 5D manifold! (2D and 3D manifolds for N = 2, 3 respectively)
• Generic ground state described by 5 parameters

– Two parameters ✓ and � to fix relative angles and an SO(3) matrix for an overall rotation (Fig. 4)

Figure 4: Ground state parametrization
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• ✓ 2 [0, ⇡), � 2 [0, 2⇡], range of (✓, �) resembles that of a unit vector order parameter — ‘emergent’ order
parameter

‘Non-manifold’ Character of the Ground State Space

Analysis of ‘soft’ fluctuation around different ground states tells about the geometry of the ground state space

• Five independent ‘soft’ fluctuations about any coplanar state (Fig. 5)

Figure 5: A reference coplanar state (a) and ‘soft’ fluctuations about it (b)–(f)

Figure 6: A reference collinear state (a) and ‘soft’ fluctuations about it (b) – (g)

• Six independent ‘soft’ fluctuations about any collinear state (Fig. 6)
• Different number of soft modes around different points in ground state space =) different tangent space

dimensionality at different points =) ‘non-manifold’ nature
• Our result shows : ground state space with collinear points removed a 5D manifold (shown using implicit

function theorem)

Semiclassical Action for the Quadrumer

• Parametrizing spins in large-S semiclassical limit —
Sj = S⌦̂j ⇡ SR(n̂j + Mj

~L
S) — normalized to O(S0), where M↵�

j = �↵� � n↵
j n

�
j

– ~L has three independent components
– Low energy limit: S � 1, ~L ⇠ O(1)

• Berry phase term —
SB =

R �

0 d⌧
⇣
�iS cos ✓�̇� iRM~L · ~V

⌘
, where M =

P4
j=1 Mj

– Cluster magnetization: RM~L, define ~L0 := RM~L

– ~L0, being sum of spins, obey angular momentum commutation relation
• Energy— E = J(M~L)2

• Partition function —

Z =

Z  Y

⌧

J(✓⌧, �⌧, ↵⌧, �⌧, �⌧ , ~L⌧) d✓⌧ d�⌧ d↵⌧ d�⌧ d�⌧ d~L⌧

!
e�S,

—Measure:
1

4⇡2

n
sin2(

�⌧
2

) sin↵⌧ d↵⌧ d�⌧ d�⌧

o

| {z }
SO(3) group inv. measure: dR⌧

{sin ✓⌧ d✓⌧ d�⌧}| {z }
unit vec measure: d⌦̂⌧

n
Det(M) d~L⌧

o

| {z }
d~L0

⌧

Z =

✓Z
D⌦̂(✓, �) e

R �

0 d⌧ iS cos ✓�̇

◆
⇥
✓Z

D~L0 DR e�
R �

0 d⌧(�i~L0·~V +JL02)
◆

= Z1 ⇥ Z2.

– Z1, partition function for an ‘emergent’ free spin-S spin
– Z2, partition function for a spherical top rigid rotor of moment of inertia 1

2J

Result: The quadrumer, in semi-classical low-energy limit, decouples into an ‘emergent’
free spin-S spin and an spherical top rigid rotor!

Comparison with Purely Quantum Analysis
State Energy Degeneracy: Full quantum Degeneracy: Semi-classical

Ground state 0 (2S + 1) (2S + 1)

First excited 2J~2 32(2S + 1) � 9 32(2S + 1)

Second excited 6J~2 52(2S + 1) � 45 52(2S + 1)
... ... ... ...

Table 1: Quadrumer spectrum from ‘full quantum’ and semi-classical approaches.

• Perfect match in energy eigenvalues at low energy

• Same ground state degeneracy from both approaches, but a small O(S0) discrepancy for excited states,
—two possible reasons behind the mismatch

– Higher order corrections in semiclassical expansion can couple the spin and the rotor
– Inexact identification of the action with that of a rigid rotor at collinear points in ground state space : at

collinear points det(M) = 0, three components of ~L0 not independent =) no rigid rotor

Conclusions
• Semiclassical mapping fails at collinear states, a measure zero set (3 collinear states modulo rotation) — by

neglecting this set, the system can successfully be described by the semiclassical mapping to a spin and a
rotor (excellent agreement in spectrum)

• (Almost) isolated tetrahedra realized in Ba3Y b2Zn5O11, Ni4Mo12 etc. — other interactions present along
with Heisenberg antiferromagnetic coupling

• Future directions: Field theory for pyrochlore, four leg square tube etc.

= J(~S1 + ~S2 + . . . + ~SN )2 + c

Examples: 

N=2 
dimer 

N=3 
trimer 

(triangle)

N=4 
quadrumer 

(tetrahedron)

Energy:

R. Ganesh, Subhankar Khatua, R. Shankar The quantum spin quadrumer



N = 2⇒ dimerized
systems, square
antiferromagnet

N = 3⇒
Triangular and
Kagome
antiferromagnets
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N = 4 =⇒ pyrochlore, checkerboard and square J1 − J2 − J3

model

N = 2, 3 are well studied. ‘Semiclassical’ descriptions exist
and have proved fruitful.

Result: a semiclassical theory for a single N=4 cluster

Non-trivial extension from N = 2, 3
Example of dynamics on a ‘non-manifold’
Elegant physical description in terms of emergent fields
Starting point for semiclassical field theories for pyrochlore and
other systems
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Review of N = 2 case

Cluster Hamiltonian: H2 = J(S1 + S2)2.

Total configuration space is S2 ⊗ S2

Classical ground state condition: (S1 + S2) = 0.

Degrees of freedom of the system: 4

Number of constraints in ground state*: 2

Number of independent parameters needed to specify a
ground state: 2 ⇒ two-dimensional ground state space

Classical ground states:
spins pointing towards
antipodal points
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‘Classical ground state space’: S2, specifies the first spin
Such states are manifold : 2D tangent space at every point,
i.e., every ground state has two ‘soft fluctuations’

  

Low energy dynamics of cluster:
described by a unit vector order parameter
maps to particle constrained to move on the surface of a
sphere → describes semiclassical and quantum limits

Example: low energy effective theory for
a square antiferromagnet

L =
1

2J

[
c(∇n̂(x))2 + c−1(∂τ n̂(x))2

]

1Haldane PRL 1983, T. Dombre and N. Read, PRB 1988
R. Ganesh, Subhankar Khatua, R. Shankar The quantum spin quadrumer



Review of N = 3

Cluster Hamiltonian: H3 = J(S1 + S2 + S3)2

Configuration space: S2 ⊗ S2 ⊗ S2

Classical ground state condition: S1 + S2 + S3 = 0

Degrees of freedom: 6

Number of constraints 3

Number of independent parameters needed to specify a
ground state: 3

Ground states: Planar 120◦ states, all such states can be
achieved by a global rotation on a reference ground state1

    

1H. Kawamura and S. Miyashita, JPSJ 1984
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Ground state space: SO(3)

Manifold: 3D tangent space =⇒ each ground state has three
soft fluctuations (rotations about three fixed axes)

Low energy dynamics of cluster:

described by a SO(3) matrix order parameter
maps to a rigid body → describes semiclassical and quantum
limits

Example: low energy effective theory for
the triangular antiferromagnet2

L = −g−1

2

[
c−1Tr(R−1∂τR)2

+ c Tr
[
P{(R−1∂xR)2 + (R−1∂yR)2}

]]

2T. Dombre and N. Read, Phys.Rev. B 1989
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N = 4 cluster

Cluster Hamiltonian : H4 = J(S1 + S2 + S3 + S4)2

Configuration space: S2 ⊗ S2 ⊗ S2 ⊗ S2, classical ground
state space: {S2 ⊗ S2 ⊗ S2 ⊗ S2|∑4

i=1 Si = 0}.
Degrees of freedom: 8
Number of constraints in a ground state: 3
Naive expectation: ground state space is a 5D manifold!
Generic ground state described by 5 parameters

Two parameters θ and φ to fix relative angles
An SO(3) matrix (with 3 parameters) for an overall rotation
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n̂1 = sin θ

(
cos

φ

4
x̂ + sin

φ

4
ŷ

)
+ cos θ ẑ

n̂2 = sin θ

(
− cos

φ
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4
ŷ
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n̂4 = sin θ

(
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4
ŷ
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Here θ ∈ [0, π] and φ ∈ [0, 2π]

(θ, φ) fix the relative angles between spins

Their allowed ranges* resemble that of a unit vector =⇒
‘emergent’ unit vector order parameter

Naive expectation: ground state space is SO(3)⊗ S2.

Large-S path integral description of the quadrumer ⇒ starting
point for constructing field theories for systems containing
N = 4 cluster as motif
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Path integral for a spin system

Partition function: Z =
∫

Ωj (0)=Ωj (β)

∏
j DΩj(τ)e−S

S =

∫ β

0
dτ
[
iS
∑

j

~A(Ω̂j) · ∂τ Ω̂j

︸ ︷︷ ︸
Berry phase

+H(SΩ̂1, SΩ̂2,SΩ̂3 · · · )︸ ︷︷ ︸
energy

]

Here ~A is defined by: ~∇× ~A(Ωi ) = Ω̂i

Berry phase is a geometric quantity given by iS times the area
covered by Ω̂(τ) on the surface of the unit sphere

  

3e.g., A. Auerbach, Interacting electrons and quantum magnetism
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Semiclassical action for quadrumer

Parametrization: Sj = SΩ̂j ≈ SR(n̂j + Mj
~L
S )

where Mαβ
j = δαβ − nαj n

β
j

~L is a vector with three independent components which
induces magnetization: increases energy and lifts the system
out of the ground state space

Degrees of freedom counting (8 in total): R has three, n̂j ’s

have two (θ and φ) and ~L has three degrees of freedom

Semi classical low energy limit: S � 1, ~L ∼ O(1); system
remains in a very low energy region

All spins are normalized to S to O(S0)

Magnetization:
∑4

j=1
~Sj = R

(
M~L
)

, where M =
∑

j Mj

Magnetization, being the sum of spins, is an angular
momentum variable
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Berry phase

The Berry phase: SB =
∫ β

0 dτ i
∑

j
~A(Ω̂j) ·∂τ ~Sj can be shown to be

∫ β

0
dτ
[
iS

4∑

j=1

~A(Rn̂j) · ∂τ (Rn̂j) + 4i~L · ~U − i ~V · RM~L
]

where ~U = 1
4

∑
i ∂τ n̂i × n̂i and Vβ = −1

2εβσ′δ{(∂τR)R−1}σ′δ

The first term in SB , remarkably, simplifies to∫ β
0 dτ

(
−iS cos θφ̇

)
, due to

∑
j n̂j = 0

U is, in fact, zero. This simplification arises due to the
symmetric parametrization of n̂i ’s in terms of (θ, φ)
~V has the form of the angular velocity of a rigid body

Finally, SB =
∫ β

0 dτ
(
−iS cos θφ̇− iRM~L · ~V

)
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Energy

The cluster Hamiltonian is H4 = J(S1 + S2 + S3 + S4)2

= J(M~L)2

(θ, φ) appears in the Hamiltonian as a part of the matrix M

R. Ganesh, Subhankar Khatua, R. Shankar The quantum spin quadrumer



Partition function in terms of new variables

Z =

∫ (∏

τ

J(θτ , φτ , ατ , βτ , γτ , ~Lτ ) dθτ dφτ dατ dβτ dγτ d~Lτ

)
e−S ,

Where S =
∫ β

0 dτ
(
−iS cos θφ̇− iRM~L · ~V︸ ︷︷ ︸

Berry phase

+ J(M~L)2

︸ ︷︷ ︸
energy

)

τ refers to imaginary time slices

(α, β, γ) parametrizes the rotation matrix: (α, β) specify an
axis while γ specifies the angle of rotation

J(θτ , φτ , ατ , βτ , γτ , ~Lτ ), Jacobian of the transformation, turns
out to be proportional to 1

4π2 sin2(γτ2 ) sinατ Det(M) sin θτ to
O(S0).
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The path integral measure

The measure comes out to be
1

4π2

{
sin2(γτ2 ) sinατ dατ dβτ dγτ

}
{sin θτ dθτ dφτ}

{
Det(M) d~Lτ

}

Emergent unit vector measure dΩ̂τ = sin θτ dθτ dφτ , an area
element on the surface of a unit sphere

SO(3) group invariant measure:
dRτ := 1

4π2 sin2(γτ

2 ) sinατ dατ dβτ dγτ , volume element in
SO(3) space

Redefine ~L: ~L′τ = RτMτ
~Lτ

Measure: d ~L′τ = Det(RτMτ ) d~Lτ
= Det(Mτ ) d~Lτ

We can denote the measure as dRτ dΩ̂τ d ~L′τ
Partition function:
Z =

∫ ∏
τ dRτ dΩ̂τ d ~L′τ e

−S =
∫
DΩ̂(θ, φ)D~L′DR e−S

where S =
∫ β

0 dτ
(
−iS cos θφ̇− i~L′ · ~V + JL′2

)
.
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The partition function:

Z =

(∫
DΩ̂(θ, φ) e

∫ β
0 dτ iS cos θφ̇

)
×
(∫
D~L′DR e−

∫ β
0 dτ(−i~L′· ~V+JL′2)

)

= Z1 ×Z2.

Z1 is the partition function for an ‘emergent’ free spin-S spin

Z2 is the partition function for a spherical top rigid rotor of
moment of inertia 1

2J

~L′ (net mangetization) is angular momentum
R is angular ‘position’

Result: The quadrumer, in semi-classical low-energy limit,
decouples into an emergent free spin-S spin and a spherical
top4 rigid rotor!

4Spherical top: rigid body with three principal moments of inertia equal
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Comparison with a conventional quantum analysis

Hamiltonian: H4 = J(S1 + S2 + S3 + S4)2

Energy eigenvalues: Jj(j + 1)~2, with total spin quantum
number j = 0, 1, · · · , 4S

Semi-classical approach =⇒ A free spin and a rigid rotor
From the form of the path integral, we infer the Hamiltonian

H = Hfree spin + Hrigid rotor

As Hfree spin is zero, it does not contribute to energy,
nevertheless it increases the degeneracy of each rotor state by
a factor (2S + 1)

Rotor eigenvalues: Jj(j + 1)~2 with j = 0, 1, · · · ,∞
=⇒ eigenvalues match exactly (for low energies)

R. Ganesh, Subhankar Khatua, R. Shankar The quantum spin quadrumer



Degeneracy of energy levels

State Energy degeneracy: usual
quantum approach

degeneracy: semi-
classical approach

Ground state 0 (2S + 1) (2S + 1)
First excited 2J~2 32(2S + 1)− 9 32(2S + 1)

Second excited 6J~2 52(2S + 1)− 45 52(2S + 1)
...

...
...

...

Comparing the degeneracy, both approaches agree to O(S)!
However, there is a small O(S0) discrepancy in the degeneracy

What causes this discrepancy?
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Non-manifold character of the ground space

Mapping into free spin and rigid rotor fails when the matrix M
becomes singular
~L′τ = RτMτ

~Lτ : if det(Mτ ) = 0, we don’t have three
independent components of angular momentum ~L′ =⇒ not a
rigid rotor

This occurs whenever the ground state is collinear! There are
precisely three collinear states (upto global rotations)

S
1

S
2

S
3

S
4

S
1

S
3S

4

S
2

S
1

S
4

S
2

S
3

(a) (b) (c)

This can be traced back to our parametrization; one
component of ~L becomes redundant at a collinear ground state
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Soft fluctuations about collinear state

Is the ground state space just SO(3)⊗ S2 or something more?

To understand the nature of the ground state space, we look
at ‘soft’ fluctuations about different ground states
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Soft fluctuations around a coplanar state

  

X̂ Ŷ

Ẑ

2θ

2θ

X̂ Ŷ

Ẑ

X̂ Ŷ

Ẑ

X̂ Ŷ

Ẑ

X̂ Ŷ

Ẑ

:
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About collinear states, we have 6 soft fluctuations

About any non-collinear state, we only have 5

If we exclude collinear states, the space is a 5D manifold (by
implicit function theorem)

A crude illustration:
‘Non-manifold’

  

o

p5 dimensions

6 dimensions

Figure: ‘figure of 8’

Upon including collinear states, it is no more a 5D manifold

Collinear states form a subset of measure zero (3 states
modulo rotations) =⇒ neglecting collinear states is a ‘good’
approximation =⇒ mapping of quadrumer into a free spin
and a rigid rotor successfully describes the system
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Thermodynamics

From Semi-classical picture, the partition function is

Z =
∑

j(2S + 1)(2j + 1)2e−j(j+1)βg~2

Factor of (2S + 1) comes from free spin

At T = 0, entropy is kB log(2S + 1), determined by the
ground state degeneracy.

Low temperature expansion gives

Entropy: S =

kB
[
log(2S + 1) + log(1 + 9e−2βg~2

) + 18gβ~2

e2gβ~2 +9
+ · · ·

]
.

Specific heat: Cv = 36kB(gβ~2) e2βg~2

(9+e2βg~2 )2
.
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In presence of small magnetic field

Application of a small magnetic field changes the Hamiltonian
by −BL̂′z , where L′z is z component of the magnetization.

Partition function changes to

Z =
∑

j(2S + 1)(2j + 1)e−j(j+1)βg~2
(∑j

m=−j e
mβB~

)
, where

the eigenvalues of L′z is m~.

Low temperature susceptibility:

χ = 1
β∂

2
B logZ|B→0 = 6β~2

e2βg~2 +9
.
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Experimentally realized materials

Note 3). At HC2, the energy gap is enhanced, and the hysteretic
feature becomes less effective. A finite slope in M(H) can be also
noticed in the range 0oHoHC1. Due to the fact that the DM
interaction admixes the singlet and triplet states, the ground state
is no longer a pure Seff¼ 0 state and the admixed triplet Seff¼ 1
state contributes the weak field dependence to the magneti-
zation34. While the anisotropic Zeeman term also can contribute
to paramagnetic response to the applied field, its effect on M(H) is
less significant than that of DM in the breathing pyrochlore
Ba3Yb2Zn5O11 (Supplementary Note 3).

INS without a magnetic field. To explore magnetic excitations
in this novel quantum magnet, we performed INS measure-
ments20–22,35,36. Figure 2a shows the intensities I(Q,o)
as a function of momentum and energy transfer obtained
from the measurements at T¼ 200 mK and at the zero magnetic
field. The I(Q, o) exhibits four non-dispersive excitations,
which correspond to the transitions from the Seff¼ 0 ground
state to the Seff¼ 1 excited states. As temperature increases, the

Seff¼ 1 states become partially occupied due to the thermal
energy, and additional transitions from the Seff¼ 1 states
become available in the INS result. Indeed, we could observe
additional non-dispersive excitations at 10 K as shown in
Fig. 2b.

To confirm the molecular characteristics of the quantum spin
state, we examined the Q-dependences of two dominant
excitation intensities I(Q), which are integrated over
0.45–0.6 meV and 0.65–0.8 meV regions in Fig. 2a. The obtained
I(Q) is compared with the calculated ones for an Yb3þ single ion
(black dashed line) and an Yb4 tetrahedron molecule (green
dashed line) as shown in Fig. 2c. The obtained I(Q) is obviously
well explained by the molecular model rather than the ionic
model35, supporting the presence of molecular quantum
magnetism in Ba3Yb2Zn5O11. The Q integrated intensities I(o)
presented in Fig. 2d are also well understood in a framework of
the Seff molecular magnet states. At 200 mK, we identified four
excitation peaks, while seven peaks are observable at 10 K, which
could be indexed with 11 excitations. The corresponding
excitations (vertical arrows) are described in the energy level
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Figure 1 | Crystallographic structure and magnetization curves of Ba3Yb2Zn5O11. (a) Crystal structure of pyrocholre Ba3Yb2Zn5O11 with cubic space

group F!43m. Green, red, blue and black spheres represent Ba, Yb, Zn and O ions, respectivley. Two main blocks of Yb4O16 and Zn10O20 are alternated and
Ba ions locate in the interstices. (b) Arrays of Yb ions and Yb4 tetrahedrons with alternated Yb–Yb distances in the breathing pyrochlore structure. The
inter-tetrahedron (red line) and intra-tetrahedron (grey line) Yb–Yb distances are r¼ 3.30 Å and r0¼6.23 Å, respectively. Correponding magnetic exchange
couplings are denoted by J and J0 . (c) Yb4 tetrahedron and YbO6 octahedron with trigonal distortion (C3v). A blue arrow denotes C3v symmetry axis pointing
along the [1 1 1] direction and green arrows indicate the DM vectors d’s determined from the Moriya’s rule. (d) Field-dependent magnetization M(H)
measured for upfield (magenta) and downfield (blue) sweeps with a rate of 15 mTmin# 1 at T¼ 100 mK, showing the level crossing critical fields of
HC1¼ 3.5 T and HC2¼ 8.8 T. A green solid line displays adiabatic simulation results from Heff with J¼0.589 meV, d/J¼0.27, g||¼ 3.0 and g>¼ 2.4.
A black dashed line displays simulation results at T¼ 100 mK with HC1¼ 3.7 T and HC2¼ 7.4 T from the conventional Heisenberg magnetic exchange
Hamiltonian including the Zeeman term with an exchange coupling constant J¼0.554 meV and an isotropic g-factor g¼ 2.569 reported previously24. The
inset is a schematic illustration of Landau#Zener transition between two energy states of c0 and c1 as in Fig. 2d. Adiabatic and non-adiabatic processes as
a function of the external magnetic field are presented with solid and dashed lines, respectivley.
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Figure: Ba3Yb2Zn5O11:
red balls are Ybs with
pseudospin-1/2 which
form near-isolated
tetrahedra. Park et al,
Nat. Comm. 2016

Tetrahedra system Cu4OCl6daca4: High-temperature manifold of molecular configurations
governing low-temperature properties
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The Cu4OCl6daca4 system composed of isolated Cu2+ S=1 /2 tetrahedra with antiferromagnetic exchange
should exhibit the properties of a frustrated quantum spin system. Ab initio density functional theory calcula-
tions for electronic structure and molecular dynamics computations suggest a complex interplay between
magnetic exchange, electron delocalization, and molecular vibrations. Yet, extensive experimental character-
ization of Cu4OCl6daca4 by means of synchrotron x-ray diffraction, magnetization, specific heat, and inelastic
neutron scattering reveal that properties of the real material can be only partly explained by proposed theoret-
ical models as the low-temperature properties seem to be governed by a manifold of molecular configurations
coexisting at high temperatures.
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I. INTRODUCTION

Strongly frustrated quantum spin systems show, following
numerous theoretical works,1–5 highly degenerate ground
states. When the degeneracy is lifted, a number of exotic
ground states may emerge. However, in spite of large experi-
mental efforts, such examples are rare and are hard to probe.
Any perturbation tends to push the real system into a con-
ventional classical ground state. A good recent example is
the Cu2Te2O5X2 �X=Cl,Br� system. Assumed to be built of
weakly coupled tetrahedral units,6–11 it appears to have an
incommensurate three-dimensional long-range ordered
ground state.12

Our aim is to investigate the properties of tetrahedra
which are the building blocks of geometrically frustrated
quantum spin lattices �e.g., kagomé and pyrochlore�. Note
that the ground state of an isolated tetrahedron with antifer-
romagnetic Heisenberg exchange is doubly degenerate in the
case of high Td symmetry. It is formed by two entangled11,14

singlets: one is a product of two dimers �1= 1
�4 ��↑↑ ↓↓�

+ �↓↓ ↑↑�− �↑↓ ↓↑�− �↓↑ ↑↓�� and the second is composed by
two-site triplet products, �2= 1

�12�2�↑↓ ↑↓�+2�↓↑ ↓↑�
− �↑↑ ↓↓�− �↑↓ ↓↑�− �↓↓ ↑↑�− �↓↑ ↑↓��. Three triplets and
one quintet constitute the excited states. We choose in the
present work a simple frustrated quantum spin candidate
among zero-dimensional systems.

We focus our study on the Cu4OCl6L4 system. Its main
magnetic building block is an almost ideal isolated tetrahe-
dral cluster of four Cu2+ ions �see Fig. 1�. The magnetic
properties of several representatives of this family could not
be quantitatively accounted for by a simple Heisenberg iso-
tropic exchange.15–17 A number of more complex models
have been proposed. In early stages, Lines et al.15 suggested
the existence of orbital degeneracy of the Cu2+ ion and a
large antisymmetric contribution to the spin Hamiltonian.

However, angular overlap model calculations18 indicate that
the unpaired electron of the Cu2+ ion occupies the dz2 non-
degenerate orbital with no orbital moment, which is around
960 meV above other d orbitals.

Henceforth, the invoked models follow two routes; the
first one exploits the complexity of the spin exchange and the
second one puts forward the spin-vibrational interactions.
The first approach is based on the generalized spin Hamil-
tonian

Hex = Hiso + Has + Han = �
i,j

JijSiS j + �
i,j

Gij�Si � S j�

+ �
i,j

�
�=x,y,z

Jij
�Si

�S j
�, �1�

where Hiso is the isotropic Heisenberg–Dirac–Van Vleck

FIG. 1. �Color online� The ab projection of the Cu4OCl6daca4

unit cell. Cu atoms are represented by red circles and Cl, N, and C
atoms by green, blue, and gray circles, respectively. H atoms are
omitted for clarity; O atoms are located behind Cl2 and, therefore,
are not visible.
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Figure: Cu4OCl6daca4:
magnetic building block
is a tetrahedron of 4 Cu
atoms (red balls) with
spin-1/2. Zaharko et al ,
PRB 2008
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Fig. 1. (Color online) (a) Ball-and-stick representation of the
magnetic core of Ni4Mo12. Big green balls: Ni(II) ions, grey
balls: Mo, small golden balls: O. H atoms were omitted for
clarity. (b) Assumed coupling paths (red/dark sticks), orien-
tations of the local anisotropy axes (yellow/light arrows) and
DM vectors (blue/dark arrows) of Ni4Mo12.

calculated exactly from the spin Hamiltonian [27,28], and
in part also for CsFe8 with a dimension of the Hilbert
space of 1.679.616 [13]. However, for the Fe18 wheel [17],
with a Hilbert space as large as ≈1014, the interpreta-
tion of the experiments requires advanced approximate
techniques, which build on physical insight [26]. Another
interesting molecule is the Keplerate Mo72Fe30 [29], in
which 30 Fe(III) ions occupy the symmetric sites of an
icosidodecahedron giving rise to strong magnetic frustra-
tion effects [30]. Phenomena such as plateaus in the mag-
netization at 1/3 magnetization due to competing spin
phases [31,32] or the presence of low-lying singlets [33]
were observed or predicted. The Hilbert space is huge, of
dimension ≈1023, hence a detailed understanding of the
magnetism in this cluster is obviously difficult [34,35].

In contrast to this trend to larger molecules, some-
times even very small magnetic molecules, which at first
sight would be discarded as trivial because of their small
Hilbert space (which implies that “everything” can be cal-
culated easily), may exhibit striking magnetic behavior.
For instance, the Fe(III) dimer molecule [Fe2F9(Et4N)3]
exhibits unusual magnetization dynamics at low tem-
peratures with signatures of quantum tunneling of the
magnetization [36–38], the unusual magnetic behavior in
the Cu(II) tetrahedron [Cu4OCl6daca4] was associated to
phonon interactions [39] and the Ni(II) single-molecule
magnet [Ni4((hmp)(t-BuEtOH)Cl)4] allowed one to real-
ize quantum superpositions of high-spin states [40–42].

In this work we will study the tetrameric Ni(II) spin
cluster [Mo12O30(µ2-OH)10H2(Ni(H2O)3)4], or Ni4Mo12

in short, which is another such example [43]. In Ni4Mo12

four Ni(II) ions occupy the vertices of an almost
perfect tetrahedron and exhibit AFM nearest-neighbor
Heisenberg interactions. The core of Ni4Mo12 is shown
in Figure 1a. The magnetism of this “simple” cluster
should be unspectacular and easy to describe. Due to the
AFM Heisenberg interactions, the ground state should
belong to total spin S = 0, followed by a sequence of
S = 1, 2, 3, 4 states with energies obeying the Landé rule
E(S) = 1

2∆S(S + 1). In an applied magnetic field, this
should give rise to a series of level crossings (LCs), where
the ground state changes from S = 0 to S = 1, S = 1 to
S = 2, and so on. This sequence of LCs should in turn be

detected, at low temperatures, in the magnetization curve
as a sequence of steps at regular fields Bn = n∆/(gµB),
with n = 1, 2, 3, ... [5]. For Ni4Mo12 magnetization steps
have indeed been observed, but at fields of 4.5, 8.9, 20.1,
and 32 T, which is incompatible with the Heisenberg
picture [44]. This discrepancy could not be resolved by
additionally introducing ZFS and biquadratic exchange
terms in the spin Hamiltonian, and a magnetic-field de-
pendence of the exchange and ZFS parameters was hence
proposed [44]. Subsequently, Kostyuchenko pointed out
that 3-spin interactions should not be neglected [45]. Such
terms can either originate from spin-phonon interactions
as suggested in reference [44] or from electron delocaliza-
tion as described by a Hubbard model [45]. Indeed, the in-
clusion of such terms allowed Kostyuchenko to reproduce
the field positions of the magnetization steps. Also, start-
ing from a Hubbard model at half-filling, the strengths of
the Heisenberg, biquadratic, and 3-spin interaction terms
in the spin Hamiltonian were obtained. According to this
result, the biquadratic and 3-spin interactions should be
related by a factor of 2 (in our units), which was found
to be in agreement with experiment as determined from a
fit of the model to the experimental field positions. This
result was interpreted as to indicate the superiority of the
Hubbard model for Ni4Mo12. More recently, Klemm and
Efremov presented an extensive analysis of the magneti-
zation in tetrameric spin clusters based on a general spin
Hamiltonian [46]. However, unfortunately, the symmetry
case relevant for Ni4Mo12 was not considered.

In order to better understand the unusual magnetism
in Ni4Mo12, we undertook inelastic neutron scattering
(INS) experiments as well as a more detailed analysis of
the Hubbard model, which we will present in this work.
INS is renowned for its ability to study exchange split-
tings in magnetic clusters directly [19,47–53]. Our exten-
sive analysis of the data in terms of a very general spin
Hamiltonian will provide insight into the importance of
the various interaction terms, but we could not find a pa-
rameter set which reproduces all key aspects of the data.
This is certainly an unsatisfying outcome, but empha-
sizes the unconventionality of the magnetism in Ni4Mo12.
It also suggests to study models going beyond the spin
Hamiltonian approach, such as the Hubbard model [54],
which allows for mobile electrons, i.e. itinerant magnetic
moments. At half-filling the electron mobility is governed
by the Hubbard-U parameter, and the model of local-
ized moments is recovered in the limit of large U (strong-
coupling limit). Our work on the Hubbard model is the
most careful application of it to a molecular spin cluster
to date. However, in contrast to reference [45], we find
using various techniques that the Hubbard model is not
adequate for describing the magnetism in Ni4Mo12. We
will clarify this discrepancy, and as a byproduct resolve
some errors in previous works.

We like to mention that a Hubbard model description
of a magnetic molecule could be of interest by its own.
For example, the low-energy spectrum might contain ad-
ditional levels not present in a pure spin model, which
may be crucial for an appropriate theoretical description

Figure: Ni4Mo12:
tetrahedron formed by
Ni atoms (green balls)
with spin-1. J. Nehrkorn
et al, EPJB 2010

Deviations from Heisenberg model: DM interactions, phonon
modes, Ising anisotropy, etc. – may couple the spin and the
rotor fields
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Future directions

Figure: Pyrochlore lattice,
e.g., Mn2Sb2O7.
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Figure: Square J1 − J2 − J3 model, Danu et
al, PRB 2016.

Several insights about these models can emerge from their low
energy field theories. Our single cluster semiclassical description
serves as a starting point.
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Thank You
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Our state space

S ⊗ S ⊗ S ⊗ S = (0⊕ 1⊕ 2⊕ 3⊕ · · · ⊕ 2S)⊗ (0⊕ 1⊕ 2⊕ 3⊕ · · · ⊕ 2S).

0 comes from (0⊗ 0), (1⊗ 1), (2⊗ 2), · · · (2S ⊗ 2S), occurs 2S + 1
times.

1 comes from

(0⊗ 1)

(1⊗ 0),(1⊗ 1) and (1⊗ 2)

(2⊗ 1),(2⊗ 2) and (2⊗ 3)

(3⊗ 2),(3⊗ 3) and (3⊗ 4)

...

(2S − 1⊗ 2S − 2),(2S − 1⊗ 2S − 1) and (2S − 1⊗ 2S)

(2S ⊗ 2S − 1) and (2S ⊗ 2S).

1 occurs 3(2S − 1) + 3 = 3(2S + 1)− 3. The degeneracy is
32(2S + 1)− 9.
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Spin wave analysis around Néel state

Consider R = e iπiTi consider Néel order along X axis, After doing
spin wave analysis around this state we would get the action

S =
∫ β

0 dτ
(
iSδθδφ̇+ 4Ly · π̇y + 4Lz · π̇z + 16g(L2

y + L2
z)
)
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