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Introduction

A fundamental motif in frustrated magnetism: the ‘fully coupled’
cluster of N spins with every spin coupled to every other spin

N
Hy=1J)_Si-Sj~JD_Si)’
i i=1
Natural molecular geometries:
Q0 s °
dimer trimer quadrumer
(triangle) (tetrahedron)
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@ N =2 = dimerized
systems, square
antiferromagnet

o N=3=
Triangular and
Kagome
antiferromagnets
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@ N =4 = pyrochlore, checkerboard and square J;1 — Jh — J3
model

o N = 2,3 are well studied. ‘Semiclassical’ descriptions exist
and have proved fruitful.
@ Result: a semiclassical theory for a single N=4 cluster

e Non-trivial extension from N = 2,3

e Example of dynamics on a ‘non-manifold’

o Elegant physical description in terms of emergent fields

e Starting point for semiclassical field theories for pyrochlore and
other systems
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Review of N = 2 case

Cluster Hamiltonian: Hy = J(S1 + S»)2.
e Total configuration space is S% ® S2

o Classical ground state condition: (S; + S2) = 0.

@ Degrees of freedom of the system: 4

@ Number of constraints in ground state*: 2

@ Number of independent parameters needed to specify a
ground state: 2 = two-dimensional ground state space

\

o Classical ground states: t

spins pointing towards

antipodal points l
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o ‘Classical ground state space’: S2, specifies the first spin
@ Such states are manifold: 2D tangent space at every point,
i.e., every ground state has two ‘soft fluctuations’

7

@ Low energy dynamics of cluster:
e described by a unit vector order parameter
@ maps to particle constrained to move on the surface of a
sphere — describes semiclassical and quantum limits

Example: low energy effective theory for
a square antiferromagnet

1 N _ N
L= o |e(VA) +c 1(aTn(x))2]
'Haldane PRL 1983, T. Dombre and N. Read, PRB-1988
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Review of N = 3

Cluster Hamiltonian: H3 = J(S1 + Sy + S3)2

Configuration space: 5% ® §? ® §2

Classical ground state condition: S;1 + S, +S3 =10
Degrees of freedom: 6

Number of constraints 3

Number of independent parameters needed to specify a
ground state: 3

Ground states: Planar 120° states, all such states can be
achieved by a global rotation on a reference ground state!

'H. Kawamura and S. Miyashita, JPSJ 1984
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@ Ground state space: SO(3)

@ Manifold: 3D tangent space = each ground state has three
soft fluctuations (rotations about three fixed axes)

@ Low energy dynamics of cluster:

o described by a SO(3) matrix order parameter
e maps to a rigid body — describes semiclassical and quantum
limits
Example: low energy effective theory for
the triangular antiferromagnet?®
g1
=t [c-*lTr(R*laTR)2

+c Tr[P{(R7'0R)? + (R*layR)2}]}

2T. Dombre and N. Read, Phys.Rev. B 1989
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N = 4 cluster

Cluster Hamiltonian : Hy = J(S1 + Sz + S3 + S4)?
o Configuration space: S?® S? ® S? ® S?, classical ground
state space: {S?® S?2® S?2 @ S?| Y1, S, = 0}.
Degrees of freedom: 8
Number of constraints in a ground state: 3

Naive expectation: ground state space is a 5D manifold!
Generic ground state described by 5 parameters

e Two parameters 6 and ¢ to fix relative angles

o An SO(3) matrix (with 3 parameters) for an overall rotation
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Here 6 € [0, 7] and ¢ € [0, 27]

(0, ¢) fix the relative angles between spins

Their allowed ranges* resemble that of a unit vector —>
‘emergent’ unit vector order parameter

Naive expectation: ground state space is SO(3) ® S2.

Large-S path integral description of the quadrumer = starting
point for constructing field theories for systems containing

N = 4 cluster as motif

R. Ganesh, Subhankar Khatua, R. Shankar The quantum spin quadrumer



Path integral for a spin system

@ Partition function: Z = fQj(o):Qj(B) Hj DQJ(T)G_S

8 L .
5:/ dr[ 1S 30 AGy) - 0.9+ H(S01, 500,505 )|
0 J energy

Berry phase

o Here A is defined by: V x A(Q;) =
@ Berry phase is a geometric quantity given by iS times the area
covered by Q(7) on the surface of the unit sphere

3e.g., A. Auerbach, Interacting electrons and quantum magnetism
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Semiclassical action for quadrumer

e Parametrization: S; = Sﬁj ~ SR(A; + Mjg)
af 8 Ié;
where I\/Ij =)@ nj?‘nj
o L is a vector with three independent components which

induces magnetization: increases energy and lifts the system
out of the ground state space

@ Degrees of freedom counting (8 in total): R has three, fi;'s
have two (f and @) and L has three degrees of freedom

@ Semi classical low energy limit: S>> 1, [~ O(1); system
remains in a very low energy region

@ All spins are normalized to S to O(S?)
e Magnetization: Z?:l 5_; =R (ME) where M = 3. M;

o Magnetization, being the sum of spins, is an angular
momentum variable
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Berry phase

The Berry phase: Sg = foﬂ driy_; A’(Qj)aTsj can be shown to be
B 4 o L N _,
/ dr [is N A(Riy) - 0-(Rfy) + 4iL- U — iV - RML}
0 .
j=1

where U = 15,0, x iy and Vs = ~3eas{ (0, RIR 1}
@ The first term in Sg, remarkably, simplifies to
foﬁ dr (—iScost%), due to Zj Aj=0

@ U is, in fact, zero. This simplification arises due to the
symmetric parametrization of Ai;'s in terms of (6, ¢)

o V has the form of the angular velocity of a rigid body
e Finally, Sg = foﬂ dr (—iScosQé— iRML - \7)
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The cluster Hamiltonian is Hy = J(S1 4 Sa + S3 + S4)2
= J(MLY?

(0, @) appears in the Hamiltonian as a part of the matrix M
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Partition function in terms of new variables

z= / (HJ(GT,ch,aT,BT,%,ET)dHT do- dar dp; dv, dET) e?,

Where S = [ dr ( —iScosf¢ — iIRML - V + J(ME)2)
~- ——
Berry phase energy

e 7 refers to imaginary time slices

e («a,f3,) parametrizes the rotation matrix: («, 3) specify an
axis while v specifies the angle of rotation

e J(Or,br,ar, BryVrs T) Jacoblan of the transformation, turns
out to be proportional to ;5 sm2(7§)sm a; Det(M)sin 6, to
O(S9).
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The path integral measure

° The measure comes out to be .
L {sin%(%) sina, da, dB; dy, } {sin 6, db, do, } {Det(/\/l) dLT}

e Emergent unit vector measure dQT =sinfd,. db, d¢,, an area
element on the surface of a unit sphere

e SO(3 ) group mvariant measure:
dR: := 4~ L sin (“”)sin a; day dfB; dv,, volume element in
503 ) space

o Redefine L: [/, = Ry M, L,
e Measure: dL_77 = Det(R, M) dET
= Det(M,) dL,
@ We can denote the measure as dR, d<2, dL’,

@ Partition function:
Z=[11,dR, dQ. dl'. e = [ DQ(0,$) DL' DR e~

where § = foﬁ dr (—iScongZ)— iL- V+JL'2) .



The partition function:

z (/ DQ(H,d)) efoﬂ dTiSCOSGd-)) % (/D[’/ DR e_foﬁ dT(—iE’.\?—i—JLQ))
= Zl X Zg.

@ Zi is the partition function for an ‘emergent’ free spin-S spin

@ Z, is the partition function for a spherical top rigid rotor of
moment of inertia %

o L[’ (net mangetization) is angular momentum
e R is angular ‘position’

@ Result: The quadrumer, in semi-classical low-energy limit,
decouples into an emergent free spin-S spin and a spherical
top? rigid rotor!

*Spherical top: rigid body with three principal moments of inertia equal
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Comparison with a conventional quantum analysis

Hamiltonian: Hy = J(S1 + S + S3 + S4)°

o Energy eigenvalues: Jj(j + 1)h?, with total spin quantum
number j =0,1,---,45

@ Semi-classical approach = A free spin and a rigid rotor
From the form of the path integral, we infer the Hamiltonian

H = Hfree spin + Hrigid rotor

As Hiee spin is zero, it does not contribute to energy,
nevertheless it increases the degeneracy of each rotor state by
a factor (25 +1)

Rotor eigenvalues: Jj(j + 1)k? with j =0,1,--- , 00

= eigenvalues match exactly (for low energies)
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Degeneracy of energy levels

State Energy | degeneracy: usual | degeneracy: semi-
quantum approach | classical approach
Ground state 0 (25+1) (25+1)

First excited 2JR? | 32(25+1) -9 32(2S +1)
Second excited | 6JA? | 52(2S + 1) — 45 52(2S + 1)

Comparing the degeneracy, both approaches agree to O(S)!
However, there is a small O(S?) discrepancy in the degeneracy

What causes this discrepancy?
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Non-manifold character of the ground space

@ Mapping into free spin and rigid rotor fails when the matrix M
becomes singular

o L', = R.M,L,: if det(M;) = 0, we don't have three
independent components of angular momentum [ = not a
rigid rotor

@ This occurs whenever the ground state is collinear! There are
precisely three collinear states (upto global rotations)

IRl

s, s, s,

} @ ) © ) .
@ This can be traced back to our parametrization; one
component of L becomes redundant at a collinear ground state
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Soft fluctuations about collinear state

e Is the ground state space just SO(3) ® S or something more?

@ To understand the nature of the ground state space, we look
at ‘soft’ fluctuations about different ground states

&ﬁﬁy
&
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Soft fluctuations around a coplanar state

g
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@ About collinear states, we have 6 soft fluctuations
@ About any non-collinear state, we only have 5

@ If we exclude collinear states, the space is a 5D manifold (by
implicit function theorem)
@ A crude illustration:

5 dimensions

6 dimensions

Figure: 'figure of 8’

@ Upon including collinear states, it is no more a 5D manifold

@ Collinear states form a subset of measure zero (3 states
modulo rotations) = neglecting collinear states is a ‘good’
approximation = mapping of quadrumer into a free spin
and a rigid rotor successfully describes the system
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Thermodynamics

@ From Semi-classical picture, the partition function is
Z =Y;(25 +1)(2) + 1)2eJUF1)el
o Factor of (25 + 1) comes from free spin

e At T =0, entropy is kg log(2S + 1), determined by the
ground state degeneracy.

@ Low temperature expansion gives

e Entropy: S =
2
ke [Iog(25 +1) + log(1 + 9e™20") 4 J88Ah— ..,
. 28gh2
o Specific heat: C, = 36k5(gﬂﬁ2)m~
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In presence of small magnetic field

@ Application of a small magnetic field changes the Hamiltonian
by —BL’,, where L, is z component of the magnetization.

o Partition function changes to
Z = Y0,(25 + 1)(2j + 1)eIU+DIsn (me} ; emﬁBﬁ), where
the eigenvalues of L), is mh.

@ Low temperature susceptibility:

1

2
X = 40%logZ|p o = 00k

20872 1 9°
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Experimentally realized materials

Figure: BazYbyZnsOn1: Figure: Cuq OClgdacay: Figure: NizgMoyo:

red balls are Ybs with magnetic building block tetrahedron formed by
pseudospin-1/2 which is a tetrahedron of 4 Cu Ni atoms (green balls)
form near-isolated atoms (red balls) with with spin-1. J. Nehrkorn
tetrahedra. Park et al, spin-1/2. Zaharko et al , et al, EPJB 2010

Nat. Comm. 2016 PRB 2008

@ Deviations from Heisenberg model: DM interactions, phonon
modes, Ising anisotropy, etc. — may couple the spin and the

rotor fields
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Future directions

S |53
| J2 | J}
Pl P B
Si Ji ’52
Figure: Pyrochlore lattice, Figure: Square J; — J» — J; model, Danu et
e.g.. MnySbyOy. al, PRB 2016.

Several insights about these models can emerge from their low
energy field theories. Our single cluster semiclassical description
serves as a starting point.
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Thank You
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Our state space

SRSeSeS=00102030--- ®2S)(001®2®3® - ®25).

0 comes from (0®0),(1®1),(2®2),--- (25 ®2S), occurs 25 + 1
times.

1 comes from

0®1
1®1
2®?2
3®3

and (1®2)
and (2® 3)
and (3® 4)

—~ A~~~
~— ~— ~— ~—

(25-1®25-2),(25-1®2S —1)and (25 - 1®2S)
(25®25 — 1) and (25 ® 25).
1 occurs 3(25 — 1) +3 = 3(25 + 1) — 3. The degeneracy is
3°(25 +1) - 9.
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Spin wave analysis around Néel state

Consider R = e'™iTi consider Néel order along X axis, After doing
spin wave analysis around this state we would get the action

S=[ldr (isae&;'s + 4Ly -7ty + 4L, -7, + 16g (L5 + Lﬁ))
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