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Spin Ice

❖ Ice rule: 2-in, 2-out

❖ Extensive ground state degeneracy
Nature 413, 48-51 (2001)
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Residual Entropy (Pauling)
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Quantum Spin Ice

H = ∑
⟨i,j⟩

{JzzSz
i Sz

j − J±(S+
i S−

j + S−
i S+

j ) + J±±[γijS+
i S+

j + γ*ij S−
i S−

j ] + Jz±[(Sz
i (ζijS+

j + ζ*i,jS
−
j ) + i ↔ j]} .

Dipolar Kramers doublet (Yb3+)

Dipolar-Octupolar Kramers doublet (Nd3+,Dy3+)

Sign problem in QMC

Yi-Ping Huang, Gang Chen, Michael Hermele, Phys. Rev. Lett. 112, 167203 (2014) 

HXYZ = ∑
⟨rr′ �⟩

JxSx
r Sx

r′ � + JyS
y
r Sy
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Sign problem free

Kate A. Ross, Lucile Savary, Bruce D. Gaulin, and Leon Balents Phys. Rev. X 1, 021002 (2011)



Kagome Ice

kagome 籠⽬



Kagome Ice

Ice rule: 2-in, 1-out or 2-in, 1-out
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Residual Entropy (Pauling)



Quantum Kagome Ice

❖ No sign problem; large-scale QMC 
simulations possible

❖ Two lobes of QKI states

❖ No long-range magnetic order inside lobe
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with classical nearest-neighbour spin ice in an applied [111] field,
so as to promote the aforementioned kagome ice state. This
model maps to a projected pseudo-spin Ising model with a
symmetry-breaking Zeeman field h, arising from a combination
of the physical [111] field and the original pyrochlore spin
exchange interaction (Fig. 1c). For moderate h, the classical
ground state retains an extensive degeneracy, before becoming a
fully polarized ferromagnetic state for h/Jz 42. Next, to include
the effect of quantum fluctuations, one may add exchanges from
the recent quantum spin ice models18–21. We consider only those
quantum fluctuations discussed by Huang et al.21, to obtain a
pseudo-spin Hamiltonian on the kagome lattice,

HXYZ ¼
X

hrr0i
JzSz

rSz
r0 "

J#
2

Sþr S"r0 þ h:c:
! "#

þ J# #
2

Sþr Sþr0 þ h:c:
! "$

" h
X

r

Sz
r :

ð1Þ

Here, Sr are spin-1/2 operators, with a global z axis
(Sz

r ¼ 1=2 ¼ ' and Sz
r ¼ " 1=2 ¼ ( in Fig. 1c). This Hamiltonian

cannot be solved exactly by analytical techniques; however
large-scale QMC simulations are possible in a parameter
regime (J±Z0) devoid of the prohibitive sign problem.

One can imagine a 2D QSL state arising conceptually by
considering the quantum fluctuations J± and J±± as perturba-
tions on the classical kagome ice limit, where only diagonal terms
Jz40 and hooJz are present. Previously, large-scale QMC
simulations have been performed on the kagome model in the
limit J±40 and J±±¼ 0 (refs 31,32) (a parameter regime where
the Hamiltonian retains U(1) invariance). In that case, quantum
fluctuations promote an in-plane ferromagnetic (FM) phase for
h¼ 0, and a valence bond-solid (VBS—a conventional symmetry
broken phase) for h40. Thus, it happens that fluctuations of the
form induced by J± are not sufficient to promote a 2D QSL state.

However, there remains the theoretical possibility of a gapped
Z2 QSL phase promoted by the J±± quantum fluctuations. As
detailed in the Supplementary Note 1 and Supplementary Fig. 1,
the local constraints of classical kagome ice can be translated into
a charge-free condition on the dual honeycomb lattice. Then, the
full Hamiltonian (1) can be re-cast as a system of interacting
bosonic spinons coupled to a compact U(1) gauge field on the
dual lattice. In the limit of J±¼ 0, this theory is expected to
exhibit two distinct phases. One is a confined phase, correspond-
ing to a conventional spin-ordered state; the other is a deconfined

Z2 QSL phase20,21,33. From these simple arguments it is
conceivable that these two phases exist in the phase diagram of
equation (1). In the next section, we set J±¼ 0 and explore this
possibility for all parameter regimes J±±/Jz and h/Jz, using non-
perturbative, unbiased QMC simulations. Before proceeding with
the description of the QMC results, we emphasize that neither
our simulations nor the analysis of the resulting lattice gauge
theory are restricted to states within the ice manifold.

Quantum Monte Carlo results. We implement a finite-
temperature Stochastic Series Expansion34–36 (SSE) QMC
algorithm with directed loop updates in a 2þ 1 dimensional
simulation cell, designed specifically to study the Hamiltonian
equation (1) with J±¼ 0 (for details, see the Methods Summary).
Note, this Hamiltonian explicitly breaks U(1) invariance,
retaining global Z2 symmetries. By a canonical transformation,
S±-±iS±; we simulate only J±±o0, without loss of
generality21. Various measurements are possible in this type of
QMC simulation. Simplest are the standard SSE estimators for
energy, magnetization mz ¼ m̂h i ¼ h1

V

P
r Sz

ri, and uniform spin
susceptibility wz ¼ V

T m̂2h i" m̂h i2
! "

. The latter two allow us to
map out the broad features of the phase diagram. Further, we
measure the off-diagonal spin structure factor37

nab
q ¼

1
N s

X

rirj

eiq ri þ að Þ" rj þ bð Þ½ * Sþri þ aS"rj þ b

D E
: ð2Þ

Here, ri points to the sites of the underlying triangular lattice
(containing N s sites) of the kagome lattice (containing V¼ 3 + N s
sites). The vectors a are the position of each site within the unit
cell with respect to the vector ri. This quantity allows us to define,
for this spin Hamiltonian, the analogue of a condensate fraction
in bosonic systems38,39, which detects transverse magnetic
ordering. We define f0 ¼ nM

V as the ratio of largest eigenvalue
nM of the one-body density matrix ri;j ¼ hSþri

S"rj
i to the number

of sites V. The eigenvalues of ri,j coincide with nq ¼
P

a na;a
q for a

translationally invariant system.
Figure 2a shows the QMC phase diagram for the J±¼ 0 model

of equation (1), using data for the condensate fraction f0. Careful
finite-temperature and finite-size scaling, performed up to lattice
sizes of V¼ L + L + 3¼ 39 + 39 + 3 and b¼ Jz/T¼ 96, is detailed
in the Supplementary Information (Supplementary Figs 2 and 3
and Supplementary Note 2). The magnetization curve and the
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Figure 2 | Phase diagram of the model. (a) Phases of the two-dimensional quantum kagome ice model for J±¼0 as a function of h /Jz and J±±/Jz. The
colour scale represents the zero-momentum occupation f0 obtained from a Ns¼ 6 + 6 lattice and temperature T¼Jz/24. In the quantum kagome ice lobes
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¼ 0, whereas in the ferromagnetic (FM) phase Sþr
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J±±/Jz entering the candidate Z2 quantum spin liquid lobe at fixed h /Jz¼0.833. Ns¼ 6 + 6, 12 + 12, 18 + 18 and 24 + 24 are represented by orange
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Z2 Spin Liquid?

❖ Inside the lobe:

❖ Gapped ground state 

❖ No long-range order 

❖ Z2 quantum spin liquid?

Off-diagonal S.F. Diagonal S.F. Bond S.F. 

uniform spin susceptibility across the phase boundary at fixed
h/Jz¼ 0.833 are presented in Fig. 2a,b. The data clearly indicate
the existence of two magnetized lobes on the phase diagram for
J±±/Jzo0.5 and h/Jza0, where the zero-momentum condensate
fraction of a surrounding FM phase is destroyed by a phase
transition (which appears to be first order). The lobes have
magnetizations of mE" 1/6 and mEþ 1/6 for h/Jzo0 and
h/Jz40, respectively. The FM phase has a finite uniform
susceptibility wz, while the lobe phases retain a small but finite
wz that can be understood by the nature of the quantum
fluctuation ðSþr Sþr0 þ S"r S"r0 Þ as a spin pair interaction, which
does not conserve the total magnetization Sz

tot. As discussed
above, the phase in these lobes is a candidate for supporting a 2D
QSL state.

To examine this hypothesis, we perform a detailed search for
ordered structures in the lobes. In related models, particularly the
spin-1/2 XXZ model on kagome (that is, J±±¼ 0 and
J±40)31,32, the analogous lobes support a conventional VBS
phase, which is evident in the diagonal structure factor:
Sabq =N s ¼ hSaqSb" qi" hSaqihSb" qi, where

Saq ¼
1

N s

X

ri

eiq ri það ÞSz
ri þa: ð3Þ

If there is long-range order then Sq ¼
P

a Saaq will scale with
system size for at least one value of q. We also measure the bond-
bond structure factor using a four-point correlation function.

BBab
q ¼

1
N s

X

rarb

eiq ra " rbð Þ Ba
ra

Bb
rb

D E
; ð4Þ

where Ba
ra
¼ Sþiaa

Sþjaa
þ S"iaa

S"jaa
. Nearest neighbour sites iaa and jaa

belong to bond a in a unit cell located at position ra. Again,
if there is pair long-range order then BBq ¼

P
a BBaa

q should scale
with system size for at least one value of q, with which we define
Bq¼BBq/V.

Figure 3 illustrates the various q-dependent structure factors
for spin and bond order. These structure factors display diffuse
peaks at various wave vectors, notably q¼ 0, q¼K¼ (2p/3,0),

and symmetry-related momenta. Such peaks would indicate the
presence of long-range order, should they sharpen, and survive in
intensity in the infinite-size limit, where S/V would correspond to
an order parameter squared. In Fig. 3d through Fig. 3f, we
examine this through a standard finite-size scaling analysis, for
several candidate peaks for each of the structure factors. Further
scaling analysis, including larger system sizes, is presented and
analysed in the light of perturbative arguments in the
Supplementary Information (Supplementary Note 3 and
Supplementary Figs 2 and 4). In each case, the QMC data
indicates a scaling of each order parameter to zero in the limit
V-N. Note in particular, the largest value of Bq corresponds to
q¼ 0, which remains finite as V-N, meaning that the bond
expectation values hSþiaa

Sþjaa
i 6¼ 0 is finite in the lobes. This is

expected as hSþiaa
Sþjaa
i represents the kinetic energy of quantum

fluctuations in the system, and thus it should be finite in all
phases. More importantly, the data indicate that in the limit of
V-N this quantity is the same on all bonds of the unit cell of
the kagome lattice, meaning that there is no breaking of space-
group symmetry (see Supplementary Note 4 and Supplementary
Figs 5–7).

Finally, as the above data suggest the existence of a phase that
is homogeneous, disordered and quantum-mechanically fluctuat-
ing at extremely low temperatures, one should also examine
whether the energy for excitations out of this ground state is
gapped or gapless. Although a direct measurement of the gap is
not possible in this type of SSE QMC method, we can indirectly
probe its existence by looking at the decay of real-space
correlations. In Fig. 4, we compare the decay of single-particle
correlations between the mz¼±1/6 magnetization lobes and the
adjacent FM ordered phase. For the system size studied, it is clear
that correlations in the lobe are consistent with exponential
decay, and therefore indicative of a gap. In contrast, in the FM
phase the correlations quickly reach a finite value, indicating
symmetry breaking (additional details about the nature the
FM phase are discussed in Supplementary Figs 8–10 and
Supplementary Note 5). Similarly, the diagonal part of the spin
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Figure 3 | Structure factors and absence of order in the lobe. Off-diagonal nq (a), diagonal Sq (b), and bond BBq (c) structure factors inside the lobe
for a system with Ns¼ 24 & 24, h/Jz¼0.8333, J±±/Jz¼0.495 and T¼ Jz/48. In each panel, the colour scale represents the intensity of the structure
factor. The corresponding finite-size scaling of candidate peaks at q values where local maxima occur in the structure factors n0 (d)(red hexagons),
S0 and SK (e)(red triangles and green, respectively), and BK (f)(red squares). The error bars represent the one s.d. statistical uncertainty. Linear fits
to the data in panels (d–f) are represented as blue dashed and black solid lines. The zero-momentum peak of BB0 in panel (c) has been removed.
In each panel, the colour scales represent the intensity of the structure factor.
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Measure Topological Entanglement Entropy



Topological Entanglement Entropy

RLC = A \B \D

RRC = A \ C \D

R2T = A \D

RO = A \B \ C \D
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+ corner contribution

Area law TEE

� = ln(2)
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 for Z2 QSL



Topological Entanglement Entropy

❖ Renyi Entropy (n=2)

❖ SSE + replica trick 

❖ TEE is far below expected 
value for Z2 topological order

❖ Not a Z2 QSL !
Corner contribution?

Sn(⇢) =
1

1� n
ln [Tr(⇢n)]
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TEE: PESS

!

Projected entangled-simplex state: 3PESS 

Boundary matrix product state

S2 = l � �
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Thermal Entropy

❖ SSE + Wang-Landau method 

❖ Down to β ~ 200 

❖ Need high accuracy data; thus 
smaller sizes

❖ Plateau corresponds to the residual 
entropy of a classical kagome ice 
with 2-up 1-down in up triangles

N=3xLxL

arXiv:1806.08145  



Degenerate Perturbation Theory

❖ Quantum term V as a perturbation acting on the classical ice-manifold

❖ Non-zero Zeeman field 

❖ Find the lowest non-trivial order that lift the classical degeneracy

❖ Possible emergent quantum phases
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Classical Ice Manifold

❖ Finite Zeeman field:  
only 2-up 1-down configuration is 
allowed on up triangles

❖ Hexagon as a basic unit

❖ Five possible hexagon configurations

n = 3 n = 4,a n = 5 n = 6n = 4,b



Non-trivial Processes
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Lowest non-trivial order: sixth order perturbation

Non-trivial diagonal processes

P̂6 = D4,a

X

87n=4,a

H7,n=4,a +D4,b

X

87n=4,b

H7,n=4,b +D5

X
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Off-diagonal Process

4

with the quantum terms, the quantum fluctuation
re-configures the ground state degeneracies. This
leads to further reduction of the ground state en-
tropy. When including the finite temperature ef-
fect, the reduction happened when quantum fluc-
tuation dominate the thermal fluctuation. In case
where the system is gapped, when temperature is
lower enough, the thermal entropy provides the in-
formation about the structure of the ground state.
We’ve done the large scale QMC simulation by ap-
plying the Wang-Landau method with well estab-
lished stochastic series expansion (SSE) to access
the thermal entropy in QMC simulation directly. We
observe that at low temperature, the entropy enters

a highly degenerate plateau region. The value of the
plateau is coincide with the residue entropy of CSL
that is estimated by Pauling’s method. For temper-
ature down to the � ⇠ 200, the entropy remains
in the plateau region as the classical like, ice state.
This suggest that the system remains classical. The
state instead of being a candidate Z2 QSL, is in fact,
a classical spin liquid. We note that the lowest tem-
perature we reach is far smaller than the lowest tem-
perature � = 96 reached in [2]. The result is to
our surprise that the system remains classical even
down to very low temperature. This is controversial
to one normally expect for a strong quantum effect
in a spin-1/2 system.

Nontrivial diagonal process

To give a more detail understand for the Kagome
XYZh model and the state captured, we re-exam
the system with the detail analysis using degenerate
perturbation theory. Follows the standard approach,
we identify the classical part as the un-perturb sys-
tem and treat all the quantum fluctuation as pertur-
bation. For simplify the problem, we focus only on
the leading non-trivial order terms in the perturba-
tion expansion.

In our system, the presence of the non-zero Zee-
man field splits the degeneracy of 2-in-1-out, 1-in-
2-out ice rule on each triangular plaquet leaving the
2-in-1-out configurations with lower energy. The
constrain allows us to describe the configuration us-
ing hexagon plaquet as a unit instead of triangular
plaquet. As we will see that it is more convenience
to use hexagon units in the following discussion.

In the case of parameter J±± 6= 0 and J± = 0
where the QKI state is realized, we found the lead-
ing non-trivial term appears at 6th order with effec-
tive Hamiltonian P̂6.

P̂6 = Hd +Kpp

X

87n=3

H7,n=3 (5)

Hd = D4

X

87n=4

H7,n=4

+D5

X

87n=5

H7,n=5

+D6

X

87n=6

H7,n=6 (6)

At this order, a plaquet flipping term H7,n=3 is
generated as a sixth order process. Where H7,n=3

defines the local operator that act on the hexagon
unit with n = 3. This is the off-diagonal process
that transfer an instance ice configuration to another.
The H7,n=3 term tend to form the ring resonance
pattern. Aside from the off-diagonal term, our anal-
ysis also shows that various additional non-trivial
diagonal terms Hd appear at the same order. These
diagonal terms appear when acting on the hexagon
plaquet with number of up-spins larger then 4. (See
supplementary for further details). The presence of
the non-trivial diagonal terms tend to suppress the
ring resonance process. If we set h ⇠ J±± provid-
ing the system sits around the tip of the QKI lobe,
our analysis shows the values of off-diagonal coeffi-
cient Kpp and the diagonal coefficients D4, D5 and
D6 as:

Kpp = �
6J6

±±
J2
z (2h+ Jz)5

⇥
7J2

z + 14Jzh+ 8h2
⇤

= �58

81
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z

for h = Jz
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Diagonal Processes

h = Jz
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5

ysis also shows that various additional non-trivial
diagonal terms Hd appear at the same order. These
diagonal terms appear when acting on the hexagon
plaquet with number of up-spins larger then 4. (See
supplementary for further details). The presence of
the non-trivial diagonal terms tend to suppress the
ring resonance process. If we set h ⇠ J±± provid-
ing the system sits around the tip of the QKI lobe,
our analysis shows the values of off-diagonal coeffi-
cient Kpp and the diagonal coefficients D4, D5 and
D6 as:

Kpp D4 D5 D6

�58
81 � 1

36 � 289
5292 � 2

49

TABLE I: Coefficient of the sixth order non-trivial
diagonal terms in unit of J6

±±/J
5
z

We can also analysis the case where only hopping
term (J±) exists. In this case the system becomes

the XXZ model on Kagome lattice. The leading
non-trivial term appears at third order with effective
Hamiltonian P̂3:

P̂3 = Knp

X

87n=3

H7,n=3 + c (7)

The same plaquet flipping process H7,n=3 is
generated as in the case of J±± 6= 0, but instead, as
a third order process. The analysis of the diagonal
process shows that all the diagonal terms are trivial.
These diagonal terms simply do a constant shift to
the spectrum thus not contributing to the lifting of
energy spectrum. It had been confirmed from the
previous study that the resulting ground state is the
valence bond solid (VBS) with 3 fold degeneracy
[10]. Our analysis shows the value of the parameter
Knp is:

Knp = �12
J3
±
J2
z

(8)

From the perspective of our DPT study, we can
see that the emergence of the non-trivial diagonal
terms at the same order as the plaquet flipping term
is the major difference between J± and J±± cases.
To our knowledge, this is a rare case that is un-
like any other models where one normally expect
the non-trivial diagonal term appears at higher order
after the first appearance of the off-diagonal terms.
One can understand the QKI state with J±± 6= 0
by first considering the splitting of degenerate lev-
els due to the plaquet flipping process. This will
select the 3-fold VBS states. Adding the non-trivial
diagonal terms will result as the re-configuration of
the energy levels that further smear out the splitted
spectrum. The result will be the enhancement of the
classical behavior. The fact that these non-trivial di-
agonal terms appear at the same order as the plaquet
flipping term opens out much more exotic possibili-
ties for the true ground state of quntum Kagome ice
that calls for future study.

With our statement, if we look at the effective
Hamiltonian P̂6 and treat Kpp as variable, by vary-
ing the coefficient Kpp, one expect to see the va-
lence bond solid (VBS) phase emerge with large
enough Kpp. This can be realized in the original
XYZh model by further adding a non-zero hop-
ping term J± upon the QKI state. In following
we present a more general phase diagram with both
J± and J±± exists. The VBS state with broken
translational symmetry can be detected by look-
ing at the static structure factor at ordering vector
~Q =

⌦
2⇡
3 , 0

↵
as shown in [10]. With the static struc-

ture factor defined as:

f(q) =
X

j

eiq·rjSz

j
(9)

Sq =
1

N2
hf(q)f(�q)i � hf(q)ihf(�q)i (10)

Lowest non-trivial order: third order perturbation
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ysis also shows that various additional non-trivial
diagonal terms Hd appear at the same order. These
diagonal terms appear when acting on the hexagon
plaquet with number of up-spins larger then 4. (See
supplementary for further details). The presence of
the non-trivial diagonal terms tend to suppress the
ring resonance process. If we set h ⇠ J±± provid-
ing the system sits around the tip of the QKI lobe,
our analysis shows the values of off-diagonal coeffi-
cient Kpp and the diagonal coefficients D4, D5 and
D6 as:

Kpp D4 D5 D6

�58
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TABLE I: Coefficient of the sixth order non-trivial
diagonal terms in unit of J6

±±/J
5
z

We can also analysis the case where only hopping
term (J±) exists. In this case the system becomes

the XXZ model on Kagome lattice. The leading
non-trivial term appears at third order with effective
Hamiltonian P̂3:

P̂3 = Knp

X

87n=3

H7,n=3 + c (7)

The same plaquet flipping process H7,n=3 is
generated as in the case of J±± 6= 0, but instead, as
a third order process. The analysis of the diagonal
process shows that all the diagonal terms are trivial.
These diagonal terms simply do a constant shift to
the spectrum thus not contributing to the lifting of
energy spectrum. It had been confirmed from the
previous study that the resulting ground state is the
valence bond solid (VBS) with 3 fold degeneracy
[10]. Our analysis shows the value of the parameter
Knp is:

Knp = �12
J3
±
J2
z

(8)

From the perspective of our DPT study, we can
see that the emergence of the non-trivial diagonal
terms at the same order as the plaquet flipping term
is the major difference between J± and J±± cases.
To our knowledge, this is a rare case that is un-
like any other models where one normally expect
the non-trivial diagonal term appears at higher order
after the first appearance of the off-diagonal terms.
One can understand the QKI state with J±± 6= 0
by first considering the splitting of degenerate lev-
els due to the plaquet flipping process. This will
select the 3-fold VBS states. Adding the non-trivial
diagonal terms will result as the re-configuration of
the energy levels that further smear out the splitted
spectrum. The result will be the enhancement of the
classical behavior. The fact that these non-trivial di-
agonal terms appear at the same order as the plaquet
flipping term opens out much more exotic possibili-
ties for the true ground state of quntum Kagome ice
that calls for future study.

With our statement, if we look at the effective
Hamiltonian P̂6 and treat Kpp as variable, by vary-
ing the coefficient Kpp, one expect to see the va-
lence bond solid (VBS) phase emerge with large
enough Kpp. This can be realized in the original
XYZh model by further adding a non-zero hop-
ping term J± upon the QKI state. In following
we present a more general phase diagram with both
J± and J±± exists. The VBS state with broken
translational symmetry can be detected by look-
ing at the static structure factor at ordering vector
~Q =

⌦
2⇡
3 , 0

↵
as shown in [10]. With the static struc-

ture factor defined as:

f(q) =
X

j

eiq·rjSz

j
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Non-trivial diagonal processes are higher order

VBS
S. V. Isakov,  et al., Phys. Rev. Lett. 97, 147202 (2006). 



Classical kagome ice manifold

4

with the quantum terms, the quantum fluctuation
re-configures the ground state degeneracies. This
leads to further reduction of the ground state en-
tropy. When including the finite temperature ef-
fect, the reduction happened when quantum fluc-
tuation dominate the thermal fluctuation. In case
where the system is gapped, when temperature is
lower enough, the thermal entropy provides the in-
formation about the structure of the ground state.
We’ve done the large scale QMC simulation by ap-
plying the Wang-Landau method with well estab-
lished stochastic series expansion (SSE) to access
the thermal entropy in QMC simulation directly. We
observe that at low temperature, the entropy enters

a highly degenerate plateau region. The value of the
plateau is coincide with the residue entropy of CSL
that is estimated by Pauling’s method. For temper-
ature down to the � ⇠ 200, the entropy remains
in the plateau region as the classical like, ice state.
This suggest that the system remains classical. The
state instead of being a candidate Z2 QSL, is in fact,
a classical spin liquid. We note that the lowest tem-
perature we reach is far smaller than the lowest tem-
perature � = 96 reached in [2]. The result is to
our surprise that the system remains classical even
down to very low temperature. This is controversial
to one normally expect for a strong quantum effect
in a spin-1/2 system.

Nontrivial diagonal process

To give a more detail understand for the Kagome
XYZh model and the state captured, we re-exam
the system with the detail analysis using degenerate
perturbation theory. Follows the standard approach,
we identify the classical part as the un-perturb sys-
tem and treat all the quantum fluctuation as pertur-
bation. For simplify the problem, we focus only on
the leading non-trivial order terms in the perturba-
tion expansion.

In our system, the presence of the non-zero Zee-
man field splits the degeneracy of 2-in-1-out, 1-in-
2-out ice rule on each triangular plaquet leaving the
2-in-1-out configurations with lower energy. The
constrain allows us to describe the configuration us-
ing hexagon plaquet as a unit instead of triangular
plaquet. As we will see that it is more convenience
to use hexagon units in the following discussion.

In the case of parameter J±± 6= 0 and J± = 0
where the QKI state is realized, we found the lead-
ing non-trivial term appears at 6th order with effec-
tive Hamiltonian P̂6.

P̂6 = Hd +Kpp

X

87n=3

H7,n=3 (5)

Hd = D4

X

87n=4

H7,n=4

+D5

X

87n=5

H7,n=5

+D6

X

87n=6

H7,n=6 (6)

At this order, a plaquet flipping term H7,n=3 is
generated as a sixth order process. Where H7,n=3

defines the local operator that act on the hexagon
unit with n = 3. This is the off-diagonal process
that transfer an instance ice configuration to another.
The H7,n=3 term tend to form the ring resonance
pattern. Aside from the off-diagonal term, our anal-
ysis also shows that various additional non-trivial
diagonal terms Hd appear at the same order. These
diagonal terms appear when acting on the hexagon
plaquet with number of up-spins larger then 4. (See
supplementary for further details). The presence of
the non-trivial diagonal terms tend to suppress the
ring resonance process. If we set h ⇠ J±± provid-
ing the system sits around the tip of the QKI lobe,
our analysis shows the values of off-diagonal coeffi-
cient Kpp and the diagonal coefficients D4, D5 and
D6 as:

VBS

∆

5

ysis also shows that various additional non-trivial
diagonal terms Hd appear at the same order. These
diagonal terms appear when acting on the hexagon
plaquet with number of up-spins larger then 4. (See
supplementary for further details). The presence of
the non-trivial diagonal terms tend to suppress the
ring resonance process. If we set h ⇠ J±± provid-
ing the system sits around the tip of the QKI lobe,
our analysis shows the values of off-diagonal coeffi-
cient Kpp and the diagonal coefficients D4, D5 and
D6 as:

Kpp D4 D5 D6

�58
81 � 1

36 � 289
5292 � 2
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TABLE I: Coefficient of the sixth order non-trivial
diagonal terms in unit of J6

±±/J
5
z

We can also analysis the case where only hopping
term (J±) exists. In this case the system becomes

the XXZ model on Kagome lattice. The leading
non-trivial term appears at third order with effective
Hamiltonian P̂3:

P̂3 = Knp

X

87n=3

H7,n=3 + c (7)

The same plaquet flipping process H7,n=3 is
generated as in the case of J±± 6= 0, but instead, as
a third order process. The analysis of the diagonal
process shows that all the diagonal terms are trivial.
These diagonal terms simply do a constant shift to
the spectrum thus not contributing to the lifting of
energy spectrum. It had been confirmed from the
previous study that the resulting ground state is the
valence bond solid (VBS) with 3 fold degeneracy
[10]. Our analysis shows the value of the parameter
Knp is:

Knp = �12
J3
±
J2
z

(8)

From the perspective of our DPT study, we can
see that the emergence of the non-trivial diagonal
terms at the same order as the plaquet flipping term
is the major difference between J± and J±± cases.
To our knowledge, this is a rare case that is un-
like any other models where one normally expect
the non-trivial diagonal term appears at higher order
after the first appearance of the off-diagonal terms.
One can understand the QKI state with J±± 6= 0
by first considering the splitting of degenerate lev-
els due to the plaquet flipping process. This will
select the 3-fold VBS states. Adding the non-trivial
diagonal terms will result as the re-configuration of
the energy levels that further smear out the splitted
spectrum. The result will be the enhancement of the
classical behavior. The fact that these non-trivial di-
agonal terms appear at the same order as the plaquet
flipping term opens out much more exotic possibili-
ties for the true ground state of quntum Kagome ice
that calls for future study.

With our statement, if we look at the effective
Hamiltonian P̂6 and treat Kpp as variable, by vary-
ing the coefficient Kpp, one expect to see the va-
lence bond solid (VBS) phase emerge with large
enough Kpp. This can be realized in the original
XYZh model by further adding a non-zero hop-
ping term J± upon the QKI state. In following
we present a more general phase diagram with both
J± and J±± exists. The VBS state with broken
translational symmetry can be detected by look-
ing at the static structure factor at ordering vector
~Q =

⌦
2⇡
3 , 0

↵
as shown in [10]. With the static struc-

ture factor defined as:

f(q) =
X

j

eiq·rjSz

j
(9)

Sq =
1

N2
hf(q)f(�q)i � hf(q)ihf(�q)i (10)
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Quasi-degenerate spectrum 
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Hexagon Fractions

❖ Pn: fraction of 
hexagons with n 
up spins

VBS QKI
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Effective Hamiltonian

❖ Effect is non-perturbative as shown in the QMC results

❖ Study the spectrum of the effective Hamiltonian, derived from degenerate 
perturbation theory, tuning the relative weights of diagonal and off-diagonal 
processes.

❖ Should see the states piling toward the ground state at some α

̂P6 = Hd + Ho
̂P′�6(α) = Ho + αHd



❖ Classical potential energy

❖ Three-fold degenerate charge-
ordered states with n=4 hexagons 
in classical kagome ice

̂P′�6(α → ∞) → Hd



❖ Three-fold degenerate VBS 
ground state in 
thermodynamic limit 
(Finite-size gap)

❖ Admixing of states with 
n=3 hexagons with the 
dominant component from 
classical            ordered 
states

̂P′�6(α = 0) = Ho

3 × 3



ED of effective Hamiltonian
N=3x6x6̂P6 = Hd + Ho

̂P′�6(α) = Ho + αHd



Valence Bond Solid

❖ VBS order emerges when J± is 
added. 

❖ VBS to superfuild transition.
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QKI

FM

SFVBS

Add hopping term 

S. V. Isakov,  et al., Phys. Rev. Lett. 97, 147202 (2006). 
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Dynamic Kagome Ice in Nd2Zr2O7

❖ Dynamic kagome ice state seen in 
inelastic neutron scattering in [111] 
field.

❖ Inelastic intensity averaged around E 
= (50 ± 5) μeV

❖ Expected pinch points blurred. 

E. Lhotel, et al. Nat. Comm. 9, 3786 (2018) 



Conclusions
❖ QKI state is not a Z2 QSL.

❖ System remains classical due to diagonal processes at the same order.

❖ Rare case for a quantum model to stay classical down to very low T.

❖ Semi-classical model reproduces correlations.

❖ Quasi-degeneracy at low T due to competition two processes.

❖ What is the true ground state?  Difficult to probe numerically or experimentally.

❖ Dynamic Kagome ice in Nd2Zr2O7 ?

PMKIVBS/Z2 QSL?

T/Jz=0.005 T/Jz  ~0.9 arXiv:1806.08145  


