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P F(T M) 2(A‘, / n)z() All interesting phenomena coexist!

Pr3+ Quadrupole-Octupolar ordering

Itinerant electrons
(TM)+ AI Zn Fermi pockets at k=0

f & Kondo coupling
r3+ Pr3+ + (TM)+ Al,Zn

superconductivity

Q) How can we understand them?
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Introduction — Doniach Phase Dlagram(‘tKA T‘)

1971

Qea//

Doniach phase diagram

RKK T, ~ exp(-; D1(E.=) ) Hybridize
fo B / ¥

Non Fermi Liquid?

3. Doniach, Physica B 91, 231 (1977)

Kondo coupling —

uperconductivity?

Quadry Fermi Liquid

A

AFM Kondo

Q) Search for new Doniach phase diagram with
multipolar order ?



Multipolar order in Pr(TM).(Al,Zn),o | KIS

Pr3+

Spin orbit coupling
+ Crystalline Electric Field

)= et o b g
el

£ ) 1))
rﬁl)}%@;gp%@ig

%)= 24 a4
oo f
r?) £\+z>+ %\-2}

TJ Sato et al PRB 86, 184419 (2012)
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4f2non Kramers I'; doublets i

PrT|2AI 20
(Ta)

T, 156 K

I 107 K _ _
pseudospin-1/2 with
I's doublets describes

[ =—=65K

A

3J2-J2  Jx2-dy?2 Jxdyd:

Quadrupole Octupole




Multipolar order and field effect

(J/mole K)
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Ca (JIKmol)

M. Tsujimoto et al, Phys. Rev. Lett 113 267001 (2014)

=l‘ PrTi Al 0
n —
IE' MC?IL/:/ =09TT 1]
"0
n
= //[100] H
™ [ ] HLM
| %E s fg I.D P
- = O o ® :Q .D |
n O ® O
" n DDD ..00..;Di E PIV2A|20
IIDD 11] D.D.D ol Eﬁi MOH =0T

10 15 20

Field dependence PrV2Alx
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PI‘TizA'zo Ferro-quadrupolar order
To=2K

PI‘VzAlzo

Antiferro-quadrupolar order
Tq =0.75K, T*=0.65K

Anisotropic field effect




Multipolar order and finite T transitions

Pr3+ijons form a diamond lattice

Py D
L i

® € &

8. ¢ ® _© Kondo coupling with itinerant electrons
@& & ® —> multiple spin interactions

pseudospin-1/2 with

I's doublets describes
Quadrupolar moments - TR even

:%ZJZ]@ _)J_—l—)\TZTZ KZ
1,] ‘

({ij){km))
Octupolar moments -TR odd

3J22-d2  Jx2-dy?  Jxdyd:
T Ty T~
Q) Possible phases and finite T transitions ? Quadrupole  Octupole




Multipolar order and finite T transitions

Quadrupolar, Octupolar orderings
KZ
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Monte-Carlo Results
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Quadrupolar, Octupolar orderings

Phase diagram based on MC A

— Mean—Field * FQ © SpQ v SpQFO o FQFO
#* NQ 0 SpQ v SpQNO o NOQNO To-To

0.6

o
N
U
@)
(@)
(@)
(@)
(@)
(@)
(@)
O
O

0.4

o
N
o
O
O
O
O
O
O
O
O
O

0.2

0.0

-0.1

(VA Sz
o el q=2r(1/4,0,0)

=
=
o

-0.2

4-Spin Interaction K
2
u

-0.3

-0.4

Next Nearest Neighbor Interaction J, >

" spiral order with finite-Q

Quadrupolar order : (Anti-) Ferro



Quadrupolar order : (Anti-) Ferro spiral order with finite-Q

Common origin plots of T /\ > =
—
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J2

with increasing next-nearest neighbor J>



Multipolar order and finite T transitions

(Jbé 1971 /éo

Quadrupolar, Octupolar orderings

Phase diagram based on MC

— Mean—Field * FQ © SpQ v SpQFO o FQFO
# NQ 0 SpQ v SpONO o NQNO

o

4-Spin Interaction K
o o

W ()
* PI'TiQ A120

0.0¢ b ¥ % ¥ ¥ o | O O O O O

1 1 1 1
0.05 0.10 0.15 0.20 0.25
Next Nearest Neighbor Interaction J,

Pure (anti-) ferro quadrupolar order

Y quadrupolar + octupolar coexisting order with T > To




&
Vo

Multipolar order and finite T transitions KaisT | AIST

o
\{’f} 1071 /,éa//

Quadrupolar, Octupolar orderings
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pure quadrupolar order quadrupolar + octupolar coexisting order

Common origin plots of T

K

with increasing four spin interaction K



Quadrupolar, Octupolar orderings

quadrupolar + octupolar coexisting order at finite T ?
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Multipolar order and finite T transitions (iKNST
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stronger hybridization leads to larger K, J double transitions



Multipolar order in magnetic fields

PrVsAl>g
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B(T)

Anisotropy in fields with double transitions?

U B//(100)

B//(110) ¢

T(K)
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Local symmetry
) O : Tz/B%—TZ/B,
| \L,_"f‘/ﬂ,\ Sy Ta/p 7~ Tj/B; TZ/B — — TZ/B
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symmetry analysis with (anti)ferroquadrupolar order
parameter ¢ and octupolar order parameter m

ferro- case ¢u, my

¢u,s

My,s = (Ta) T (T5)

antiferro- case ¢s, ms

<TZ> T <7'§ > (u)niform / (s)taggered




Multipolar order in zero magnetic fields @ st ;

Order Parameters

dus=(T4) £ (TH)

May,s =(T4) £ (TH)

Quadrupole, Octupole

Within Quadrupolar ordering

(i) Pure Ferro-Quadrupolar order PrTi2AI20

(ii) Antiferro-Quadrupole with “Parasitic” Ferro Quadrupole

PrvV2AI20
6 iIN(@ D — ¢:2¢D




Landau Theory of Quadrupole and Octupoles ﬁKAﬂ.J‘)

No magnetic field (B=0)

symmetry allows

free energy

\\‘%‘:\ 1971 /éae/
NyzaaEs
¢u Ferro-Quadrupole (FQ)

®s Antiferro-Quadrupole (AFQ)

m,, Ferro-Octupole (FO)

properties

cubic (FQ) vs sixth order
(AFQ) of anisotropic term

3 £ %3

Uy (Ou — Oy ) |

W (OS T Q:6 )

phase locking
3-state degeneracy

6-state denenearacv

Domains, Field

coupling between
FQ and AFQ

directional anisotropy
Coexisting AFQ and FQ

Pure FQ
Pure AFQ (X), AFQ+FQ

interaction between
order parameters
FQ,AFQ and FO

c5S|dul®|¢s]?
- Cﬁum bulm2
+ 8™ p|Pm2

Competition between
AFQ and FQ
AFQ, FQ induced FO

Double transitions : PM->
AFQ+FQ -> AFQ+FQ+FO



Multipolar order in zero magnetic fields [ KaisT
Order Parameters by = |dulei® "9

b — e\ 4 (T

Ou’s_<7z> <Tf>(2uadrupole, Octupole /@u ,
Mu,s =(73) = (TB) o

Ferro-Quadrupolar phase

F¢uzru¢‘¢u|2 iv(qﬁi—ﬁf) guqﬁ’¢u|4—|—...

-

Zs clock model : 1st order

Quadrupole

cubic anisotropy locks the phase 0,

PrTi2Al2o




Multipolar order in zero magnetic fields st
Coexisting Antiferro-Quadrupole and octupole

Fou="Tue|du|®+iv(dy — 057 ) + gue|dul*+- .
Fos =Ts| s>+ gso|ds|* +w(@S+010)+. ..

2 4
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AFQrq PM

PRB 98 134447 (2018)



" - & m A"/\ 2\
Multipolar order in magnetic fields | et g
Quadrupole couples quadratic in fields fo=="107¥

14 2
Hpola = B*(b17" +ba7Y) v (“amy tamy) T
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an Field effect based on Landau theory

wi B°/| B//(001) B?|| B//(110)
AF AF PM 4
: OQFQ QEQ z%gQFQ jfoQFP PM
T T
To TQ TO TQ

octupolar order transition temperature To is very sensitive to B direction




Multipolar order in magnetic fields st

Landau Theory Analysis with fields
Comparison with PI‘VzAlzo
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Superconductivity in Pr(TM)2(Al,Zn),o

PI’TizAlzo— Tc = 0.2K
PI'VzAlzo — T.=0.05K
A T. T
Compounds | - Q
o (K) (K) (K)
Prir,Zny, 27.6 0.05 0.11 (ARQ)
PrRh;Znjy 312 0.06 0.06 (ARQ)
PrOs»Zn» — (0.4) —
Prvi;Aly 40 0.05 0.6 (ARQ)
PrlizAly 65.6 02 2.0 (RQ)
PrNb-A by 213 — (0.1) —
pt‘CrgAlgo - (0-4) -
PrNi:Cdg() 12 — (12) —
PrPd:Cdx) 11 —

— (1.2)

-

T.Onimaru and H. Kusunose JPSJ 85, 082002 (2016)

Correlation between magnetic

quadrupolar order and superconductivity?

Exotic scenario ...
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PI‘(TM)z(A|,Zn)20
SOC + cubic symmetry
Quadratic Fermi Surface with SO(3) symmetry not?
di = V3kyk.,
e dy = V/3kyk,
d3 = V/3kyk,,
- - - - _ \/g 2 2
Luttinger Hamiltonian with J=3/2 1= (kg —ky),
Fermi Surface with cubic symmetry 1
ds = 5(3/~c§ — k%)
ices for J=3/2
Yk
g=1 TSemm—— S
Quadratic band touching tg & eg ink

with cubic symmetry
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Multipolar order and Superconductivity = st ;
Quadratic band touching at k=0 point + Interaction PR .
d2 — \/gka:kz*a
Ho (k) = v (cok? — p+ Z ci di(K): ) the s — Vo,
t29 &eg in k d4: ?(ki—k;),

+ 1
ds = 5(3/@ — k%)

Hint(k) = go(¥T)* + Zgz i)

Fierz Identity e Zw K7137i%K)

exactly decoupled into s and d wave pairing channels

open attractive d wave pairing channels

e.d. g=gi case (go+59g) A+sAs + (go-39g) A+dlAd



J=3/2 Luttinger model and Superconductivity (‘( KaisT 7

Invariant Theory with SO(3) symmetry

—

A = (Aq, Ao, As, Ay, As) complex tensor order parameters of d-wave
~N_ ~_

t29 eg

11 — tl‘((f)fcf)), Iz — tr(¢2):l3 — tr(ngz)» 14 — tr(¢3)»
I = tr(¢f3),16 — tr(¢z¢f):l7 — tr((f)h([)),IS — tr(d)f(pdﬁﬁb).

1“ . . — a
(‘)2_'] — Aa-Aij’
/1 0 0 | 1 1 00
Al 0 10,4 T (0 10},
\l_'l 0 o Vil g o 2

e.g) I = 2|A‘ Io13 = 4(A2)(A2) AS = (g " 31) A% = (:: X ?) AP (5 > 2)
\1 00 010 000

A. J. M. Spencer and R. S. Rivlin, Arch. Rational Mech Anal. 2, 309 (1958)
M. Artin, Journal of Algebra 11, 532 (1969)

C. Procesi, Advances in Mathematics 19, 306 (1976)
B. Igor and I.F. Herbut Phys Rev Letters 120.5 057002 (2018)



J=3/2 Luttinger model and Superconductivity
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Invariant Theory with SO(3) symmetry
5 = (AL Ao, Az, Ay, /—\5) + As complex tensor order parameters of d-wave
~__ ~_
t2g €9

F = rg|A? + 14| Ag)?

qa | Al* + g4, | A7)

QS|AS|4 + 772‘2(|‘&|2|A8|2)
+ ms(A%(AY)? + c.c.) + qatr((of0)?) @(tr(@QQbT)AZ + c.c.

mj

dszo-r2 + S

selective d wave pairing with
parasitic s wave

applicable to YPtBi (half heusler)
(d(3:2—12 2y) +ikl’1,=_yz'+ 8)

Ja2

arXiv:1811.04046 (2018)



J=3/2 Luttinger model and Superconductivity

Landau Free Energy ¢4, |A22 + my(tr(¢p*0") A% + c.c.)
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A
| ; ; | «
m; favors dz;2.,2 wave with parasitic s wave L L - Yz
(dSzz—r’+s) (d(3:’—r’,xy)+id:z’—y’+3) .
qas
D322 + As
(101) plane
gap structure drumhead
ﬁ Bulk Surface
1
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J=3/2 Luttinger model and Superconductivity | kst .

Landau Free Energy

qds |52|2 + ma (tr(d2pNAY + c.c.)

mi

A
SRR | : : *, “
. '|| 5t — | 1 Qj
m; favors ds;2.2 + 1 dx%.y2 wave " P, *:\, =
with parasitic s wave with \/ |
(darats) (g +ida_p+5)
-r< + 1 -v< + : : .
3z™-r Xy S Bogoliubov Quasiparticles form
Fermi Pocket having Chern number
gap structure
(010) surface plane
—
' +2 i
0 Fermi Arc
. -2




Multipolar order and Superconductivity

Attractive d wave pairing channel (with parasitic s wave)
Topological d+s superconductor

mj

| | '| «

- e K

k, ll v | k:||

l y

|L S |'L - s
Y T—

(d:’l:.’—r2 +‘5) (d(3z’—r3,my)+id22—y3+8)

> (a2

How does the quadrupolar order (eq type) affect to
superconductivity?

Quadrupolar order -> Fermi surface distortion

® ‘;’\- 4 /i .
REFT T g



Multipolar order and Superconductivity

Ferro Quadrupolar order

Fermi Surface Distortion
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(under preparation)
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Fermi Surface Distortion and evolution of superconductivity

(Ax2-y2, Asz2. r2) (sz yz, Aszz rz)
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Pr3+ : Quadrupolar, octupolar order " Pya+

(i) Frustration & Multiple spin interactions
— double transitions of quadrupole - octupole orderings.
(i) Magnetic field dependence
— Quadrupole couples quadratic in fields
Competition between quadrupolar anisotropic term vs field
coupling term leads to very field directional dependence.

Superconductivity and ferroquadrupolar order
(i) Luttinger model with interaction
— d wave topological superconductivity is favored with
parasitic s wave.
(i) Ferroquadrupolar order distorts Fermi surface
— different types of d wave topological superconducting
transition occurs.
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Thank you!



