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Kinematic holography:   in any QFT,  
processes localize to within ~AdS radius 
(because different length scales decouple)

AdS/CFT:  in some strongly coupled QFTs,  physics 
localizes sharply in AdS  (to                )`s ⌧ RAdS

  How does (sharp) AdS locality  
emerges from CFT?
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[fig: Heemskerk,Penedones,  
Polchinski& Sully]Figure 1: Four-point correlator with wavepackets aligned to intersect in the bulk.

the arguments are (−π/2, ê), (−π/2,−ê), (+π/2, ê′), (+π/2,−ê′), and in all conformally

equivalent configurations.

This singularity is not present in general CFT’s, for example not in the weakly coupled

N = 4 theory (there is a weaker singularity at the same point). Rather, it emerges in the

strong-coupling limit. In Sec. 6 we will describe the singularity in more detail, and compare

it with what we find in the CFT. For now, the main lesson is that to study the bulk locality

properties we should look at the CFT four-point function. Note that the forms of the two-

and three-point functions are fully determined by conformal symmetry, but that of the four-

point function is not. In fact, in all dimensions it is determined by symmetry up to a function

of two real cross ratios. This function carries dynamical information, in particular regarding

the locality of the bulk theory.

2.3 Current understanding

AdS/CFT duality has been subjected to many tests. Indeed, every time we apply it in a

new way we have the possibility that it will lead to implausible or incorrect results, signaling

a failure of the duality. The tests are of many types, for example

5

We’ll study CFT correlation functions

AdS locality:  probe by focusing wave-packets into bulk

(sharpest signal: (d+2)-point correlator)
[Maldacena, Simmons-Duffin& Zhiboedov ‘15]

[…, Engelhardt& Fischetti ’17] 
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This talk:  4 points, only locality in time (``causality’’)

Regge limit (large boost):
 -spreads transversely over AdSd-2

 -localizes in time (in two null directions)
[Cornalba, Costa, Penedones ’06-…]
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Causality implies that forces are mediated by  
exchanging particles (no ‘instantaneous action at a distance’)



Causality implies that forces are mediated by  
exchanging particles (no ‘instantaneous action at a distance’)

M(E) =

Z
E0dE0

E02 � E2
ImM(E0)

Mathematically:  
causality ⇒ analyticity in E ⇒ dispersion relation
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Reconstructs interactions from what is exchanged



Causality implies that forces are mediated by  
exchanging particles (no ‘instantaneous action at a distance’)

=
P

⇥
single
traces

Figure 1. Correlators in any large-N theories can be reconstructed from singularities that are
saturated by single-trace operators. Theories with a gravity dual correspond to the case where the
sum is e↵ectively finite.

where the regular terms contain at most a single logarithm as v ! 0, in contrast with terms

which we will call “singular” due to either poles or double logarithms at v ! 0. So far the

discussion has been general. In the present paper we will consider solutions consistent with

crossing in a large central charge expansion, in the regime of large t’ Hooft coupling �:

H(u, v) = H(0)(u, v) +
1

c
H(1)(u, v) +

1

c2
H(2)(u, v) + · · · (2.9)

In this regime the intermediate operators contributing to H(u, v) are double trace operators

with twist four and higher. The pole terms as v ! 0 present on the r.h.s. of (2.8) arise

from the protected, single-trace sector. Following general arguments, we see that these poles

are consistent with, and actually require, the existence of double trace operators of twist

�� ` = 4+2n. As we will see, their precise form at c = 1 su�ces to fix the OPE coe�cients

to

⌦
a(0)

↵
n,`

= 2(`+ 1)(6 + `+ 2n) . (2.10)

We use the bracket to denote the sum over all operators of approximate twist 4 + 2n and

spin `, emphasizing the fact that in general many nearly-degenerate operators contribute.

As we take into account 1/c corrections both the scaling dimensions and OPE coe�cients of

individual operators acquire corrections

�n,` = 4 + 2n+ `+
1

c
�(1)n,` +

1

c2
�(2)n,` + · · · (2.11)

an,` = a(0)n,` +
1

c
a(1)n,` +

1

c2
a(2)n,` + · · · (2.12)

As we will see in the next two sections �(1)n,` and a(1)n,` are again fully determined by the singular

terms in (2.8). We obtain

⌦
a(0)�(1)

↵
n,`⌦

a(0)
↵
n,`

= � n
(1 + `)(6 + `+ 2n)

,
⌦
a(1)

↵
n,`

=
1

2
@n

⌦
a(0)�(1)

↵
n,`

, (2.13)
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M(E) =

Z
E0dE0

E02 � E2
ImM(E0)

Mathematically:  
causality ⇒ analyticity in E ⇒ dispersion relation

AdS 
fields

Reconstructs interactions from what is exchanged



 
Any CFT with:  
 1. Large-N expansion  
 2. Large gap in operator dimensions 
 

has a bulk dual, local to lengths             .  
[Heemskerk,Penedones,Polchinski& Sully ’09]

`AdS/�gap

HPPS Conjecture:



 
Any CFT with:  
 1. Large-N expansion  
 2. Large gap in operator dimensions 
 

has a bulk dual, local to lengths             .  
[Heemskerk,Penedones,Polchinski& Sully ’09]

`AdS/�gap

+
New tool:  

CFT dispersion relation=

HPPS Conjecture:



Outline
1. Lorentzian inversion formula 

-setup and Regge limit of correlator  
-analyticity in spin  
-‘Absorptive part’ in CFT

2. AdS locality  
-CFT derivation of bulk EFT  
-concrete tree and one-loop Witten diagrams

3. More should be true!  
-Pushing 1/J expansions to spin J=0 
-Bulk point limit



We’ll study Lorentzian 4-point correlator in CFTd

         = independent light-cone coordinatesz 6= z̄

x

x
x

x
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Symmetrical parametrization:

time
⇢

�⇢

-1
⇢

⇢̄

z =
4⇢

(1 + ⇢)2

z̄ =
4⇢̄

(1 + ⇢̄)2

[Rychkov& Hogervorst ’13]
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Regge limit:

« large modular time                for half-plane in O(-1)O(1) state »
(⇒ correlator bounded)

log
p

⇢̄/⇢
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x

x

x

xs-channel OPE (1,2) diverges 
after crossing light-cone (𝜌>1)

Options:

1. So what:  just use the t-channel OPE (1,4) instead  

2. Figure out how to resum s-channel OPE

1
2

3

4

✓
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Toy model:  amplitude f(E) that’s:  
 

  1. Analytic in cut plane
  2. |f(E)/E| bounded at large |E| 
  3. Has Taylor series at small E

(=Correlator with E =
p

⇢̄/⇢ = exp(modular time)

E

1-1

)

Q: What does ‘nice behavior’ at large |E| implies for series?

f(E) =
1X

J=0

fJE
J
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E

1�1
)

Figure 1. Relation between low-energy coe�cients and discontinuity. Analyticity in spin holds if the
arcs at infinity (the Regge limit) can be dropped.

An immediate quantitative implication can be illustrated in the example of large-N the-

ories with a sparse spectrum, where we will see that the discontinuity is negligible below a

gap �2
gap. The preceding formula then gives a result which decays rapidly with spin,

fJ ⇠

Z
1

�2
gap

dE

E
E�JDisc f(E) ⇠ (�gap)

�2J , (1.4)

which in the context of gauge-gravity duality will be interpreted as the expected suppression

of higher-derivative corrections, if the bulk theory is local to distances of order 1/�gap times

the AdS curvature radius. Notice the essential role of controlling the Regge limit: nothing

would be learnt from this argument for a given J if we didn’t know that |f(E)/EJ
| vanishes at

infinity. Physically, eq. (1.3) and the Froissart-Gribov formula can be regarded as dispersion

relations for partial waves, since their input are discontinuities of amplitudes (this is further

discussed in section 2.5).

The goal of this paper to obtain similar dispersive representations but which extract the

OPE coe�cients in unitary CFTs (projecting out descendants and extracting only primary

operators). Convergence will be established for all spins higher than one, by borrowing ideas

from the recent “bound on chaos” as well as from a recent proof of the averaged null energy

condition (ANEC) [20, 21], which are reviewed in the next section.

This paper is organized as follows. In section 2 we review the main ingredients regarding

the operator product expansion, its convergence, and the ensuing positivity and boundedness

properties of discontinuities in Lorentzian signature; we also present a simplified dispersion

relation, valid in the Regge limit, and discuss its relationship to the just mentioned recent

work. Section 3 is purely mathematical and is devoted to deriving our main result, the

inversion formula in eq. (3.20). The starting point will be the partial wave expansion in [22],

in which scaling dimensions are continuous, and a corresponding not-so-well-known Euclidean

inverse to this formula, which exploits the orthonormality of blocks.

In section 4 we analyze the formula in the limit of large spin in a general conformal field

theory, substituting in the convergent OPE expansion in a cross-channel to re-derive and

– 4 –

1.1 Why good behavior in the Regge limit is constraining

Physically, analyticity in spin reflects the fact that not any low-energy expansion can resum

into something that is sensible at high energies.

Mathematically, this can be illustrated by a simple single-variable model. Consider an

“amplitude” which admits a low-energy Taylor series:

f(E) =
1X

J=0

fJE
J . (1.1)

We suppose that we are given the following information: f(E) is analytic except for branch

cuts at real energies |E| > 1, and |f(E)/E| is bounded at infinity. (In the physical application

below, f(E) will represent the four-point correlator and its low-energy expansion will be

provided by the Euclidean OPE; at the thresholds E = ±1 some distances become timelike.)

With the stated assumptions, an elementary contour deformation argument relates the series

coe�cients to the discontinuity of the amplitude, as shown in fig. 1:

fJ ⌘
1

2⇡i

I

|E|<1

dE

E
E�Jf(E) (1.2)

=
1

2⇡

Z
1

1

dE

E
E�J

�
Disc f(E) + (�1)JDisc f(�E)

�
(J > 1), (1.3)

where Disc f = �i
⇥
f(E(1 + i0))� f(E(1� i0))

⇤
. The second line follows from the first using

the assumed high-energy behavior to drop large arcs at infinity.

As a concrete example, one may take the function f(E) = � log(1�E2): upon inserting

its discontinuity Disc f = 2⇡, the integral indeed produces fJ = (1 + (�1)J)/J , as expected.

Now let us focus on a single coe�cient, say f2. It may seem paradoxical that it can

be recovered from the discontinuity of f(E), given that varying f2 alone in eq. (1.1) clearly

leaves Disc f(E) unchanged. The point is that given the constraint that |f(E)/E| is bounded at

infinity, the coe�cient f2 (or any finite number of coe�cients) cannot be varied independently

of all the others. Rather, the coe�cients form a much more rigid structure, that is an analytic

function of spin. This is explicited by the integral in eq. (1.3), which defines an analytic

function provided that the real part of J is large enough. (More precisely, there are two

analytic functions, for even and odd spins, reflecting that there are two branch cuts.)

These are the key features of the classic Froissart-Gribov formula [17–19], which is con-

ceptually the same but with Legendre functions instead of power laws. Historically, the

Froissart-Gribov formula established the analyticity in spin of partial amplitudes in relativis-

tic S-matrix theory, thus paving the way for phenomelogical applications of Regge theory.

We will show that OPE coe�cients in unitary conformal field theories are of a similar

type: they are not independent from each other, but rather organize into rigid analytic

functions. Furthermore, they can be extracted from a “discontinuity” which would naively

seem to annihilate each individual contribution.
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Cauchy:

⇒ can write coefficients as integral over branch cut

⇒ coefficients fJ are analytic in J (& bounded at large Im J)
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It works both ways:  Watson-Sommerfeld resummation

=

Z i1

�i1

dJ

1� e2⇡iJ
EJ

⇥
f t
J + fu

J e
i⇡J

⇤

resums the OPE into the full cut plane

f(E) =
1X

J=0

fJE
J

f(E) extends nicely beyond |E|<1  ⇔  fJ is analytic in spin

(note: changing any single fJ would radically change large-E )



partial waves: aj(s) =

Z ⇡

�⇡
d✓ cos(j✓)M(s, t(cos ✓))

disp. relation: M(s, t) =

Z
dt0

⇡(t� t0)
ImM(s, t0)

+(t $ u)

 analyticity in spin
+(�1)j(t $ u)

Regge theory: Euclidean ⇔ Lorentzian OPEs

+

=

[Froissart-Gribov, ~’60]

aj(s) =

Z 1

⌘0

d⌘ e�j⌘ImM(s, t(cosh(⌘))

Equivalent to  
dispersion relation
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Claim:

[SCH  ’17]

G(z, z̄) =
X

J,�

cJ,�GJ,�(z, z̄)

1. OPE data of unitary CFTs is similarly analytic in spin  

2.  determined by ‘absorptive part’ of correlator

c(J,�) =

Z

⌃

⇥
Inverse block

⇤
⇥

⇥
dDiscG

⇤



Positive & bounded

x2
x3

x4
x1

dDiscG ⌘ 1
2 h0|[�2,�3][�1,�4]|0i

cf: [Maldacena, Shenker&Stanford ‘bound on chaos’] 
[Hartman,Kundu&Tajdini ‘proof of ANEC’]



Positive & bounded

x2
x3

x4
x1

Intuition:  correlator ⇒ scattering amplitude

dDiscG ⌘ 1
2 h0|[�2,�3][�1,�4]|0i

⇒ dDisc G is CFT version of Im M!!

h0|T̄�1 · · ·�4|0i ⌘ S⇤ = GE � iM⇤

h0|T�1 · · ·�4|0i ⌘ S = GE + iM

h0|�2�3�1�4|0i ⌘ GE

cf: [Maldacena, Shenker&Stanford ‘bound on chaos’] 
[Hartman,Kundu&Tajdini ‘proof of ANEC’]
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large-N: saturated by single-traces!
x2
x3

x4
x1

�1�4 ⇠
X

j,�

cj,�((x1 � x4)
2)

���1��4
2

integer + �/N2
c

⇒ AdS Cutkowski rules

Thus: ~1/Nc^4
[�2,�3][�1,�4] ⇠

X

t�channel

(. . .)sin(⇡���1��4
2 ) sin(⇡���2��3

2 )

[�1,�4] ⇠
X

j,�

cj,�|(x1 � x4)
2|

���1��4
2 sin(⇡

���1 ��4

2
)

=
P

⇥
single
traces

Figure 1. Correlators in any large-N theories can be reconstructed from singularities that are
saturated by single-trace operators. Theories with a gravity dual correspond to the case where the
sum is e↵ectively finite.

where the regular terms contain at most a single logarithm as v ! 0, in contrast with terms

which we will call “singular” due to either poles or double logarithms at v ! 0. So far the

discussion has been general. In the present paper we will consider solutions consistent with

crossing in a large central charge expansion, in the regime of large t’ Hooft coupling �:

H(u, v) = H(0)(u, v) +
1

c
H(1)(u, v) +

1

c2
H(2)(u, v) + · · · (2.9)

In this regime the intermediate operators contributing to H(u, v) are double trace operators

with twist four and higher. The pole terms as v ! 0 present on the r.h.s. of (2.8) arise

from the protected, single-trace sector. Following general arguments, we see that these poles

are consistent with, and actually require, the existence of double trace operators of twist

�� ` = 4+2n. As we will see, their precise form at c = 1 su�ces to fix the OPE coe�cients

to

⌦
a(0)

↵
n,`

= 2(`+ 1)(6 + `+ 2n) . (2.10)

We use the bracket to denote the sum over all operators of approximate twist 4 + 2n and

spin `, emphasizing the fact that in general many nearly-degenerate operators contribute.

As we take into account 1/c corrections both the scaling dimensions and OPE coe�cients of

individual operators acquire corrections

�n,` = 4 + 2n+ `+
1

c
�(1)n,` +

1

c2
�(2)n,` + · · · (2.11)

an,` = a(0)n,` +
1

c
a(1)n,` +

1

c2
a(2)n,` + · · · (2.12)

As we will see in the next two sections �(1)n,` and a(1)n,` are again fully determined by the singular

terms in (2.8). We obtain

⌦
a(0)�(1)

↵
n,`⌦

a(0)
↵
n,`

= � n
(1 + `)(6 + `+ 2n)

,
⌦
a(1)

↵
n,`

=
1

2
@n

⌦
a(0)�(1)

↵
n,`

, (2.13)

– 4 –
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Euclidean Lorentzian

SO(2)

SO(3)

SO(d+1,1) SO(d,2)???

Rotation symmetry:

SO(1,1)

SO(2,1)

Conformal symmetry:

Gj,�(z, z̄)

e�j⌘

Qj(cosh ⌘)Pj(cos ✓)

cos(j✓)

Method of the missing box

Taylor series:
E�JEJ



The « conformal blocks » for four-point function solve 
some some second-order (and fourth-order) Casimir eqs.

Section 6 contains concluding remarks. A lengthy appendix A details formulas for handling

conformal blocks in various dimensions, while appendix B details tests in the 2D Ising model.

2 Review and main ingredients

2.1 Four-point correlator and conformal blocks

We will be interested in the correlator of four conformal primary operators (which we will

take to be scalars for simplicity). Up to an overall factor, it is a function of cross-ratios only:

hO4(x4) · · · O1(x1)i =
1

(x212)
1
2 (�1+�2)(x234)

1
2 (�3+�4)

✓
x214
x224

◆a✓
x214
x213

◆b

G(z, z̄) (2.1)

where here and below a = 1
2(�2 ��1), b =

1
2(�3 ��4), and z, z̄ are conformal cross-ratios

zz̄ =
x212x

2
34

x213x
2
24

, (1� z)(1� z̄) =
x223x

2
14

x213x
2
24

. (2.2)

The operator product expansion (OPE) produces a series expansion around the limit where

two points coincide. The expansion in the s-channel (between 1 and 2) reads

G(z, z̄) =
X

J,�

f12Of43O GJ,�(z, z̄) (2.3)

where the sum runs over the spin J and dimension � of the exchanged primary operator

O. The conformal blocks G are special functions which resum derivatives (descendants) of

O. They are eigenfunctions of the quadratic and quartic Casimir invariants (A.2) of the

conformal group. It will be useful to use blocks normalized so that, at small z ⌧ z̄:

GJ,�(z, z̄) ! z
��J

2 z̄
�+J

2 (0 ⌧ z ⌧ z̄ ⌧ 1) . (2.4)

The same normalization was used in [11]. The angular dependence when z and z̄ are both

small but of comparable magnitude can be expressed in terms of Gegenbauer polynomials, see

eq. (A.8). In even spacetime dimensions, the conformal blocks admit closed form expressions

in terms of hypergeometric functions, for example

GJ,�(z, z̄) =
k��J(z)k�+J(z̄) + k�+J(z)k��J(z̄)

1 + �J,0
(d = 2) , (2.5)

GJ,�(z, z̄) =
zz̄

z̄ � z

⇥
k��J�2(z)k�+J(z̄)� k�+J(z)k��J�2(z̄)

⇤
(d = 4) . (2.6)

In both expressions, k� denotes the hypergeometric function

k�(z) = z̄�/2 2F1(�/2 + a,�/2 + b,�, z) . (2.7)

Since four points can always be mapped to a plane via a conformal transformation, z

and z̄ can be viewed as coordinates on a two-dimensional plane. In fact it will be convenient
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conformal group. It will be useful to use blocks normalized so that, at small z ⌧ z̄:

GJ,�(z, z̄) ! z
��J

2 z̄
�+J

2 (0 ⌧ z ⌧ z̄ ⌧ 1) . (2.4)

The same normalization was used in [11]. The angular dependence when z and z̄ are both

small but of comparable magnitude can be expressed in terms of Gegenbauer polynomials, see

eq. (A.8). In even spacetime dimensions, the conformal blocks admit closed form expressions

in terms of hypergeometric functions, for example

GJ,�(z, z̄) =
k��J(z)k�+J(z̄) + k�+J(z)k��J(z̄)

1 + �J,0
(d = 2) , (2.5)

GJ,�(z, z̄) =
zz̄

z̄ � z

⇥
k��J�2(z)k�+J(z̄)� k�+J(z)k��J�2(z̄)

⇤
(d = 4) . (2.6)

In both expressions, k� denotes the hypergeometric function

k�(z) = z̄�/2 2F1(�/2 + a,�/2 + b,�, z) . (2.7)

Since four points can always be mapped to a plane via a conformal transformation, z

and z̄ can be viewed as coordinates on a two-dimensional plane. In fact it will be convenient

– 5 –

The Lorentzian ‘inverse block’ 

µ(z, z̄)G�+1�d,J+d�3 ⇠ (zz̄)(J�1)/2(z/z̄)(��1)/2

⇠ (zz̄)�/2(z/z̄)J/2

basically same, with spin and dimension interchanged!
[SCH ’17]
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Simpler derivation [Simmons-Duffin, Stanford&Witten ‘17]

Start from Euclidean Plancherel formula for harmonic fcts:

x1

x2 x3

x4

J, �̃J,�

x5

c(J,�) =

Z
d
d
x1 · · · ddx5

vol(SO(d, 2))
hO1 · · ·O4i

x (3-point functions)

(this gives generating function of all OPE data:

lim
�!�0

c(J,�) =
f2
OO!J,�

�0 ��
)

[Ferrara, Gato, Grillo 70’s]

[Simmons-Duffin& Kravchuk ’18]



The trick.

●●

●
●∞

0
x3

1
●x4

1. Gauge-fix to (0,1,x3,x4,∞)  
then Wick-rotate (x3,x4)

2.  Deform time contours to 
    pick time-like double-commutators

(cf KLT trick: [5-point closed string]=[open string]2 )

3

2
1

4

R

2=(0,0)
1=(1,1)

1

4

2
1

3

R2

v

u

Figure 2: We show typical configurations for points 3 and 4 within regions R1 and R2. The

dotted line is not fixed in place, it is only to emphasize that points 3 and 4 must be spacelike

separated. Time goes up.

2.2 Rewriting in terms of cross-ratios

To make contact with Caron-Huot’s formula, we would like to use the fact that the four-point

function (and the commutators) depend only on the cross ratios. Given that u1 = v1 = 1

and u2 = v2 = 0, these reduce to

� =
u34

(u3 � 1)u4

, � =
v34

(v3 � 1)v4
. (2.15)

We can solve these equations for u3, v3 and change variables in the integral, so that we have

an integral over u4, v4,�,�. Because the four-point function depends only on �,�, we can

then do the integral over u4, v4 explicitly, getting exprssions involving the SL(2,R) conformal

block

k2h(�) ⌘ �h
2F1(h, h, 2h,�), bk2h(�) ⌘ (��)h2F1(h, h, 2h,�). (2.16)

The final answer one finds is

Ih,h = �1

4

�(h)2

�(2h)

�(1�h)2

�(2�2h)

"
(�1)J

Z
1

0

Z
1

0

d�d�

(��)2��O

h[O3, O2][O1, O4]ik2h(�)k2(1�h)(�)

+

Z
0

�1

Z
0

�1

d�d�

(��)2��O

h[O4, O2][O1, O3]ibk2h(�)bk2(1�h)(�)

#
. (2.17)

One can check that this formula agrees with [9] once we translate using (1.9) which for this

special case reads

c(J,�) =
(�1)J

2⇡2

�(h)2

�(2h�1)

�(2�2h)

�(1�h)2
Ih,h. (2.18)

where J = h� h and � = h+ h.

9



s-channel  
OPE coefficients

convergent 
t-channel sum

block with  
j and Δ 

exchanged

converges for j>1 (boundedness in Regge limit)

c(J,�) =

Z

⌃

⇥
Inverse block

⇤
⇥

⇥
dDiscG

⇤

Result: Froissart-Gribov formula



A (boring) test: 2D Ising

• Double discontinuity:  

• Factorized integral against 2d (global) blocks
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G(⇢, ⇢̄) =

����
1

(1� ⇢2)1/4

����
2

+

����
p
⇢

(1� ⇢2)1/4

����
2

B Example: 2D Ising model

There are two scalar primaries: � and ✏, odd and even under a Z2 symmetry and of mass

dimension � = 1
8 and � = 1, respectively. We’ll consider the following correlators:

g
A
⌘ g���� =

����
1

(1� ⇢2)1/4

����
2

+

����
p
⇢

(1� ⇢2)1/4

����
2

, g
B
⌘ g��✏✏ =

����
1 + ⇢

2

1� ⇢2

����
2

,

g
C
⌘ g�✏✏� =

�����
⇢
1/16(1 + 6⇢+ ⇢

2)

(1� ⇢)2(1 + ⇢)1/8

�����

2

, g
D
⌘ g✏✏✏✏ =

����
1 + 14⇢2 + ⇢

4

27/8(1� ⇢2)2

����
2

.

(B.1)

Note that gB and g
C are di↵erent channels of the same correlator.

Consider first gA. To compute its double discontinuity, we need to treat ⇢, ⇢̄ as indepen-

dent variable and take ⇢ ! 1/⇢, either above or below the axis (see eq. ()), which gives

dDisc gA(⇢, ⇢̄) =
1� 1

p
2
(
p
⇢+

p
⇢̄) +

p
⇢⇢̄

(1� ⇢2)1/4(1� ⇢̄2)1/4
. (B.2)

We note that this is positive for 0 < ⇢, ⇢̄ < 1, as required. The formula gives

c
A
J,� =

Z 1

0
d⇢d⇢̄µ(⇢, ⇢̄)G��1,1+j(⇢, ⇢̄)dDisc gA(⇢, ⇢̄) . (B.3)

where in the ⇢-variables the measure is
���1�⇢2

4⇢2

���
2
. Writing u = ⇢

2 this can be expressed in

terms of following factorized integral:

fp(↵) ⌘

Z 1

0

du (4u)p+↵

8u
p
u

(1� u)3/42F1
�
1
2 ,

a
2 ,

a+1
2 , u

�
, (B.4)

giving

c
A
J,� = f0(J+�)f0(J+2��)�

1

2
f1/4(J+�)f0(J+2��)�

1

2
f0(J+�)f1/4(J+2��)+f1/4(J+�)f1/4(J+2��) .

(B.5)

It turns out that this can be expressed as an hypergeometric function:

fp(↵) = 2a�3+2p�(
7
4)�(p+

↵�2
4 )

�(p+ ↵+5
4 )

3F2
�
1
2 ,

↵
2 , p+

↵�2
4 ; a+1

2 , p+ ↵+5
4 ; 1

�
. (B.6)

The OPE coe�cients are then obtained as the residues of:

C
A
J,�0 = Res�=�0

 
c
A
J,� �

�(��J
2 )4 tan(⇡��J

2 )

2⇡�(�� j � 1)�(�� j)
c��1,J+1

!
. (B.7)

The first few residues, for example, give:

C
A
0,1 =

1

4
, C

A
2,2 =

1

64
, C

A
4,4 =

9

40960
, C

A
0,4 =

1

4096

C
A
4,5 =

1

65536
, C

A
6,6 =

35

3670016
C

A
2,6 =

9

2621440
, C

A
6,7 =

1

1310720
, . . .

(B.8)

– 12 –

> 0

B Example: 2D Ising model

There are two scalar primaries: � and ✏, odd and even under a Z2 symmetry and of mass

dimension � = 1
8 and � = 1, respectively. We’ll consider the following correlators:

g
A
⌘ g���� =

����
1

(1� ⇢2)1/4

����
2

+

����
p
⇢

(1� ⇢2)1/4

����
2

, g
B
⌘ g��✏✏ =

����
1 + ⇢

2

1� ⇢2

����
2

,

g
C
⌘ g�✏✏� =

�����
⇢
1/16(1 + 6⇢+ ⇢

2)

(1� ⇢)2(1 + ⇢)1/8

�����

2

, g
D
⌘ g✏✏✏✏ =

����
1 + 14⇢2 + ⇢

4

27/8(1� ⇢2)2

����
2

.

(B.1)

Note that gB and g
C are di↵erent channels of the same correlator.

Consider first gA. To compute its double discontinuity, we need to treat ⇢, ⇢̄ as indepen-

dent variable and take ⇢ ! 1/⇢, either above or below the axis (see eq. ()), which gives

dDisc gA(⇢, ⇢̄) =
1� 1

p
2
(
p
⇢+

p
⇢̄) +

p
⇢⇢̄

(1� ⇢2)1/4(1� ⇢̄2)1/4
. (B.2)

We note that this is positive for 0 < ⇢, ⇢̄ < 1, as required. The formula gives

c
A
J,� =

Z 1

0
d⇢d⇢̄µ(⇢, ⇢̄)G��1,1+j(⇢, ⇢̄)dDisc gA(⇢, ⇢̄) . (B.3)

where in the ⇢-variables the measure is
���1�⇢2

4⇢2

���
2
. Writing u = ⇢

2 this can be expressed in

terms of following factorized integral:

fp(↵) ⌘

Z 1

0

du (4u)p+↵

8u
p
u

(1� u)3/42F1
�
1
2 ,

a
2 ,

a+1
2 , u

�
, (B.4)

giving

c
A
J,� = f0(J+�)f0(J+2��)�

1

2
f1/4(J+�)f0(J+2��)�

1

2
f0(J+�)f1/4(J+2��)+f1/4(J+�)f1/4(J+2��) .

(B.5)

It turns out that this can be expressed as an hypergeometric function:

fp(↵) = 2a�3+2p�(
7
4)�(p+

↵�2
4 )

�(p+ ↵+5
4 )

3F2
�
1
2 ,

↵
2 , p+

↵�2
4 ; a+1

2 , p+ ↵+5
4 ; 1

�
. (B.6)

The OPE coe�cients are then obtained as the residues of:

C
A
J,�0 = Res�=�0

 
c
A
J,� �

�(��J
2 )4 tan(⇡��J

2 )

2⇡�(�� j � 1)�(�� j)
c��1,J+1

!
. (B.7)

The first few residues, for example, give:

C
A
0,1 =

1

4
, C

A
2,2 =

1

64
, C

A
4,4 =

9

40960
, C

A
0,4 =

1

4096

C
A
4,5 =

1

65536
, C

A
6,6 =

35

3670016
C

A
2,6 =

9

2621440
, C

A
6,7 =

1

1310720
, . . .

(B.8)

– 12 –

cj,� = f0(j+�)f0(j+2��)� 1
2f1/4(j +�)f0(j + 2��) + . . .



• Residues at all poles do match global OPE!
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C0,1 =
1

4
, C2,2 =

1

64
, C4,4 =

9

40960
, C0,4 =

1

4096

C4,5 =
1

65536
, C6,6 =

35

3670016
C2,6 =

9

2621440
, C6,7 =

1

1310720
, . . .

Cj,� = �Kj,�Res�0=�c(j,�
0)

✓



Outline
1. Lorentzian inversion formula:  

-setup and Regge limit of correlator  
-analyticity in spin  
-‘Absorptive part’ in CFT

2. AdS locality  
-CFT derivation of bulk EFT  
-concrete tree and one-loop Witten diagrams

3. More should be true!  
-Pushing 1/J expansions to spin J=0 
-Bulk point limit

✓



AdS locality
recall HPPS conjecture:  
   Any large-N CFT with a large gap of operator  
  dimension has an AdS dual, down to lengths 

[Heemskerk,Penedones,Polchinski& Sully ’09]

 31

They proved:  solutions to crossing using finite-spin 
double-traces 
                       ⟷ derivative interactions in AdS

But why are higher-derivatives suppressed
by powers of Δgap?

`AdS/�gap



• Effective field theory in AdS:  
 
 

• In AdS5xS5, for example, 

• ‘dispersion relation’ clarifies that:

1

M2
+

s

M4
+ . . .

1/M2 ⇠ ↵0 ⌧ L2
AdS

“
�1

s�M2
”

M(s)
���
heavy

⇠
Z 1

M2

ds0

s0 � s
ImM(s0) ⇠ 1

M2
+

s

M4
+ . . .



dDisc from the cross-channel

 33

• Double-traces killed at large N

• Heavy operators killed unless ⇢, ⇢̄ < �2
gap

dDiscG =
X

J 0,�0

sin2(⇡2 (�
0 � 2�))

✓
1�p

⇢

1 +
p
⇢

◆�0+J 0 ✓
1�

p
⇢̄

1 +
p
⇢̄

◆�0�J 0

AdS dual is local  
(according to HPPS) ⇔ dDisc saturated 

by few light primaries



dDiscG

1⇠ 1/�2
gap

0

1

⇠ 1/N2
c

light
(known)

unknown
(heavy&non-  
perturbative)

cj,� =

Z
Fj,� dDiscG

⇢ ⇠ ⇢̄

‘minimal  
solution’

correction
small for j>2

= cj,�
���
light

+ cj,�
���
heavy

[see also: Alday,Bissi&Perlmutter;  
Li,Meltzer&Poland]



‘Heavy’ part depends on nonperturbative UV completion.  

It’s weighed by              .  Use positivity + boundedness:

“
�1

s��2
gap

” 1

�2
gap

+
s

�4
gap

+ . . .

��c(j, d
2 + i⌫)heavy

��  1

cT

#

(�2
gap)

j�2

⇠ (⇢⇢̄)J/2

This establishes, from CFT,  an EFT power-counting in AdS.



Ex.: tree-level AdS gravity
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R
+ crossed =+

Figure 3. The inversion integral produces the full correlator, given on the left as a sum over Witten
diagrams, from the double-discontinuity in a single channel (and more generally, the t and u channels).

For the connected tree (second line of (3.6b)) the integral is very similar but there is an

extra log. We can simplify our life somewhat by writing it using Casimir operators:
✓

z

1� z
� 2z2

(1� z)2
� 2z3 log z

(1� z)3

◆
= �1

2
D(D � 2)

z log z

1� z
, D = z2@z(1� z)@z . (3.11)

The Casimir operators can be integrated by parts and simply give a multiplicative factor equal

to their eigenvalue on the blocks, namely: (h� 2)(h� 1)h(h+1). A similar trick will greatly

simplify things at one-loop, as shown below. We do not need to worry about boundary terms

in z since poles originate only from z ! 0. To perform the integral over z log z
1�z we then simply

expand it in powers of z/(1� z) and apply the formula (3.8) termwise. Dropping terms with

no poles we obtain a very simple result:

c(1)(h, h̄) =
⇡2

sin(⇡h)2
(h� 2)(h� 1)h(h+ 1)

2
. (3.12)

Comparing with (3.5) then give the (summed) anomalous dimension and OPE coe�cient:

⌦
a(0)�(1)

↵
n,`

= �2n,
⌦
a(1)

↵
n,`

= �@nn (3.13)

which again are in precise agreement with the results quoted in the preceding section.

Let us now interpret the results (3.9), (3.12). They express the result of the inversion in-

tegral (3.4) applied to strongly coupled super Yang-Mills theory (where one has only neglected

terms with no poles at positive h). We stress that this data determines the full tree-level

supergravity correlator: plugging the resulting anomalous dimensions and OPE coe�cients

into eq. (2.5) we checked that it reproduces precisely the OPE expansion of the known result

[16]:

G = 1 +
1

v2
+

1

c

✓
1

v
� u2D̄2,4,2,2(z, z̄)

◆
+O(1/c2). (3.14)

It is remarkable that the present computation did not use any input from supergravity: the

only assumption was the sparseness of the single-trace spectrum. Specifically, we included

in the t-channel only the protected half-BPS operators (the stress tensor multiplet and its

second Kaluza-Klein excitation), which are responsible for the singular part of Gshort(v, u)

recorded in eq. (2.8).

– 9 –

+ contact terms 
with j≤2

with SUSY, of course, contact terms are restricted.  
 
In N=4 SYM, susy-delta function shifts J by 4:  
 tree-level converges for J≥-2, no ambiguities at all!



Correlator of  Tr[Z2] N=4 SYM:
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=
P

⇥
single
traces

Figure 1. Correlators in any large-N theories can be reconstructed from singularities that are
saturated by single-trace operators. Theories with a gravity dual correspond to the case where the
sum is e↵ectively finite.

where the regular terms contain at most a single logarithm as v ! 0, in contrast with terms

which we will call “singular” due to either poles or double logarithms at v ! 0. So far the

discussion has been general. In the present paper we will consider solutions consistent with

crossing in a large central charge expansion, in the regime of large t’ Hooft coupling �:

H(u, v) = H(0)(u, v) +
1

c
H(1)(u, v) +

1

c2
H(2)(u, v) + · · · (2.9)

In this regime the intermediate operators contributing to H(u, v) are double trace operators

with twist four and higher. The pole terms as v ! 0 present on the r.h.s. of (2.8) arise

from the protected, single-trace sector. Following general arguments, we see that these poles

are consistent with, and actually require, the existence of double trace operators of twist

�� ` = 4+2n. As we will see, their precise form at c = 1 su�ces to fix the OPE coe�cients

to

⌦
a(0)

↵
n,`

= 2(`+ 1)(6 + `+ 2n) . (2.10)

We use the bracket to denote the sum over all operators of approximate twist 4 + 2n and

spin `, emphasizing the fact that in general many nearly-degenerate operators contribute.

As we take into account 1/c corrections both the scaling dimensions and OPE coe�cients of

individual operators acquire corrections

�n,` = 4 + 2n+ `+
1

c
�(1)n,` +

1

c2
�(2)n,` + · · · (2.11)

an,` = a(0)n,` +
1

c
a(1)n,` +

1

c2
a(2)n,` + · · · (2.12)

As we will see in the next two sections �(1)n,` and a(1)n,` are again fully determined by the singular

terms in (2.8). We obtain

⌦
a(0)�(1)

↵
n,`⌦

a(0)
↵
n,`

= � n
(1 + `)(6 + `+ 2n)

,
⌦
a(1)

↵
n,`

=
1

2
@n

⌦
a(0)�(1)

↵
n,`

, (2.13)
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dDisc is just the polar part as v->0 of one block:

G(u, v) = 1

v2
+

2u2 log u� 3u2 + 4u� 1

v(u� 1)3
1

c

Plug into inversion integral gives all OPE data!!
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Figure 1. Correlators in any large-N theories can be reconstructed from singularities that are
saturated by single-trace operators. Theories with a gravity dual correspond to the case where the
sum is e↵ectively finite.
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Figure 1. Correlators in any large-N theories can be reconstructed from singularities that are
saturated by single-trace operators. Theories with a gravity dual correspond to the case where the
sum is e↵ectively finite.
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H(u, v) = H(0)(u, v) +
1

c
H(1)(u, v) +

1

c2
H(2)(u, v) + · · · (2.9)

In this regime the intermediate operators contributing to H(u, v) are double trace operators

with twist four and higher. The pole terms as v ! 0 present on the r.h.s. of (2.8) arise

from the protected, single-trace sector. Following general arguments, we see that these poles

are consistent with, and actually require, the existence of double trace operators of twist

�� ` = 4+2n. As we will see, their precise form at c = 1 su�ces to fix the OPE coe�cients

to

⌦
a(0)

↵
n,`

= 2(`+ 1)(6 + `+ 2n) . (2.10)

We use the bracket to denote the sum over all operators of approximate twist 4 + 2n and

spin `, emphasizing the fact that in general many nearly-degenerate operators contribute.

As we take into account 1/c corrections both the scaling dimensions and OPE coe�cients of

individual operators acquire corrections

�n,` = 4 + 2n+ `+
1

c
�(1)n,` +

1

c2
�(2)n,` + · · · (2.11)

an,` = a(0)n,` +
1

c
a(1)n,` +

1

c2
a(2)n,` + · · · (2.12)

As we will see in the next two sections �(1)n,` and a(1)n,` are again fully determined by the singular

terms in (2.8). We obtain

⌦
a(0)�(1)

↵
n,`⌦

a(0)
↵
n,`

= � n
(1 + `)(6 + `+ 2n)

,
⌦
a(1)

↵
n,`

=
1

2
@n

⌦
a(0)�(1)

↵
n,`

, (2.13)
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Figure 2. At one-loop order in the 1/N expansion, the singularities caused by double-trace exchanges
are equal to products of single-trace tree amplitudes.

where n = (n + 1)(n + 2)(n + 3)(n + 4). This coincides with the well known supergravity

result. In principle one could also add a solution consistent with crossing with finite support

in the spin. As we will show, such solutions can be forbidden using bounds on the Regge

limit behavior.

Although in this paper we will only focus on the correlator at hand, in principle the same

can be done for more general correlators, of the form hOpOpOqOqi. In this way one should

recover the supergravity result from the singular contribution of the protected sector.

At order 1/c2 something interesting happens. On one hand the 1/c expansion of the

protected contribution stops at order 1/c. On the other hand, the anomalous dimensions at

order 1/c of double trace operators in the t-channel produce the following singular term to

order 1/c2:

H(2)(v, u) =
1

8
log2 v

X

n,`

⌦
a(0)

�
�(1)

�2↵
n,`

gn,`(v, u) + regular (2.14)

In order to compute the sum at each n, ` one has to solve a mixing problem which can be

done from the explicit answers of the general correlators mentioned above. The result will

be recorded in section ?? below. As we show in sections 3 and 4 the CFT data at order 1/c2

again follows from this singular part.

How much shall we say about the flat space limit, analytic results, etc? think!

3 CFT data from the Froissart-Gribov inversion integral

Recently, an integral formula has been derived which reconstructs the OPE data of any CFT

from the double-discontinuity of correlators [10]. For identical external operators in four

dimensions, this inversion integral was written in that paper as

c̃(`,�) =
1 + (�1)`

4
̃(�+`

2 )

Z 1

0

dz

z2
dz

z2

✓
z � z

zz

◆2

g̃`+3,��3(z, z) dDisc [G(z, z)], (3.1)

with ̃(h) = �(h)4

2⇡2�(2h�1)�(2h) , and where we notice that the block has spin and dimension

interchanged compared to the one entering the OPE. The formula is analytic in spin expect

– 5 –

Result matches perfectly supergravity Witten diagrams

[D’Hoker, Freedman, Mathur, Matusis& Rastelli, ~99]

+…

Given the double discontinuity (3.6a), the inversion integral (3.4) factorizes and can be

done using the preceding formulas. This gives directly the disconnected OPE data:

c(0)(h, h) = ⇡ cot(�⇡h)
�
h(h� 1)� h(h� 1)

�
. (3.9)

At the zeroth order we can neglect the anomalous dimension in eq. (3.5) which thus gives

⌦
a(0)

↵
n,`

= �2Resh=n+3 c
(0)(h, h+ `+ 1) = 2(`+ 1)(6 + `+ 2n) (3.10)

exactly as in eq. (2.10).

For the connected tree (second line of (3.6b)) the integral is very similar but there is an

extra log. We can simplify our life somewhat by writing it using Casimir operators:

✓
z

1� z
� 2z2

(1� z)2
� 2z3 log z

(1� z)3

◆
= �1

2
D(D � 2)

z log z

1� z
, D = z2@z(1� z)@z . (3.11)

The Casimir operators can be integrated by parts and simply give a multiplicative factor

equal to their eigenvalue on the blocks, namely: (h � 2)(h � 1)h(h + 1). We do not need to

worry about boundary terms in z since the poles originate from z ! 0. A similar trick will

greatly simplify things below at one-loop. To perform the integral over z log z
1�z we then simply

expand in powers of z/(1 � z) and apply the formula (3.8) termwise. Dropping terms with

no poles we obtain a very simple result:

c(1)(h, h) =
⇡2

sin(⇡h)2
(h� 2)(h� 1)h(h+ 1)

2
. (3.12)

Comparing with (3.5) then give the (average) anomalous dimension and OPE coe�cient:

⌦
a(0)�(1)

↵
n,`

= �2n,
⌦
a(1)

↵
n,`

= �@nn (3.13)

which again are in precise agreement with the results quoted in the preceding section.

Let us now interpret the results (3.9), (3.12). They express the result of the inversion in-

tegral (3.4) applied to strongly coupled (super) Yang-Mills theory (and neglecting terms with

no poles at positive h). We stress that this data determines the full tree-level supergravity

correlator: plugging the resulting anomalous dimensions and OPE coe�cients into eq. (2.5)

we checked that it reproduces precisely the OPE expansion of the known result []:

G = 1 +
1

v2
+

1

c

✓
1

v
� u2D̄2,4,2,2(z, z)

◆
+O(1/c2). (3.14)

It is remarkable that the present computation did not use any input from supergravity: the

only assumption was the sparseness of the single-trace spectrum. Specifically, we included in

the t-channel only the protected half-BPS operators (the stress tensor multiplet and its first

Kaluza-Klein excitation) which are responsible for the singular part of Gshort(v, u) recorded

in eq. (??). [comment on literature]
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Figure 2. At one-loop order in the 1/N expansion, the singularities caused by double-trace exchanges
are equal to products of single-trace tree amplitudes.
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again follows from this singular part.

How much shall we say about the flat space limit, analytic results, etc? think!

3 CFT data from the Froissart-Gribov inversion integral

Recently, an integral formula has been derived which reconstructs the OPE data of any CFT

from the double-discontinuity of correlators [10]. For identical external operators in four
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dDisc at one-loop was computed 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high-energy behavior of the amplitude was given in [17]. Setting � = 2 and d = 4 in eq. (5.5)

there this relation reads:

zz(z � z)Gcont = � i

2

Z 1

0
!2d! e2i!x

p
sA5(s, t) , (5.25)

where ! represents the energies of each incoming particle in units of the AdS radius L, the

Mandelstam variable s = 4!2/L2 is the center-of-mass energy, and �t/s = 1�cos ✓
2 encodes

the scattering angle. This formula gives the leading singular term at x ⇠ z � z ! 0 for each

order in 1/c. To make contact with the OPE on the CFT side, we use the usual partial wave

expansion for the five-dimensional (flat space) amplitude A5(s, t):

A5(s, t) =
128⇡p

s

X

` even

(`+ 1)2b`(s)P`(cos ✓) (5.26)

with cos ✓ = 1 + 2t
s and P` is as defined below eq. (5.6). The prefactor is simply one over

the phase space volume for two identical particles, ensuring that b(0)` = 1 in the absence of

interactions. Comparing (5.6), (5.25) and (5.26), one concludes that the leading behavior of

the OPE data is:

lim
n!1

⌦
ae�i⇡�

↵
n,`⌦

a(0)
↵
n,`

= b`(s) , (5.27)

with L
p
s/2 = n. This relation between the phase shift and flat space amplitude is familiar

when there is no operator mixing, and was derived for example in the eikonal limit [] or to

first order in 1/c [].

At energy scales between the AdS and string scales, the flat space amplitude A5(s, t) can

be reliably computed using perturbative quantum gravity in flat space, viewed as an e↵ective

field theory. We notice that in this limit the AdS5⇥S5 geometry is however fundamentally

ten-dimensional, so we have to use the ten-dimensional IIB supergravity. Fortunately, the one-

loop flat space integrand in this theory was worked out in any dimension in []. It is a simple

sum of scalar boxes, thanks to the so-called no-triangle property of maximal supergravity:

Asugra
10 (s, t) = 8⇡GN

s3

tu
+

(8⇡GN )2

(4⇡)5
(Ibox(s, t) + Ibox(s, u) + Ibox(t, u)) +O(G3

N ) , (5.28)

where GN = ⇡4L8

2c is the ten-dimensional Planck constant, with c = N2
c�1
4 and L the AdS

radius. To be fully precise, let us specify which polarization we have chosen for the external

gravitons: to match with the correlator G(105), which corresponds to two identical complex

scalars, one should choose the polarizations of gravitons 1 and 2 to be two identical null

tensors orthogonal to all the momenta. (Note that due to supersymmetry, all other choices

are equivalent up to an overall factor.)
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p
s = 2n/L
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⇢

⇢

(a) (b)

Figure 3. (a) Four-point kinematics in the complex ⇢-plane. (b) The kinematics on the Lorentzian
cylinder. In the “bulk-point” limit z ! z, particles are e↵ectively beamed onto a point in the AdS
interior of the cylinder.

Flat space physics can be accessed using suitable wavepackets focused onto a point in

the bulk [? ? ]. To be self-contained, we give a brief exposition. The kinematics are most

conveniently described using the ⇢-coordinates introduced in [] and depicted in eq. (??), see

also section 5 of [? ]. In Euclidean kinematics, ⇢ and ⇢̄ are complex conjugate to each

other and log(⇢⇢̄) represents time in radial quantization. The bulk-point limit exists in real

Minkowski signature where that time is taken imaginary and approaches �i⇡. Adding a

rotation by ⇡ the corresponding cross-ratios are

⇢ =
1�

p
1� z

1 +
p
1� z

= ei✓�2⇡i+ix, ⇢̄ =
1�

p
1� z

1 +
p
1� z

= e�i✓+ix, (5.1)

where x ! 0 in the limit (which implies z, z ! 2
1+cos ✓ with z� z ⇠ x). Fast particles moving

at the speed of light can then scatter in the bulk while conserving momentum. Since the

s-channel conformal block expansion converges for |⇢|  1, |⇢̄|  1 [? ], the bulk point limit

can be approached using the OPE but it lies at the boundary of its radius of convergence.

Thus singularities can arise from the tail of the sum.

If one were to ignore the phase e�2⇡i representing the time evolution, the correlator would

admit the usual decomposition in super-conformal blocks

H(u, v) =
X

�,`

a�,` g�,`(u, v) . (5.2)

The time evolution has the e↵ect of multiplying each conformal block by a phase

Hcont.(u, v) =
X

�,`

e�i⇡(��`) a�,` g�,`(u, v) (5.3)

To understand the tail of the sum one may use the asymptotics of the hypergeometric functions

(see [? ]):

lim
h!1

kh(z) =
(4⇢)hp
1� ⇢2

(1 +O(1/h)) (5.4)
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We studied the ‘bulk point’ limit of the CFT 1/N correction

[HPPS]

large-∆ OPE data ⇔ flat-space partial waves:

[Alday,SCH ’17]



Note:  In AdS/CFT there is (never?) a local 5D theory

Here only flat 10-dimensional type-IIB supergravity
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Figure 4. The one-loop amplitude in ten-dimensional type IIB supergravity is the sum of three scalar
boxes integrals.

which leads to the large-n behavior (for any x)

lim
n!1

a(0)n,` gn,` =
�64i⇡n2

zz(z � z)

(`+ 1) sin((`+ 1)✓)p
sin2 ✓ � sin2 x

eix(2n+`+6). (5.5)

One sees that each block has a 1/(z�z) ⇠ 1/x singularity. However, any stronger singularity

would have to be caused by the large-n tail of the sum. In a non-perturbative regime the extra

phases in Hcont.(u, v) have been conjectured to display a chaotic behaviour, ensuring that the

singularity of the correlator is not enhanced compared with that of individual blocks. In a

large N perturbative regime this is not true anymore, since phases are small and in fact quite

regular. In the following we will focus on the dominant singularity at x ! 0 at each order in

the 1/c expansion. In this limit the dependence of the blocks on anomalous dimensions can

be neglected at it produces subleading d/dn terms, and the above gives simply

zz(z � z)Gcont.(u, v) ⇡ �64i⇡
X

n

n2 e2ixn
X

` even

(`+ 1)2P`(cos ✓)

⌦
ae�i⇡�

↵
n,`⌦

a(0)
↵
n,`

(5.6)

where P`(✓) =
sin(`+1)✓
(`+1) sin ✓ are a four-dimensional version of Legendre polynomials. [comment

on literature] This formula can be readily tested at the leading order: with the anomalous

dimension �(1) ⇡ �n3

2(`+1) one finds zz(z�z)G(1)
cont. ⇡ �30⇡2

x6 sin2✓
, which is in precise agreement with

the analytic continuation of the D̄ function in eq. (3.14).

5.1 Large-n limit

The discussion above is the main motivation to study the averages
⌦
ae�i⇡�

↵
n,`

in the large n

limit. We will do so in two di↵erent ways. First from our explicit results, and then directly

from the inversion integral.

5.1.1 Large-n limit from explicit results

Up to order 1/c2 the average in question is equivalent to

⌦
ae�i⇡�

↵
n,`

=
⌦
a(0)

↵
n,`

+
1

c

⇣⌦
a(1)

↵
n,`

� i⇡
⌦
a(0)�(1)

↵
n,`

⌘
(5.7)

+
1

c2

✓⌦
a(2)

↵
n,`

� i⇡
⌦
a(1)�(1) + a(0)�(2)

↵
n,`

� ⇡2

2

⌦
a(0)

�
�(1)

�2↵
n,`

◆
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high-energy behavior of the amplitude was given in [17]. Setting � = 2 and d = 4 in eq. (5.5)

there this relation reads:

zz(z � z)Gcont = � i

2

Z 1

0
!2d! e2i!x

p
sA5(s, t) , (5.25)

where ! represents the energies of each incoming particle in units of the AdS radius L, the

Mandelstam variable s = 4!2/L2 is the center-of-mass energy, and �t/s = 1�cos ✓
2 encodes

the scattering angle. This formula gives the leading singular term at x ⇠ z � z ! 0 for each

order in 1/c. To make contact with the OPE on the CFT side, we use the usual partial wave

expansion for the five-dimensional (flat space) amplitude A5(s, t):

A5(s, t) =
128⇡p

s

X

` even

(`+ 1)2b`(s)P`(cos ✓) (5.26)

with cos ✓ = 1 + 2t
s and P` is as defined below eq. (5.6). The prefactor is simply one over

the phase space volume for two identical particles, ensuring that b(0)` = 1 in the absence of

interactions. Comparing (5.6), (5.25) and (5.26), one concludes that the leading behavior of

the OPE data is:

lim
n!1

⌦
ae�i⇡�

↵
n,`⌦

a(0)
↵
n,`

= b`(s) , (5.27)

with L
p
s/2 = n. This relation between the phase shift and flat space amplitude is familiar

when there is no operator mixing, and was derived for example in the eikonal limit [] or to

first order in 1/c [].

At energy scales between the AdS and string scales, the flat space amplitude A5(s, t) can

be reliably computed using perturbative quantum gravity in flat space, viewed as an e↵ective

field theory. We notice that in this limit the AdS5⇥S5 geometry is however fundamentally

ten-dimensional, so we have to use the ten-dimensional IIB supergravity. Fortunately, the one-

loop flat space integrand in this theory was worked out in any dimension in []. It is a simple

sum of scalar boxes, thanks to the so-called no-triangle property of maximal supergravity:

Asugra
10 (s, t) = 8⇡GN

s3

tu
+

(8⇡GN )2

(4⇡)5
(Ibox(s, t) + Ibox(s, u) + Ibox(t, u)) +O(G3

N ) , (5.28)

where GN = ⇡4L8

2c is the ten-dimensional Planck constant, with c = N2
c�1
4 and L the AdS

radius. To be fully precise, let us specify which polarization we have chosen for the external

gravitons: to match with the correlator G(105), which corresponds to two identical complex

scalars, one should choose the polarizations of gravitons 1 and 2 to be two identical null

tensors orthogonal to all the momenta. (Note that due to supersymmetry, all other choices

are equivalent up to an overall factor.)
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Figure 4. The one-loop amplitude in ten-dimensional type IIB supergravity is the sum of three scalar
boxes integrals.

which leads to the large-n behavior (for any x)
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One sees that each block has a 1/(z�z) ⇠ 1/x singularity. However, any stronger singularity

would have to be caused by the large-n tail of the sum. In a non-perturbative regime the extra

phases in Hcont.(u, v) have been conjectured to display a chaotic behaviour, ensuring that the

singularity of the correlator is not enhanced compared with that of individual blocks. In a

large N perturbative regime this is not true anymore, since phases are small and in fact quite

regular. In the following we will focus on the dominant singularity at x ! 0 at each order in

the 1/c expansion. In this limit the dependence of the blocks on anomalous dimensions can

be neglected at it produces subleading d/dn terms, and the above gives simply
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where P`(✓) =
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(`+1) sin ✓ are a four-dimensional version of Legendre polynomials. [comment

on literature] This formula can be readily tested at the leading order: with the anomalous

dimension �(1) ⇡ �n3

2(`+1) one finds zz(z�z)G(1)
cont. ⇡ �30⇡2
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, which is in precise agreement with

the analytic continuation of the D̄ function in eq. (3.14).
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limit. We will do so in two di↵erent ways. First from our explicit results, and then directly

from the inversion integral.

5.1.1 Large-n limit from explicit results

Up to order 1/c2 the average in question is equivalent to

⌦
ae�i⇡�

↵
n,`

=
⌦
a(0)

↵
n,`

+
1

c

⇣⌦
a(1)

↵
n,`

� i⇡
⌦
a(0)�(1)

↵
n,`

⌘
(5.7)

+
1

c2

✓⌦
a(2)

↵
n,`

� i⇡
⌦
a(1)�(1) + a(0)�(2)

↵
n,`

� ⇡2

2

⌦
a(0)

�
�(1)

�2↵
n,`

◆
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one-loop 10D amplitude is simple:

We expand it over 5D partial waves: A5 = A10/vol S5



• We find perfect match!

• The mechanism is interesting, and becomes obvious 
using flat space Froissart-Gribov formula:

high-energy behavior of the amplitude was given in [17]. Setting � = 2 and d = 4 in eq. (5.5)

there this relation reads:

zz(z � z)Gcont = � i

2

Z 1

0
!2d! e2i!x

p
sA5(s, t) , (5.25)

where ! represents the energies of each incoming particle in units of the AdS radius L, the

Mandelstam variable s = 4!2/L2 is the center-of-mass energy, and �t/s = 1�cos ✓
2 encodes

the scattering angle. This formula gives the leading singular term at x ⇠ z � z ! 0 for each

order in 1/c. To make contact with the OPE on the CFT side, we use the usual partial wave

expansion for the five-dimensional (flat space) amplitude A5(s, t):

A5(s, t) =
128⇡p

s

X

` even

(`+ 1)2b`(s)P`(cos ✓) (5.26)

with cos ✓ = 1 + 2t
s and P` is as defined below eq. (5.6). The prefactor is simply one over

the phase space volume for two identical particles, ensuring that b(0)` = 1 in the absence of

interactions. Comparing (5.6), (5.25) and (5.26), one concludes that the leading behavior of

the OPE data is:

lim
n!1

⌦
ae�i⇡�

↵
n,`⌦

a(0)
↵
n,`

= b`(s) , (5.27)

with L
p
s/2 = n. This relation between the phase shift and flat space amplitude is familiar

when there is no operator mixing, and was derived for example in the eikonal limit [] or to

first order in 1/c [].

At energy scales between the AdS and string scales, the flat space amplitude A5(s, t) can

be reliably computed using perturbative quantum gravity in flat space, viewed as an e↵ective

field theory. We notice that in this limit the AdS5⇥S5 geometry is however fundamentally

ten-dimensional, so we have to use the ten-dimensional IIB supergravity. Fortunately, the one-

loop flat space integrand in this theory was worked out in any dimension in []. It is a simple

sum of scalar boxes, thanks to the so-called no-triangle property of maximal supergravity:

Asugra
10 (s, t) = 8⇡GN

s3

tu
+

(8⇡GN )2

(4⇡)5
(Ibox(s, t) + Ibox(s, u) + Ibox(t, u)) +O(G3

N ) , (5.28)

where GN = ⇡4L8

2c is the ten-dimensional Planck constant, with c = N2
c�1
4 and L the AdS

radius. To be fully precise, let us specify which polarization we have chosen for the external

gravitons: to match with the correlator G(105), which corresponds to two identical complex

scalars, one should choose the polarizations of gravitons 1 and 2 to be two identical null

tensors orthogonal to all the momenta. (Note that due to supersymmetry, all other choices

are equivalent up to an overall factor.)
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[Move box integral to appendix?] The box integral is quadratically divergent but can be

evaluated using e.g. dimensional regularization and one finds

Ibox(s, t) ⌘
Z

d10p

i⇡5

1

p2(p� p1)2(p� p1 � p2)2(p+ p4)2

=
1

120

⇣s2t2

u3

✓
log2

�s

�t
+ ⇡2

◆
� (s� t)

✓
st

u2
+

1

2

◆
log

�s

�t
+ u log

p
�s

p
�t

⇤2
� st

u

+C1⇤
2 + C2u

⌘
(5.29)

where ⇤ is a ultraviolet cuto↵ and we have re-instated the quadratic diverge; C1 and C2 are

scheme-dependent constants. The logarithmic divergence (and the constant C2) nicely cancel

in the sum over boxes (??) due to the relation s + t + u = 0, so the only ambiguity in the

computation is the quadratic divergence C1, which we’ll interpret shortly. Following standard

notation, all logarithms are real in the Euclidean region s, t < 0 and a a small imaginary part

should be added, �s 7! �s � i0, to select the correct branch when an invariant becomes

timelike. To get the five-dimensional amplitude we simply divide by the volume of S5, ⇡3L5.

Therefore, in terms of angles, the five-dimensional amplitude can be written as

p
sAsugra

5 (s, t) =
1

c

#(
p
sL/2)3

sin2 ✓
+

1

c2
(
p
sL/2)3

sin2 ✓
(
p
sL/2)11f2(cos ✓) +O(1/c3) (5.30)

where

f2 = (5.31)

The partial wave coe�cients are then obtained by inverting (5.27):

b`(s) = 1 +
i
p
s

64⇡

1

`� 1

Z ⇡

0

d✓

⇡
sin ✓ sin((`+ 1)✓)A5(s, cos ✓) (5.32)

At one-loop (I should define f2(
1+cos ✓

2 ) as the angular part, and use the Froissart-Gribov

trick) (. . . ):

b`(s) = 1+
1

c

i⇡ (
p
sL/2)3

2(`+ 1)
+

1

c2
i⇡ (

p
sL/2)11

`+ 1

Z 1

0

dz

z2

✓
1�

p
1� z

1 +
p
1� z

◆`+1

Disctf
(2)(1/z), (5.33)

where the t-channel discontinuity is:

Disctf
(2)(1/z) ⌘ f (2)(1/z + i0)� f (2)(1/z � i0)

=
z(1� z)2

480

✓✓
1� 1

z5

◆
log(1� z) +

1

z
� 1

z4
+

1

2z2
� 1

2z3
+ i⇡ � log(z)

◆
.(5.34)

6 Conclusions

A The double-discontinuity of the one-loop correlator

Here we record the coe�cient of log2 v in the one-loop correlator, as obtained from the squares

of anomalous dimensions in eq. (3.15), and normalized as in eq. (3.16):

zz(z � z)G(2)(u, v)
���
log2 v

= D(D � 2)D̄(D̄ � 2)G(2)0(z, z) (A.1)
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where f2(x) contains the angular dependence and is given in eq. (D.2). From this, the

partial wave coe�cients are obtained simply by inverting (5.27) using the orthogonality of

the polynomials P`(cos ✓):

b`(s) = 1 +
i⇡

`+ 1

Z ⇡

0

d✓

⇡
sin ✓ sin((`+ 1)✓)

p
s

64⇡2
Asugra

5 (s, cos ✓). (5.30)

An excellent way to perform such integrals is to use the Froissart-Gribov method and deform

the contour in x = 1+cos ✓
2 so that it picks the singularities of A5. Physically, this method of

reconstructing partial waves from cuts is equivalent to a dispersion relation, as discussed for

example in section 2.5 of [12]. The t- and u-channel branch cuts at x > 1 and x < 0 give the

same by symmetry, and we get

b`(s) = 1 +
1

c

i⇡ (
p
sL/2)3

2(`+ 1)
+

1

c2
i⇡ (

p
sL/2)11

`+ 1

Z 1

0

dz̄

z̄2

✓
1�

p
1� z̄

1 +
p
1� z̄

◆`+1

Disctf2(1/z̄), (5.31)

where z̄ = 1/x and the t-channel discontinuity is the di↵erence between going above or below

the t-channel cut at x > 1:

Disctf2(1/z) ⌘
2

i⇡

⇣
f (2)(1/z + i0)� f (2)(1/z � i0)

⌘

=
z(1� z)2

480

✓✓
1� 1

z5

◆
log(1� z) +

1

z
� 1

z4
+

1

2z2
� 1

2z3
+ i⇡ � log(z)

◆
.

(5.32)

We have verified the agreement between (5.30) and (5.31) to high numerical accuracy for a

variety of spins `.

The discontinuity of the amplitude (5.32) is identical to the double-discontinuity of the

correlator (5.22) obtained directly from the CFT! In other words, the operations of taking

discontinuities commute with taking the flat space limit, leading to the diagram shown in

figure 7. Since the full answers are reconstructed from the singularities, the full answers also

agree. Comparing eqs. (5.24) and (5.31), we have matched not only the answers on both

sides, but also the computation techniques. This makes transparent the relation between our

computation in CFT and the standard reconstruction of S-matrices via dispersion relations.

5.3 Local counter-terms and uniqueness of the reconstruction

As noted in section 3, reconstructions via dispersion relations typically su↵er from polyno-

mial ambiguities, which are supported on finitely many spins. These represent bulk contact

interactions. Such ambiguities potentially a↵ect both our tree and one-loop results, so let us

address them quantitatively. They were classified earlier in [34] using Mellin space technique.

The simplest one is supported on spin 0. In terms of the analytic function c(h, h + ` + 1)

defined in eq. (3.5), it can be directly constructed as follows. First, single-valuedness (from

an argument similar to 5.1.2) requires it to vanish like e�2⇡|Imh| at large imaginary h. Since

it can have only at most double poles at the double-trace locations, we write

�c(h, h+ 1) =
⇡2

sin(⇡h)2
�c0(n) (5.33)
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Disctf
(2)(1/z)
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correlator

G(z, z)
amplitude

A5(s, t)

dispersion

relation

discontinuity

Disc [A5]

inversion

integral

double-disc.

dDisc [G]

flat space

flat space

Figure 5. A commutative diagram which explains the agreement between the one-loop CFT and
supergravity calculations: the discontinuities, which determine the outcome of both calculations, match
each other.

Finally, it turns out the average
⌦
a(2)

↵
n,`

is subleading for large n, and will not be important

for our purposes.

5.1.2 Large-n limit from inversion integral

The simplicity of the preceding result suggests a more direct route and in fact we now show

how to take this limit directly from the Froissart-Gribov inversion integral (3.4). The key is

to use that the poles in c(h, h) originate only from the z ! 0 limit of integration. Therefore

just by rotating the z contour clockwise by 2⇡, and dropping an arc at |z| = 1 which produces

no pole, we can eliminate the phase:

e�2⇡ihc(h, h) =

Z 1

0

dz

z2
k1�h(z)

rh

Z 1

0

dz

z2
rh

h� 1
2

kh(z)
dDisc [zz(z � z)G(z�, z)]

4⇡2
+ pole-free

⌘ c�(h, h) . (5.19)

The notation indicates that the correlator is evaluated with z rotated clockwise around the

origin. Recall that the double-discontinuity (3.2) is itself computed as an analytic continua-

tion, but with respect to the other variable (and around z = 1), so these two continuations

commute with each other.

Our interest is in the asymptotic spectral density of c(h, h)
�
. This can be defined math-

ematically by taking the di↵erence slightly above and below the real axis

⌦
ae�i⇡�

↵
n,`

⇡ 1

i⇡

�
c�(h⇥ ei↵, h)� c�(h⇥ e�i↵, h)

�
(5.20)

where ↵ > 0 is a small phase. This analytic function is what would enter, for example, in

the Watson-Sommerfeld representation in eq. (??) of [appendix B of Polchinski et al]. For

the first term, one sees that the integral (5.19) would decay exponentially if the z contour

could be rotated clockwise, however this is obstructed by the singularity at z = z. The

second term however decays exponentially because there are no singularities obstructing a

– 22 –

⇥=
P

single
traces

Figure 2. At one-loop order in the 1/N expansion, the singularities caused by double-trace exchanges
are equal to products of single-trace tree amplitudes.

where n = (n + 1)(n + 2)(n + 3)(n + 4). This coincides with the well known supergravity

result. In principle one could also add a solution consistent with crossing with finite support

in the spin. As we will show, such solutions can be forbidden using bounds on the Regge

limit behavior.

Although in this paper we will only focus on the correlator at hand, in principle the same

can be done for more general correlators, of the form hOpOpOqOqi. In this way one should

recover the supergravity result from the singular contribution of the protected sector.

At order 1/c2 something interesting happens. On one hand the 1/c expansion of the

protected contribution stops at order 1/c. On the other hand, the anomalous dimensions at

order 1/c of double trace operators in the t-channel produce the following singular term to

order 1/c2:

H(2)(v, u) =
1

8
log2 v

X

n,`

⌦
a(0)

�
�(1)

�2↵
n,`

gn,`(v, u) + regular (2.14)

In order to compute the sum at each n, ` one has to solve a mixing problem which can be

done from the explicit answers of the general correlators mentioned above. The result will

be recorded in section ?? below. As we show in sections 3 and 4 the CFT data at order 1/c2

again follows from this singular part.

How much shall we say about the flat space limit, analytic results, etc? think!

3 CFT data from the Froissart-Gribov inversion integral

Recently, an integral formula has been derived which reconstructs the OPE data of any CFT

from the double-discontinuity of correlators [10]. For identical external operators in four

dimensions, this inversion integral was written in that paper as

c̃(`,�) =
1 + (�1)`

4
̃(�+`

2 )

Z 1

0

dz

z2
dz

z2

✓
z � z

zz

◆2

g̃`+3,��3(z, z) dDisc [G(z, z)], (3.1)

with ̃(h) = �(h)4

2⇡2�(2h�1)�(2h) , and where we notice that the block has spin and dimension

interchanged compared to the one entering the OPE. The formula is analytic in spin expect
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+ +

Figure 4. The one-loop amplitude in ten-dimensional type IIB supergravity is the sum of three scalar
boxes integrals.

which leads to the large-n behavior (for any x)

lim
n!1

a(0)n,` gn,` =
�64i⇡n2

zz(z � z)

(`+ 1) sin((`+ 1)✓)p
sin2 ✓ � sin2 x

eix(2n+`+6). (5.5)

One sees that each block has a 1/(z�z) ⇠ 1/x singularity. However, any stronger singularity

would have to be caused by the large-n tail of the sum. In a non-perturbative regime the extra

phases in Hcont.(u, v) have been conjectured to display a chaotic behaviour, ensuring that the

singularity of the correlator is not enhanced compared with that of individual blocks. In a

large N perturbative regime this is not true anymore, since phases are small and in fact quite

regular. In the following we will focus on the dominant singularity at x ! 0 at each order in

the 1/c expansion. In this limit the dependence of the blocks on anomalous dimensions can

be neglected at it produces subleading d/dn terms, and the above gives simply

zz(z � z)Gcont.(u, v) ⇡ �64i⇡
X

n

n2 e2ixn
X

` even

(`+ 1)2P`(cos ✓)

⌦
ae�i⇡�

↵
n,`⌦

a(0)
↵
n,`

(5.6)

where P`(✓) =
sin(`+1)✓
(`+1) sin ✓ are a four-dimensional version of Legendre polynomials. [comment

on literature] This formula can be readily tested at the leading order: with the anomalous

dimension �(1) ⇡ �n3

2(`+1) one finds zz(z�z)G(1)
cont. ⇡ �30⇡2

x6 sin2✓
, which is in precise agreement with

the analytic continuation of the D̄ function in eq. (3.14).

5.1 Large-n limit

The discussion above is the main motivation to study the averages
⌦
ae�i⇡�

↵
n,`

in the large n

limit. We will do so in two di↵erent ways. First from our explicit results, and then directly

from the inversion integral.

5.1.1 Large-n limit from explicit results

Up to order 1/c2 the average in question is equivalent to

⌦
ae�i⇡�

↵
n,`

=
⌦
a(0)

↵
n,`

+
1

c

⇣⌦
a(1)

↵
n,`

� i⇡
⌦
a(0)�(1)

↵
n,`

⌘
(5.7)

+
1

c2

✓⌦
a(2)

↵
n,`

� i⇡
⌦
a(1)�(1) + a(0)�(2)

↵
n,`

� ⇡2

2

⌦
a(0)

�
�(1)

�2↵
n,`

◆
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UV completion details can affect j=0 at

⇒one-loop UV divergence, reflecting R4 counter-term

Since full integrand is positive definite, this can’t be canceled:

CR4 � ⇤2
UV ⌘ (�gap/LAdS)

2

consistent with IIB string theory effective action

Minimal subtraction is in the swampland

1/(N2�4
gap)



[SCH& Anh-Khoi Trinh, to appear]

More on tree-level:

-match 10D flat space amplitude (in 10D Gegenbauer’s)

-conjectured eigenvalues of anomalous dimension matrix:

1

⇡
�(1) = �1

c

(L
p
s/2)8

(j + 1)6

�(1)
n,` = �1

c

�(8)(n, `)

(j + 1)6

Explanation& proof: AdS5xS5 is conformally flat.  
IIB tree amplitude accidentally conformal:

[Aprile,Drummod,Heslop&Paul ’18]
[Rastelli& Zhou,’17]

⇠ �16(Q)/(stu)

⇒All S5 harmonics form a single 10D object



Outline
1. Lorentzian inversion formula:  

-setup and Regge limit of correlator  
-analyticity in spin  
-‘Absorptive part’ in CFT

2. AdS locality  
-CFT derivation of bulk EFT  
-concrete tree and one-loop Witten diagrams

3.More should be true!  
-Pushing 1/J expansions to spin J=0 
-Bulk point limit

✓

✓



Large-spin bootstrap
Large-J pushes inversion integral to corner

large spin in s-channel  ↔ low twist in t-channel

⇒ Solve crossing in asymptotic series in 1/J
[Komargodski&Zhiboedov,  

Fitzpatrick,Kaplan,Poland&Simmons-Duffin,
Alday&Bissi&…,  

Kaviraj,Sen,Sinha&…,
Alday,Bissi,Perlmutter&Aharony,…]

(z, z̄) ! (0, 1)



Asymptotic series in 3D Ising

j +�

2

2��

where we used equation (5.48) for the Jacobian @h

@`
that relates f��[��]0 to ���[��]0 . The

actual operator dimensions are determined by solving h� 2h� � �(h) = 0, 2, 4, . . . .

A comparison between the above formula and numerics for ⌧[��]0 = 2��+2�[��]0 is shown
in figure 7. The discrepancy between analytics and numerics is 3 ⇥ 10�3 and 5 ⇥ 10�4 for
spins ` = 2, 4, respectively, and ⇠ 5 ⇥ 10�5 for ` > 4. Including additional higher-twist
operators (primaries or descendants) in (6.1) and (6.2) does not improve the fit for low
spins, and barely a↵ects it for high spins.

10 20 30 40
h

1.00

1.01

1.02

1.03

1.04
τ

τ[σσ]0(h)

Figure 7: A comparison between the analytical prediction (6.5) (blue curve) and numerical
data (blue dots) for ⌧[��]0 . The two agree with accuracy 3 ⇥ 10�3 and 5 ⇥ 10�4 for spins
` = 2, 4, respectively, and ⇠ 5⇥ 10�5 for ` > 4. The grey dashed line is the asymptotic value
⌧ = 2��. The curve (2.3) from [1] looks essentially the same.

6.1.1 Di↵erences from [1]

Let us comment briefly on the (inconsequential) di↵erences between the above calculation
and the series (2.3) computed in [1]. Firstly, we have not included descendants of ✏, T ,

namely terms of the form W (0)����
O,m

and V (0)����
O,m

with m � 1, whereas [1] included descen-
dants at first order in z. This is because it doesn’t make sense to include level-1 descendants
of ✏, T without also including the double-twist operators [✏T ]0, [TT ]0, which contribute at
the same order in the large-h expansion. Also, because we organize everything as a series in
y instead of z, the contributions of descendants will di↵er somewhat (though the sum over
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[Plot from Simmons-Duffin ’16;  
see Alday&Zhiboedov ’15]

stress 
tensor 

J=2

All states (at least with J>1) have to lie on Regge traj.

𝜎

𝜎
1,𝜀,T

𝜎

𝜎

All trajectories seem multi-twists of 𝜎 (𝜀)



Recipe for Ising’s AdS dual:

-Take a single bulk scalar field 𝜎 (𝜀)  
-Make Fock space of composites: size ~J RAdS 
-Large-J expansion= EFT on L>>RAdS distances  (!?)  
-Graviton comes for free as a ‘large’ composite.  
 No gravity at sub-AdS distances.

Relation to higher-spins in AdS4? 
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6.2.3 Comparison to numerics

We plot the twists ⌧[�✏]0 = �� + �✏ + 2�[�✏]0 in figure 13 and OPE coe�cients f�✏[�✏]0 in
figure 14, comparing the formulae (6.33) and (6.34) to numerical results. In both cases,
analytics matches numerics to high precision (⇠ 10�4) at large h, and moderate precision
(< 10�2) for all h. The agreement is particularly impressive because the corrections are
large compared to Mean Field Theory, in contrast to the case of [��]0. Correctly summing
the family [��]0 is crucial for achieving this.

10 20 30 40
h

1.7

1.8

1.9

2.0

2.1

2.2
τ

τ[σϵ]0(h)

Figure 13: Comparison between numerical data and the analytical prediction (6.33, 6.34) for
⌧[�✏]0 . The blue curve and points correspond to even-spin operators and the orange curve and
points correspond to odd-spin operators. The dashed line is the asymptotic value ⌧ = ��+�✏.

7 Operator mixing and the twist Hamiltonian

7.1 Allowing for mixing

The naive large-h expansion of section 5 describes the operators [��]0 and [�✏]0 nicely.
However, it fails badly for [��]1 and [✏✏]0. As mentioned in the introduction, the numerics
indicate large mixing between these families. As a striking illustration, we plot the ratios
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[Plot from Simmons-Duffin ’16]

even spin [𝜎𝜀]0 
trajectory

J=2

J=0

What about spin 0?

𝜎



what’s analytic is c(j,∆): its poles come  
shadow-symmetric pairs (�, d��)

shadow  
of 𝜎𝜎

Pade fit of J≥2 
data passes within 
~15% of shadow
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In 3D Ising:

 1. the shadow of 𝜎 is on the [𝜎𝜀]0+ trajectory,  
 that of 𝜀 on (the continuation of) [𝜎𝜎]0 

2. Residue of [𝜎𝜀]0- has fine-tuned zero at J=1

3. Intercept J*<1 :  dDisc->0 in Regge limit  
(corrollary: spectrum is regular (non-chaotic))

Conjectures: 
[work in progress w/  Gobeil, Maloney, Zahraee]

lim
�!1

ha sin2(⇡�)i�
hai�
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Beyond Rindler:  hard scattering

Figure 1: Four-point correlator with wavepackets aligned to intersect in the bulk.

the arguments are (−π/2, ê), (−π/2,−ê), (+π/2, ê′), (+π/2,−ê′), and in all conformally

equivalent configurations.

This singularity is not present in general CFT’s, for example not in the weakly coupled

N = 4 theory (there is a weaker singularity at the same point). Rather, it emerges in the

strong-coupling limit. In Sec. 6 we will describe the singularity in more detail, and compare

it with what we find in the CFT. For now, the main lesson is that to study the bulk locality

properties we should look at the CFT four-point function. Note that the forms of the two-

and three-point functions are fully determined by conformal symmetry, but that of the four-

point function is not. In fact, in all dimensions it is determined by symmetry up to a function

of two real cross ratios. This function carries dynamical information, in particular regarding

the locality of the bulk theory.

2.3 Current understanding

AdS/CFT duality has been subjected to many tests. Indeed, every time we apply it in a

new way we have the possibility that it will lead to implausible or incorrect results, signaling

a failure of the duality. The tests are of many types, for example
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Analyticity in spin extends s-channel OPE to Rindler wedge:

[Costa, Goncalves& Penedones ‘12]

G(z, z̄) =

Z i1

�i1
dJ d�

cJ,�
1� e2⇡iJ

FJ,�(z, z̄) + (u� channel)

Leaving Rindler,           can make integral diverge!e�i⇡�



In examples, seems saturated by leading single-trace traj.

[Costa, Hansen& Penedones ’17]
[Kulaxizi, Parnachev& Zhiboedov ’17]

[Afkhami-Jeddi, Hartman, Kundu& Tajdini ’17]

J

2

1
��d/2

B(s, b) =
Z i1

�i1
d� r(�)

(�s)j(�)�1

sin(⇡J(�))
⇧�(b)

x
T

⇠ �gap

⇠ 1

�2
gap

Im B(s, b) ⇠ exp

✓
� x2

?
↵0 log |s|

◆
Imaginary part has stringy peak:

signature of AdS locality

Theorem: Im B≥0.

[Camanho, Edelstein,Maldacena&Zhiboedov ‘14]



• Dispersion relation for OPE coefficients:

• Input: CFT unitarity ⇒ analyticity&positivity

• -AdS/CFT correlators from light exchanged fields 
-Heavy primaries ‘integrated out’ → bulk locality

• More should be true!

• A challenge:  CFT 4-pt function ⇒ classical metrics?

Summary

s-channel cross-channels
c(j,�) ⌘

Z 1

0
d⇢d⇢̄ g�,j dDiscG



(Spin versus dimension)
• Consider an AdS interaction with flat-space limit:

• This has spin two in the Regge limit in all channels:

• Not constrained (Regge limit only localizes in time!). 
All else with more derivatives is constrained.

• For TT𝝓𝝓, only one unconstrained spin-2 contact 
interaction. For TTTT, none!

stu

stu = st(s+ t) ⇠ s2 ⌘ sj (s ! 1, tfixed)


