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How does (sharp) AdS locality
emerges from CFT?

Kinematic holography: in any QFT,
processes localize to within ~AdS radius
(because different length scales decouple)

AdS/CFT: in some strongly coupled QFTs, physics
localizes sharply in AdS (to /s < Rags)



We'll study CFT correlation functions
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AdS locality: probe by focusing wave-packets into bulk

(sharpest signal: (d+2)-point correlator)



This talk: 4 points, only locality in time ( causality”)
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Regge limit (large boost):
-spreads transversely over AdSq.>
-localizes in time (in two null directions)
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Causality implies that forces are mediated by
exchanging particles (no ‘instantaneous action at a distance’)
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HPPS Conjecture:

Any CFT with:
|. Large-N expansion

2. Large gap in operator dimensions

has a bulk dual, local to lengths ¢aas/Agap.
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HPPS Conjecture:
Any CFT with:

|. Large-N expansion
2. Large gap in operator dimensions

has a bulk dual, local to lengths ¢aas/Agap.
[Heemskerk,Penedones,Polchinski& Sully '09]

= Bl The Analytic
Conformal :
Field Theory S-Matrix

- New tool:
— CFT dispersion relation




Qutline

. Lorentzian inversion formula

-setup and Regge limit of correlator
-analyticity in spin

-‘Absorptive part’ in CFT

. AdS locality
-CFT derivation of bulk EFT
-concrete tree and one-loop Witten diagrams

. More should be true!
-Pushing |/] expansions to spin |=0
-Bulk point limit



We'll study Lorentzian 4-point correlator in CFT4

z # Z = independent light-cone coordinates

Symmetrical parametrization:




Regge limit:
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« large modular time log +/p/p for half-plane in O(-1)O(I) state »

(= correlator bounded)




s-channel OPE (1,2) diverges
after crossing light-cone (p>1)

Options:
|. So what: just use the t-channel OPE (1,4) instead

2. Figure out how to resum s-channel OPE ‘/



Toy model: amplitude f(E) that’s:

|.Analytic in cut plane

2. |f(E)/E| bounded at large |E] ~ .
3. Has Taylor series at small E f(E)y=) f/iE
J=0
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(=Correlator with E = +/p/p = exp(modular time) )

Q:What does ‘nice behavior’ at large |E| implies for series?
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— jm()

= can write coefficients as integral over branch cut

_ 1 dE
Cauchy: /7 = 7|4E|<1 B H(E)

271

— % 100 ‘%EE—J (Disc f(E) + (—1)”Disc f(—E)) (J >1),

= coefficients fj are analytic in | (& bounded at large Im |)
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f(E) extends nicely beyond |E|<| <& fjis analytic in spin

It works both ways: VWatson-Sommerfeld resummation

f(BE)=> f/E’
J=0

= | B e

— 100 1

resums the OPE into the full cut plane

(note: changing any single fj would radically change large-E )

|7



Regge theory: Euclidean < Lorentzian OPEs

partial waves: a;(s) = / df cos(j0) M (s,t(cosh))
§ f
disp. relation: M(s,t) :/ ~Im M(s,t")
_ mw(t —t') +(t 5 u)
analyticity in spin @;(s) = / dn e~ "TmM (s, t(cosh(n))
. H(=1)/(t < u)

Equivalent to
dispersion relation




Claim:

|. OPE data of unitary CFTs is similarly analytic in spin

G(Za Z) — Z CJ,AGJ,A(Zv Z)
J,A

2. determined by ‘absorptive part’ of correlator

c(J,A) = / Inverse block| x [dDisc G|
Q



dDisc G' = 5(0|[¢2, ¢3][¢1, $4]|0)

Positive & bounded



*2

X

dDisc G' = 5(0|[¢2, ¢3][¢1, $4]|0)

Positive & bounded

Intuition: correlator = scattering amplitude
O|T¢1---94|0) =5 = Gg +iM
(0|T 1 -+ - p4]0) = S* = Gg — iM*
(020301 94]0) =
= dDisc G is CFT version of Im M!!



large-N: saturated by single-traces!

A—NA]—Ay

P14 ~ ch,A((CUl — 5154)2) .
5,A

integer + v/N?
- integer + 1/

a-a;-ay ., A=A —A
(61,04] ~ D cal(er —wa)?| 2 sin(r——— ——)

7,A

Thus: ~1/NA4
[f2, P3)[1, da] ~ Y (... )sin(mEEEIEL ) sin(r 2528

t—channel

= AdS Cutkowski rules
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Method of the missing box

Euclidean L orentzian

Taylor series:

E’ =
Rotation symmetry:
SO(2) cos(j0)  —» eI SO(1,1)

SO@) Pj(cosh) —>  Qjlcoshn) SO(2,1)

Conformal symmetry:

SO(d+1,1) Gja(z,2) —> (???) SO(d,2)




The « conformal blocks » for four-point function solve
some some second-order (and fourth-order) Casimir egs.

Gin(z,2) = e ka—g—2(2)kary(2) — kats(2)ka—j—2(2))

kg(z) = 2729 F1(B/2 +a,8/2+ b, 8, 2).
~ (22)2%(2/2)7)?

The Lorentzian ‘inverse block’
(2, 2)GAr1—d, J+d—3 ~ (25)(‘]_1)/2(2/2)(A_1)/2

basically same, with spin and dimension interchanged!



Simpler derivation

Start from Euclidean Plancherel formula for harmonic fcts:

X2

ddiCl o ddx5 ) X3

X (3-point functions) \ X4

X

(this gives generating function of all OPE data:

: ng—M,A
Ah—{%’ o, A) = A — A )

25



The trick.

|. Gauge-fix to (0, 1,x3,x4,00)
then Wick-rotate (x3,x4)

2. Deform time contours to
pick time-like double-commutators

Figure 2: We show typical configurations for points 3 and 4 within regions R; and R,. The
dotted line is not fixed in place, it is only to emphasize that points 3 and 4 must be spacelike

separated. Time goes up.

(cf KLT trick: [5-point closed string]=[open string]?)



Result: Froissart-Gribov formula

c(J,A) = / Inverse block| x [dDisc G|
Q

\ A T
block with |
s-channel i and A convergent

OPE coefficients exchanged t-channel sum

converges for j>| (boundedness in Regge limit)



A (boring) test: 2D Ising

) 1 2 N 2
G(ﬂ? /0) — (1 o ,02)1/4 | (1 L ,02)1/4
® Double discontinuity:

1= (P +p)+/pp
(L= )AL — )V

> ()

® Factorized integral against 2d (global) blocks

cia = fo(§+A) fo(j+2-A) = 5 fra(f + A) fo(f +2—A) + ...

L(OT(p + 252)
T(p+ %52)




® Residues at all poles do match global OPE!

4

Cj)A — —ijAReSA/:AC(j, A/)

1 1 9 1
Ony = = Oy — — Opf— — On gy — ——
0.1 = >2 7 64’ 4740960 %47 4096
1 35 9 1
Cys Cs.6 Ca6 Cée.7

T 65536 ~ 3670016 T 9621440 T 13107207
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Qutline

4

2. AdS locality
-CFT derivation of bulk EFT
-concrete tree and one-loop Witten diagrams

3. More should be true!
-Pushing |/] expansions to spin |=0
-Bulk point limit



AdS locality

recall HPPS conjecture:
Any large-N CFT with a large gap of operator
dimension has an AdS dual, down to lengths /aq4s/Agap

They proved: solutions to crossing using finite-spin
double-traces

«— derivative interactions in AdS

But why are higher-derivatives suppressed
by powers of Agp!?
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® Effective field theory in AdS:

® In AdSsxSs, for example, 1/M? ~ o/ < L2 ¢

® ‘dispersion relation’ clarifies that:

> ds’ , 1
heavy - /M2 s’ —SImM(S ) N M? M4




dDisc from the cross-channel

1
dDisc G = Z sin(Z (A" — 2A)) (1

J' A l

® Double-traces killed at lapge N

2

® Heavy operators killed unless p,p < Ag,, j::_(

AdS dual is local o dDisc saturated

(according to HPPS) by few light primaries
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dDisc G

T I

unknown
(heavy&non-
/Pperturbative)
lisht
(known)~ /e _
p~p
0 +— | >
~ 1/AGp 1
Cj A = /Fj,A dDiscG = Ci Al —+- Cj A
light heavy
‘minimal correction

solution’ small for j>2



‘Heavy’ part depends on nonperturbative UV completion.

It's weighed by ~ (p5)7//2. Use positivity + boundedness:




Ex.: tree-level AdS gravity

4 + crossed = f

+ contact terms
with j<2

with SUSY, of course, contact terms are restricted.

In N=4 SYM, susy-delta function shifts | by 4:
tree-level converges for |>-2, no ambiguities at all!
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Correlator of Tr[Z2] N=4 SYM:

= «

one
half-BPS bloc

dDisc is just the polar part as v->0 of one block:

1 2u?logu —3u? +4u—11

Glu,v) = V2 i v(u —1)3 &

Plug into inversion integral gives all OPE data!!
(@ Py W) = —(n+1)(n+2)(n+3)(n+4)

1
(@), = 20, (a7},

37
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Result matches perfectly supergravity Witten diagrams

1 11 _
+... 9=1+5+7 <— - U2D2,4,2,2(275)> +0(1/¢%)

v2 ¢ \v

® Same answer also rederived recently using ‘bootstrap’
ideas (Mellin space, or making functional ansatz)

® New: control over ambiguities (‘cR¥) from CFT only

.. : 1 1
susy ties it to a spin 4 effect: = c¢< ~ —

38 Aéap \/X




One-loop supergravity:

=2

single
traces

Product of trees: (02020,0,) x (0,0,0202)

Accounts for mixing between O

dDisc at one-loop was computed
last summer by two groups

nOQ and Op

/
n
Op



We studied the ‘bulk point’ limit of the CFT I/N correction

large-A OPE data & flat-space partial waves:

: <a6_iﬂv>n€
nh_)ngO <a(0)>n€ = by(s) Vs =2n/L

40



Note: In AdS/CFT there is (never?) a local 5D theory

Here only flat |0-dimensional type-lIB supergravity

one-loop 10D amplitude is simple:

Ai?égra(87 t) — SWGNg -+ (8&2;\;)2 (Ibox(sa t) T Iboa:(sa u) T Ibox(ta u))
/ <
- /YI -
We expand it over 5D partial waves: As = Aqp/vol Ss
1287

As(s,t) = > (U4 1)%be(s) Prlcos ) Pu(o) = 5508

{ even

/3

41



® We find perfect match!

: <a6_i7m/>n 14
A oy, )

® The mechanism is interesting, and becomes obvious
using flat space Froissart-Gribov formula:

o Lim(VEL/2® | Lim(VSL/2Y [Ydz (1—-vI—2\" . o
bels) = T2 2(0+1) T /O?(1+m> Discy f)(1/2),

1 1 1 1 1 1 ,
Disctf(z)(l/z) =~ 130 ((1— ;) log(l—z)—kg— i ve 2—Z3+27T—log(z))




correlator amplitude

flat space
inversion dispersion
integral relation

double-disc. N discontinuity
dDisc |] flat space Disc | As]
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UV completion details can affect j=0 at 1/(N2A%, )

=one-loop UV divergence, reflecting R* counter-term

Since full integrand is positive definite, this can’t be canceled:

Crs > Ajy = (Agap/Lads)’

consistent with |IB string theory effective action

Minimal subtraction is in the swampland

44



More on tree-level:

-conjectured eigenvalues of anomalous dimension matrix:

’7(1) _ 1 A(S) (nag)
ik c (7+1)6

-match 10D flat space amplitude (in 10D Gegenbauer’s)

lew_ 1 (Lv/5/2)°
T ¢ (J+1)s

Explanation& proof: AdSsxSs is conformally flat.
IB tree amplitude accidentally conformal: ~ 6'°(Q)/(stu)

= All S5 harmonics form a single 10D object



Qutline

4

v
3.More should be true!

-Pushing |/] expansions to spin |=0
-Bulk point limit



Large-spin bootstrap

Large-] pushes inversion integral to corner (z,z) — (0,1)

large spin in s-channel <= low twist in t-channel

= Solve crossing in asymptotic series in |/]

[Komargodski&Zhiboedoy,
Fitzpatrick,Kaplan,Poland&Simmons-Duffin,
Alday&Bissi&.. .,

Kaviraj,Sen,Sinha&.. .,
Alday,Bissi,Perlmutter&Aharony,...]



Asymptotic series in 3D lIsing

Tloo], (h)
1.04—
| —0—0—0—0— QAO'
1.03:- 0} O
| l,e, T
1.02}
| g ]
Loll stress
/ tensor
1.00:— + J =2 74+ A
10 20 30 40

All states (at least with J>1) have to lie on Regge tra;.

All trajectories seem multi-twists of o



Recipe for Ising’s AdS dual:

-Take a single bulk scalar field ¢

-Make Fock space of composites: size ~] Rads
-Large-] expansion= EFT on L>>Rags distances (!?)
-Graviton comes for free as a ‘large’ composite.
No gravity at sub-AdS distances.

Relation to higher-spins in AdS4?



What about spin 0!

P

- even spin [o€]o
21/ \‘“\{jjvectory
2]
Lo|
Ls]
v

1=0 e T T —
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what’s analytic is c(j,A): its poles come
shadow-symmetric pairs (A,d — A)

Z_2 odd states ([o€]_0)
J

+ 14

+ 12

Pade fit of |>2
data passes within
~15% of shadow

-15 -10 -5



/2 even states

(fit accounts for possible square-root branch point)

52
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Conjectures:

In 3D Ising:

|. the shadow of ¢ is on the [o€]o™ trajectory,
that of € on (the continuation of) [cc]o

2. Residue of [o€]o has fine-tuned zero at =1

3. Intercept J°<I| : dDisc->0 in Regge limit
(corrollary: spectrum is regular (non-chaotic))

lim (asin® (7)) A

> 0
A — 00 <GJ>A




Beyond Rindler: hard scattering

N~ -

Analyticity in spin extends s-channel OPE to Rindler wedge:

G(z,Z) = / - dJ dA 1 _C‘]éﬁmj FiA(2,Z) + (u— channel)

WIWAN

Leaving Rindler, € '~ can make integral diverge!



In examples, seems saturated by leading single-trace tra,j.

B(s,b) = / T AAT(A) (=)t TA ()

100 SlIl(?TJ(A))
|
T //
oL 2t
M ]
- A—d/2
™~ Agap

Theorem:Im B=0. Imaginary part has stringy peak:

2
Im B(s,b) ~ exp ( - )

o’ log | s|

signature of AdS locality



Summary

® Dispersion relation for OPE coefficients:
1

c(7,A) = / dpdp ga ; dDisc G
0

s-channel cross-channels

® |nput: CFT unitarity = analyticity&positivity

® -AdS/CFT correlators from light exchanged fields
-Heavy primaries ‘integrated out’ — bulk locality

® More should be true!

® A challenge: CFT 4-pt function = classical metrics?



(Spin versus dimension)

Consider an AdS interaction with flat-space limit:

stu

This has spin two in the Regge limit in all channels:

stu = st(s+t) ~s° =5’ (s = 00,1t fixed)

Not constrained (Regge limit only localizes in time!).
All else with more derivatives is constrained.

For TT¢¢, only one unconstrained spin-2 contact
interaction. For TTTT, none!



