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|) Constraints on transport
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Open ends

|) Does it exist!
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Outline

* The Schwinger Keldysh effective action.
* The entropy current.

* New constraints on hydrodynamics
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End result:

Sepp = / dod0dd (£

where:

Z)

L = \/—gﬁ(gij,@ iDg, Dg, ")

D;Vi, = 0;Vi, — I}V,
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End result:

~

Sopp = / d?ododd (c LZ)

where:
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End result:
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Sopp = / d?ododd (c LZ)

where:
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Schwinger-Keldysh

Zsi[A1, As] — | D& DEyetSets

— 1
A<<

Our goal is to find S ¢ 7 .

End result:

~

Sopp = / d?ododd (c LZ)

where:

£ = =09L(9:;,DiPs, D5, )  LeR



Schwinger-Keldysh

Zsi[A1, As] — | D& DEyetSets

— 1
A<<

Our goal is to find S ¢ 7 .

End result:

Seff = / d?odfdh (c Zf)
where:

L =V~09L(9:;, DLV, D5, ')  LER
a result of:

Zsi A1, As™ = Zgi|A5, AT



Schwinger-Keldysh

Zsi[A1, As] — | D& DEyetSets

— 1
A<<

Our goal is to find Ser ¢ .

End result:

Sopp = / d?ododd ([, Zf)

where:
L= V_gﬁ(ngaD’wZDQvDH_?ﬁz) EE R
In addition we impose
ImSeff Z 0
due to

Zsi|Ar, Ad]|? < 1



Schwinger-Keldysh

End result;
Seff — /ddgd(gdé (£ —|—Z)

where:

L = \/ —gﬁ(gzjy Di7iD(97 Dé?ﬁz)



Schwinger-Keldysh

End result;
Seff — /ddO'd(gdé ([, —|—Z)
where:

L = \ —gﬁ(gzjy Di7iD97 Dé?ﬁz)

Example:

L =+/—gP(3'9:;;3)
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End result:

Sers = / d'odpdd (£ + L)

where:
L = /=9L(9:;,Di,iDg, Dy, 57)
Example:
L =+/—gP(3'9;;5)
Leads to:

T = eu'v’ + (" +u'u!)P
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End result:

Sers = / d'odpdd (£ + L)

where:
L = /=9L(9:;,Di,iDg, Dy, 57)
Example:
L =+/—gP(3'9;;5)
Leads to:

T = eu'v’ + (" +u'u!)P
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Schwinger-Keldysh

End result:

Sers = / d'odpdd (£ + L)

where:
L = /=9L(9:;,Di,iDg, Dy, 57)
Example:
L =+/—gP(3'9;;5)
Leads to:

T = eu'v’ + (" +u'u!)P

here;
where 9P

~oT

€ T3 = u' u'u; = —1



Schwinger-Keldysh

End result:

Seps = / d'odpdd (£ + L)
where:

L = \/=9L(g;;,D;,iDy, Dg, )
Example:

L =+/—( (P — ﬁgikgﬂDegijDégkl)



Schwinger-Keldysh

End result:

Seps = / d'odpdd (£ + L)
where:

L = /=9L(:;,D;,iDy, Dy, B°)
Example:

L =+/—( (P — ngikgﬂDegijDégkl)
Leads to:

T — euiud + (gz‘j 4 uiuj)P _ngij
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Entropy current

Consider:
Seff — /ddO'd(gdé ([, —|—Z)

where:

L = \ —gﬁ(gzjy Di7iD97 Dé?ﬁz)



Entropy current

Consider:
Seff — /ddadé’dé ([, —|—Z)
where;
L = \ —gﬁ(gzja Di7 iD@a Dé? 61)
Note that;

{Q,Q} =iLg



Entropy current

Consider:
Seps = / d'odpdd (£ + L)
where:
L = V=9L(9ij, D, iDg, Dy, %)
Note that:

{Q,Q} =it

We would like to find a current associated with £5
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5 — / o/ —GL($, g)
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In general,
1
0S5 = /ddm/—g (E¢6qb + §T“”5gw,)

A transformation

55¢ — £B¢ 5Bg,uu — fﬁg,uy

is not necessarily a symmetry.



Entropy current

Start with a toy model:

5 — / o/ —GL($, g)

In general,
1
0S5 = /dda\/—g (E¢6qb + §T“”5QW>

A transformation

55¢ — £B¢ 5Bg,uu — °€BQ,LW

is not necessarily a symmetry.

Consider a “gauged” version of the transformation

or¢ = ArLgo 0rguv = AL g



Entropy current

In general,
1 | 4
0S5 = /ddm/—g <E¢5¢ + §T“ 5gW>
Consider a “gauged” version of the transformation

or¢ = ArLg@ 019y = N1 L3g,

It will also not be a symmetry. But we will make it one.



Entropy current

In general,
1 | 4
0S5 = /ddm/—g <E¢5¢ + §T“ (59W>
Consider a “gauged” version of the transformation

or¢ = ArLg@ 019y = N1 L3g,

It will also not be a symmetry. But we will make it one.

First, introduce a connection:

5’M %@M—I—Aufﬁ 5TA,u :AngA,u —AungT—BMAT



Entropy current

In general,
1 | 4
0S5 = /ddm/—g <E¢5¢ + §T“ (59W>
Consider a “gauged” version of the transformation

or¢ = ArLg@ 019y = N1 L3g,

It will also not be a symmetry. But we will make it one.

First, introduce a connection:

0, —0,+A,Lz oA, = ArLgA, — A, LgAr — O, AT
This ensures that:

6TL(¢7 Juv, A) — ATéﬁL(qba Juv, A)



Entropy current

Consider a “gauged” version of the transformation
5T¢ — AT£B¢ 5Tg,u1/ — ATOEBg,uV

First, introduce a connection:

au —> 8H+AM,£5 (STA,UJ :ATfj@AM —AufﬁAT _8,LLAT
This ensures that:

5TL(¢7 Juv, A) — ATéﬁL(qu Juv, A)

Next consider:

5.V —9 — BH9 V—9Ar | V—gAr g
"1+ 814, “1+6rA, 1+ prA,

OuB”



Entropy current

Consider a “gauged” version of the transformation
5T¢ — AT£B¢ 5Tg,u1/ — ATOEBg,uV

First, introduce a connection:

au — 6‘u -+ Aluf@ (STA,UJ — AngAM — AufﬁAT — 8,LLAT

This ensures that:

o (V9L \ _, (AL
T(l MM)‘ “(1 ﬂﬂA)




Entropy current

Consider a “gauged” version of the transformation
5T¢ — AT£B¢ 5Tg,u1/ — ATOEBg,uV

First, introduce a connection:

au — @L -+ Aufg (STA,UJ — ATfj@AM — AufﬁAT — auAT

This ensures that:

51 (1HL >=(9u (1AT5“L )

BrA, BrA,
Vg
So that under v —¢ — | 5“Au

5TS[¢7 g,lU/7 A] =0



Entropy current

Start with a toy model:

5 — / o/ —GL($, g)

Consider a “gauged” version of the transformation

5T¢ — AT£B¢ 5Tg,u1/ — ATOEBg,uV
(’9M — (’9M + A f/)g 5TA,u = ATOEBAM — AufﬁAT — 8,uAT
V=g
VI T I A,
So that

5TS[¢, gW, A] =



Entropy current

Start with a toy model:

5 — / o/ =gL($, gy
So that

5TS[¢7 g,ul/a A] =0

Therefore

1
518 = / do\/=g <E¢5T¢ + ST 1 g - 5TAMS““> =



Entropy current

Start with a toy model:
S = [ dloy=gL(6.9u)
So that

5TS[¢7 g,ul/a A] =0

Therefore
1
oS = /ddm/—g <E¢5T¢ + §T“”5Tgw — 5TAMS““> =

And we get the on-shell relation:

1 14
v“’SM|A=0 - §TM £ 59



Entropy current

Start with a toy model:
S = [ dloy=gL(6.9u)
So that

5TS[¢7 g,ul/a A] =0

Therefore
1
oS = /ddm/—g <E¢5T¢ + §T“”5Tgw — 5TAMS““> =

And we get the on-shell relation: (6,4, = Ar£54,, — A, £507 — 9,A7)

1 14
v“’SM|A=0 - §TM £ 59
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Start with a toy model: Our model:

S = /ddm/—gL(gb,gw) Seff — /dd()'d@d@ (ﬁ




Entropy current

Start with a toy model: Our model:
S = /ddg\/ _gL(¢,g'u,1/) Seff — /dd()'d@d@ (L:

|. Start with a transformation

or¢ =ArLpgd 0194 = ArLsgu




Entropy current

Start with a toy model: Our model:
S = /ddg\/ _gL(¢,g'u,1/) Seff — /dd()'d@d@ (L:

|. Start with a transformation

5T¢ — AT0€B¢ 5Tg/u/ — ATfﬂg,uV O X = /\T55X




Entropy current

Start with a toy model: Our model:
S = /ddg\/ _gL(¢,g'u,1/) Seff — /dd()'d@d@ (L:
|. Start with a transformation

5T¢ — AT£B¢ 5Tg,1u/ — ATfﬂg/u/ O X = /\T55X

2. Add a connection

8# — 8M+Au,£5




Entropy current

Start with a toy model: Our model:

S:/dda\/ _gL(¢,g'u,1/) Seff :/dd()'d@d@ (L: Z)

|. Start with a transformation

5T¢ — AT£B¢ 5Tg,1u/ — ATfﬂg/u/ O X = /\T55X
2. Add a connection

8u%au+f4u£5 62%5’Z—|—Az£5 Dg%Dg—l—Agfﬁ
Do — Dy —I—Ag,fﬁ



Entropy current

Start with a toy model: Our model:

S = /dda\/—gL(gb,gw) Seff = /dd()'d@d@ (,C Z)

|. Start with a transformation
or¢ =ArLgp  Orguw = ArLsgu 07X = NApdgX
2. Add a connection
Op = Op+ Apdp 0; — 0; + A £B Dy — Dy +Az£8
Do — Do +Apg LS

3. Construct the current

0S5
po_ 2
=5,




Entropy current

Start with a toy model: Our model:

S = /dda\/—gL(gb,gw) Seff = /dd()'d@d@ (,C Z)

|. Start with a transformation

5T¢ — AT£B¢ 5Tg,1u/ — ATfﬁg/u/ O X = /\T5BX
2. Add a connection

8u%au+Au£6 62%5’Z—|—Az£6 Dg%Dg—l—Agfﬁ
Do — Dy —I—Ag,fﬁ

3. Construct the current

0S5 1
SH = VMS“:§TW/559'LW

_m




Entropy current

Start with a toy model: Our model:

S = /dda\/—gL(gb,gw) Seff = /dd()'d@d@ (,C Z)

|. Start with a transformation
or¢ =ArLgp  Orguw = ArLsgu 07X = NApdgX
2. Add a connection
Op = Op+ Apdp 0; — 0; + A £B Dy — Dy +Az£8
Do — Do +Apg LS

3. Construct the current

0S5 1 0.5
v B Zuv gl — 22¢/f
S 514“ V’LLS 2T (559”,/ 5A[




Entropy current

Start with a toy model: Our model:

S = /dda\/—gL(gb,gw) Seff = /dd()'d@d@ (,C Z)

|. Start with a transformation
or¢ =ArLgp  Orguw = ArLsgu 07X = NApdgX
2. Add a connection
Op = Op+ Apdp 0; — 0; + A £B Dy — Dy +Az£8
Do — Do +Apg LS

3. Construct the current

0S5 05, - )
S = - V,SH = %ngﬁgw 5 — 221 ViS' + 955" + 058" = 0
7 I




Entropy current
Our model:
Sepr = / d'odpdd (£ + L)
with

VS + 9,8Y + 9;8% = 0
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Our model:
Sopp = / d'odpdd (£ + L)
with
V.S' + 9pS? + 9;87 = 0
The bottom component of this equation is

VSt + 57 +5% =0



Entropy current

Our model:
Seff = / d'odpdd (£ + L)

with
V.S' + 9pS? + 9;87 = 0

The bottom component of this equation is

0 0 0 _

Vi§'+5;+5,=0

or

i 0 0
VSt =-8¢ - 5¢



Entropy current

Our model:

Sopp = / d'odpdd (£ + L)
with

VSt =S¢ - 5¢

Recall that the entropy current has 2 defining properties:

@ 1) In equilibrium: J}' = (s,0,0,0)
2) 9,J" >0



Entropy current

Recall that the entropy current has 2 defining properties:

@ 1) In equilibrium: J;' = (s,0,0,0)
2) 9,J" >0

We can show that;:
1) S* = su' + O(0)
2) Im(Sesp) > 0 = / Ao (87 + 50) > 0



Entropy current

1) S* = su* + O(0)
We use:
L=y —gp(ﬁigz‘jﬁj)
and compute K explicitly.

2) Im(Sefy) 20 = /de(S§+ Sg) > 0



Entropy current

1) S* = su’ 4+ O(0)
We use:
L =+/—=gP(3'9:;5)
and compute S* explicitly.
2) Im(Sers) >0 = /dda(Sng Sg) > 0

We use:

L= \ﬁ—g(Lo(g) + L7"(9) Dg0;; DgQis
Lijklmn(Q)DegijDe_gleHDégmn




Entropy current

1) S* = su’ 4+ O(0)
We use:
L =+/—=gP(3'9:;5)
and compute S* explicitly.
2) Im(Sers) >0 = /dda(Sng Sg) > 0

We use:

L= \ﬁ—g(Lo(g) + L7"(9) Dg0;; DgQis
Lijklmn(Q)DegijDe_gleHDégmn

and compute Im(Ser¢) and Sg + Sg explicitly.




Entropy current

Recall that the entropy current has 2 defining properties:

@ 1) In equilibrium: J;' = (s,0,0,0)
2) 9,J" >0

In our model:
1) S* = su' + O(0)
2) Im(Seps) > 0 — / 290 (S% + 5%) > 0



Classification

Recall:
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Leads to:
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Classification
Recall:
L =+/=9(P—n9"¢"" Dy0i; Dg0i)
Leads to:
T = eu'u! + (g" + u'v! )P —no*
More generally, we can write:
£ = V=9(Lo(9) + L"*(9) Dogi; Dy
+ LM (9) DoQij DgQri Do DgGumn + - )

And classify terms according to how they contribute to
entropy production



Classification

More generally, we can write:
L=y —Q(Lo(g) + L™ (9) DpQij DG
+ L7 (9) D0, Dk Do Dyl + - - )

And classify terms according to how they contribute to
entropy production
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And classify terms according to how they contribute to
entropy production

® Scalars
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More generally, we can write:
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And classify terms according to how they contribute to
entropy production

® Scalars V:-Jg =0



Classification

More generally, we can write:

£ = V3G L7 @)Dsas Do

+Lijklmn(Q)DegijDégleeDégmn + .. )

And classify terms according to how they contribute to
entropy production

® Scalars V- -Jg=0 ¢ [m(Seff)
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More generally, we can write:
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And classify terms according to how they contribute to
entropy production

® Scalars V- -Jg=0 ¢ Im(Seff)



Classification

More generally, we can write:

L=+ Lo (9) egngegkz
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And classify terms according to how they contribute to
entropy production

® Scalars V- -Jg=0 ¢ Im(Seff)
® Dissipative V-Js>0 €Im(Sers)



Classification

More generally, we can write:

L=+ Lo (9) egngegkz
DegngegleeDegmn+ )

And classify terms according to how they contribute to
entropy production

® Scalars V- -Jg=0 ¢ [m(Seff)
® Dissipative V-Js>0 €Im(Sers)
® Non dissipative V-dsg=0 & Im(Scsr)



Classification

More generally, we can write:

L=+ Lo (9) egngegkz
DegngegleeDegmn+ )

And classify terms according to how they contribute to
entropy production

® Scalars V-Js=0 & Im(Serys)
® Dissipative V-Js>0 €Im(Sers)
e Non dissipative V:-Js=0 & Im(Sers)
® Exceptional/Pseudo-dissipative V:-.Jg=0 € Im(Secsy)



Exceptional transport

As an example consider:

T = (e + P)utlu” + Pg"” + ~ ((u“u’/ + g")o? — ZVauO‘J’“/)
We find:

no__
Js—su

y=0



Summary

ZSK[Al,AQ] — Dngggeﬁse‘f‘f

— 1
A<<

Our goal is to find Ser ¢ .

Symmetries:
e Zs| A1 +dA1, As| = Zsk|Ar, As + dAs] = Zgk A1, A2
¢ ZSK A, A] =1

» ZsxclAv, Ao)" = Zsic[A5, A7) |Zske[ A, As)| <
* Zsk|A1, Ao] = Zskna, A1(—t1),na, Aa(—t2 — 15)]
Degrees of freedom:

. X¢ X¢



Summary
We found:

where:
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Summary
We found:

where:

L =+/—9£L(gi;,D;,iDg, Dy, 5°)

It is equipped with a current S’ which satisfies

. S* = su" + O(0)
2. V;5'>0 @




Summary
We found:

Sepp = / d'odpdd (£ + L)

where:

L =+/—9£L(gi;,D;,iDg, Dy, 5°)

It is equipped with a current S’ which satisfies

. S* = su" + O(0)
2. V;5'>0 @




Summary

Given:

[: — N\ —d (LO —+ LABDQFADQ_FB

+LABC DyF 4 D;F 3 Dy D F ¢ + )

We have found:

® Scalars V. -Js=0

® Dissipative V-Js>0 &Im(Sesf)
® Non dissipative V-Js=0 & Im(Scr¢)
® Exceptional/Pseudo-dissipative V .-Jg =0 & ]m(Seff)
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Schwinger-Keldysh

Symmetries:

* Doubled gauge/diff invariance.
* Schwinger-Keldysh symmetry.

* Reality & positivity

Zsk|A1, Ao]™ = Zsk A5, AT Zsk[Ar, As]|? < 1
Lemma:
A="Tr (U‘LpV) p:me)(n\

n

A = Z rr (0| V|m) (m|UT|n)



Schwinger-Keldysh

Symmetries:

* Doubled gauge/diff invariance.
* Schwinger-Keldysh symmetry.

* Reality & positivity
Zsk|A1, Ao]™ = Zsk A5, AT Zsk[Ar, Ao)|° <1

Lemma:

A= Z o (n|VIm)(m|UT|n)

AP < (z . |<m|vv*m>2) (z - <mumm>|2)

m m



Schwinger-Keldysh

Symmetries:

* Doubled gauge/diff invariance.
* Schwinger-Keldysh symmetry.

* Reality & positivity
Zsk|A1, Ao]™ = Zsk A5, AT Zsk[Ar, Ao)|° <1

Lemma:

A]* < (Zrm |<mVVTm>|2) (Zrm |<mUTUm>\2)
— 1

m



Schwinger-Keldysh

Symmetries:

* Doubled gauge/diff invariance.
* Schwinger-Keldysh symmetry.

* Reality & positivity
Zsk|A1, Ao]™ = Zsk A5, AT Zsk[Ar, Ao)|° <1

Lemma:

{Tlr(U,OVT)‘2 <1
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Symmetries:
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* Schwinger-Keldysh symmetry.
* Reality & positivity

* KMS (Kubo-Martin-Schwinger)
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Symmetries:

* Doubled gauge/diff invariance.
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* Reality & positivity

* KMS (Kubo-Martin-Schwinger)
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Schwinger-Keldysh

Symmetries:

* Doubled gauge/diff invariance.
* Schwinger-Keldysh symmetry.
* Reality & positivity

* KMS (Kubo-Martin-Schwinger)
Zsi|A1(t1), Aa(te)] = Tr (U[Al(tl)]e_ﬁHUT [Az(tg)])

=Tr (" U[AL(t1)]e” M UT[Az(t2)]e”")



Schwinger-Keldysh

Symmetries:

* Doubled gauge/diff invariance.
* Schwinger-Keldysh symmetry.
* Reality & positivity

* KMS (Kubo-Martin-Schwinger)
Zsi|A1(t1), Aa(te)] = Tr (U[Al(tl)]e_ﬁHUT [Az(tg)])

Tr (e U AL (t1)]e PTUT[As(t2)]e)
Tr (UT[Az(t2 —iB)]e P U A1 (1)])



Schwinger-Keldysh

Symmetries:

* Doubled gauge/diff invariance.
* Schwinger-Keldysh symmetry.
* Reality & positivity

* KMS (Kubo-Martin-Schwinger)
Zsi|A1(t1), Aa(te)] = Tr (U[Al(tl)]e_ﬁHUT [Az(tg)])

Tr (e U AL (t1)]e PTUT[As(t2)]e)
Tr (UT[Az(t2 —iB)]e P U A1 (1)])



Schwinger-Keldysh
* KMS (Kubo-Martin-Schwinger)
Zsi|A1(t1), Ag(t2)] = Tr (U[A1(t)]e M UT[Ax(t2)])
(6 BHU Al tl)] ﬁHUT[AQ(tQ)]eﬁH)
= Tt (UT[As(t2 — iB)]e PP U[As (t1))
= Tr ((CPT)UT[Ax(t2 —i8)je PHU[A1(t1)](CPT))"



Schwinger-Keldysh
* KMS (Kubo-Martin-Schwinger)
Zsk[A1(t1), Az(t2)] = Tr (U[A1(t1)]e " UT[Az(t2)])
— T 6_5HU[A1(751)]6_5HUT[Ag(tg)]eﬁH)



Schwinger-Keldysh

* KMS (Kubo-Martin-Schwinger)
Zsi|A1(t1), Aa(ta)] = Tr (U[Al(tl)]e_BHU‘L [Ag(tg)])

= Tr (e "M U[A (t1)]e PHUT[Ay(t2)] M)



Schwinger-Keldysh

* KMS (Kubo-Martin-Schwinger)
Zsk[Ai(t1), Aa(t2)] = Tr (U[Ar(t1)]e " UT[A2(t2)))
= Tr (e "M U[A (t1)]e PHUT[Ay(t2)] M)
= T (UT[As (15 — iB))ePHU A (1))
= Tr ((CPT)U[As(t2 — iB)le "M U[A1 (1)|(CPT))
= Tr (U[na, Ao(—t2 + iB)]e PHUT[A1(~t1)])
(

= Zskna, A1(—t1),na, A2(—t2 —i3)]



Schwinger-Keldysh
* KMS (Kubo-Martin-Schwinger)
ZSK [Ala AQ] — ZSK [nAlAl(_t1)7 77A2A2(_t2 _ 26)]



