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AdS/CFT at 20 and Beyond



String theory (gravity)   ⟺   field theory (no gravity) 
“in bulk” = higher dimensions “on boundary” = lower dimensions

AdS/CFT at 20

describes gravitating systems, e.g. black holes

Invaluable tool to:

Study strongly interacting field theory (hard, but describes many systems)  
by working with higher-dimensional gravity on AdS (easy).

describes experimentally accessible systems

Study quantum gravity in AdS (hard, but needed to understand spacetime)  
by using the field theory (easy for certain things)



Pre-requisite:

How does bulk spacetime emerge from the CFT?
Which CFT quantities give the bulk metric?
What determines bulk dynamics (Einstein’s eq.)?
How does one recover a local bulk operator from CFT quantities?

We need to understand the AdS/CFT dictionary…

Recent hints / expectations:  entanglement plays a crucial role…

(How) does the CFT “see” inside a black hole?
Does it unitarily describe black hole formation & evaporation process?
How does it resolve curvature singularities? 

What part of bulk can we recover from a restricted CFT info?
What bulk region does a CFT state (at a given instant in time) encode?
What bulk region does a spatial subregion of CFT state encode?



Entanglement Entropy (EE)

Suppose we only have access to a subsystem A of the full system 
= A + B.  The amount of entanglement is characterized by 
Entanglement Entropy      :

reduced density matrix
    (more generally, for a mixed total state,                    )

EE = von Neumann entropy

⇢A = TrB | ih |
⇢A = TrB⇢

SA = �Tr ⇢A log ⇢A

SA

Suppose we can divide a quantum system into a subsystem A 
and its complement B, such that the Hilbert space decomposes:

H = ⌦HA HB

⌘ S(A)
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Entanglement relations

Sub-additivity (SA)
Mutual information 
~ non-negative amount of correlation (qtm. & classical) betw. A & B 

S(A) + S(B) � S(AB)
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I(A : B) ⌘ S(A) + S(B)� S(AB) � 0
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Strong Subadditivity (SSA)
Conditional mutual information 
~ amount of correlation is monotonic under inclusion

S(AB) + S(BC) � S(B) + S(ABC)
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Monogamy of Mutual Information (MMI)

Tripartite information
~ super-additivity of mutual information 

S(AB) + S(BC) + S(CA) � S(A) + S(B) + S(C) + S(ABC)
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I3(A : B : C) ⌘ I(A : B) + I(A : C)� I(A : BC)  0
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SA & SSA holds universally for any quantum system

MMI does NOT hold universally…



Entanglement monogamy

But MMI does hold for genuine quantum entanglement 
(as opposed to classical correlation)
since entanglement between A and B cannot be shared by C

↝ represent entanglement by a thread connecting A & B
automatically implements monogamy

↝ threads weave the fabric of bulk spacetime ?
Cf. “geometry from entanglement” [Van Raamsdonk], “ER=EPR” [Maldacena & Susskind],  
tensor networks [Swingle, Takayanagi, …]

classical correlations could nevertheless emerge naturally… 
cf. `micro-equilibration’ of entanglement [VH, Rota]: 

MMI holds for holographic states w/ geom. dual 
↝ quantum entanglement dominates over classical correlation 

[Hayden, Headrick, Maloney]



Motivation

Elucidate holography
Structure/characterization of CFTs (& states) w/ gravity dual
Fundamental nature of spacetime & its relation to entanglement:
(How) does entanglement “build” geometry?

Bulk geometrizes entanglement relations…
e.g. SA, SSA, MMI very easy to prove geometrically

Understanding the distinction would elucidate the essence of 
HEE prescriptions & emergence of bulk spacetime.

…but simultaneously obscures their fundamental differences:
i.e. SSA is true for all quantum states, while MMI is not.
Why does MMI and SSA “look the same” from bulk standpoint?



Preview

Q:  Why does MMI and SSA “look the same” from the bulk?
Only O(N2)
in geometric proof we can “cancel surfaces”  
But is that the full story?  Or is there a distinction already at the 
geometric level?

Hint from “Bit Thread” description of HEE:
SSA trivial 
MMI hitherto eluded proof
But follows easily from assumption of  ‘cooperative’ flows  [M. Headrick]

Q:  What guarantees existence of cooperative flows?

A:  Bulk locality…



OUTLINE

Motivation & Preview

MMI proof using bit threads
Basic argument
Cooperative flow construction

Generalizations

Background
SSA & MMI proof using RT
Bit Threads
SSA proof using bit threads

Summary & Open questions
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Holographic Entanglement Entropy
Proposal [RT=Ryu & Takayanagi, ‘06] for static configurations:

SA = min
@m=@A

Area(m)

4GN

In the bulk, entanglement entropy       for 
a boundary region       is captured by the 
area of a minimal co-dimension-2 bulk 
surface      at constant t  anchored on 
entangling surface       & homologous to      @A

SA

A
m

A
boundary

bulk

A

m

@A

In time-dependent situations, RT prescription needs to be covariantized:
[HRT = VH, Rangamani, Takayanagi ‘07]

E
A

minimal surface 
at constant time

extremal surface 
in the full bulk→m E

m A
This gives a well-defined quantity 
in any (arbitrarily time-dependent 
asymptotically AdS) spacetime. 



Geometrizing EE relations

Set-up — example:
consider static slice of AdS3
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Set-up
consider static slice of AdS3

partition into A,B,C, and D=ABC
construct corresponding 
minimal surfaces

A

B

C

D

& ones for AB & BC

Geometrizing EE relations

UV divergences
EE has ‘area-law’ UV divergence
MI is UV finite for non-adjoining regions  
(but infinite for adjoining ones)
CMI can be UV finite even for adjoining regions
tripartite info. I3 is always UV finite for any regions



Proof of SSA & MMI in RT

Strong subadditivity (SSA)
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S(AB)+S(BC)    S(B)+S(ABC)�

~ amount of correlation is monotonic under inclusion 
(= positivity of conditional mutual information I(A:B|C))

follows from area comparison…
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Proof of SSA & MMI in RT

Strong subadditivity (SSA)

A

B

C

Monogamy of mutual information (MMI)

S(AB)+S(BC)    S(B)+S(ABC)�

~ amount of correlation is monotonic under inclusion 
(= positivity of conditional mutual information I(A:B|C))

S(AB)+S(BC)+S(AC)    S(A)+S(B)+S(C)+S(ABC)�

~  superadditivity of mutual information 
(= negativity of tripartite information I3(A:B:C))

follows from area comparison…

Alternately if  I(B:D)=0 other set of surfaces cancel)

Both SSA & MMI proved in HRT = maximin [Wall]

homology region for AC 

again reduces to the same proof as for SSA cf. [Hayden, Headrick, Maloney]



Bit thread picture of (static) EE

v

m

A

Reformulate EE in terms of flux of flow lines [Freedman & Headrick, ’16] 
let      be a flow = vector field satisfying                   and              .  
Then EE is given by max flux

r · v = 0v |v|  1

By Max Flow - Min Cut theorem, equivalent to RT: 
(bottleneck for flow = minimal surface) 
detailed derivation in [Headrick & VH, ’17]

S(A) = max
v

Z

A
v

= flux of any maximizer flow

=

Z

A
vA �

Z

A
v

vA

Useful reformulation of holographic EE
behaves more naturally
is more computationally efficient
ties better to QI quantities
provides more intuition  —  cf. suggested threads capturing quantum entanglement monogamy…



Bit threads - interpretation

Nesting:  ∃ common maximizer flow for nested regions
Suppose we maximize on AB.  
— Then we can additionally maximize on either A or B, but not both.

Conditional entropy H(A:B) = S(AB) - S(B)         
~ bits in A which are uncorrelated with B              
= # of threads left on A when we measure B

Mutual information I(A:B) = S(A) + S(B) - S(AB) 
~ correlations (redundancy) between A and B     
= # of threads which can flop between A and B

A B

S(A)=S(B)=2, S(AB)=3:

S(A)=S(B)=2, S(AB)=1:
A BEntangled qubits are threads between A and B 

which switch direction.

cf [Freedman & Headrick, ’16]



proof of SSA via bit threads

Consider conditional mutual information I(A:B|C)

   = (max flux on A after maximinizing on C and ABC)  
       - (min flux on A after maximinizing on C and ABC)
   = # of threads moveable betw. A and B after maximizing on C and ABC

) � 0 ) SSA  [Freedman & Headrick, ’16] 

Can’t do the same for MMI: 
e.g. using nesting & the basic properties of fluxes, can construct state 
which nevertheless violates MMI
       need additional ingredients…)
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Basic argument

Recall MMI:  

Consider the LHS:

The general form of MMI corresponds to the partitioning of the full Hilbert space H into

4 parts: H = HA ⌦ HB ⌦ HC ⌦ HD, where D ⌘ ABC is the purifier; written in manifestly

cyclically-symmetric form in terms of entanglement entropies of various subsystems built out

of A, B, and C, the MMI relation states

S(AB) + S(BC) + S(CA) � S(A) + S(B) + S(C) + S(ABC) (2.1)

In the holographic context, we as usual let the partitions A, B, C, and D be spatial regions

partitioning the space on which the theory lives. Following [1], we can describe the entanglement

entropy in terms of bulk flows. A flow v is defined as divergenceless vector field of bounded

norm,

r · v = 0 , |v|  1 (2.2)

whose integral curves we call ‘bit threads’. The entanglement entropy of a given spatial region

X on the boundary corresponds to the maximum flux of a bulk flow,

S(X) = max
v

Z

X

v (2.3)

Denoting any maximizer flow for the region X by1 vX , we can write

S(X) =

Z

X

vX �
Z

X

v (2.4)

for any flow v.

Applying (2.4) to the LHS of the MMI inequality (2.1), we have

S(AB) + S(BC) + S(CA) =

Z

AB

vAB +

Z

BC

vBC +

Z

CA

vCA

�
Z

AB

v3 +

Z

BC

v1 +

Z

CA

v2

=

Z

A

(v2 + v3) +

Z

B

(v1 + v3) +

Z

C

(v1 + v2)

(2.5)

for any flows v1, v2, and v3. To relate this to the RHS of (2.1), we want to choose these flows

to be given by

v1 = ṽ1 ⌘
1

2
(vABC � vA + vB + vC)

v2 = ṽ2 ⌘
1

2
(vABC + vA � vB + vC)

v3 = ṽ3 ⌘
1

2
(vABC + vA + vB � vC)

(2.6)

1
In the interest of compactness of notation (which will become especially useful later on), here we deviate

from the notation of [1] (which uses v(X) for the maximizer flow). To label multiple flows which are not

necessarily maximizing for any region, we will use a numerical subscript, e.g. v1, v2, . . . (rather than a letter

symbol which labels a region).
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maximizer flows for the corresponding regions

We want to find flows              which would allow us to relate 
this to the RHS…

v1, v2, v3
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Basic argument

If we can define 

The general form of MMI corresponds to the partitioning of the full Hilbert space H into

4 parts: H = HA ⌦ HB ⌦ HC ⌦ HD, where D ⌘ ABC is the purifier; written in manifestly

cyclically-symmetric form in terms of entanglement entropies of various subsystems built out

of A, B, and C, the MMI relation states
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In the holographic context, we as usual let the partitions A, B, C, and D be spatial regions

partitioning the space on which the theory lives. Following [1], we can describe the entanglement

entropy in terms of bulk flows. A flow v is defined as divergenceless vector field of bounded

norm,

r · v = 0 , |v|  1 (2.2)

whose integral curves we call ‘bit threads’. The entanglement entropy of a given spatial region
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3

such that each      is a flow, ṽi

Then
in which case the RHS of (2.5) would reduce to

Z

A

(ṽ2 + ṽ3) +

Z

B

(ṽ1 + ṽ3) +

Z

C

(ṽ1 + ṽ2)

=

Z

A

(vA + vABC) +

Z

B

(vB + vABC) +

Z

C

(vC + vABC))

= S(A) + S(B) + S(C) + S(ABC)

(2.7)

The crux of the argument then boils down to showing that the objects ṽi defined by (2.6)

are indeed flows, i.e. that they satisfy (2.2) and hence we’re allowed to equate them to the LHS

terms in (2.6). While divergencelessness of ṽi’s is guaranteed by linearity, the norm bound need

not a-priori remain satisfied: By triangle inequality we’re only guaranteed that the average
1
2 (v↵ + v�) of any two flows v↵ and v� is itself a flow, whereas the expressions involving 4 flows

in (2.6) can exceed unit norm (and in fact one can easily construct flows vA, vB, vC , and vABC ,

for which each of |ṽ1|, |ṽ2|, and |ṽ3| becomes 2 somewhere).

Below, we explicitly construct maximizer flows vA, vB, vC , and vABC which guarantee that

|ṽ1|  1, |ṽ2|  1, and |ṽ3|  1 simultaneously throughout the bulk, thus supplying the

missing step in the proof of MMI. Our construction utilizes the observation from [3] that a

foliation of a bulk region by minimal surfaces induces a maximally-collimated flow, given by

the normal congruence to the minimal surfaces (which has vanishing expansion by minimality).

We demonstrate that suitable foliations always exist which ‘comb’ the flows vA, vB, vC , and

vABC in such a way as to ‘cooperate’ in the requisite fashion.

3 Cooperative flows in simple example

We start with a simple class of examples to illustrate the basic idea, and subsequently generalize

our arguments to more complicated situations.

3.1 Setup

Let us consider pure AdS3 geometry, with all regions of interest localized at a fixed time

t = 0, so that we can WLOG restrict attention to bulk spatial slice, i.e. the Poincare disk.

Entanglement entropy is given by the Ryu-Takayanagi prescription in terms of minimal surfaces,

or equivalently the Freedman-Headrick prescription in terms of bit threads (max flow).

We will consider the boundary to live on S1 space and take the partitions A, B, and C to be

simple intervals, which moreover coincide at their endpoints, as sketched in Fig. 1. While this

4

which is the desired RHS of MMI.

Hence MMI holds, provided we can show that for any configuration of 
A,B,C, we can find corresponding maximizer flows                    and      
such that            and      are all flows simultaneously. 
We’ll call such flows cooperative flows.  [M.Headrick]

vA, vB , vC , vABC ,
ṽ1, ṽ2, ṽ3



Main challenge

The expressions

The general form of MMI corresponds to the partitioning of the full Hilbert space H into

4 parts: H = HA ⌦ HB ⌦ HC ⌦ HD, where D ⌘ ABC is the purifier; written in manifestly

cyclically-symmetric form in terms of entanglement entropies of various subsystems built out

of A, B, and C, the MMI relation states

S(AB) + S(BC) + S(CA) � S(A) + S(B) + S(C) + S(ABC) (2.1)

In the holographic context, we as usual let the partitions A, B, C, and D be spatial regions

partitioning the space on which the theory lives. Following [1], we can describe the entanglement

entropy in terms of bulk flows. A flow v is defined as divergenceless vector field of bounded

norm,

r · v = 0 , |v|  1 (2.2)

whose integral curves we call ‘bit threads’. The entanglement entropy of a given spatial region

X on the boundary corresponds to the maximum flux of a bulk flow,

S(X) = max
v

Z

X

v (2.3)

Denoting any maximizer flow for the region X by1 vX , we can write
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Z

X
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Z

A

(v2 + v3) +

Z
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Z

C
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for any flows v1, v2, and v3. To relate this to the RHS of (2.1), we want to choose these flows

to be given by

v1 = ṽ1 ⌘
1

2
(vABC � vA + vB + vC)

v2 = ṽ2 ⌘
1

2
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1

2
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In the interest of compactness of notation (which will become especially useful later on), here we deviate

from the notation of [1] (which uses v(X) for the maximizer flow). To label multiple flows which are not

necessarily maximizing for any region, we will use a numerical subscript, e.g. v1, v2, . . . (rather than a letter

symbol which labels a region).

3

do not a-priori give flows, since the norm bound need not be satisfied: 

|ṽ1|  2

|ṽ2|  2

|ṽ3|  2

|vA|  1

|vB |  1

|vC |  1

|vABC |  1

)

So we need large amount of simultaneous cancellations.

Can’t have e.g.                for generic A and B since generally not compatible 

Could have           equal to at most one of              or      , but that does 
not suffice… 

vA = vB

vABC vA, vB , vC



Detour

If A and C are completely uncorrelated, i.e. if                     , then we can 
have simultaneous maximizer flows               .               

I(A : C) = 0
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vA = vC
<latexit sha1_base64="BnPCNxyR36NFZh71W+G2bakpR3Y=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0hsofWgVHrxWMHYShvCZrtpl+5uwu6mUEJ/hRcPKl79O978N27bCCr6YODx3gwz88KEUaUd58MqrKyurW8UN0tb2zu7e+X9gzsVpxITD8cslt0QKcKoIJ6mmpFuIgniISOdcNya+50JkYrG4lZPE+JzNBQ0ohhpI91Pgit4ASdBKyhXHLvq1hpuAy5JvZ4Tpwpd21mgAnK0g/J7fxDjlBOhMUNK9Vwn0X6GpKaYkVmpnyqSIDxGQ9IzVCBOlJ8tDp7BE6MMYBRLU0LDhfp9IkNcqSkPTSdHeqR+e3PxL6+X6qjhZ1QkqSYCLxdFKYM6hvPv4YBKgjWbGoKwpOZWiEdIIqxNRiUTwten8H/indnntntTqzQv8zSK4Agcg1PggjpogmvQBh7AgIMH8ASeLWk9Wi/W67K1YOUzh+AHrLdPRA6PmQ==</latexit><latexit sha1_base64="BnPCNxyR36NFZh71W+G2bakpR3Y=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0hsofWgVHrxWMHYShvCZrtpl+5uwu6mUEJ/hRcPKl79O978N27bCCr6YODx3gwz88KEUaUd58MqrKyurW8UN0tb2zu7e+X9gzsVpxITD8cslt0QKcKoIJ6mmpFuIgniISOdcNya+50JkYrG4lZPE+JzNBQ0ohhpI91Pgit4ASdBKyhXHLvq1hpuAy5JvZ4Tpwpd21mgAnK0g/J7fxDjlBOhMUNK9Vwn0X6GpKaYkVmpnyqSIDxGQ9IzVCBOlJ8tDp7BE6MMYBRLU0LDhfp9IkNcqSkPTSdHeqR+e3PxL6+X6qjhZ1QkqSYCLxdFKYM6hvPv4YBKgjWbGoKwpOZWiEdIIqxNRiUTwten8H/indnntntTqzQv8zSK4Agcg1PggjpogmvQBh7AgIMH8ASeLWk9Wi/W67K1YOUzh+AHrLdPRA6PmQ==</latexit><latexit sha1_base64="BnPCNxyR36NFZh71W+G2bakpR3Y=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0hsofWgVHrxWMHYShvCZrtpl+5uwu6mUEJ/hRcPKl79O978N27bCCr6YODx3gwz88KEUaUd58MqrKyurW8UN0tb2zu7e+X9gzsVpxITD8cslt0QKcKoIJ6mmpFuIgniISOdcNya+50JkYrG4lZPE+JzNBQ0ohhpI91Pgit4ASdBKyhXHLvq1hpuAy5JvZ4Tpwpd21mgAnK0g/J7fxDjlBOhMUNK9Vwn0X6GpKaYkVmpnyqSIDxGQ9IzVCBOlJ8tDp7BE6MMYBRLU0LDhfp9IkNcqSkPTSdHeqR+e3PxL6+X6qjhZ1QkqSYCLxdFKYM6hvPv4YBKgjWbGoKwpOZWiEdIIqxNRiUTwten8H/indnntntTqzQv8zSK4Agcg1PggjpogmvQBh7AgIMH8ASeLWk9Wi/W67K1YOUzh+AHrLdPRA6PmQ==</latexit><latexit sha1_base64="BnPCNxyR36NFZh71W+G2bakpR3Y=">AAAB73icdVBNS8NAEN3Ur1q/qh69LBbBU0hsofWgVHrxWMHYShvCZrtpl+5uwu6mUEJ/hRcPKl79O978N27bCCr6YODx3gwz88KEUaUd58MqrKyurW8UN0tb2zu7e+X9gzsVpxITD8cslt0QKcKoIJ6mmpFuIgniISOdcNya+50JkYrG4lZPE+JzNBQ0ohhpI91Pgit4ASdBKyhXHLvq1hpuAy5JvZ4Tpwpd21mgAnK0g/J7fxDjlBOhMUNK9Vwn0X6GpKaYkVmpnyqSIDxGQ9IzVCBOlJ8tDp7BE6MMYBRLU0LDhfp9IkNcqSkPTSdHeqR+e3PxL6+X6qjhZ1QkqSYCLxdFKYM6hvPv4YBKgjWbGoKwpOZWiEdIIqxNRiUTwten8H/indnntntTqzQv8zSK4Agcg1PggjpogmvQBh7AgIMH8ASeLWk9Wi/W67K1YOUzh+AHrLdPRA6PmQ==</latexit>

vB = vABC
<latexit sha1_base64="STR4gSvsc9OGr8ETGTVq9a7NR3s=">AAAB83icdVBNS8NAEN3Ur1q/qh69LBbBU0hsofWg1PbisYKxhTaEzXbTLt1s4u4mUEJ/hxcPKl79M978N27bCCr6YODx3gwz8/yYUaks68MorKyurW8UN0tb2zu7e+X9gzsZJQITB0csEj0fScIoJ46iipFeLAgKfUa6/qQ997spEZJG/FZNY+KGaMRpQDFSWnJTrwUvYOplV632zCtXLLNq1xp2Ay5JvZ4Tqwpt01qgAnJ0vPL7YBjhJCRcYYak7NtWrNwMCUUxI7PSIJEkRniCRqSvKUchkW62OHoGT7QyhEEkdHEFF+r3iQyFUk5DX3eGSI3lb28u/uX1ExU03IzyOFGE4+WiIGFQRXCeABxSQbBiU00QFlTfCvEYCYSVzqmkQ/j6FP5PnDPz3LRvapXmZZ5GERyBY3AKbFAHTXANOsABGNyDB/AEno3UeDRejNdla8HIZw7BDxhvnyOnkT0=</latexit><latexit sha1_base64="STR4gSvsc9OGr8ETGTVq9a7NR3s=">AAAB83icdVBNS8NAEN3Ur1q/qh69LBbBU0hsofWg1PbisYKxhTaEzXbTLt1s4u4mUEJ/hxcPKl79M978N27bCCr6YODx3gwz8/yYUaks68MorKyurW8UN0tb2zu7e+X9gzsZJQITB0csEj0fScIoJ46iipFeLAgKfUa6/qQ997spEZJG/FZNY+KGaMRpQDFSWnJTrwUvYOplV632zCtXLLNq1xp2Ay5JvZ4Tqwpt01qgAnJ0vPL7YBjhJCRcYYak7NtWrNwMCUUxI7PSIJEkRniCRqSvKUchkW62OHoGT7QyhEEkdHEFF+r3iQyFUk5DX3eGSI3lb28u/uX1ExU03IzyOFGE4+WiIGFQRXCeABxSQbBiU00QFlTfCvEYCYSVzqmkQ/j6FP5PnDPz3LRvapXmZZ5GERyBY3AKbFAHTXANOsABGNyDB/AEno3UeDRejNdla8HIZw7BDxhvnyOnkT0=</latexit><latexit sha1_base64="STR4gSvsc9OGr8ETGTVq9a7NR3s=">AAAB83icdVBNS8NAEN3Ur1q/qh69LBbBU0hsofWg1PbisYKxhTaEzXbTLt1s4u4mUEJ/hxcPKl79M978N27bCCr6YODx3gwz8/yYUaks68MorKyurW8UN0tb2zu7e+X9gzsZJQITB0csEj0fScIoJ46iipFeLAgKfUa6/qQ997spEZJG/FZNY+KGaMRpQDFSWnJTrwUvYOplV632zCtXLLNq1xp2Ay5JvZ4Tqwpt01qgAnJ0vPL7YBjhJCRcYYak7NtWrNwMCUUxI7PSIJEkRniCRqSvKUchkW62OHoGT7QyhEEkdHEFF+r3iQyFUk5DX3eGSI3lb28u/uX1ExU03IzyOFGE4+WiIGFQRXCeABxSQbBiU00QFlTfCvEYCYSVzqmkQ/j6FP5PnDPz3LRvapXmZZ5GERyBY3AKbFAHTXANOsABGNyDB/AEno3UeDRejNdla8HIZw7BDxhvnyOnkT0=</latexit><latexit sha1_base64="STR4gSvsc9OGr8ETGTVq9a7NR3s=">AAAB83icdVBNS8NAEN3Ur1q/qh69LBbBU0hsofWg1PbisYKxhTaEzXbTLt1s4u4mUEJ/hxcPKl79M978N27bCCr6YODx3gwz8/yYUaks68MorKyurW8UN0tb2zu7e+X9gzsZJQITB0csEj0fScIoJ46iipFeLAgKfUa6/qQ997spEZJG/FZNY+KGaMRpQDFSWnJTrwUvYOplV632zCtXLLNq1xp2Ay5JvZ4Tqwpt01qgAnJ0vPL7YBjhJCRcYYak7NtWrNwMCUUxI7PSIJEkRniCRqSvKUchkW62OHoGT7QyhEEkdHEFF+r3iQyFUk5DX3eGSI3lb28u/uX1ExU03IzyOFGE4+WiIGFQRXCeABxSQbBiU00QFlTfCvEYCYSVzqmkQ/j6FP5PnDPz3LRvapXmZZ5GERyBY3AKbFAHTXANOsABGNyDB/AEno3UeDRejNdla8HIZw7BDxhvnyOnkT0=</latexit>

Then choosing additionally                     (using nesting),  we verify flows:

The general form of MMI corresponds to the partitioning of the full Hilbert space H into

4 parts: H = HA ⌦ HB ⌦ HC ⌦ HD, where D ⌘ ABC is the purifier; written in manifestly

cyclically-symmetric form in terms of entanglement entropies of various subsystems built out

of A, B, and C, the MMI relation states

S(AB) + S(BC) + S(CA) � S(A) + S(B) + S(C) + S(ABC) (2.1)

In the holographic context, we as usual let the partitions A, B, C, and D be spatial regions

partitioning the space on which the theory lives. Following [1], we can describe the entanglement

entropy in terms of bulk flows. A flow v is defined as divergenceless vector field of bounded

norm,

r · v = 0 , |v|  1 (2.2)

whose integral curves we call ‘bit threads’. The entanglement entropy of a given spatial region

X on the boundary corresponds to the maximum flux of a bulk flow,

S(X) = max
v

Z

X

v (2.3)

Denoting any maximizer flow for the region X by1 vX , we can write

S(X) =

Z

X

vX �
Z

X

v (2.4)

for any flow v.

Applying (2.4) to the LHS of the MMI inequality (2.1), we have

S(AB) + S(BC) + S(CA) =

Z

AB

vAB +

Z

BC

vBC +

Z

CA

vCA

�
Z

AB

v3 +

Z

BC

v1 +

Z

CA

v2

=

Z

A

(v2 + v3) +

Z

B

(v1 + v3) +

Z

C

(v1 + v2)

(2.5)

for any flows v1, v2, and v3. To relate this to the RHS of (2.1), we want to choose these flows

to be given by

v1 = ṽ1 ⌘
1

2
(vABC � vA + vB + vC)

v2 = ṽ2 ⌘
1

2
(vABC + vA � vB + vC)

v3 = ṽ3 ⌘
1

2
(vABC + vA + vB � vC)

(2.6)

1
In the interest of compactness of notation (which will become especially useful later on), here we deviate

from the notation of [1] (which uses v(X) for the maximizer flow). To label multiple flows which are not

necessarily maximizing for any region, we will use a numerical subscript, e.g. v1, v2, . . . (rather than a letter

symbol which labels a region).

3

= vB
<latexit sha1_base64="BwtCD4i5GuskxTzCmZBl1oa/vW0=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hsoVUQil48VjC20Iay2W7apbtJ2N0USulf8OJBxau/yJv/xk0bQUUfDDzem2FmXpBwprTjfFiFldW19Y3iZmlre2d3r7x/cK/iVBLqkZjHshNgRTmLqKeZ5rSTSIpFwGk7GF9nfntCpWJxdKenCfUFHkYsZATrTLqc9K/65YpjV91aw22gJanXc+JUkWs7C1QgR6tffu8NYpIKGmnCsVJd10m0P8NSM8LpvNRLFU0wGeMh7RoaYUGVP1vcOkcnRhmgMJamIo0W6veJGRZKTUVgOgXWI/Xby8S/vG6qw4Y/Y1GSahqR5aIw5UjHKHscDZikRPOpIZhIZm5FZIQlJtrEUzIhfH2K/ifemX1uu7e1SvMiT6MIR3AMp+BCHZpwAy3wgMAIHuAJni1hPVov1uuytWDlM4fwA9bbJ3p7jgw=</latexit><latexit sha1_base64="BwtCD4i5GuskxTzCmZBl1oa/vW0=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hsoVUQil48VjC20Iay2W7apbtJ2N0USulf8OJBxau/yJv/xk0bQUUfDDzem2FmXpBwprTjfFiFldW19Y3iZmlre2d3r7x/cK/iVBLqkZjHshNgRTmLqKeZ5rSTSIpFwGk7GF9nfntCpWJxdKenCfUFHkYsZATrTLqc9K/65YpjV91aw22gJanXc+JUkWs7C1QgR6tffu8NYpIKGmnCsVJd10m0P8NSM8LpvNRLFU0wGeMh7RoaYUGVP1vcOkcnRhmgMJamIo0W6veJGRZKTUVgOgXWI/Xby8S/vG6qw4Y/Y1GSahqR5aIw5UjHKHscDZikRPOpIZhIZm5FZIQlJtrEUzIhfH2K/ifemX1uu7e1SvMiT6MIR3AMp+BCHZpwAy3wgMAIHuAJni1hPVov1uuytWDlM4fwA9bbJ3p7jgw=</latexit><latexit sha1_base64="BwtCD4i5GuskxTzCmZBl1oa/vW0=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hsoVUQil48VjC20Iay2W7apbtJ2N0USulf8OJBxau/yJv/xk0bQUUfDDzem2FmXpBwprTjfFiFldW19Y3iZmlre2d3r7x/cK/iVBLqkZjHshNgRTmLqKeZ5rSTSIpFwGk7GF9nfntCpWJxdKenCfUFHkYsZATrTLqc9K/65YpjV91aw22gJanXc+JUkWs7C1QgR6tffu8NYpIKGmnCsVJd10m0P8NSM8LpvNRLFU0wGeMh7RoaYUGVP1vcOkcnRhmgMJamIo0W6veJGRZKTUVgOgXWI/Xby8S/vG6qw4Y/Y1GSahqR5aIw5UjHKHscDZikRPOpIZhIZm5FZIQlJtrEUzIhfH2K/ifemX1uu7e1SvMiT6MIR3AMp+BCHZpwAy3wgMAIHuAJni1hPVov1uuytWDlM4fwA9bbJ3p7jgw=</latexit><latexit sha1_base64="BwtCD4i5GuskxTzCmZBl1oa/vW0=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hsoVUQil48VjC20Iay2W7apbtJ2N0USulf8OJBxau/yJv/xk0bQUUfDDzem2FmXpBwprTjfFiFldW19Y3iZmlre2d3r7x/cK/iVBLqkZjHshNgRTmLqKeZ5rSTSIpFwGk7GF9nfntCpWJxdKenCfUFHkYsZATrTLqc9K/65YpjV91aw22gJanXc+JUkWs7C1QgR6tffu8NYpIKGmnCsVJd10m0P8NSM8LpvNRLFU0wGeMh7RoaYUGVP1vcOkcnRhmgMJamIo0W6veJGRZKTUVgOgXWI/Xby8S/vG6qw4Y/Y1GSahqR5aIw5UjHKHscDZikRPOpIZhIZm5FZIQlJtrEUzIhfH2K/ifemX1uu7e1SvMiT6MIR3AMp+BCHZpwAy3wgMAIHuAJni1hPVov1uuytWDlM4fwA9bbJ3p7jgw=</latexit>

= vB
<latexit sha1_base64="BwtCD4i5GuskxTzCmZBl1oa/vW0=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hsoVUQil48VjC20Iay2W7apbtJ2N0USulf8OJBxau/yJv/xk0bQUUfDDzem2FmXpBwprTjfFiFldW19Y3iZmlre2d3r7x/cK/iVBLqkZjHshNgRTmLqKeZ5rSTSIpFwGk7GF9nfntCpWJxdKenCfUFHkYsZATrTLqc9K/65YpjV91aw22gJanXc+JUkWs7C1QgR6tffu8NYpIKGmnCsVJd10m0P8NSM8LpvNRLFU0wGeMh7RoaYUGVP1vcOkcnRhmgMJamIo0W6veJGRZKTUVgOgXWI/Xby8S/vG6qw4Y/Y1GSahqR5aIw5UjHKHscDZikRPOpIZhIZm5FZIQlJtrEUzIhfH2K/ifemX1uu7e1SvMiT6MIR3AMp+BCHZpwAy3wgMAIHuAJni1hPVov1uuytWDlM4fwA9bbJ3p7jgw=</latexit><latexit sha1_base64="BwtCD4i5GuskxTzCmZBl1oa/vW0=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hsoVUQil48VjC20Iay2W7apbtJ2N0USulf8OJBxau/yJv/xk0bQUUfDDzem2FmXpBwprTjfFiFldW19Y3iZmlre2d3r7x/cK/iVBLqkZjHshNgRTmLqKeZ5rSTSIpFwGk7GF9nfntCpWJxdKenCfUFHkYsZATrTLqc9K/65YpjV91aw22gJanXc+JUkWs7C1QgR6tffu8NYpIKGmnCsVJd10m0P8NSM8LpvNRLFU0wGeMh7RoaYUGVP1vcOkcnRhmgMJamIo0W6veJGRZKTUVgOgXWI/Xby8S/vG6qw4Y/Y1GSahqR5aIw5UjHKHscDZikRPOpIZhIZm5FZIQlJtrEUzIhfH2K/ifemX1uu7e1SvMiT6MIR3AMp+BCHZpwAy3wgMAIHuAJni1hPVov1uuytWDlM4fwA9bbJ3p7jgw=</latexit><latexit sha1_base64="BwtCD4i5GuskxTzCmZBl1oa/vW0=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hsoVUQil48VjC20Iay2W7apbtJ2N0USulf8OJBxau/yJv/xk0bQUUfDDzem2FmXpBwprTjfFiFldW19Y3iZmlre2d3r7x/cK/iVBLqkZjHshNgRTmLqKeZ5rSTSIpFwGk7GF9nfntCpWJxdKenCfUFHkYsZATrTLqc9K/65YpjV91aw22gJanXc+JUkWs7C1QgR6tffu8NYpIKGmnCsVJd10m0P8NSM8LpvNRLFU0wGeMh7RoaYUGVP1vcOkcnRhmgMJamIo0W6veJGRZKTUVgOgXWI/Xby8S/vG6qw4Y/Y1GSahqR5aIw5UjHKHscDZikRPOpIZhIZm5FZIQlJtrEUzIhfH2K/ifemX1uu7e1SvMiT6MIR3AMp+BCHZpwAy3wgMAIHuAJni1hPVov1uuytWDlM4fwA9bbJ3p7jgw=</latexit><latexit sha1_base64="BwtCD4i5GuskxTzCmZBl1oa/vW0=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hsoVUQil48VjC20Iay2W7apbtJ2N0USulf8OJBxau/yJv/xk0bQUUfDDzem2FmXpBwprTjfFiFldW19Y3iZmlre2d3r7x/cK/iVBLqkZjHshNgRTmLqKeZ5rSTSIpFwGk7GF9nfntCpWJxdKenCfUFHkYsZATrTLqc9K/65YpjV91aw22gJanXc+JUkWs7C1QgR6tffu8NYpIKGmnCsVJd10m0P8NSM8LpvNRLFU0wGeMh7RoaYUGVP1vcOkcnRhmgMJamIo0W6veJGRZKTUVgOgXWI/Xby8S/vG6qw4Y/Y1GSahqR5aIw5UjHKHscDZikRPOpIZhIZm5FZIQlJtrEUzIhfH2K/ifemX1uu7e1SvMiT6MIR3AMp+BCHZpwAy3wgMAIHuAJni1hPVov1uuytWDlM4fwA9bbJ3p7jgw=</latexit>

= vA
<latexit sha1_base64="qV9AzxAF0+YvYqvdbupBvbcA3HE=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hsoVUQKl48VjC20Iay2W7apbtJ2N0USulf8OJBxau/yJv/xk0bQUUfDDzem2FmXpBwprTjfFiFldW19Y3iZmlre2d3r7x/cK/iVBLqkZjHshNgRTmLqKeZ5rSTSIpFwGk7GF9nfntCpWJxdKenCfUFHkYsZATrTLqc9K/65YpjV91aw22gJanXc+JUkWs7C1QgR6tffu8NYpIKGmnCsVJd10m0P8NSM8LpvNRLFU0wGeMh7RoaYUGVP1vcOkcnRhmgMJamIo0W6veJGRZKTUVgOgXWI/Xby8S/vG6qw4Y/Y1GSahqR5aIw5UjHKHscDZikRPOpIZhIZm5FZIQlJtrEUzIhfH2K/ifemX1uu7e1SvMiT6MIR3AMp+BCHZpwAy3wgMAIHuAJni1hPVov1uuytWDlM4fwA9bbJ3j4jgs=</latexit><latexit sha1_base64="qV9AzxAF0+YvYqvdbupBvbcA3HE=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hsoVUQKl48VjC20Iay2W7apbtJ2N0USulf8OJBxau/yJv/xk0bQUUfDDzem2FmXpBwprTjfFiFldW19Y3iZmlre2d3r7x/cK/iVBLqkZjHshNgRTmLqKeZ5rSTSIpFwGk7GF9nfntCpWJxdKenCfUFHkYsZATrTLqc9K/65YpjV91aw22gJanXc+JUkWs7C1QgR6tffu8NYpIKGmnCsVJd10m0P8NSM8LpvNRLFU0wGeMh7RoaYUGVP1vcOkcnRhmgMJamIo0W6veJGRZKTUVgOgXWI/Xby8S/vG6qw4Y/Y1GSahqR5aIw5UjHKHscDZikRPOpIZhIZm5FZIQlJtrEUzIhfH2K/ifemX1uu7e1SvMiT6MIR3AMp+BCHZpwAy3wgMAIHuAJni1hPVov1uuytWDlM4fwA9bbJ3j4jgs=</latexit><latexit sha1_base64="qV9AzxAF0+YvYqvdbupBvbcA3HE=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hsoVUQKl48VjC20Iay2W7apbtJ2N0USulf8OJBxau/yJv/xk0bQUUfDDzem2FmXpBwprTjfFiFldW19Y3iZmlre2d3r7x/cK/iVBLqkZjHshNgRTmLqKeZ5rSTSIpFwGk7GF9nfntCpWJxdKenCfUFHkYsZATrTLqc9K/65YpjV91aw22gJanXc+JUkWs7C1QgR6tffu8NYpIKGmnCsVJd10m0P8NSM8LpvNRLFU0wGeMh7RoaYUGVP1vcOkcnRhmgMJamIo0W6veJGRZKTUVgOgXWI/Xby8S/vG6qw4Y/Y1GSahqR5aIw5UjHKHscDZikRPOpIZhIZm5FZIQlJtrEUzIhfH2K/ifemX1uu7e1SvMiT6MIR3AMp+BCHZpwAy3wgMAIHuAJni1hPVov1uuytWDlM4fwA9bbJ3j4jgs=</latexit><latexit sha1_base64="qV9AzxAF0+YvYqvdbupBvbcA3HE=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hsoVUQKl48VjC20Iay2W7apbtJ2N0USulf8OJBxau/yJv/xk0bQUUfDDzem2FmXpBwprTjfFiFldW19Y3iZmlre2d3r7x/cK/iVBLqkZjHshNgRTmLqKeZ5rSTSIpFwGk7GF9nfntCpWJxdKenCfUFHkYsZATrTLqc9K/65YpjV91aw22gJanXc+JUkWs7C1QgR6tffu8NYpIKGmnCsVJd10m0P8NSM8LpvNRLFU0wGeMh7RoaYUGVP1vcOkcnRhmgMJamIo0W6veJGRZKTUVgOgXWI/Xby8S/vG6qw4Y/Y1GSahqR5aIw5UjHKHscDZikRPOpIZhIZm5FZIQlJtrEUzIhfH2K/ifemX1uu7e1SvMiT6MIR3AMp+BCHZpwAy3wgMAIHuAJni1hPVov1uuytWDlM4fwA9bbJ3j4jgs=</latexit> |ṽi|  1

<latexit sha1_base64="IlTMmb/a0Prl8LJM/Ki97zYSytE=">AAAB/HicdVBNS8NAEN34WetX/Lh5WSyCp5LYQutFCl48VjC20Iay2U7bpZtN2N0Ualr8K148qHj1h3jz37htI6jog4HHezPMzAtizpR2nA9raXlldW09t5Hf3Nre2bX39m9VlEgKHo14JJsBUcCZAE8zzaEZSyBhwKERDC9nfmMEUrFI3OhxDH5I+oL1GCXaSB37cJK2NeNdwKNph01wmwN2O3bBKZbcctWt4gWpVDLilLBbdOYooAz1jv3e7kY0CUFoyolSLdeJtZ8SqRnlMM23EwUxoUPSh5ahgoSg/HR+/RSfGKWLe5E0JTSeq98nUhIqNQ4D0xkSPVC/vZn4l9dKdK/qp0zEiQZBF4t6Ccc6wrMocJdJoJqPDSFUMnMrpgMiCdUmsLwJ4etT/D/xzornRfe6XKhdZGnk0BE6RqfIRRVUQ1eojjxE0R16QE/o2bq3Hq0X63XRumRlMwfoB6y3T6mXlOc=</latexit><latexit sha1_base64="IlTMmb/a0Prl8LJM/Ki97zYSytE=">AAAB/HicdVBNS8NAEN34WetX/Lh5WSyCp5LYQutFCl48VjC20Iay2U7bpZtN2N0Ualr8K148qHj1h3jz37htI6jog4HHezPMzAtizpR2nA9raXlldW09t5Hf3Nre2bX39m9VlEgKHo14JJsBUcCZAE8zzaEZSyBhwKERDC9nfmMEUrFI3OhxDH5I+oL1GCXaSB37cJK2NeNdwKNph01wmwN2O3bBKZbcctWt4gWpVDLilLBbdOYooAz1jv3e7kY0CUFoyolSLdeJtZ8SqRnlMM23EwUxoUPSh5ahgoSg/HR+/RSfGKWLe5E0JTSeq98nUhIqNQ4D0xkSPVC/vZn4l9dKdK/qp0zEiQZBF4t6Ccc6wrMocJdJoJqPDSFUMnMrpgMiCdUmsLwJ4etT/D/xzornRfe6XKhdZGnk0BE6RqfIRRVUQ1eojjxE0R16QE/o2bq3Hq0X63XRumRlMwfoB6y3T6mXlOc=</latexit><latexit sha1_base64="IlTMmb/a0Prl8LJM/Ki97zYSytE=">AAAB/HicdVBNS8NAEN34WetX/Lh5WSyCp5LYQutFCl48VjC20Iay2U7bpZtN2N0Ualr8K148qHj1h3jz37htI6jog4HHezPMzAtizpR2nA9raXlldW09t5Hf3Nre2bX39m9VlEgKHo14JJsBUcCZAE8zzaEZSyBhwKERDC9nfmMEUrFI3OhxDH5I+oL1GCXaSB37cJK2NeNdwKNph01wmwN2O3bBKZbcctWt4gWpVDLilLBbdOYooAz1jv3e7kY0CUFoyolSLdeJtZ8SqRnlMM23EwUxoUPSh5ahgoSg/HR+/RSfGKWLe5E0JTSeq98nUhIqNQ4D0xkSPVC/vZn4l9dKdK/qp0zEiQZBF4t6Ccc6wrMocJdJoJqPDSFUMnMrpgMiCdUmsLwJ4etT/D/xzornRfe6XKhdZGnk0BE6RqfIRRVUQ1eojjxE0R16QE/o2bq3Hq0X63XRumRlMwfoB6y3T6mXlOc=</latexit><latexit sha1_base64="IlTMmb/a0Prl8LJM/Ki97zYSytE=">AAAB/HicdVBNS8NAEN34WetX/Lh5WSyCp5LYQutFCl48VjC20Iay2U7bpZtN2N0Ualr8K148qHj1h3jz37htI6jog4HHezPMzAtizpR2nA9raXlldW09t5Hf3Nre2bX39m9VlEgKHo14JJsBUcCZAE8zzaEZSyBhwKERDC9nfmMEUrFI3OhxDH5I+oL1GCXaSB37cJK2NeNdwKNph01wmwN2O3bBKZbcctWt4gWpVDLilLBbdOYooAz1jv3e7kY0CUFoyolSLdeJtZ8SqRnlMM23EwUxoUPSh5ahgoSg/HR+/RSfGKWLe5E0JTSeq98nUhIqNQ4D0xkSPVC/vZn4l9dKdK/qp0zEiQZBF4t6Ccc6wrMocJdJoJqPDSFUMnMrpgMiCdUmsLwJ4etT/D/xzornRfe6XKhdZGnk0BE6RqfIRRVUQ1eojjxE0R16QE/o2bq3Hq0X63XRumRlMwfoB6y3T6mXlOc=</latexit>

)

However, if                      , we could at best take                    
(by viewing C as nested in BCD and using                                )

I(A : C) 6= 0
<latexit sha1_base64="pSuiffKUWa28VY81ePbSV186cCI=">AAAB8nicdVBNS8NAEN34WetX1aOXxSLUS0hsodWDVHrRWwVjC00om+2kXbrZhN2NUEr/hhcPKl79Nd78N24/BBV9MPB4b4aZeWHKmdKO82EtLa+srq3nNvKbW9s7u4W9/TuVZJKCRxOeyHZIFHAmwNNMc2inEkgccmiFw8bUb92DVCwRt3qUQhCTvmARo0Qbyb8uXZ43TrAvADvdQtGxy26l5tbwnFSrC+KUsWs7MxTRAs1u4d3vJTSLQWjKiVId10l1MCZSM8phkvczBSmhQ9KHjqGCxKCC8ezmCT42Sg9HiTQlNJ6p3yfGJFZqFIemMyZ6oH57U/Evr5PpqBaMmUgzDYLOF0UZxzrB0wBwj0mgmo8MIVQycyumAyIJ1SamvAnh61P8P/FO7TPbvakU6xeLNHLoEB2hEnJRFdXRFWoiD1GUogf0hJ6tzHq0XqzXeeuStZg5QD9gvX0CKq2QAw==</latexit><latexit sha1_base64="pSuiffKUWa28VY81ePbSV186cCI=">AAAB8nicdVBNS8NAEN34WetX1aOXxSLUS0hsodWDVHrRWwVjC00om+2kXbrZhN2NUEr/hhcPKl79Nd78N24/BBV9MPB4b4aZeWHKmdKO82EtLa+srq3nNvKbW9s7u4W9/TuVZJKCRxOeyHZIFHAmwNNMc2inEkgccmiFw8bUb92DVCwRt3qUQhCTvmARo0Qbyb8uXZ43TrAvADvdQtGxy26l5tbwnFSrC+KUsWs7MxTRAs1u4d3vJTSLQWjKiVId10l1MCZSM8phkvczBSmhQ9KHjqGCxKCC8ezmCT42Sg9HiTQlNJ6p3yfGJFZqFIemMyZ6oH57U/Evr5PpqBaMmUgzDYLOF0UZxzrB0wBwj0mgmo8MIVQycyumAyIJ1SamvAnh61P8P/FO7TPbvakU6xeLNHLoEB2hEnJRFdXRFWoiD1GUogf0hJ6tzHq0XqzXeeuStZg5QD9gvX0CKq2QAw==</latexit><latexit sha1_base64="pSuiffKUWa28VY81ePbSV186cCI=">AAAB8nicdVBNS8NAEN34WetX1aOXxSLUS0hsodWDVHrRWwVjC00om+2kXbrZhN2NUEr/hhcPKl79Nd78N24/BBV9MPB4b4aZeWHKmdKO82EtLa+srq3nNvKbW9s7u4W9/TuVZJKCRxOeyHZIFHAmwNNMc2inEkgccmiFw8bUb92DVCwRt3qUQhCTvmARo0Qbyb8uXZ43TrAvADvdQtGxy26l5tbwnFSrC+KUsWs7MxTRAs1u4d3vJTSLQWjKiVId10l1MCZSM8phkvczBSmhQ9KHjqGCxKCC8ezmCT42Sg9HiTQlNJ6p3yfGJFZqFIemMyZ6oH57U/Evr5PpqBaMmUgzDYLOF0UZxzrB0wBwj0mgmo8MIVQycyumAyIJ1SamvAnh61P8P/FO7TPbvakU6xeLNHLoEB2hEnJRFdXRFWoiD1GUogf0hJ6tzHq0XqzXeeuStZg5QD9gvX0CKq2QAw==</latexit><latexit sha1_base64="pSuiffKUWa28VY81ePbSV186cCI=">AAAB8nicdVBNS8NAEN34WetX1aOXxSLUS0hsodWDVHrRWwVjC00om+2kXbrZhN2NUEr/hhcPKl79Nd78N24/BBV9MPB4b4aZeWHKmdKO82EtLa+srq3nNvKbW9s7u4W9/TuVZJKCRxOeyHZIFHAmwNNMc2inEkgccmiFw8bUb92DVCwRt3qUQhCTvmARo0Qbyb8uXZ43TrAvADvdQtGxy26l5tbwnFSrC+KUsWs7MxTRAs1u4d3vJTSLQWjKiVId10l1MCZSM8phkvczBSmhQ9KHjqGCxKCC8ezmCT42Sg9HiTQlNJ6p3yfGJFZqFIemMyZ6oH57U/Evr5PpqBaMmUgzDYLOF0UZxzrB0wBwj0mgmo8MIVQycyumAyIJ1SamvAnh61P8P/FO7TPbvakU6xeLNHLoEB2hEnJRFdXRFWoiD1GUogf0hJ6tzHq0XqzXeeuStZg5QD9gvX0CKq2QAw==</latexit>

vA = �vC
<latexit sha1_base64="0E/dFQFyKoSf7y01bQAm9kfxVjU=">AAAB8HicdVBNS8NAEJ34WetX1aOXxSJ4MSS20HpQKr14rGBssQ1hs920SzebsLsplNJ/4cWDild/jjf/jdsPQUUfDDzem2FmXphyprTjfFhLyyura+u5jfzm1vbObmFv/04lmSTUIwlPZCvEinImqKeZ5rSVSorjkNNmOKhP/eaQSsUScatHKfVj3BMsYgRrI90Pgyt0gU6HQT0oFB275JarbhXNSaWyIE4JubYzQxEWaASF9043IVlMhSYcK9V2nVT7Yyw1I5xO8p1M0RSTAe7RtqECx1T549nFE3RslC6KEmlKaDRTv0+McazUKA5NZ4x1X/32puJfXjvTUdUfM5FmmgoyXxRlHOkETd9HXSYp0XxkCCaSmVsR6WOJiTYh5U0IX5+i/4l3Zp/b7k25WLtcpJGDQziCE3ChAjW4hgZ4QEDAAzzBs6WsR+vFep23LlmLmQP4AevtE68ij9A=</latexit><latexit sha1_base64="0E/dFQFyKoSf7y01bQAm9kfxVjU=">AAAB8HicdVBNS8NAEJ34WetX1aOXxSJ4MSS20HpQKr14rGBssQ1hs920SzebsLsplNJ/4cWDild/jjf/jdsPQUUfDDzem2FmXphyprTjfFhLyyura+u5jfzm1vbObmFv/04lmSTUIwlPZCvEinImqKeZ5rSVSorjkNNmOKhP/eaQSsUScatHKfVj3BMsYgRrI90Pgyt0gU6HQT0oFB275JarbhXNSaWyIE4JubYzQxEWaASF9043IVlMhSYcK9V2nVT7Yyw1I5xO8p1M0RSTAe7RtqECx1T549nFE3RslC6KEmlKaDRTv0+McazUKA5NZ4x1X/32puJfXjvTUdUfM5FmmgoyXxRlHOkETd9HXSYp0XxkCCaSmVsR6WOJiTYh5U0IX5+i/4l3Zp/b7k25WLtcpJGDQziCE3ChAjW4hgZ4QEDAAzzBs6WsR+vFep23LlmLmQP4AevtE68ij9A=</latexit><latexit sha1_base64="0E/dFQFyKoSf7y01bQAm9kfxVjU=">AAAB8HicdVBNS8NAEJ34WetX1aOXxSJ4MSS20HpQKr14rGBssQ1hs920SzebsLsplNJ/4cWDild/jjf/jdsPQUUfDDzem2FmXphyprTjfFhLyyura+u5jfzm1vbObmFv/04lmSTUIwlPZCvEinImqKeZ5rSVSorjkNNmOKhP/eaQSsUScatHKfVj3BMsYgRrI90Pgyt0gU6HQT0oFB275JarbhXNSaWyIE4JubYzQxEWaASF9043IVlMhSYcK9V2nVT7Yyw1I5xO8p1M0RSTAe7RtqECx1T549nFE3RslC6KEmlKaDRTv0+McazUKA5NZ4x1X/32puJfXjvTUdUfM5FmmgoyXxRlHOkETd9HXSYp0XxkCCaSmVsR6WOJiTYh5U0IX5+i/4l3Zp/b7k25WLtcpJGDQziCE3ChAjW4hgZ4QEDAAzzBs6WsR+vFep23LlmLmQP4AevtE68ij9A=</latexit><latexit sha1_base64="0E/dFQFyKoSf7y01bQAm9kfxVjU=">AAAB8HicdVBNS8NAEJ34WetX1aOXxSJ4MSS20HpQKr14rGBssQ1hs920SzebsLsplNJ/4cWDild/jjf/jdsPQUUfDDzem2FmXphyprTjfFhLyyura+u5jfzm1vbObmFv/04lmSTUIwlPZCvEinImqKeZ5rSVSorjkNNmOKhP/eaQSsUScatHKfVj3BMsYgRrI90Pgyt0gU6HQT0oFB275JarbhXNSaWyIE4JubYzQxEWaASF9043IVlMhSYcK9V2nVT7Yyw1I5xO8p1M0RSTAe7RtqECx1T549nFE3RslC6KEmlKaDRTv0+McazUKA5NZ4x1X/32puJfXjvTUdUfM5FmmgoyXxRlHOkETd9HXSYp0XxkCCaSmVsR6WOJiTYh5U0IX5+i/4l3Zp/b7k25WLtcpJGDQziCE3ChAjW4hgZ4QEDAAzzBs6WsR+vFep23LlmLmQP4AevtE68ij9A=</latexit>

vC = vBCD = �vA
<latexit sha1_base64="10KF07LRc0UoAnR4BjIx0TP8uUA=">AAAB/HicdZDLSsNAFIYnXmu9xcvOzWAR3BgSW2hdKNW6cFnB2EIbwmQ6aYdOLsxMAjUUX8WNCxW3Pog738ZpG0FFfxj4+M85nDO/FzMqpGl+aHPzC4tLy4WV4ura+samvrV9K6KEY2LjiEW87SFBGA2JLalkpB1zggKPkZY3bEzqrZRwQaPwRo5i4gSoH1KfYiSV5eq7qduApzB1s4vG5VjRUeqeu3rJNMpWpWbV4Ayq1RzMMrQMc6oSyNV09fduL8JJQEKJGRKiY5mxdDLEJcWMjIvdRJAY4SHqk47CEAVEONn0+jE8UE4P+hFXL5Rw6n6fyFAgxCjwVGeA5ED8rk3Mv2qdRPo1J6NhnEgS4tkiP2FQRnASBexRTrBkIwUIc6puhXiAOMJSBVZUIXz9FP4P9rFxYljXlVL9LE+jAPbAPjgEFqiCOrgCTWADDO7AA3gCz9q99qi9aK+z1jktn9kBP6S9fQJr55N4</latexit><latexit sha1_base64="10KF07LRc0UoAnR4BjIx0TP8uUA=">AAAB/HicdZDLSsNAFIYnXmu9xcvOzWAR3BgSW2hdKNW6cFnB2EIbwmQ6aYdOLsxMAjUUX8WNCxW3Pog738ZpG0FFfxj4+M85nDO/FzMqpGl+aHPzC4tLy4WV4ura+samvrV9K6KEY2LjiEW87SFBGA2JLalkpB1zggKPkZY3bEzqrZRwQaPwRo5i4gSoH1KfYiSV5eq7qduApzB1s4vG5VjRUeqeu3rJNMpWpWbV4Ayq1RzMMrQMc6oSyNV09fduL8JJQEKJGRKiY5mxdDLEJcWMjIvdRJAY4SHqk47CEAVEONn0+jE8UE4P+hFXL5Rw6n6fyFAgxCjwVGeA5ED8rk3Mv2qdRPo1J6NhnEgS4tkiP2FQRnASBexRTrBkIwUIc6puhXiAOMJSBVZUIXz9FP4P9rFxYljXlVL9LE+jAPbAPjgEFqiCOrgCTWADDO7AA3gCz9q99qi9aK+z1jktn9kBP6S9fQJr55N4</latexit><latexit sha1_base64="10KF07LRc0UoAnR4BjIx0TP8uUA=">AAAB/HicdZDLSsNAFIYnXmu9xcvOzWAR3BgSW2hdKNW6cFnB2EIbwmQ6aYdOLsxMAjUUX8WNCxW3Pog738ZpG0FFfxj4+M85nDO/FzMqpGl+aHPzC4tLy4WV4ura+samvrV9K6KEY2LjiEW87SFBGA2JLalkpB1zggKPkZY3bEzqrZRwQaPwRo5i4gSoH1KfYiSV5eq7qduApzB1s4vG5VjRUeqeu3rJNMpWpWbV4Ayq1RzMMrQMc6oSyNV09fduL8JJQEKJGRKiY5mxdDLEJcWMjIvdRJAY4SHqk47CEAVEONn0+jE8UE4P+hFXL5Rw6n6fyFAgxCjwVGeA5ED8rk3Mv2qdRPo1J6NhnEgS4tkiP2FQRnASBexRTrBkIwUIc6puhXiAOMJSBVZUIXz9FP4P9rFxYljXlVL9LE+jAPbAPjgEFqiCOrgCTWADDO7AA3gCz9q99qi9aK+z1jktn9kBP6S9fQJr55N4</latexit><latexit sha1_base64="10KF07LRc0UoAnR4BjIx0TP8uUA=">AAAB/HicdZDLSsNAFIYnXmu9xcvOzWAR3BgSW2hdKNW6cFnB2EIbwmQ6aYdOLsxMAjUUX8WNCxW3Pog738ZpG0FFfxj4+M85nDO/FzMqpGl+aHPzC4tLy4WV4ura+samvrV9K6KEY2LjiEW87SFBGA2JLalkpB1zggKPkZY3bEzqrZRwQaPwRo5i4gSoH1KfYiSV5eq7qduApzB1s4vG5VjRUeqeu3rJNMpWpWbV4Ayq1RzMMrQMc6oSyNV09fduL8JJQEKJGRKiY5mxdDLEJcWMjIvdRJAY4SHqk47CEAVEONn0+jE8UE4P+hFXL5Rw6n6fyFAgxCjwVGeA5ED8rk3Mv2qdRPo1J6NhnEgS4tkiP2FQRnASBexRTrBkIwUIc6puhXiAOMJSBVZUIXz9FP4P9rFxYljXlVL9LE+jAPbAPjgEFqiCOrgCTWADDO7AA3gCz9q99qi9aK+z1jktn9kBP6S9fQJr55N4</latexit>

But now                        and                        are no longer flows…

Hence we have to find a more robust method…

ṽ1 = vB � vA
<latexit sha1_base64="HmWWTN0uKCYzKMieq4OkYVZSxpA=">AAAB/nicdVDLSsNAFJ34rPUVFdy4GSyCG0NiC60LperGZQVjC20Ik8mkHTp5MDMJlNiFv+LGhYpbv8Odf+O0jaCiBy4czrmXe+/xEkaFNM0PbW5+YXFpubRSXl1b39jUt7ZvRZxyTGwcs5h3PCQIoxGxJZWMdBJOUOgx0vaGlxO/nREuaBzdyFFCnBD1IxpQjKSSXH0370nKfAKzsWvBU5i5F0eZe+7qFdOoWrWG1YAzUq8XxKxCyzCnqIACLVd/7/kxTkMSScyQEF3LTKSTIy4pZmRc7qWCJAgPUZ90FY1QSISTT+8fwwOl+DCIuapIwqn6fSJHoRCj0FOdIZID8dubiH953VQGDSenUZJKEuHZoiBlUMZwEgb0KSdYspEiCHOqboV4gDjCUkVWViF8fQr/J/axcWJY17VK86xIowT2wD44BBaogya4Ai1gAwzuwAN4As/avfaovWivs9Y5rZjZAT+gvX0CCLaVBA==</latexit><latexit sha1_base64="HmWWTN0uKCYzKMieq4OkYVZSxpA=">AAAB/nicdVDLSsNAFJ34rPUVFdy4GSyCG0NiC60LperGZQVjC20Ik8mkHTp5MDMJlNiFv+LGhYpbv8Odf+O0jaCiBy4czrmXe+/xEkaFNM0PbW5+YXFpubRSXl1b39jUt7ZvRZxyTGwcs5h3PCQIoxGxJZWMdBJOUOgx0vaGlxO/nREuaBzdyFFCnBD1IxpQjKSSXH0370nKfAKzsWvBU5i5F0eZe+7qFdOoWrWG1YAzUq8XxKxCyzCnqIACLVd/7/kxTkMSScyQEF3LTKSTIy4pZmRc7qWCJAgPUZ90FY1QSISTT+8fwwOl+DCIuapIwqn6fSJHoRCj0FOdIZID8dubiH953VQGDSenUZJKEuHZoiBlUMZwEgb0KSdYspEiCHOqboV4gDjCUkVWViF8fQr/J/axcWJY17VK86xIowT2wD44BBaogya4Ai1gAwzuwAN4As/avfaovWivs9Y5rZjZAT+gvX0CCLaVBA==</latexit><latexit sha1_base64="HmWWTN0uKCYzKMieq4OkYVZSxpA=">AAAB/nicdVDLSsNAFJ34rPUVFdy4GSyCG0NiC60LperGZQVjC20Ik8mkHTp5MDMJlNiFv+LGhYpbv8Odf+O0jaCiBy4czrmXe+/xEkaFNM0PbW5+YXFpubRSXl1b39jUt7ZvRZxyTGwcs5h3PCQIoxGxJZWMdBJOUOgx0vaGlxO/nREuaBzdyFFCnBD1IxpQjKSSXH0370nKfAKzsWvBU5i5F0eZe+7qFdOoWrWG1YAzUq8XxKxCyzCnqIACLVd/7/kxTkMSScyQEF3LTKSTIy4pZmRc7qWCJAgPUZ90FY1QSISTT+8fwwOl+DCIuapIwqn6fSJHoRCj0FOdIZID8dubiH953VQGDSenUZJKEuHZoiBlUMZwEgb0KSdYspEiCHOqboV4gDjCUkVWViF8fQr/J/axcWJY17VK86xIowT2wD44BBaogya4Ai1gAwzuwAN4As/avfaovWivs9Y5rZjZAT+gvX0CCLaVBA==</latexit><latexit sha1_base64="HmWWTN0uKCYzKMieq4OkYVZSxpA=">AAAB/nicdVDLSsNAFJ34rPUVFdy4GSyCG0NiC60LperGZQVjC20Ik8mkHTp5MDMJlNiFv+LGhYpbv8Odf+O0jaCiBy4czrmXe+/xEkaFNM0PbW5+YXFpubRSXl1b39jUt7ZvRZxyTGwcs5h3PCQIoxGxJZWMdBJOUOgx0vaGlxO/nREuaBzdyFFCnBD1IxpQjKSSXH0370nKfAKzsWvBU5i5F0eZe+7qFdOoWrWG1YAzUq8XxKxCyzCnqIACLVd/7/kxTkMSScyQEF3LTKSTIy4pZmRc7qWCJAgPUZ90FY1QSISTT+8fwwOl+DCIuapIwqn6fSJHoRCj0FOdIZID8dubiH953VQGDSenUZJKEuHZoiBlUMZwEgb0KSdYspEiCHOqboV4gDjCUkVWViF8fQr/J/axcWJY17VK86xIowT2wD44BBaogya4Ai1gAwzuwAN4As/avfaovWivs9Y5rZjZAT+gvX0CCLaVBA==</latexit>
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Cooperative flow construction

Set-up
consider static slice of AdS3

partition into A,B,C, and D=ABC
construct corresponding 
minimal surfaces

A

B

C

D

& ones for AB & BC 
(WLOG assume AC = A+C)

To construct cooperative flows,
separate each maximizer flow into 
“strands”  (e.g.                           , etc.)

indicated in Table 1 (cf. Fig. 4). In particular, in Section 3.3.1 we show that we can comb the

Table 1: Partitioning of the 4 maximizer flows (indicated in the left column) into strands confined to the

5 bulk regions (indicated in the top row). Each row corresponds to an equation delineating this

partition, e.g. the first row gives vA = vA�B + vA�D, where the two RHS terms are supported

entirely within the regions a and e, respectively, and similarly for the other rows.

a b c d e

vA vA�B 0 0 0 vA�D

vB vB�A vB�D vB�C 0 0

vC 0 0 vC�B vC�D 0

vABC 0 vB�D 0 vC�D vA�D

maximizer flow from A into a strand7 vA�B leading to B and a strand vA�D leading to D,

and similarly for B, C, and D, such that the strands pass only through restricted bulk regions

(denoted a, b, c, d, e).

Once we show that such a partition is possible, the rest is straightforward: Applying the

definition (2.6), we can directly evaluate the ṽi’s, and examine them within each region. The

result is packaged in Table 2, which gives the explicit contributions within each region. The

Table 2: Explicit check that the ṽi’s defined by (2.6) are indeed flows, given the partition in Table 1.

Each row gives an equation with LHS being the first column and RHS the sum of the terms in

the remaining columns, as in Table 1. The columns correspond to the distinct bulk regions (cf.

Fig. 4) and we see that in each region, ṽi is manifestly a flow.

a b c d e

ṽ1 vB�A vB�D 0 vC�D 0

ṽ2 vA�B 0 vC�B vC�D vA�D

ṽ3 0 vB�D vB�C 0 vA�D

crucial observation here is that each entry in the table is of the form vX�Y and therefore

manifestly a flow. Hence even though each of the ṽi’s is the sum of three bulk flows, the result

7
Recall that for X,Y chosen from the fundamental regions A, B, C, and D, the notation vX�Y simply

indicates the part of the vX which flows into Y . The only requirement that we impose on such a partitioning is

that vX�Y = �vY �X for all X,Y . Since this corresponds to merely reversing the orientation of the bit threads,

both flows have the same norm and divergence.

9
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is nevertheless of unit-bounded norm everywhere. This establishes that ṽi = vi (i.e. each ṽi is

a flow) as advertised.

3.3.1 Maximizer flow partitions

Let us now argue that the partition indicated in Table 1 is indeed always possible. We present

a general argument here, relegating explicit constructions to subsequent subsections.

Let us start by justifying the general structure of the bit thread strands indicated in Fig. 4.

Consider any maximizer flow vB associated with the region B. By the divergencelessness

condition, any flow from B cannot end in the bulk, so it has to end either on A or on C

or on the rest of the boundary D = ABC; we can then define the pieces accordingly, vB =

vB�A + vB�C + vB�D. Similar statement holds for vD = �vABC , and the other two regions,

but we can make a further refinement for the latter: Thanks to (3.1), which ensures that there

exists a common maximizer flow vA,C for both A and C simultaneously, we don’t need to turn

on vA�C or vC�A for vA and vC respectively. What remains to show is the compatibility between

the respective partitions.

Since the maximizer flow from each region saturates the norm bound on the associated

minimal surface, we can specify the flow partitioning by the partition of the corresponding

minimal surfaces. In the present case, we see that mA splits into two parts, mA�B and mA�D,

denoting the flows ending on B and D respectively. Similarly, mB splits into three parts,

mB�A, mB�D, and mB�C , for the flows from B into A, D, and C, respectively, and so on.

As evident from Fig. 4, the threads of vA�B through mA�B coincide with the threads of vB�A

through mB�A, but have opposite orientation—in other words, we automatically get the identity

vA�B = �vB�A, and similarly for all the other partitions. Correspondingly, the areas of the

two minimal surface parts must likewise match, Area [mA�B] = Area [mB�A], etc..

Since the maximizer flows are maximally constrained at their bottlenecks, the question of

consistency then boils down to finding adequate partitioning of the minimal surfaces. Specifi-

cally, given mA, mB, mC , and mD, the minimal surface subdivisions need to satisfy the following
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indicates the part of the vX which flows into Y . The only requirement that we impose on such a partitioning is

that vX�Y = �vY �X for all X,Y . Since this corresponds to merely reversing the orientation of the bit threads,

both flows have the same norm and divergence.
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The corresponding    ’s are given byṽi

So despite being sum of several flows, each     is indeed a flow in the full bulk.ṽi



Cooperative flow construction

Crux:  How can we guarantee that such separation into distinct 
bulk regions is always possible?
NB. threads maximally constrained on corresponding minimal surfaces; requireconstraints,

Area [mA] = Area [mA�B] + Area [mA�D]

Area [mB] = Area [mB�A] + Area [mB�C ] + Area [mB�D]

Area [mC ] = Area [mC�B] + Area [mC�D]

Area [mD] = Area [mD�A] + Area [mD�B] + Area [mD�C ]

Area [mA�B] = Area [mB�A]

Area [mA�D] = Area [mD�A]

Area [mB�C ] = Area [mC�B]

Area [mB�D] = Area [mD�B]

Area [mC�D] = Area [mD�C ]

(3.3)

This constitutes 9 equations for 10 unknowns, and therefore we expect to have a 1-parameter

family of solutions. One procedure of constructing a partitioning is as follows. Choose the

partition of mA (in the present case that is just a single point pA). This determines mA�B and

mA�D, and hence also mB�A and mD�A. Now find the partition of mC (determined by the point

pC , which immediately specifies mC�A, mA�C , mC�D, and mD�C) so as to satisfy the remaining

equation of (3.3), namely Area [mB�D] = Area [mD�B]. Since if we slide pC su�ciently “up”

along mC towards B, we close o↵ mD�B, whereas if we slide pC “down” towards D, we close

o↵ mB�D, a solution clearly exists where the two terms become equal. This completes the

argument that minimal surface partition envisioned in Fig. 4, i.e. satisfying (3.3), always exists.

Now that we have confirmed that a viable partitioning of the minimal surfaces exits, we

discuss the procedure for constructing the full maximizer flow for each region. There is of

course large freedom in how we construct the requisite maximizer flows; here we present two

particularly simple constructions. Although the flows are required to saturate the norm bound

only on the associated minimal surface, we will find it convenient to let them remain maximally

packed everywhere. To this end, we utilize the idea mentioned earlier, of inducing them as

normal congruence to foliations of the bulk by families of minimal surfaces, analogously to

Section 3.2.

3.3.2 Foliation building blocks

One strategy to obtain maximally packed flows is to start by considering a family of minimal

surfaces which foliate the bulk space. The normal congruence to these surfaces then describes a

flow, as shown in [3]. In the present case of 2-dimensional Poincare disk geometry, the foliating

11

= 9 eqns for 10 unknowns

1-param. family of solutions 

Elsewhere we can ‘comb’ flows away from each other using minimal surface 
foliations…
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Generalizations

 General regions
regions composed of multiple components require more strands but 
same principle applies.

General static asymp. AdS3 geometries
since minimal surfaces of nested regions don’t intersect, same…

Higher dimensions
nesting of minimal surfaces still applies, and strands can be braided 
through each other, so less constraining…

More partitions
more subtle…

Time dependence
use covariant bit threads:  since still 1-d, seemingly less constraining.



5-region cyclic inequality
As example w/ more partitions, consider the 5-region cyclic inequality:  
cf. holographic entropy cone [Bao, Nezami, Ooguri, Stoica, Sully, Walter, ‘15]

4.1 AdS3 with more general partitions

Other configurations of A,B,C,D:

• vary sizes

• separate from each other

• consider multiple components of A etc.

4.2 Static asymptotically AdS3

Deform spatial geometry away from pure AdS3 slice (Poincare disk)

• configurations with entanglement shadows

• BH geometry

4.3 Higher dimensions

One crucial di↵erence between the 2D plots we’ve been drawing and the higher-dimensional

analog is that while the former disallows simultaneous AC and BD flows (since the threads

would then necessarily intersect), in the latter case both are allowed since they can go around

each other. Hence in higher dimensions we don’t have to restrict to a subset of potential strands.

4.4 Time-dependent bulk geometry

5 More regions

Hitherto we have focused attention on MMI, which is an entropy inequality that involves parti-

tioning the Hilbert space into 4 parts, which we denoted A, B, C, and D ⌘ ABC. However, our

geometric constructs didn’t rely on this number of partitions, and in fact the methodology is

applicable more universally. As an illustrative example, consider the 5-region cyclic inequality,

which can be thought of as a generalization of MMI. For 6 partitions, A, B, C, D, E, and the

purifier F ⌘ ABCDE, the cyclic inequality states

S(ABC)+S(BCD) + S(CDE) + S(DEA) + S(EAB) �
S(AB) + S(BC) + S(CD) + S(DE) + S(EA) + S(ABCDE)

(5.1)
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However now can’t use a single set of strands since intersecting minimal 
surfaces — need overlaid strands…

Performing a similar exercise as in (2.5), we can bound the LHS of (5.1) by
Z

ABC

vABC +

Z

BCD

vBCD +

Z

CDE

vCDE +

Z

DEA

vDEA +

Z

EAB

vEAB

�
Z

ABC

v1 +

Z

BCD

v2 +

Z

CDE

v3 +

Z

DEA

v4 +

Z

EAB

v5

=

Z

A

(v1 + v4 + v5) +

Z

B

(v1 + v2 + v5) +

Z

C

(v1 + v2 + v3) +

Z

D

(v2 + v3 + v4) +

Z

E

(v3 + v4 + v5)

(5.2)

where the inequality holds for any flows v1, v2, v3, v4, v5. We want to make the last line of (5.2)

to be equal to the RHS of (5.1), i.e.
Z

AB

vAB +

Z

BC

vBC +

Z

CD

vCD +

Z

DE

vDE +

Z

EA

vEA +

Z

ABCDE

vABCDE =

=

Z

A

(vAB + vEA + vABCDE) +

Z

B

(vAB + vBC + vABCDE)+

+

Z

C

(vBC + vCD + vABCDE) +

Z

D

(vCD + vDE + vABCDE)+

+

Z

E

(vDE + vEA + vABCDE)

(5.3)

which we can achieve if we can define

v1 =
1

3
(vAB + vBC + vCD � 2vDE + vEA + vABCDE)

v2 =
1

3
(vAB + vBC + vCD + vDE � 2vEA + vABCDE)

v3 =
1

3
(�2vAB + vBC + vCD + vDE + vEA + vABCDE)

v4 =
1

3
(vAB � 2vBC + vCD + vDE + vEA + vABCDE)

v5 =
1

3
(vAB + vBC � 2vCD + vDE + vEA + vABCDE)

(5.4)

such that all the vi’s on the LHS of (5.4) are flows.

Let us consider a simple example of this scenario, analogous to Section 3, with A, B, C,

D, and E being adjoining intervals on AdS3 boundary, as indicated in Fig. 8, which also shows

the minimal surfaces for AB, BC, CD, DE, and EA. Note that to draw the relevant minimal

surface for AC as mA [mC , we assumed that

Area [mBCD] + Area [mF ] � Area [mA] + Area [mC ] (5.5)

We immediately observe that we have a novel aspect compared to the MMI case: Unlike

the situation sketched in Fig. 4 where we had a single set of strands which we could use for all
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Similar argument as above would give this provided

are all flows everywhere.

A

B C

D

E
F

AB

BC

CD

DE

E(A)

(E)A
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Summary

Demonstrated existence of cooperative flows
explicit construction for 4 simple regions in static asymp. AdS3

Crucial ingredient: bulk locality
=> local regions foliated by (piecewise) minimal surfaces
=> can “comb” threads into strands = cooperative flows

Flows (bit threads) more useful than RT

SSA vs. MMI:
SSA proof didn’t require cooperative flows => more general
MMI proof uses cooperative flows
=> bulk locality used more crucially for MMI than for SSA



Open Questions

Extent of generalizations

Role of time (cf. covariant bit threads)

Better re-formulation

Mapping out entropy cone

Other (multipartite) entanglement measures

Relation to entanglement of purification



Thank you


